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Abstract
An upper bound on degrees of elements of a minimal generating system for invariants of
quivers of dimension (2,...,2) is established over a field of arbitrary characteristic and its

precision is estimated. The proof is based on the reduction to the problem of description of
maximal paths satisfying certain condition.
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1 Introduction

We work over an infinite field K of arbitrary characteristic char(K). All vector spaces, algebras,
and modules are over K unless otherwise stated and all algebras are associative.

A quiver Q = (ver(Q),arr(Q)) is a finite oriented graph, where ver(Q) is the set of vertices
and arr(Q) is the set of arrows. For an arrow a denote by a’ its head and denote by o’ its tail.
Loops and multiple arrows are allowed. The notion of quiver was introduced by Gabriel in [14] as
an effective mean for description of different problems of the linear algebra.

For a quiver Q and a dimension vector n = (n, |v € ver(Q)) denote by I(Q,n) the algebra
of invariants of representations of Q. Invariants of quivers are important not only in the invariant
theory but also in the representational theory because these invariants distinguish semi-simple
representations of a quiver. The algebra I(Q,n) is embedded into the algebra of (commutative)
polynomials K[z;;(a)|a € arr(Q), 1 <i<mny, 1 <j < mngr]. Denote by

ri1(a) 0 w1, (a)
Xa = : :
x’na/,l ((l) e x”a’»”a” ((l)

the ng X ngr generic matrix and by o (X) the k-th coefficient in the characteristic polynomial of
an n X n matrix X, i.e.,

det(A\E — X) = A" — o (X)N"L 4 4 (—1)0 (X).
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In particular, o1(X) = tr(X) and 0, (X) = det(X).
For a real number « let [a] be the greatest integer that does not exceed o. We write (4, j) for
the Kronecker symbol and #S for the cardinality of a set S.

Let us recall that a = a1 - - - a5 is a path in Q (where ay,...,as € arr(Q)),if a} =af,...,a,_; =
a”; and a is a closed path in a vertex v, if a is a path and af = @/, = v. The head of the path
a is @’ = a/, and the tail of a is a” = af. Denote ver(a) = {af,a},...,a.}, arr(a) = {a1,...,as},

and deg(a) = s. If a is a closed path, then define the degree of a in a vertex w by deg, (a) =
#{i|a, =w, 1 <i<s}. A closed path a is called primitive if deg,, (a) =1 for all w € ver(a), i.e.,
a is without self-intersections. Denote by m(Q) the maximal degree of primitive closed paths in

Q. Closed paths ay,...,as in Q are called incident if a} = --- = a’,.
In [II] Donkin proved that K-algebra I(Q,n) is generated by oy (X, - - X4, ) for all closed
paths a = ay - -as in Q (where aq,...,as € arr(Q)) and 1 < k < n,. For a field of characteristic

zero generators for 1(Q,n) were described earlier by Le Bruyn and Procesi in [I7]. Relations
between generators are described by Zubkov’s Theorem (see [26]), which for a quiver with one
vertex and char(K) = 0 was independently proven by Razmyslov in [23] and Procesi in [21]; for
an arbitrary quiver and a field of characteristic zero it was proven by Domokos in [5]. Notice that
I(Q,n) has a grading by degrees that is given by the formula: deg(o(X,, --- Xq,)) = ks.

By the Hilbert—Nagata Theorem on invariants, I(Q,n) is a finitely generated graded algebra.
But the mentioned generating system is not finite. So it gives rise to the problem to find out a
minimal (by inclusion) homogeneous system of generators (m.h.s.g.). Given an N-graded algebra
A, where N stands for non-negative integers, denote by A" the subalgebra generated by elements
of A of positive degree. It is easy to see that a set {a;} C A is a m.h.s.g. if and only if {@;} is a
basis of A = A/(A*)2. An element a € A is called decomposable if it belongs to the ideal (AT)2. In
other words, a decomposable element is equal to a polynomial in elements of strictly lower degree.
Therefore the least upper bound D(Q,n) for the degrees of elements of a m.h.s.g. of I(Q,n) is
equal to the highest degree of indecomposable invariants. In this paper we establish an upper
bound on D(Q, n) for an arbitrary quiver Q and n = (2,2,...,2) and estimate its precision.

In characteristic zero case I(Q,n) is generated by invariants of degree at most (3. n,)?, where
the sum ranges over all a € arr(Q) (see [I7]). All the rest of known results on finite generating
systems for I(Q,n) concern a quiver Q with one vertex and several loops. Some of these results
are presented in Section

If Q; and Qy are quivers with ver(Q;) C ver(Q2) and arr(Q) C arr(Qz), then we say that O,
is a subquiver of Qo and write Q1 C Q. A quiver Q is said to be strongly connected if there exists
a closed path in Q that contains all vertices of @. A quiver with one vertex and no arrows is also
called strongly connected. For a quiver Q let Q;,..., Qk be its strongly connected components,
ie., Qi,...,9 are strongly connected subquivers of Q, ver(Q) = ver(Qq)||---|]ver(Qx) is a
disjoint union, for every a € arr(Q) with a’,a” € ver(Q;) for some ¢ we have a € arr(Q;), and
k is the minimal number satisfying the given conditions. Obviously, I(Q,n) is the tensor prod-
uct of I(Q1,m1),...,1(Qs,ns) for some dimension vectors nq,...,ns of Q1,..., Qy, respectively,
satisfying n = n; ® - - - & n,. Therefore, it is sufficient to consider only strongly connected quivers.

Given a one-vertex quiver with d loops (d > 2), there are two possibilities for D = D(Q, (2)):

1) if char(K) = 2, then D = d;
2) if char(K) # 2, then D = 3.

See Section [2] for the references. Note that in the first case D depends linearly on d and in the
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second case D is a constant that does not depend on d. We show that the same statement is valid
for an arbitrary quiver. Denote by Q(n,d,m) the set of all strongly connected quivers Q with
#ver(Q) = n, #arr(Q) = d, and m(Q) = m. Our main result is the following theorem.

Theorem 1.1. Let Q € Q(n,d,m), where d > 2.
1) If char(K) = 2, then D(Q,(2,...,2)) < md. Moreover, if n,m are fized, then

max{D(Q, (2,...,2))]| Q € Q(n,d,m)}

md

—1 asd— oo.

2) If char(K) # 2, then D(Q, (2,...,2)) < 3n. Moreover, if d is sufficiently large with respect
to n,m, then

max{D(Q, (2,...,2))|Q € Q(n,d,m)}

is equal to the given bound.

As an immediate corollary of Donkin’s Theorem on the generators of I(Q,n) we obtain
that the upper bounds on degrees from Theorem [[T] remain valid for the algebra of invariants
I(Q, (5177577,)) with 517---7577, S 2.

The proof of Theorem [T T]is based on the reduction to the problem of finding out maximal paths
satisfying certain condition (see Lemma [[2). In informal way, the last problem can be stated as
“Guide’s Problem” (see below).

For a quiver Q introduce an equivalence = on the set of all closed paths extended with an
additional symbol 0. For any paths a, b such that ab is a closed path and any incident closed paths
ai, as, ... we define

1. ab = ba;

)

2. Gp(1) Aoty = (—1)%a1 - - ay, where t > 2 and o € Sy;
3. aas = 0;

4. if char(K) = 2, then a? = 0; if char(K) # 2, then ajazazas = 0.

Lemma 1.2. Let a = aj---as be a closed path in Q, where ai,...,as € arr(Q). Then
tr(Xe, - Xay) € 1(9,(2,2,...,2)) is decomposable if and only if a = 0.

Denote by M(Q) the maximal degree of a closed path a in Q satisfying a Z 0. Lemma
shows that the case char(K) = 2 is essentially different from the case char(K) # 2. The longest
part of the paper is dedicated to the case char(K) = 2 and in this case M (Q) is equal to the length
of a route that provides a solution for the following problem.

Guide’s Problem. A guide shows a city to a tourist. They ride by car along streets of the
city. All streets are assumed to be one-way. (Two-way streets can be considered as two different
streets.) At the end of the tour they should come back to their starting point. At the beginning the
guide shows a plan of their route to the tourist. If the route goes through a crossroad several times
(i.e., this crossroad divides the route into parts aby ...bgc, where k > 1 and by,...,bs are cycles
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that start and terminate at the given crossroad), then the tourist can choose order of passing these
cycles (i.e., the tourist can turn the route into aby(yy...bruc for any permutation ™ € Sk). The
route is called bad if it contains two consecutive cycles that coincide.

Guide’s payment depends on the length of their route and so his task is to find out the longest
route such that the tourist can not turn this route into a bad one.

In Section [2] we consider some results on generating systems for invariants of a quiver with
one vertex and several arrows. In Section [3] we formulate Zubkov’s Theorem, which we apply in
Section [ to prove Lemma [[.2l Section [ contains definitions of notions that are used in Sections
and [ If char(K) # 2, then the upper bound on M(Q) is calculated in Lemma [6.I} otherwise,
we establish the upper bound on M(Q) in Corollary G.TTl In Lemma we estimate a precision
of the given upper bounds. Taking into account Lemma and Remark together with the
fact that 1(Q,(2,2,...,2)) is generated by indecomposable invariants, we complete the proof of
Theorem [Tl An example of indecomposable invariants is given in Example

Remark 1.3. In the next paper we will consider n,d, m satisfying Q(n,d,m) # 0 and define the
upper bound M (n,d, m) such that in case char(K) = 2 we have

e D(Q,(2,...,2)) < M(n,d,m) for all Q € Q(n,d,m);
o there is a Q € Q(n,d,m) such that M(n,d,m) —m < D(Q, (2,...,2)).

2 Matrix invariants

Suppose Q is a quiver with one vertex and d arrows. Then I(Q, (n)) is called the matriz invariant
algebra and we denote it by R, 4. In this section we discuss some known results on generating
systems for R, 4.

Relying on the theory of modules with good filtrations (see [8], [10]), Donkin [9] proved that
K-algebra R, g C K[z;(r) |1 <1i,j <n,1<r <d]is generated by 0% (X,, --- X,,) for 1 <k <n
and 1 < ry,...,rs < d, where X, = (x;;(r))1<i j<n is the n X n matrix. For zero characteristic
case, generators were found earlier by Sibirskii in [24] and Procesi in [21].

A mhs.g. for Ry q was found by Sibirskii in [24] when char(K) = 0, by Procesi in [22] when
char(K) is odd, and by Domokos, Kuzmin, and Zubkov in [7] when char(K) = 2. A m.h.s.g. for
R34 was found by the author in [I8], [I9]. Moreover, for n = 3 and d = 2 relations between
elements of some m.h.s.g. were explicitly described by Nakamoto in [20] and by Aslaksen, Drensky,
and Sadikova in [2] (see also Teranishi [25]). A m.h.s.g. for R4 2 was described by Drensky and
Sadikova in [4] when char(K) = 0.

Regarding an arbitrary n, an upper bound on indecomposable invariants of R, 4 was given
by Domokos in [6] in terms of the nilpotency degree N(n,d) of a (non-unitary) relatively free
d-generated algebra with the identity 2™ = 0. If char(K) = 0 or char(K) > n, then N(n,d) <
2" — 1 by the Nagata-Higman Theorem (see [15]). Moreover, if char(K) = 0, then N(n,d) < n?
by Razmyslov (see [23]) and R, 4 is generated by elements of degree less or equal to N(n,d).
The situation changes drastically when 0 < char(k) < n, namely, R, 4 is not generated by its
elements of degree less than d. So if n is fixed and d tends to infinity, then the maximal degree of
indecomposable invariant as well as N (n, d) tends to infinity (see [7]). Observe that for an arbitrary
char(K), there exists an upper bound on N (n,d) by Klein (see [16]): N(n,d) < (1/6)n5d". For
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more detailed introduction to finite generating systems for R, 4 see overviews [12] and [I3] by
Formanek. For recent developments in characteristic zero see [3] and in positive characteristic
see [1].

3 Zubkov’s Theorem

In what follows Q is a strongly connected quiver and m is its dimension vector. The aim of this
section is to formulate Zubkov’s Theorem (see [26]) that describes relations for the algebra of
invariants I(Q, n).

Denote by S the free semigroup generated by letters {a1,ag,...}. Words b = a;, ---a;, and
¢ =aj, - aj, are called equivalent, if there exists a cyclic permutation 7 € &; such that ix = jr )
for 1 < k <t. The cycle (in letters aj, as,...) is the equivalence class of some word. The cycle is
primitive, if it is not equal to a power of a shorter cycle.

Let us recall some formulas. In this section A, Aq,..., As stand for n X n matrices and n > 1.
For 1 < k <n Amitsur’s formula states [I]:

or(Ar+- -+ Ag) = ) (FD)FTI gy (e) -0, (), (1)

where the sum ranges over all pairwise different primitive cycles ¢y, ...,c; in letters Aq,..., A
and positive integers j1,...,7; with Ele jideg(c;) = k. As an example,

02(A1 + Az) = 02(A1) + 02(A2) + 01(A1)01(A2) — 01(A1 Az).

Denote the right hand side of () by Fi(A41,...,A4s). Let 1 <k <n and o, ay,...,as; € K. Using
the formula

or(ad) = ooy (A), (2)
we obtain
Fe(anAy,... 0 A,) =Y o’ Fy(Ay,..., Ay),
where the sum ranges over all § = (6y,...,8,) € N® with §; 4+ --- 4+ 0, = k, a® = o' ---a% and
F5(A, ..., As)is a polynomial in o¢(4;, - - - A;;). The polynomial F5(Ay, ..., Ay) is called a partial
linearization of Fi(Aq, ..., As).

For 1 <k <n and r > 2 we have the following well-known formulas:

ok (A1Az) = 01 (A2 A1), (3)

or(AT) = > BT o (A) o (A (4)

where we assume that o;(A) = 0 for ¢ > n. Denote the right hand side of @) by Gi(A). In ()
coeflicients Bl(fr)z _ € Z do not depend on A and n. If we take A = diag(a1,...,a,) is a diagonal
matrix, then o;(A") (0;(A) for 1 < i < n, respectively) is a symmetric polynomial (the i-th
elementary symmetric polynomial, respectively) in aq,...,a, and the coefficients Bz(j”)ww with
i1+2 49+ -+ kr-ig <n can easily be found. As an example,

01(A2) = O'l(A)2 - 20’2(14) (5)
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Consider the commutative algebra A(Q), freely generated by “symbolic” elements o (h), where
k> 1 and h is a closed path in Q. An expression p = ¢ with different p,q € A(Q) we interpret as
the element p — ¢q of A(Q).

By Zubkov’s Theorem, the algebra of invariants I(Q, n) is isomorphic to A(Q)/T(Q,n), where
the ideal T'(Q,n) is generated by

(A) or(araz) = o(azar), where k > 1 and ay, as are such paths in Q that ajas is a closed path;
(B) ox(a") = Ggr(a), where k > 1, r > 2 and a is a closed path in O;

(C) Fs(ai,...,as) =0, whereas,...,as are incident closed paths in Q for s > 1,4 = (1,...,0s) €
N, and 61 +---+ds > mgy; in particular, o (a) = 0 for any closed path a in Q and k > n,».

The isomorphism is given by
ok (Xa, - Xay) = or(ar - ay)

for 1 <k <n,y and such arrows ay, ..., as € arr(Q) that a; - - - as is a closed path in Q. Elements
of T(Q,n) are called relations for I(Q,n).

4 Relations between indecomposable invariants

In this section Q is a strongly connected quiver. For short, denote I(Q, (2,2,...,2)) by I(Q) and
T(9,(2,2,...,2)) by T(Q). If a and b are equal elements of 1(Q) = I(Q)/(I(Q)™)?, then we write
a=b.

Consider the algebra A(Q) that was defined in Section Bl and denote:

tr(a) = o1(a) and det(a) = o2(a)
for a closed path a in Q. The algebra I(Q) is isomorphic to A(Q)/L(Q) for A(Q) = A(Q)/(A(Q)T)?
and some ideal L(Q) <1 A(Q). As above, an element ¢ € L(Q) is called a relation for I(Q) and
we write ¢ = 0. We say that ¢ = 0 follows from ¢; = 0,...,qs =0, if ¢ is a linear combination of

q1,--+59s-

Lemma 4.1. The ideal of relations for I(Q) is equal to the K-span of the relations:

(a) tr(ajaz) = tr(azay), det(aiaz) = det(azay), where ay and az are such paths in Q that aias
is a closed path;

(b) tr(a?) = —2det(a);

(c) tr(a2b) = 0;

(d) tr(bac) = — tr(abe), tr(ach) = — tr(abe);
(e) det(ab) = 0;

(f) or(a) =0 for k> 2;
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where a, b, and ¢ are incident closed paths in Q.

Proof. ~ Denote by (A) relations for /(Q) obtained by factorization of (A) modulo the ideal
(A(Q)*)2. Similarly define (B) and (C):

(B) o(a”) = Ok,rOkr(a), where k > 1,7 > 2, o is a closed path in Q, and oy, € Z do not depend
on a;

(C) Fs(a,...,as) = 0, where ay,...,as are incident closed paths in Q, § = (01,...,ds) € N,
and d1 + --- + 05 > 2.

Let ai,...,as be such arrows of Q that a = aj---as is a closed path in Q and let £ = 1,2.
Obviously, ok (X,, - - X4, ) is decomposable if and only if 0% (a) € T(Q) + (A(Q)™)2. Consider the
grading on the polynomial ring A(Q) such that the generators have degree one. Then oy(a) is
homogeneous of degree one. Denote by T(Q); C A(Q) the vector space consisting of the linear
components of the elements of T(Q). We conclude that o1 (X,, - - - X4, ) is decomposable if and only
if ox(a) € T(Q)1. The same reasoning shows that the image of ¢ € A(Q) in I(Q) ~ A(Q)/T(Q)
under the canonical homomorphism is decomposable if and only if ¢ € T(Q);. Thus, relations for

I(Q) are linear combinations of relations (A), (B), and (C) (see Section B]).

1. Let us prove that (a)-(f) are relations for 1(Q). First of all notice that (a) follows from (A)

and (e) follows from (C). By (@), the relation (B) with £ =1 and r = 2 coincides with (b).
If § = (2,1), then (C) coincides with (¢). If § = (2,2), then (C) is det(ajaz) — tr(a?a3) = 0.
Since (c) implies tr(a2a3) = 0, (d) is a relation. If § = (1,1, 1), then (C) is tr(ajazaz) +tr(azaiaz) =

0. Clearly, (d) follows from this relation and (a).

2. Let us prove that relations (A4), (B), and (C) follow from (a)—(f). Note that (a), (c), and
(d) imply that for all incident closed paths a, b, and ¢ we have

tr(abac) = 0. (6)

Obviously, (A) follows from (a) and (e).

Consider the relation (B) with & = 1. If 7 = 2, then (B) coincides with (b). If r > 3, then
o.(a) = 0 follows from (f) and tr(a”) = 0 follows from (c); hence, (B) follows from (c) and (f).

If k=2 and r > 2, then det(a”) = 0 follows from (e) and o2, (a) = 0 follows from (f), so (B)
follows from (e) and (f). If k > 3, then (B) follows from (f).

Now we consider the relation (C). If s = 1, then (C) coincides with (f). If §; > 2 for some 4,

then (C) follows from (e), (f), and (@)). If § = (1,...,1), then (C) is

Z tI‘(CLﬂ.(l) . ~a,r(s_1)as) =0.

TESs—1

The last relation follows from (a) and (d). O
Now we can prove Lemma (see Section []).

Proof of Lemma We have the following relations for I(Q):
(9) tr(ap() -~ aq)) =sgn(o)tr(ar ---as) for t > 1 and o € Sp;
(h) if char(K) # 2, then tr(ay---aq4) = 0;
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where a1,as, ... are incident closed paths in Q. To prove this notice that (g) follows from (a)
and (d) (see Lemma[LT]). Consecutively using relations (d) and (g) we obtain:

tr(ajazazay) = — tr(asaazay) = — tr(ajazasaq).

Hence (h) is a relation for I(Q).

Suppose tr(a) = 0. By Lemma 1] the relation tr(a) = 0 follows from (a)—(f). Hence this
relation follows from (a), (b), (g) or from (a), (¢), (g) when char(K) = 2; and it follows from (a),
(¢), (g), (h) when char(K) # 2. In all cases we have a = 0.

If a = 0, then Lemma (1] together with (g) and (h) gives tr(a) = 0. O

Remark 4.2. Let a = aj1---as be a closed path in Q, where ai,...,as € arr(Q). If
q=det(X,, - Xq,) € I(Q) is indecomposable, then deg(q) < 2m.

Proof. 1f q is indecomposable, then « is a primitive closed path and deg(a) < m. O

5 Some notations and auxiliary results

Suppose a = aj ---as is a path in a quiver Q and aq,...,as € arr(Q). Given v € ver(Q) and
b € arr(Q), let degy(a) = #{i|a; =b, 1 <i < s} be the degree of a in the arrow b and deg,(a) =
#{i|a, =v,1<1i<s}+ p be the degree of a in the vertex v, where

. 1, ifa) =vanda, #v
0, otherwise

As an example, if a, af, . . ., a are pairwise different, then deg, (a) = deg,; (a) = -+ - = deg,, (a) =
1. If a is known to be a closed path, then deg,(a) = #{i|a} = v, 1 < i < s} coincides with the
definition given in Section [Il Sometimes it is convenient to consider only those vertices of a that
are not equal to a’ and a”; for this purpose introduce degj(a) = #{i|a, =v, 1 <i < s—1}. Note
that deg, (a) = deg?(a) for v & {a’,a”}.

The multidegree of a path a in Q is § = (0p)pecare(Q), Where 0y = degy(a), and we denote it by
mdeg(a).

Let x1, ...,z be all arrows in Q from u to v, where u,v € ver(Q). Then denote by & any arrow
from x4, ..., xzs, by {Z} the set {z1,..., 2}, and say that Z is an arrow from u to v. Schematically,
we depict arrows 1, ...,Ts as

SR

For a path a in Q denote deg;(a) = >°;_; deg,.(a). As an example, an expression &a - - - Fay

stands for a path x;, a1 - - -z, ax for some 1 <4i; <s (1 <j <k). Similarly, if z4,...,z, are loops
in v € ver(Q), then #* stands for a closed path z;, - - - x;, for some iy, ..., .
Suppose a = aj - - - as is a primitive closed path in Q and aq,...,as € arr(Q). The path a is

called §-single if 6,, > 1 for all ¢ and J,, = 1 for some i. The path a is called §-double if 04, > 2
for all i.
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For a v € ver(Q) denote by 1, the empty path in the vertex v. Given a path b with ¥’ = v,
we write bl, = b and for a path b with b” = v we write 1,b = b. By definition, deg(1,)
deg,(1,) = 0, and

I
o

1, fw=v
degw(lv)_{ 0, ifw#wv

for all w € ver(Q) and a € arr(Q). Denote by path(Q) the set of all paths and empty paths in
Q. If we consider a path, then we assume that it is non-empty unless otherwise stated; if we write
a € path(Q), then we assume that a path a can be empty.

For closed paths a,b we write a ~ b if a = ¢1c2 and b = cocq for some ¢q, c2 € path(Q). A path
b is called a subpath in a path a, if the path a is closed and a ~ bc, or a is not closed and a = ¢1bco,
where ¢, ¢1, c2 € path(Q).

Suppose V' C ver(Q) is a subset and a path h in Q satisfies h’, h”" € V. We say that a quiver G
is the h-restriction of Q to V' if ver(G) = V and arr(G) = {a}, where a ranges over such subpaths
of h that a’,a” € V and deg; (a) = 0 for all v € V. By definition, a’ = a’ and @” = a”. There is a
unique path in G that corresponds to h and each path in G corresponds to some path in Q.

Example 5.1. Let Q be the quiver

h be a path in Q with ', h"” € {u,v}, and G be the h-restriction of Q to the vertices u and wv.
Then G is a subquiver of the quiver

7, cb
& R y~b .
S
a,yz

Dealing with equivalences we use the following conventions. If we write ¢ = b, then we assume
that a and b are closed paths in Q. If we write ab for paths a and b, then we assume that o’ = b".
To explain how we apply formulas to prove some equivalence a = b we split the word a into parts
using dots. As an example, see the proof of part 1 of Lemma [G.4]

The next lemma is well known.

Lemma 5.2. Suppose Q is a strongly connected quiver and 6 € N#2(2)  Then the following

conditions are equivalent:

a) There is a closed path h in Q such that mdeg(h) = & and arr(h) = arr(Q); in particular,
ver(h) = ver(Q).

b) We have 6, > 1 for all a € arr(Q) and ) ,1_, 6a = > ,n_, da for all v € ver(Q), where the

sums range over all a € arr(Q) satisfying the given conditions.
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6 Upper bounds
Let Q be a quiver. We start with the case of char(K) # 2.

Lemma 6.1. Suppose char(K) # 2. If Q is a quiver with n vertices and h is a closed path in Q
with h # 0, then deg(h) < 3n.

Proof. If the claim of the lemma is wrong, then there is a vertex v € ver(Q) such that deg, (h) > 4.
Then h = hy -+ - hy for some closed paths hy,...,hy in v. Thus h = 0 by the definition of the
equivalence =; a contradiction. O

In what follows we assume char(K) = 2 unless otherwise stated. We will use the following
remark without references to it.

Remark 6.2. Suppose f,h are closed paths in Q and b is a subpath of f. Let the equivalence
J = h follows from the formulas of the form a1y -+ aq@) = a1---ar, where ay, ..., a; are closed
paths in v € ver(Q) satisfying degi(b) =0, t > 2, and o0 € S;. Then b is also a subpath of h.

Lemma 6.3. Let h be a closed path in Q and {p} be loops of Q in some v € ver(Q). Then
h = p*b, where k >0, b € path(Q), and deg,(b) = 0.

Moreover, suppose a € arr(h) and a’ # a”. Ifa’ = v, then h = ap¥by; if a”" = v, then h = pFaby,
where, as above, deg;(bo) = 0.
Proof.  Denote k = degj(h). If k& < 1, then the statement of the lemma is trivial. Otherwise
h ~ pgi - Pgx = pg1---gx for some gy, ...,gx € path(Q). The proof of the second part of the
lemma is similar. O

Lemma 6.4. 1. We have x1a1x2a2T303 = T3a1X162T2a3, where T1, T2, T3 are paths from u to v
and a1, az, as are paths from v to u for u,v € ver(Q).
2. Let h = Zay - - ZTas be a closed path.

a) If deg;(h) > 3 and deg,, (h) > 1, then h = x1a1&az - - - Tas.

b) If deg,, (h) > 2, then h = x1a12102%as - - - Tas.

c¢) If deg, (h) > 1 and deg,,(h) > 1, then h = x1a122a2%03 - - - Tas or h = xaa17109%0as - - - Tas.
Proof. 1. Equivalences z1-a1%2-a2T3 a3 = T1-02%3-01T2-0G3 = T102-T301 - T203 = T3] T102T203
give the required formula.

2a) There are three possibilities: h ~ z;c121c0TjC3, b ~ T;c120021¢3, and b ~ T1¢12,¢22C3

for some paths c1,c2,c3 and numbers 4, j. Applying part 1, we obtain the claim. Similarly, we
prove parts 2b) and 2c¢). O

Lemma 6.5. Let h be a closed path in a quiver Q

pQ@(\yj@Qq
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a) If degy(h) + degy(h) > 1, then h = p' & ¢ y(29)* for some i,k > 0.

b) If deg,, (k) > 2, deg,, (h) > 2, and deg;(h) 4 deg,(h) > 4, then h = (z1y1)* f for some path
f-

Proof. a) Using Lemma [6.3] we have h = p’a ¢’ b for some paths a,b and i,j > 0. Equalities
a = (y2)F and b = ¢ (&7)" for k,1 > 0 complete the proof.

b) Part a) implies that h = p'z;¢’ f for f = g(iy)*, where 7,5,k > 0 and [ > 1. If deg, (h) > 3,
then, taking into account part 1 of Lemma 6.4, we can assume that deg, (f) > 2. We add a new
arrow o to Q and define af, = v, z{j = u. Using part a) of the lemma together with part 2b) of
Lemma [6.4] we obtain the required equivalence for the closed path xof . Substituting pix;§’ for
To, we prove the required equivalence for h. The case deg (h) > 3 is similar. O

Lemma 6.6. Suppose Q is

L

a) If deg;(h) =0, then h = x1y1 fre1ys f2 for some paths fi1 and fa.

c
5 L T
p@@)..\i/

and h is a closed path with deg,, (h) > 2 and deg,, (h) > 2.

b) If deg;(h) + deg;(h) + deg, (h) + degy(h) > 4, then h = x1y1 frz1y1 f2 for some paths fi and
2

Proof. a) For short, in this proof we use one and the same symbol I for non-negative integers
that can be different. As an example, p'¢ ¢ stands for pl1ég' for some l1,lo > 0. Let G be the
h-restriction of Q to the vertices v and v:

We have the inclusions
{X} c {&,e'b}, {Y} C {a,5q'2}, {P} C {p,ed'z}, {Q} C {yd'b}.

Consider h as a path in G. Part a) of Lemma together with degy (h) > degz(h) > 2 implies
that h = P* X Q7 Y/(XY)* for some i, > 0 and k > 1. Moreover, applying part 2b) of Lemma [6.4]
to X, we obtain h = Play Q7Y 2, Y(XY)F 1.

If =0, then {Y} contains Y} = 41G"1 2 and Yz = 1G22 for some Iy, 15 > 0. We apply part 2c)
of Lemma 6.4l to Y and obtain h = P'x; Y, 21Y., (XY)*1 where 51,50 € {1,2} and 51 # so.
The required equivalence is proven.
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If 7 > 1, then we rewrite h as
h=Pax ys(jll;R}v/:rlifl(X}v/)k_l

fors>1, R=Q’ ' and Y; € {Y}.
If {Y'} C {a}, then j > 2. Applying part 2b) of Lemma [6.4to g, we can assume that s = 1 and
R =14,¢bQ772. Hence
h= Doy idh b QI Y ay - V(X)L
=Plg - ylcjll;Qj_Q Y 2, 'qulé : Y(Xy)k_l-
If {Y} is not a subset of {a}, then {V} contains y,G'% for some » > 1. Applying part 2b) of
Lemma [6.4] to ¢, we can assume that s = r = 1. There are three cases:

1. If Y1 = 914'%, then the claim is proven.

2. If k > 2, then degy (h) = k + 1 > 3. Applying part 2a) of Lemma [6.4] to Y, we can assume
that Y7 = y1¢'2 and the claim is proven.

3. If k=1and Y; # y1¢'Z, then
h = Pi.fl qule qulé$1 'Y1 = Pi.fl 'qulé.fl quleyl

Part a) of the lemma is proven.

b) If deg,(h) > 1, then, taking into account Lemma B3] we have h = g¥af for k > 0 and a
path f with deg,(f) = 0. We add a new arrow ag to Q and define aj = u, ag = v. Then the closed
path ao f satisfies the condition of part a) of the lemma and the required equivalence is valid for it.
Substituting g*a for ag, we prove the required equivalence for h. The remaining cases deg;(h) > 1,
deg;(h) > 3, and deg;(h) > 3 can be treated analogously. O

Remark 6.7. Note that the conditions from parts a), b) can not be omitted. As an example, if
h = q1y12101Yy12121, then for any paths f1, fo we have h % x1y1 fix1ys fo.

Suppose a quiver Q contains a path a = a;---as, where ay,...,a, € arr(Q) are pairwise
different. Let h be a closed path in Q such that deg, (h) > 2 for all i and there is a b € arr(h)
satisfying b # a; for all i.

Lemma 6.8. Using the preceding notation we have h = ay - --asf for some f € path(Q). More-
over,

a) if o' =df, then h=bay---asf for some f € path(Q);
b) if b =al, then h=ay---asbf for some f € path(Q).
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Proof. Let us prove part a). Since deg, (h) > 2 and b € arr(h), we have h ~ gb- q-ay f for paths
g,q, f, where ¢ = ¢" = v1, g = f' = v1, and ¢ can be empty.

If ¢ is empty, then h ~ gbay f. If ¢ is non-empty, then h = gb- a1 f - g. Thus in both cases we
have h = ba f, for some path f;. Continuing this procedure we complete the proof. The proof of
part b) is similar. O

Let a and h be paths as above. For 1 < i < s denote v; = a}. We assume that the path a is
closed and primitive, s > 2, b" £ b, and ¥/, 0" € {vq, v} for some k € {1,3,4,...,s}. Schematically

this is depicted as

: b
&Ajk?

Lemma 6.9. Using the preceding notation we have h = ayas f1 aras fo for some f1, fa € path(Q).

Proof. If s = 2, then see part b) of Lemma [6.9]
Suppose b’ = v, b’ = vg, and s > 3. By Lemma [6.8]

h =bagaks1---asf (7)

for some path f. We denote by G the h-restriction of Q to the vertices v, vs,v3 and consider h
as a path in G. Part b) of Lemma together with (@) concludes the proof. The case of b’ = vy
and b” = vy, is similar. O

Lemma 6.10. Let h be a closed path in a quiver @ and h % 0. Then there exist pairwise different
primitive closed paths by,... b., c1,...,¢; in Q, where r;t > 0, such that

T t
mdeg(h) = Z mdeg(b;) + 2 Z mdeg(cg);
i=1

k=1
and there are pairwise different arrows x1,...,Tr, Y1,.--,Yt, 21, ---,2¢ 0 Q satisfying
yj, 25 € arr(c;) and deg, () = deg, (h) =2, (3)
t
x; € arr(b;) and deg, (h) =2 deg, (cx) =1 (9)
k=1

foranyl<i<r 1<j<t.

Proof. We assume that § = mdeg(h).

If there is a d-double path a in Q, then we define ¢; = a. Let (8) be not valid for any
y1,71 € arr(a) with y; # 21, i.e., there exists a y € arr(a) such that deg,(h) > 3 for all z € arr(a)
with z # y. Without loss of generality we can assume that a = ay - - - as, where ay, ..., as € arr(Q)
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are pairwise different and a; = y. Then h = ajasfi1a1a2f12 for some fi11, fiz € path(Q) (see
Lemma [69). Considering ajas as a new arrow, we can apply Lemma once again and obtain
h = a1az2a3 fa1a1a2a3 fao for some for, foo € path(Q). Repeating this procedure we can see that h =
afs—11afs—12 for some fs_ 11, fs—1.2 € path(Q). Since a is a closed path, h = a®fs_11fs—12 = 0;
a contradiction. Thus there are arrows y1, z; satisfying the required conditions.

We diminish ¢ by 2 mdeg(a) and repeat the reasoning to obtain ¢y with ys, 22 and so on. Finally,
we obtain ¢j,y;,z; for all 1 < j <t (¢ > 0) such that the required conditions are valid and there
is no d-double path in Q for § = mdeg(h) — 2 22:1 mdeg(cy).

Assume § # 0. Since
> Ga= ) ba (10)

there is a J-single path b in Q with x € arr(b) satisfying §, = 1. We set by = b, 1 = = and
diminish § by mdeg(b). Repeating this procedure we obtain the required by, ..., b, together with
X1,...,2p (r>0). O

Corollary 6.11. Suppose Q is a quiver with d arrows and m(Q) = m. Let h be a closed path in
Q and h #0. Then deg(h) < md.

Proof. 'We use notations from the formulation of Lemma [6.I0l Since deg(b;) < m for 1 <i <r
and deg(ci) < m for 1 < k < t, we have deg(h) < m(r + 2t). Moreover, there are r + 2t pairwise
different arrows in Q. Thus r + 2t < d. O

7 Examples

Suppose Q is a strongly connected quiver. The support of a non-zero vector § € N#2(Q) with
respect to Q is the subquiver Q; of Q such that arr(Q;) = {a € arr(Q) |, > 1} and ver(Qs) =
{d’,a" |a € arr(Qs)}. We will apply the following remark together with Lemma [5.2] to construct
indecomposable invariants.

Lemma 7.1. Let char(K) =2 and h be a closed path in Q. If for any mdeg(h)-double path a we
have that the support of mdeg(h) — 2mdeg(a) is not strongly connected (and is not empty), then
h #0.

Proof. If h satisfies the condition of the lemma and h = 0, then h = a?f for some closed paths
a, f. Thus the support of mdeg(h) — 2 mdeg(a) = mdeg(f) is strongly connected; a contradiction.
O

Lemma 7.2. Suppose n > m > 2. Then for d sufficiently large there is a quiver Q € Q(n,d, m)
and a closed path h in Q such that h Z 0 and

1) deg(h) = md — (2nm — m? —m), if char(K) = 2;
2) deg(h) = 3n, if char(K) # 2.
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Proof. 1) Suppose char(K) = 2. For d > 2n — m we consider the following strongly connected
quiver Q € Q(n,d, m):

al c1 Ck—1 Ck
P N P
brm—1 at by €t €k—1 ek
)
bm,2 b2

wheret =d+m+1—2n>1 and k = n —m > 0. Here we assume that if k = 0, then there are
not arrows cy, €1, . .., Cx, €x. We take h = bay ---bay, where b = by - - by, _1. By Lemmall1l h # 0.
Obviously, deg(h) satisfies the required equality.

2) Suppose char(K) # 2. For d > 3n we consider the quiver from part 1). Then we remove
arTows ag, ..., a; from it and add one loop to each of the vertices af,c}, ..., ¢,_;; we also add two
loops to each of the rest of vertices. The resulting quiver is denoted by G. Then we add d — 3n
arbitrary arrows to construct the required quiver Q € Q(n,d, m). By Lemma [5.2] there is a closed
path h in Q of degree one in each of the arrows of G. Thus, deg(h) = 3n. Since deg,(h) < 1 and
deg,(h) < 3 for all a € arr(Q) and v € ver(Q), it is not difficult to see that the definition of the
equivalence = implies that h # 0. O

Example 7.3. We assume that char(K) = 2 and consider the quiver prom part 1) of the
proof of Lemma Denote b = by b1, ¢ = ¢c1---ck_1, and e = ex_1---e1. We take
h =bay---baceccrere. By Lemma [Tl h # 0.

Weset B=X;, - Xy, C=Xc,_, - Xc,,and E =X, --- X, ,. Then the invariants

m—1
tr(Xo, B+ Xo,B) and tr(Xo, B+ Xo,BECE X,, X.,C)

are indecomposable by Lemma
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