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A NEW APPROACH TO MUTUAL INFORMATION

FUMIO HIAI' AND DENES PETZ 2

ABSTRACT. A new expression as a certain asymptotic limit via “discrete micro-
states” of permutations is provided to the mutual information of both continuous
and discrete random variables.

INTRODUCTION

One of the important quantities in information theory is the mutual information of
two random variables X and Y which is expressed in terms of the Boltzmann-Gibbs
entropy H (-) as follows:

[(XAY)=—H(X,Y)+H(X)+ HY)

when X, Y are continuous variables. For the expression of (X AY") of discrete variables
X, Y, the above H(-) is replaced by the Shannon entropy. A more practical and rigorous
definition via the relative entropy is

I(XAY) = S(puxy), fix @ py),

where ji(x,y) denotes the joint distribution measure of (X,Y’) and p1x ® py the product
of the respective distribution measures of X,Y.

The aim of this paper is to show that the mutual information /(X AY') is gained as a
certain asymptotic limit of the volume of “discrete micro-states” consisting of permu-
tations approximating joint moments of (X,Y’) in some way. In Section 1, more gener-
ally we consider an n-tuple of real bounded random variables (X1, ..., X,,). Denote by
A(Xy, ..., X, N,ym, d) the set of (x1,...,%,) of x; € RY whose joint moments (on the
uniform distributed N-point set) of order up to m approximate those of (X1,..., X,,) up
to an error §. Furthermore, denote by Ay (Xy, ..., X, N, m,d) the set of (oq,...,0,)
of permutations o; € Sy such that (o1(x1),...,0.(x,)) € A(Xy,..., X,; N,m,0) for
some X1, ...,%, € RY, where RY is the R"-vectors arranged in increasing order. Then,
the asymptotic volume N

1

N
under the uniform probability measure g, on Sy is shown to converge as limsupy_, .,
(also liminfx_,«) and then lim,,_,oo 58,0 tO

10g 75" (Agym (X1, - .., Xn; N,m, 6))

CH(X, .. X)) + iH(Xi)
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as long as H(X;) > —oo for 1 <i < mn. Thus, we obtain a kind of discretization of the
mutual information via symmetric group (or permutations).

The approach can be applied to an n-tuple of discrete random variables (X, ..., X,)
as well. But the definition of the Agyy,-set of micro-states for discrete variables is
somewhat different from the continuous variable case mentioned above, and we discuss
the discrete variable case in Section 2 separately.

The idea comes from the paper [3]. Motivated by theory of mutual free information in
[6], a similar approach to Voiculescu’s free entropy is provided there. The free entropy
is the free probability counterpart of the Boltzmann-Gibbs entropy, and R™-vectors
and the symmetric group Sy here are replaced by Hermitian N x N matrices and the
unitary group U(N), respectively. In this way, the “discretization approach” here is in
some sense a classical analog of the “orbital approach” in [3].

1. THE CONTINUOUS CASE

For N € N let RY be the convex cone of the N-dimensional Euclidean space RY
consisting of x = (1, ..., zy) such that z; < xy < --- < zy. The space RY is naturally
regarded as the real function algebra on the N-point set. Let Sy be the symmetric
group of order N (i.e., the permutations on {1,2,...,n}). Throughout this section let
(X1,...,X,) be an n-tuple of real random variables on a probability space (£2,P), and
assume that the X;’s are bounded (i.e., X; € L>*(€;P)). The Boltzmann-Gibbs entropy
of (Xi,...,X,) is defined to be

H(Xq,...,X,) ::—/.../ p(zy, ..., zn) logp(xy, ... ) dey - - - dxy,

if the joint density p(z1,...,z,) of (Xi,...,X,) exists; otherwise H(Xy,...,X,) =
—o0o. Note that the above integral is well defined in [—o00, 00) since the density p is
compactly supported.

Definition 1.1. The mean value of x = (z1,...,zy) in R is given by

1 X
Kn(x) = N Za:j.
j=1

For each Ny;m € N and 0 > 0 we define A(Xq,...,X,; N,m,d) to be the set of all
n-tuples (X1,...,%,) of X; = (z41,...,2nv) € RY, 1 < i < n, such that

v (X, o x,) — B(XG, - XG,)] <0

for all 1 S il,...,ik S n with 1 S k S m, where Xi X
product, i.e.,

. means the pointwise

Xiy o Xy, = (l’ill L1, L2 L2y -y TN 'Iz‘kN) € RY
and E(-) denotes the expectation on (£2,P). For each R > 0, define Ar(X1,..., Xp;

N,m,d) to be the set of all (xy,...,x,) € A(Xq,...,X,; N,m,d) such that x; €
[—R, RN for all 1 <i < n.

Heuristically, A(Xy,..., X,; N,m,0) is the set of “micro-states” consisting of n-
tuples of discrete random variables on the N-point set with the uniform probability



A NEW APPROACH TO MUTUAL INFORMATION 3

such that all joint moments of order up to m give the corresponding joint moments of
X1,...,X, up to an error 9.
For x € RY write |x[|, := (N7! Zjvzl |z;P)YP for 1 < p < oo and [|x||ee =
max;<;<y |z;| while ||.X||, denotes the LP-norm of a real random variable X on (2, P).
The next lemma is seen from [4, 5.1.1] based on the Sanov large deviation theorem,
which says that the Boltzmann-Gibbs entropy is gained as an asymptotic limit of the
volume of the approximating micro-states.

Lemma 1.2. For everym € N and 6 > 0 and for any choice of R > maxi<i<p || Xi||co,
the limat

.1 n
]\}gnoo N log A%/ (AR(Xl, oo, Xy Nym, 5))
exists, where Ay is the Lebesque measure on RY. Furthermore, one has

1
H(Xy,...,X,)= lim lim Nlog)\%"(AR(Xl,...,Xn;N,m,(S))

m—00,0 \\0 N—o0
independently of the choice of R > maxi<i<p || Xil|co-

In the following let us introduce some kinds of mutual information in the discretiza-
tion approach using micro-states of permutations.

Definition 1.3. The action of Sy on RY is given by
o(x) := (950*1(1» Lo=1(2) - - >%71(N))

for 0 € Sy and x = (z1,...,2x5) € RY. For each Nym € N, § > 0 and R > 0 we
denote by Agym r(Xi,..., X, N,m,0) the set of all (04,...,0,) € Sy such that

(o1(z1), ..., 0n(zn)) € Ar(Xy, ..., Xn; N,m, 0)

for some (x4, ...,%,) € (RY)". For each R > 0 define
: : 1 n
Lym (X1, .., Xp) = — m_}éor%\o h]r\?_?olip N log vg’N (Asymﬂ(Xl, oo, Xy Nom, 5)),

where g, is the uniform probability measure on Sy. Define also Ty (X1, ..., X,)
by replacing lim sup by liminf. Obviously,

0 < Iymr(X1, -, X0n) < Tgymr(X1, ..., X0).

Moreover, Agymoo(X1, ..., Xn; N,m, 0) is defined by replacing Ag(Xy, ..., X,; N,m,d)
in the above by A(Xl,._. ., Xy Nym, §) without cut-off by the parameter R. Then
Tiymoo( X, ..., X)) and Lgym (X1, ..., X)) are also defined as above.

Definition 1.4. For each 1 < i < n we choose and fix a sequence & = {&(N)} of
&(N) € RY) N € N, such that ky(&(N)*) — E(XF) as N — oo for all k € N, ie.,
&(N) — X; in moments. For each N,m € N and 6 > 0 we define Agym (X1, ..., Xy
E1(N), ..., & (N); N,m,d) to be the set of all (01,...,0,) € S} such that

(01(&1(N)), ... 00(En(N))) € A(Xy, ..., Xy N,m, 0).
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Define
[sym(Xlu C ,Xn . fl, e 7£n>

. : 1 "
= m—)léon};\(] h]l’\fvljip N IOgV?N (Asym(le s 7XTL : gl(N)7 tee 7£TL(N)7 N7 m, 6))

and T (X1, ..., X, 1 &, ... &) by replacing limsup by lim inf.

The next proposition asserts that the quantities in Definitions and [[.4] are all
equivalent.

Lemma 1.5. For any choice of R > maxi<;<, || Xi|le and for any choices of approxi-
mating sequences &1, ..., &, one has

]sym,oo(Xla Ce >Xn) = Isym,R(Xla Ce >Xn) ]sym(Xb e ,Xn . 51, Ce ,gn), (].].)
Tsym,oo(Xlu e ,Xn) = Tsym,R(Xla e ,Xn) Tsym(Xla Ce ,Xn . fl, e 7£n) (12)

Proof. It is obvious that Agm(Xi,..., X, @ &(N),..., & (N); N,m,§) is included in
Agymoo( X1, ..., Xy N,m, 0) for any approximating sequences &;. Moreover, for each
1 < i < n an approximating sequence &; can be chosen so that ||&(N)]e < || Xill0o
for all N; then Agm(X1,...,Xn @ &(N), .. &u(N); N,m,0) C Agmr(X1, ..., Xo;
N,m,¢) for any R > Ry := maxi<i<p || Xi||o. Hence it suffices to prove that for any
approximating sequences & and for every m € N and § > 0, there are an m' € N, a
0" > 0 and an Ny € N so that

Agymoo( X1, oo, Xns Nym/,6') C Aggm (X1, oo, Xt &(N), .., &u(N); Nym, )

for all N > Ny. Choose a p € (0,1) with m(Ry + 1) 'p < §/2. By [5, Lemma 4.3]
(also [4, 4.3.4]) there exist an m' € N with m’ > 2m, a ¢’ > 0 with ¢’ < min{1,J/2}
and an Ny € N such that for every 1 < i < n and every x € RY with N > N,
if [ky(xF) — E(XF)] < ¢ for all 1 < k < m/, then ||x — &(N)|l,, < p. Suppose
N > Ny and (o1,...,0,) € Agymoo(X1, ..., Xo; N,m/, 8'); then (01(x1),...,00(x,)) €
A(Xy, .., X Nym! 6 for some (x4, ...,%,) € (RY)"™. Since |ky(xF) — E(XF)| < ¢
forall 1 <k <m/, we get ||x; — &(N)||lm < pand

?m)1/2m

< (E(X7™) + 1)t
< (REM 4 1) < Ry + 1.

%l < [[%ill2m = R (x

Therefore,

N (00 (& (V) -+ - 03, (& (V) — E(XG, -+ X3,
< |kin (03, (& (V) -+ - 03, (&6, (V) — B (0, (%4,) - - - 03, (x3,))|
+ kN (o0 (%) -+ - 03, (x3,)) — E(XG, -+ X, )|
<m(Ry+1)"'p+8 <6
forall 1 <iy,...,i <n with 1 <k < m. The above latter inequality follows from the

Hoélder inequality. Hence (o1,...,0,) € Agm (X1, ..., Xy t &(N), ..., &(N); N, m, ),
and the result follows. O
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Consequently, we denote all the quantities in (L)) by the same I, (X7, ..., X,) and
those in (L2) by Tsym (X1, ..., X,). We call Iy (Xy, ..., X,) and Tgm (X1, ..., X,,) the
mutual information and upper mutual information of (X1,...,X,), respectively. The
terminology “mutual information” will be justified after the next theorem.

In the continuous variable case, our main result is the following exact relation of Igym,
and Iy, with the Boltzmann-Gibbs entropy H(-), which says that Iy, (Xi,..., X,) is
formally the sum of the separate entropies H (X;)’s minus the compound H (X7, ..., X,,).
Thus, a naive meaning of Iy, (X7, ..., X,) is the entropy (or information) overlapping
among the X;’s.

Theorem 1.6.

Proof. If the coordinates s; of s € RY are all distinct, then s is uniquely written as
s = o(x) with x € RY and o € Sy. Note that the set of s € RV with s; = s; for some
1 # j is a closed subset of \y-measure zero. Under the correspondence

s€RY «+— (x,0) e RY x Sy, s=o0(x)

(well defined on a co-negligible subset of RY), the measure \y is transformed into the
product of A N|R1<v and the counting measure on Sy.

In the following proof we adopt, due to Lemma [[F the description of Iy, and
Tym as Lymr(Xi1,..., X,) and T r(Xy, ..., X,) with R := maxi<;<, [|X;]|e. For
each N;m € N and § > 0, suppose (s1,...,8,) € Ar(X1,...,X,; N,m,d) and write
s; = 04(x;) with x; € RY and o; € Sy. Then it is obvious that

(X1, Xp; 015+, Op)

€ (H(AR(X,.;N, m, 5)H]R]<V)> X Ny (X1, -0, Xy Nym, 6).

i=1

By Lemma and the fact stated at the beginning of the proof, we obtain

1 n
H(Xy,...,X,) g}\}l_rgoﬁlog)\% (Ar(X1,..., X, N,m,0))
BN QY
< 11an1££ v (Zl log Ax (Ag(Xi; N,m,8) NRY)
+ 1Og #Asym,R(Xla ce aXn; Na m, 5))

NP I
= hNIILloICl)fN <Zl log )\N(AR(X,;N, m, 5)) — nlog N!
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+ 1Og #Asym,R(Xla ey Xn; Na m, 5))

:Z im NlogAN(AR(XZ,N m, )

o1 n
+ llNIILIOIéf I log 78" (Asym,r(X1, - .., Xni N,m, 6)).

This implies that
H(X,...,X,) < ZH — Tem(X1,..., X,). (1.3)

Conversely, for each m € N and 6 > 0, by [5, Lemma 4.3] (also [4, 4.3.4]) there are
an m’ € N with m’ > m, a ¢ > 0 with ¢ < §/2 and an Ny € N such that for every
N € N and for every x,y € RY, if ||x]|ooc < R and |rn(x*) — kn(y"®)] < 20" for all
1 <k<m/, then ||x —y|l; < §/2m(R + 1)™'. Suppose N > N, and

(X1y ey X} 01y ooy Op)

S (H(AR(XZ-;N,m’,é’) mRQ)) X Agmr(X1, .. X Ny, 8)

i=1
so that (o1(y1),...,00(yn)) € Ar(X1,..., Xp; N,m/, §) for some (y1,...,y,) € (RY)™.
Since

|n(xF) = kv (yi)] < lrn(xF) = E(XF)] + |rn (yf) — E(XF)] < 28"
forall 1 <k <m/, we get ||x; — yi|l1 < d/2m(R+ 1)™"! for 1 < i < n. Therefore,
|k (03, (%i,) - - - 03, (%3,)) — B(XG, -+ X, )|
< |kn(oi (%)) -+ 03, (x3,)) — En(oi (yi) -+ 03, (Vi)
+ |6 (00 (ir) -+ 03 (yi)) — B(XG, - X))
<m(R+1)"" max [|lx; - yill + 0

)
e I <
<2+5_6

for all 1 < y,... i < n with 1 <k < m. This implies that (o1(x1),...,00(X,)) €
Agr(Xy, ..., Xy N,m,0). By Lemma [[.2] we obtain

ZH — Lym(X1, .., X))

n

< > Nh_r)r;oNlogAN(AR(Xl,Nm "))

+ lim sup N 10g 75" (Agym,r(X1, . . ., Xny N,m/ ')

N—o0

—hmsupi<210g)\]v Ag(Xi; N,m/ 5)F‘|RN)

N—oo i1
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+ lOg #Asym,R(Xla ey Xn7 N, m', 6,)>

1
< lim sup v log A" (ARr(X1, ..., X0 N,m, 6)).

N—oo

This implies by Lemma [L2 once again that

Y H(X) = Lyn(Xi,.., X)) S H(Xy, ., X)), (1.4)
i=1
The result follows from (I.3)) and (L4). O

Let ju(x,,.. x,) be the joint distribution measure on R" of (X,...,X,) while py, is
that of X; for 1 <i <n. Let S(px,,.. x.), fhx; ® - ® px, ) denote the relative entropy
(or the Kullback-Leibler divergence) of ji(x, ... x,) with respect to the product measure
hx, ® - @ ux,, i.e.,

.....

S ’ Q- ® . ;:/10
(KX, X0) s X 1) gd(,u)ﬁ@...@an

if px,,. x, is absolutely continuous with respect to pux, ® --- ® px,; otherwise
S((xy,Xn)s Xy, ® =+ @ px,) = +o0o. When H(X;) > —oo for all 1 < i < n,

Thus, the above theorem yields the following:
Corollary 1.7. If H(X;) > —oo for all 1 < i <n, then

[Sym(X17 e 7Xn> = ]Sym(Xl, e 7Xn)
:S(’U(Xl ----- Xn)?/“’LX1®'®,UXn)

Corollary 1.8. Under the same assumption as the above corollary, Ism(Xi, ..., X,) =
0 of and only if X1,..., X, are independent.

In particular, the original mutual information I(X1AX5) of two real random variables
X1, X5 is normally defined as

[(Xl N X2) = S(ILL(X17X2)’ Hx, @ IUX2)'
Hence we have
](Xl A X2) - Isym(X1>X2) = 7sym()(lwxb)

as long as H(X;) > —oo and H(X3) > —oo (and X, X are bounded). For this reason,
we gave the term “mutual information” to Igym,.
Finally, some open problems are in order:

(1) Without the assumption H(X;) > —oo for 1 <1i <mn, does Lym(X1,...,X,) =

Tym (X1, ..., X,) hold true?
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(2) More strongly, does the limit such as

1
hm — logfys (Agym,r (X1, ..., Xp; N,m, )
N—o0

or
1 .
]\}g{l}oﬁlog’}/gN(Asym(Xlw"?Xn . gl(N)a>€n(N)7N7ma5))

exist as in Lemma [L.27

(3) Without the assumption H(X;) > —oo for 1 < i <n, does Lym(X1,...,X,) =
S((x1,X0)s Hx, @ - -®pix,, ) hold true? Also, is Igym (X7, ..., X;) = 0 equivalent
to the independence of Xi,..., X7

(4) Although the boundedness assumption for Xi,..., X, is rather essential in
the above discussions, it is desirable to extend the results in this section to
Xq,..., X, not necessarily bounded but having all moments.

2. THE DISCRETE CASE

Let Y be a finite set with a probability measure p. The Shannon entropy of p is

=—> p(y)logp(y

yeY

For each sequence y = (yy,...,yn) € YV, the type of y is a probability measure on )
given by

vy(t) = Tt where Ny(t) :=#{j:y; =t}, tel.

The number of possible types is smaller than (N + 1)#Y. If v is a type and Ty (v)
denotes the set of all sequences of type v from YV, then the cardinality of Ty (v) is
estimated as follows:

1 NS(V NS(V)
T Y < T < (2.1)
(see |1 12.1.3] and [2, Lemma 2.2]).

Let p be a probability meausre on ). For each N € N and § > 0 we define A(p; N, 9)
to be the set of all sequences y € YV such that |vy(t) —p(t)| < 0 for all ¢ € Y. In other
words, A(p; N, 9) is the set of all -typical sequeces (with respect to the measure p).
Then the next lemma is well known.

Lemma 2.1.

1
S(p) = lim lim —log#A(p; N, ).

In fact, this easily follows from (2.I). Let Pys be the maximizer of the Shannon
entropy on the set of all types vy, y € YV, such that |vy(t) — p(t)| < ¢ for all t € Y.

We can use the Shannon entropy of the type class corresponding to Py s to estimate
the cardinality of A(p; N, d):

(N + 1)—#376N5(PN,6) < #A(p; N, 5) < 6NS(PN,6)(N + 1)#3’
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It follows that
]\}1_{20 % log #A(p; N,6) = sup{S(q) : q is a probability meausre on )
such that |q(t) — p(t)] < 6, t € Y},

and the lemma follows.

We consider the case where p is the joint distribution of an n-tuple (X3,...,X,,)
of discrete random variables on (£2,P). Throughout this section we assume that the
random variables X7, ..., X,, have their values in a finite set X = {t1,...,t4}.

Definition 2.2. Let p(x, .. x,) denote the joint distribution of (Xj,...,X,), which is
a measure on X" while the distribution py, of X; is a measure on X, 1 <7 < n. We
write A(X;; N, 9) for A(px,; N,0) and A(Xy,..., X, N, 6) for A(px,,..x,): N,6).

Next, we introduce the counterparts of Definitions[[.3]and [[.4]in the discrete variable
case.

Definition 2.3. The action of Sy on X% is similar to that on RY given in Defintion
[L3l For N € N let Xg denote the set of all sequences of length N of the form
X = (tl,...,tl,tg,...,tg,...,td,...,td>.

Oviously, such a sequence x is uniquely determined by (Nx(¢1), ..., Nx(t4)) or the type

of x. That is, Xév is regarded as the set of all types from XV. For each N € N and

d > 0 we denote by Agym(X7,...,X,; N, ) the set of all (oy,...,0,) € S} such that
(O'l(Xl), e ,O'n(Xn)) S A(Xl, cey Xn7 N, 5)

for some (x1,...,%,) € (XX)". Define

1
Lym(X4, ..., X)) = — (lsim lim sup I log Y5 (Agym (X1, . -, X3 N, 0)),

0 N>

and Igym (X1, ..., X,) by replacing limsup by liminf. Moreover, for each 1 < i < n,
choose a sequence & = {&(N)} of &(N) = (&(N)y,...,&(N)y) € X2 such that
Ve,(v) — Px, a8 N — oo. We then define Agym(X1,..., X, ¢ EL(N), ..., (N); N, 6),
Lym( X1, X0 2 &y, 6) and T (X, .., X 0 &1, o0, &) as in Definition [

Lemma 2.4. For any choices of approximating sequences &1, . ..,&, one has

Isym(Xla cee >Xn) = ]sym(Xb cee aXn : gla s 7571)’

[sym(Xlu e ,Xn) = Tsym(Xla Ce ,Xn : 51, .. 7£n)

Proof. 1t suffices to show that for each § > 0 there are a ¢’ > 0 and an Ny € N such
that

Agm(X1, . X0 N, 6 C Agun( X1, . Xt E(N), .. &a(N): N, ) (2.2)

for all N > Ny. Choose &' > 0 so that 3nd"*'¢’ < 6, where d = #X. Suppose
(01, ...,0y,)isin the left-hand side of (2.2) so that (o1(x1),...,0.(x,)) € A(Xy, ..., Xy;
N, d") for some (x1,...,X,), X; = (Ti,...,TiN) € Xg. Since

|V(01(X1) ..... Un(xn))(zl,...,zn) - P(X,..., Xn)(zl,...,zn)| < 5/, (Zl,...,Zn) e X", (23)
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in(t) = Z V(o1 (x1),..., O'n(xn))(Zl? ceey Zi—1, t, Zidly ey Zn)a te Xa
1yeeyZim15Zi4 150,20 €EX
px,(t) = Z Pxy,Xn) (21 2o by Zig1, - 2n),  EEX,

it follows that

[, (t) = px, ()] < A" (2.4)
for any 1 <i <n andt € X. Now, choose an Ny € N so that |vg,n(t) — px,(t)| < 0’
and hence

Ve, vy (1) — vk, (1)] < 24" 14! (2.5)
forany 1 <i<mnandt € X and for all N > N,. Since

|(Ne,vy (1) + -+ + Neywy (1)) = (N, (B1) 4+ -+ 4 Ny, (1))
< [ Neywy (t1) = Nogg (B1)[ + -+ 4 [Neyy (B1) — Ny (1)
< 2Nd"
for every 1 <[ < d thanks to (2.1, it is easily seen that
#{je{l,... N} : &(N); #zy} <2Nd"+'0
for any 1 < i < n. Hence we get
[Vor(€ (V). (en V) (215 -5 20) = Vi (xa)onen)) (215 -+ 20|

1
= N‘#{J : 51(N)a;1(j) =21y 75"(N>051(j) = Zn}

_ #{] : xlo’fl(j) = Z1,... ,xna;l(j) — Zn}‘
1 & . :
= N ;#{9 1 &(N); # xy} < 2nd™TY

so that thanks to (2.3)

Vo (61 (V) (En (W) (Z1s + < <3 Z0) = D(X1, ) (214 < <oy 20) | < 3nd™T18 <6
for every (z1,...,2,) € &™. Therefore, (oy,...,0,) is in the right-hand side of (2.2,
as required. O]

The next theorem is the discrete variable version of Theorem

Theorem 2.5.

Lyn(X1, . X)) = Tam(X1, .., X)) = =S(X0, .. X)) + ) S(X5).
=1

Proof. For each sequence (Ni,...,N4) of integers N; > 0 with Zle N, = N, let
S(Ni,...,Ng) denote the subgroup of Sy consisting of products of permutations of
{1,...,N1}, {N1+1,...,N1+N2}, ey {N1+"'+Nd_1+1,...,N}, and let

SN/S(Ny, ..., Ny)

be the set of left cosets of S(Ny,...,Ny). For each x € Xév and 0 € Sy we write
[0]x for the left coset of S(Nx(t1),..., Nx(ts)) containing o. Then it is clear that
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every s € XV is represented as s = o(x) with a unique pair (x, [0],) of x € X2 and
[0]x € Sn/S(Nk(t1), ..., Nx(ta)).

For any ¢ > 0 one can choose a § > 0 such that for every 1 < ¢ < n and every
probability measure p on X, if |p(t) —px, (t)| < d for allt € X, then |S(p) —S(px,)| < €.
This implies that for each N € N and 1 < ¢ < n, one has |S(vx) — S(px,)| < €
whenever x € A(X;; N, ). Notice that Agym (X1, .., Xn; N,d/d"1) is the union of
[Ul]x1 X X [Un]x7L for all (Xla e Xnj [Ul]xp T [O-n]Xn) of x; € Xév and [Ui]xi €
Sn/S(Ny,(t1), ..., Ny, (tg)) such that (o1(x1),...,00(x,)) € A(Xy, ..., X,; N, §/d7Y).
Now, suppose (xl,...,xn) e (X2)", (o1,...,00) € Si and (01(x1),...,0n(xn)) €
A(Xl,...,Xn;N,d/d"_l). Then, for each 1 < i < n we get x; € A(X;; N,0), i.e
|k, (t) — px, ()| < d for all t € X as (2.4]). Hence we have

#([o1]x X+ X [Tn)xn) H(xeg{l}%xw HNx(t)!> (2.6)

so that
#A (X1, .., Xy N, §/d™H)

< . n— 1 |
< H#A(Xy,...,Xp;N,0/d lell (XeAng{aszé | Xl Nx(t).) .
Therefore,

1 _
I log y§n (Agym(X1, ..., Xo; N, 6/d"1))

< %log FAX, ., X N, 6/

1 n
— log Ny (t)! | — —log N 2.
+ erAr?)?lXNé (N tEZX 0g Nx(?) ) N °8 27)

For each 1 <i <n and for any x € A(X;; N,,d), the Stirling formula yields

1 1

tex

=S (5 o0 - S5 ) ~log N+ 1-4o)
=—=S(vx) +o0(l) < =S(px,) +e+o0(l) as N — o0 (2.8)

thanks to the above choice of § > 0. Here, note that the o(1) in the above estimate
is uniform for x € A(X;; N,¢). Hence, by (2.7), (2.8) and by Lemma 2] applied to
P(X1,...X,) on X", we obtain

_[sym(Xla-"aXn) S S(p(X1 ..... Xn)) _ZS(sz) +ne

and hence

Lym(X1,. ., X0) = =8(X1, ..., X)) + ) S(X)). (2.9)
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Next, we prove the converse direction. For any £ > 0 choose a 9 > 0 as above. For
N € Nlet Z(N,d/d"") be the set of all (x1,...,x,) € (X2)" such that

(O’l(Xl), e ,O'n(Xn)) € A(Xl, e ,Xn; N, 5/dn_1)
for some (oy,...,0,) € S%. Furthermore, for each (xi,...,x,) € Z(N,d§/d" 1), let
Y(X1, ..., X,; N,6/d"1) be the set of all
([o1)rs - - [Onlxn) € [ Sn/S (N, (1), - -, Ny, (ta))
i=1

such that (o1(x1),...,0,(x,)) € A(Xy, ..., X,; N,5/d"1). Then it is obvious that

H#A(Xy, ..., X N,§/dY) < > #5(xy, .. X N, 6 /™Y, (2.10)

(X1,-.-yXn )EZ(N,6/d™—1)

When (x1,...,%,) € Z(N,d/d"™1), we get x; € A(X;;N,8) as 2Z4) for 1 < i < n.
Hence it is seen that

#Z(N,6/d™ 1 SH A(Xi; N, 9)

Il
a E)

#{(Nl, ..., Ng) : N, > 0 is an integer in
1

<.
I

(N(px,(t) = 0), N(px, (t:) +0)) for 1 <1< d}
< (2N§ + 1)™. (2.11)

For any fixed (x1,...,%,) € Z(N,d§/d"™1), suppose ([1]x,s-- -, [Onlx,) € (X1, -y Xn;
N,6/d"1); then we get

similarly to (2.6). Therefore,
#A (X1, .., Xoy N, §/d"T)
> Z #([Ul]m Koo X [Un]Xn>

([o1]xy yo-slOn)en ) EX(X 1,0 Xn; N,0 /dP 1)

> #5(xy, ... X N, 6/d") - H( min HNx(t)!>. (2.12)

3

xEA(X;;N,0)
=1

By (2I0)-(2.12)) we obtain
H Ay (X1, .., Xy N, 6/d¥1) - (2N6 + 1)

HA(Xy, ..., X N, 5/d") <
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so that
1
Nlog#A(Xl>>XnaNa5/dn_l)
1
< ~ log 78" (Asym(X1, ..., Xo; N, 6/d" ™))
- Y min i2:10 Ny (t)! + 1o N'+Ello (2No +1)
— xea(XiNo) \ N = & WXt N 0BTy 08 '

Since it follows similarly to (2.8) that

1 1
_NZIOgNX(t)! + NlogN! < S(px,) +e+o(l) as N — o0

tex
with uniform o(1) for all x € A(X;; N, ), we obtain

S(P1xn) < —Tym(X1,- ., X0) + Y S(px,) +ne

i=1
by Lemma 2.1] again, and hence
Tym(X1,. ., X0) € =8(X1, .., Xo) + ) S(X). (2.13)
i=1
The conclusion follows from (Z9) and (2.I3). O

In particular, the mutual information 7(X; A X5) of X; and X is equivalently ex-
pressed as

I(X1 A Xo) = S(px,,x0): Pxi @ Px,) = —S(Pxy x2)) + S(0x,) + S(pxs,)
= ]sym(X17X2> = Tsym(X17X2)-

Similarly to the problem (2) mentioned in the last of Section 1, it is unknown whether
the limit )
dim 108757 (Agym (X1, Xni N, 9))
exists or not.
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