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COUPLED PAINLEVE III SYSTEMS WITH AFFINE WEYL GROUP
SYMMETRY OF TYPES B{”, D" AND D!

YUSUKE SASANO

ABSTRACT. We find and study four kinds of a 4-parameter family of four-dimensional
coupled Painlevé III systems with affine Weyl group symmetry of types Bfll), Dil) and
Dé2). We also show that these systems are equivalent by an explicit birational and
symplectic transformation, respectively.

1. INTRODUCTION

In [5 6], we presented some types of coupled Painlevé systems with various affine Weyl
group symmetries. In this paper, we present a 4-parameter family of 2-coupled Painlevé
IIT systems with affine Weyl group symmetry of type Df) explicitly given by

. dx 3HD£1) dy aHDf) dz 3HD£1) dw 3HD£1)
(1) dt 9y ' dt oz  dt  ow ' dt = 0z

with the Hamiltonian

20(2 + a3+ oy

,Oéo)

Hpo = Hrr(@,y,t; o0, 5
(2) i o — o
+H[[[(Z,w,t;063, 2 ,1—044)— T

Here x, y, z and w denote unknown complex variables and «yg, a1, oo, ag and ay are complex

2yw

parameters satisfying the relation ag + a1 + 2as + a3 + a4 = 1. The symbols Hyyy, fIHI
are given by

Cpp—1)+q{(o+12)p— 0} +tp
t

*p(p —t) — ¢{(—y0 +%)p + Yt} +p
t

(3) Hirr(g,pit; 70,71, 72) = (Yo + 27 +72=1),

(4) Hirr(q.p,t;v0,m,72) =
with the relation

%) dp N dg _dHIII(N(]ap>t§70>'71>'Y2) A dt
=dP NdQ — dHyrr(Q, P, t; 7,71, 72) A dt.

Here the relation between (g, p) and (Q, P) is given by
(6) (@, P) = (1/q,—a(ap + 7))
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We remark that for this system we tried to seek its first integrals of polynomial type with

respect to x,y, z,w. However, we can not find. Of course, the Hamiltonian H is not

p{M
the first integral.
The Backlund transformations of this system satisfy Noumi-Yamada’s universal de-

scription for Dfll)

root system (see [3]). Since these universal Bécklund transformations
have Lie theoretic origin, similarity reduction of a Drinfeld-Sokolov hierarchy admits such
a Backlund symmetry. The aim of this paper is to introduce the system of type DS) and
show the relationship between this system and the system of type B{" (see [6]) by an
explicit birational and symplectic transformation. We remark that the Backlund trans-
formations of that system of type BA(}) do not have Noumi-Yamada’s universal description
for Bf) root system. In this vein, it had been an open question whether our system of
type Bil) can be obtained by similarity reduction of a Drinfeld-Sokolov hierarchy. After
our discovery of this system, they were studied from the viewpoint of Drinfeld-Sokolov
hierarchy by K. Fuji independently (cf. [I]), and he succeeded to obtain our system by
similarity reduction of the Drinfeld-Sokolov hierarchy of type Dil). His paper will appear

SOO01.

Our discovery of the system

(1)
of type DS) W(D;")
* Noumi-Yamada’s universal description Drinfeld-Sokolov
for Dfll) root system hierarchy

(by K. Fuji’s work)
FIGURE 1.

Moreover, we presented three kinds of a 4-parameter family of 2-coupled Painlevé III
systems with extended affine Weyl group symmetry of types Bil) and DE()2) (see [6]), whose

Hamiltonians HB(1>, HB(1> and HD(2> are given by
4 4 5
~ a3+ o
Hyo = Hypr(z,y.t 00, 00 + — 5 =, 200 + o)
(7)
~ oy — « 2xw(zy + @
+HIII(Zawat;a3a 42 3,1—044)—‘—%,
ﬁBff) = Hypr(z,y,t; 00, 0 + a3 + ag, ap)
(8) 2yz(zw + «
+ Hrpr(z,w,t; 03, 04, 1 — a3 — 204) + M,
Hpo = Hipp(z,y, b 01, 00 + 03 + o, 200 + 0y)
(%) 2ez(zy + o) (2w + az)

+ Hyp(z,w, t 0,04, 1 — a3 — 20) — n

These systems coincide with the system of type DS) by an explicit birational and symplec-
tic transformation, respectively. In each chart of the phase space, there appear different
coupled systems with symmetries of various types.
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FIGURE 2. Dynkin diagram of type Dfll)

This paper is organized as follows. In Section 2, we introduce the system of type DS)
and its Backlund transformations. In Section 3, we introduce two kinds of a 4-parameter
family of 2-coupled Painlevé III systems with extended affine Weyl group symmetry of
type BA(}) and its Backlund transformations. Moreover, these systems coincide with the
system of type DS) by an explicit birational and symplectic transformation, respectively.
In Section 4, we introduce a 4-parameter family of 2-coupled Painlevé III systems with
extended affine Weyl group symmetry of type Déz) and its Bécklund transformations.
Moreover, this system coincides with the system of type DS) by an explicit birational and
symplectic transformation.

2. THE SYSTEM OF TYPE Dfll)

In this section, we present a 4-parameter family of polynomial Hamiltonian systems
that can be considered as 2-coupled Painlevé III systems in dimension four given by

( dx aHfo) 222y — 2% + (ap + o)z — 2w
—_— = = + ]_’
dt oy t
dy _ _aHDfﬁ) B —2xy? + 2zy — (g + 1)y + oy
(10) dt 8([5 t
dz OH ) 22wt —(l—az—ay)z+1—-2y
a  ow t ’
dw aHDfll) 22w + 2tzw 4 (1 — a3 — ag)w + gt
\dt 0z t

with the Hamiltonian (2]).

THEOREM 2.1. The system ([[0) admits affine Weyl group symmetry of type Dfll) as
the group of its Bdcklund transformations (cf. [4]), whose generators are explicitly given
as follows: with the notation (x) := (x,y, z,w,t; ag, a1, . .., ),
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Qo
so: (%) = (z + =1 1,y,z,w,t; —ap, a, g + g, 3, ),

aq
81t (*) — (ZIZ' + ?>y>zaw>t;a0a —0, 0 —|—CM1,0&3,0&4),

Qo2 Qo
sy (%) = (v,y — ——, 2z, w — S ag + ag, 0q + g, —ag, a3 + g, g + Q)
rz —1 rxz —1
sz (%) = (2,9, 2+ —,w,t; ap, a1, 0 + a3, —as, o),
Oy
sS40 (%) = (z,y, 2+ w—1 tuwvt;a07a17a2 + oy, a3, —oy),
Tt (*) — (_l’a 1— Yy, —=z, —w, _t;a1>a0aa27a3aa4)a
T2 - (*) — (x7y727w - tv _tu Oé(],Oél,OéQ,Oé4,0é3),
w T
w3 (%) = (tz, 7 ?,ty,t;a4,a3,a2,a1,ao),
t—w

(%) = (—tz,

t a_?at_tyat;a3aa47a2aa0>al)-

REMARK 2.2. The transformations my, 73 and m, satisfy the following relation:
(11) T4 = TTT3T.

PROPOSITION 2.3. Let us define the following translation operators (see [2])
(12) T1 1= 83505254515974, T2 1= 5451525350524,
T3 = 8385285051598537 1T, T4 = 5485352515052 T1T2.

These translation operators act on parameters «; as follows:

T (g, aq, ..., a) =(ap, o, e, a3, ) + (1,0, —1,1,0),
To(g, a1, . ..y ay) =(g, aq, o, a3, o) + (0,1, —1,0, 1),
(13) T3(v, a1, - - .y ) =(g, g, o, a3, q) + (0,0,0,1, —1),
Ty(g, a1, - ..y a) =(g, 1, g, a3, ) + (0,0, —1,1,1).

THEOREM 2.4. Let us consider a polynomial Hamiltonian system with Hamiltonian
H e C(t)[z,y, z,w]. We assume that

(A1) deg(H) =5 with respect to x,y, z, w.

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
ri (i=0,1,3,4):

ro:xo =1/, yo = —((y — D)z + ap)z, 20 = 2, wo = w,
riix=1/z, = —(yr+ ay)x, 21 =z, w = w,
r3ix3 =1, Ys=1y, 23 = 1/z, wy = —z(wz + ag),

T4 Ty =2, Yg =Y, 2421/2, wg:—z((w—t)z+a4).
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(A3) In addition to the assumption (A2), the Hamiltonian system in the coordinate
becomes again a polynomial Hamiltonian system in the coordinate rs:

ro i xy = —((z1 — 21)y1 — a2)yr, Y2 = 1/y1, 22 = 21, w2 = w1 + Y1
Then such a system coincides with the system (I0).

Each coordinate r; (i = 0,1,3,4) contains a three-parameter family of meromorphic
solutions of ([I0).
Theorems [2.1] and 2.4] can be checked by a direct calculation, respectively.
We note that the following transformations
Qo
Wo - (*) — (ZE + ma Yy, z,w, ta —Qp, O, Qg + Qp, O3, a4)7
aq
wy : (%) = (z+ ?Myu z,w, t; ap, —au, g + g, az, ),

(8% (8%
wy : (%) = (2, — AWt b0+ g, 0 4 g, =g, Qg+ (g, 0+ (i),

a3
ws - (*) — (l’,y,Z + anat;a())alaaQ + Qas, —ag,Oé4),

Q4
Wy - (*) — (zayaz+ w _tawat;a())alaaQ +Oé4,0(3, _a4)

define a representation of the affine Weyl group of type Dfll). However, we can not find
polynomial Hamiltonian systems with affine Weyl group symmetry of type Dil) described
above.

Moreover, from the viewpoint of holomorphy conditions let us consider a polynomial
Hamiltonian system with H € C(¢)[x,y, z,w]. We assume that

(A) This system becomes again a polynomial Hamiltonian system in each coordinate
ri (i =0,1,...,4):

ro:To=1/z, yo=—((y — Dz + )z, 20 = 2, wo = w,
rixy=1/z, y1 = —(yr+ o)z, 21 =2z, w = w,
reixe=—((r —2)y — )y, ya=1/y, 2o =2, wy =w +y,
r3:iaxs=1x, Yz =1y, 23 = 1/z, wz = —z(wz + az),
Py =2, ya =1y, 24 =1/z, w3 =—z((w —t)z + ay).
It is still an open question whether we can find a system satisfying the assumption (A).
We also give an explicit description of a confluence from 2-coupled Painlevé V system

with W(Dél))-symmetry to the system of type Dil). At first, we recall 5-parameter family
of 2-coupled Painlevé V systems with W(Dél))—symmetry (see [0]) explicitly given by

dr o0H @ B _8HDé1) dz 8HD§” dw oH

Dél) Dél)

dt oy odt or  dt  dw ' dt 0z

(14)
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with the Hamiltonian

HDél) :HV(xayat; 62 + ﬁSa ﬁla ﬁQ + 2ﬁ3 + ﬁél) + HV(Za w>t7 65) /83? ﬁél)

(15) N 2y2{(z —tl)w + 53}’

where the symbol Hy (q, p, t; 71, 72, 73) denotes the Hamiltonian of the second-order Painlevé
V systems given by

qlg—1D)p(p+1t) — (71 +73)qp + 11p + Ya2tq
; .

Hy(q,p,t;71,72,73) =

Here By, 51, . . ., B5 are complex parameters normalized as o+ 31+ 282+ 2085+ 84+ 55 = 1.
The system (I4]) admits affine Weyl group symmetry of type Dél) as the group of its

Backlund transformations, whose generators wg, wy,...,ws defined as follows: with the
notation (x) := (z,y, z,w, t; Bo, f1,- -, B5),

wo : (%) —(z + yﬁaya z,w, t; —Po, B, B2 + Po, B, Ba, Bs),

+t
wy - (*) —>(ZI}' + %7y7 Z7w7t;/807 _517B2 + B17ﬁ37ﬁ4uﬁ5)7

wot (2) ey~ Pz w ot B ot By Byt BB, B+ B B, ),

(16)
ws : (x) = (z,y, 2+ %, w, t; Bo, Br, B2 + Bs, =3, Ba + B3, B5 + Bs),

w%@%@%&w—g%ﬁﬁ%ﬁm%&+&r&ﬁ&

Ws - (*) —>(:L',y,z,w - %ata 50751752753 + 65)64) _55)

PROPOSITION 2.5. For the system of type Dél), we make the change of parameters and
variables

1 1
(17) Bo = ap, Bi =, Br=a, B3=as, 542044—043—57 55:;

X 1
18 = — = e = = _— = —
(18) t eT, x 1+€T, y=cTY, 2 1+€TZ, w eT(ZW + A3)Z

from By, B1,..., 05, t,x,y, z,w to ag, o, ..., 4,6, T, X, Y, Z, W. Then the system can also
be written in the new variables T, X, Y, Z, W and parameters ag, oy, ..., a4, as a Hamil-
tonian system. This new system tends to the system (IQ) of type Dfll) as € — 0.

By proving the following theorem, we see how the degeneration process in Proposition
works on the Backlund transformation group W(Dél)) =< wg, wr, ..., ws > described
above.
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PROPOSITION 2.6. For the degeneration process in Proposition [2.0, we can choose a

subgroup
WDS)—)DQU = {< S0y ..y S4 > ‘82‘ = Ww; (Z = 0, 1, 2, 3), S4 = U)4’UJ5U)3’UJ4U)5}

of the Backlund transformation group W(Dél)) so that W), ,a) converges to W(Dfll))
5 4
ase — 0.

3. THE SYSTEM OF TYPE Bfll)

In this section, we propose two types of a 4-parameter family of 2-coupled Painlevé
1T systems in dimension four with affine Weyl group symmetry of type Bil). Each of
them is equivalent to a polynomial Hamiltonian system, however, each has a different
representaion of type BA(}). We also show that each of them is equivalent to the system

(I0) by a birational and symplectic transformation.

FiGURE 3. Dynkin diagram of type Bil)

The first member is given by

(dv OH po 22ty —ta® — 20z + 1 N 222w
d oy t t
dy aHij) a4 2twy + 200y + oant 2w(2xy + o)
dz aHBfg) 22w —t — (1 —a3—ay)z+1 N 2x(zy + aq)
dt — ow t t ’
dw _8HB£U _ —2zw? + 2tzw + (1 — a3 — a)w + ast

\dt 0z t

with the Hamiltonian (). Here z,y,z and w denote unknown complex variables and
o, a1, (g, 3 and ay are complex parameters satisfying the relation 2o + 21 + 2a +

Oé3—|—0é4:1.
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THEOREM 3.1. The system (I9) admits extended affine Weyl group symmetry of type
Bf) as the group of its Backlund transformations (cf. [4]), whose generators are explicitly
given as follows: with the notation (%) := (x,y, z, w, t; g, aq, . . ., ),

20&0 1

so: (%) = (-2, —y+ — — =,

- R —w, —t; —ap, a1 + 200, A2, A3, Q)

a;
s1:(x) = (v + zﬂ%zjwﬁ;ao +ay, —o, a0 + g, a3, ),

(6%)

590 (%) = (w,y — y 2, W+ b Qg iy F oy —Qig, g + o, g + g,

r—z r—z
a3
sz (%) = (2,9, 2 + vaut; g, a1, 0 + a3, —ag, o),
o7}
s (%) = (29,2 + m7w7t; ap, (1, g + Qg iz, — ),
2 (*) — (:L",y,z,w - ta _ta OéQ,Oél,ag,Oé4,Cl{3).

THEOREM 3.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
H e C(t)[x,y, z,w]. We assume that

(A1) deg(H) = 5 with respect to x,y, z,w.

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
ri (i=0,1,...,4):

20{0 1

To:ZTo=2T, Yo=Y — —— t —, 20=2, Wo=w,
T T

riiry=1/z, = —(yr +o)r, 2 =2, w=w,

re iz =—((r —2)y — )y, y2=1/y, 22 =2, wa=w+y,
r3:ixs=ux, Y3 =1y, 23 = 1/2z, wz = —z(wz + az),
ryixy =, ya =y, 24 = 1/2, wy = —2((w —t)z + ay).
Then such a system coincides with the system (19).
Theorems [3.1] and can be checked by a direct calculation, respectively.

THEOREM 3.3. For the system ([I0Q) of type Dil), we make the change of parameters
and variables

(20> AO = o ; a17 Al = Oy, A2 = O, A3 = (3, A4 = Qy,
1
(21) X=— Y=—(ww4+a)r, Z=z W=w
x
from ag, i, ... oy, Ty, z,w to Ag, Av, .o Ay, XY Z W Then the system (I0) can also
be written in the new variables X, Y, Z, W and parameters Ao, A1, ..., Ay as a Hamiltonian

system. This new system tends to the system ([I9)) with the Hamiltonian ().
PROOF. Notice that

2A0—|—2A1—|—2A2+A3—|—A4:a0+a1+2a2—|—a3+a4:1
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and the change of variables from (z,y, z,w) to (X,Y, Z, W) is symplectic. Choose S; (i =
0,1,...,4) and ¢ as

SO =T, Sl = 51, SQ = 89, Sg = 83, S4 = 8y, Y I= Ta.

Then the transformations S; are reflections of the parameters Ag, Ay, ..., A4. The trans-
formation group W(Bil)) =< 50,51, ...,94, p > coincides with the transformations given
in Theorem [B11 O

The second member (see (4),(5)) is given by

FIGURE 4. Dynkin diagram of type BAEI)

d_:L’ _ 0HB£1) _ 2(1}2y — 24 (g + )z +t + 2z(zw + az)
dy _ _aHBil) _ —2xy* 4 22y — (0 + )y +
(22) dt ox t )
dz _ 8HB§1) _ 222w — 22 + (1 — 2a4)z + t N 2y 22
dt ow t t
dw 8HB§11) 22w + 22w — (1 = 20)w + ag _ 2y(2zw + o)
LAt 0z t t

with the Hamiltonian (8). Here z,y,2z and w denote unknown complex variables and
o, 1, . . ., ay are complex parameters satisfying the relation ag+aq +2as +2a3+2ay = 1.

THEOREM 3.4. The system ([22)) admits extended affine Weyl group symmetry of type
Bil) as the group of its Bécklund transformations (cf. [4]), whose generators are explicitly
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given as follows: with the notation (x) := (x,y, z,w,t; g, a1, . .., ),

Qo
so : (%) = (z + =1 172/72771)775; —ag, a1, g + g, 3, ),

a
s1:(¥) = (v + ?Jszwﬁ;ao, —on, g + g, 0, ),

Qo

Qo
590 (%) = (w,y — L2, W+ —— g+ o, a1 + o, —g, a3 + g, ),
T —z T —z
(6%}
s3: (%) = (z,y,2+ vaut; Qp, 0, Qg + a3, —Qi3, Ay + Q3),
20&4 t
84t (*) — (x7y7zaw - 2 + ;7 _ta g, (1, Qg, (3 + 20(4, —Cl{4),

¢ : (*) — (—LU, 1- Yy, —z, —w, _tu aq, Qp, G2, (O3, 044).

THEOREM 3.5. Let us consider a polynomial Hamiltonian system with Hamiltonian
H e C(t)[x,y, z,w]. We assume that
(A1) deg(H) = 5 with respect to x,y, z,w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
ri (i=0,1,...,4):
ro:xo =1/, yo = —((y — Dz + o)z, 20 = 2, wWo = w,
riixy=1/z, 1= —(yr+ )z, 21 =2z, w =w,

roixe=—((x—2)y—)y, y2=1/y, 20 =2, we=w+y,

T3iT3 =2, Ys =y, 23 =1/2, wy = —z(wz + a3),
20&4 t

T4 1Ty =T, Yy=Y, 24 =2, Wg=wW— —+ —.
z z

Then such a system coincides with the system (22).
Theorems [3.4] and can be checked by a direct calculation, respectively.

THEOREM 3.6. For the system ([IQ) of type DS), we make the change of parameters
and variables

Qg — Q3
2 )

(23> AO = Oy, Al = 0, A2 = (o, A3 = O3, A4 =
1
(24) X=z Y=y Z= > W =—(2w+ a3)z

from g, i, .. o, Ty, Z,w to Ag, Av, .o Ay, XY Z W Then the system (I0) can also
be written in the new variables X, Y, Z, W and parameters Ao, A1, ..., Ay as a Hamiltonian
system. This new system tends to the system [22l) with the Hamiltonian (8.

PRrRooF. Notice that

AO—I—A1—|—2A2—|—2A3+2A4:a0+a1+2a2—|—a3—|—a4:1
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and the change of variables from (z,y, z,w) to (X,Y, Z, W) is symplectic. Choose S; (i =
0,1,...,4) and ¢ as

S(] = So, Sl = 51, Sg = So, Sg = 83, S4 =T, (]5 = T9.

Then the transformations S; are reflections of the parameters Ay, Ay, ..., A4. The trans-
formation group W(BA(})) =< Sy, 51, ..., 54, ¢ > coincides with the transformations given
in Theorem [3.4] O

By using Theorems B.3] and B.6] it is easy to see that the system (I9) coincides with
the system (22) by an explicit birational and symplectic transformation.

PROPOSITION 3.7. For the system (I9)) of type Bfll), we make the change of parameters
and variables

Qg4 — Q3
2 )

Ay=200+0aq, Ai=a1, Ay=o0y, As=a3 A=

1 1
X=—, Y=—(y+o)z, Z=

- W=—(w+ a3)z
T z

from ag, aq, ... 0,2,y 2, w to Ag, Ax, ..., Ay, XY, Z,W. Then the system ([[9) can also
be written in the new variables X, Y, Z, W and parameters Ao, A1, ..., Ay as a Hamiltonian
system. This new system tends to the system (22)) with the Hamiltonian (8]).

4. THE SYSTEM OF TYPE Déz)

In this section, we propose a 4-parameter family of 2-coupled Painlevé III systems in
dimension four with affine Weyl group symmetry of type Dém given by

0 1 ) 3 4
(OO~ A=
Y

FIGURE 5. Dynkin diagram of type Df)

dr aHDf) 20ty —ta® —200r + 1 227z(2w + o)
dat oy t - t ’
dy aHDé” _ 2ay? 4 2twy + 200y + ant 2z(2w 4 a3) (2zy + o)
(25) dt— or t + ’
dz aHpé” 222w -2+ (1 —20)z+1 2x2%(ay+ o)
dt  ow t - t ’
dw aHDf) —2zw? 4+ 22w — (1 — 2a)w + a3 2z(zy + o) (22w + 3)
Car 02 t * t
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with the Hamiltonian (@). Here z,y,2 and w denote unknown complex variables and

1

g, a1, ldots, ay are complex parameters satisfying the relation g +ay + s +az+ay = 5.

THEOREM 4.1. The system (23]) admits extended affine Weyl group symmetry of type
Déz) as the group of its Backlund transformations (cf. [4]), whose generators are explicitly

given as follows: with the notation (x) := (x,y, z,w,t; g, a1, . .., ),
2av 1
so: (x) = (-2, —y + ?0 T TH T —t; —ayp, a1 + 2, Qa, (i3, (),

a
511 (%) = (v + ?Myu’Z’wut; Qo + oy, —ag, Qo + aq, a3, ),

[0 5¥4 Qo

sp:(¥) = (@Y — —— 5w t; g, + a, —ag, a3 + g, Q)

xz—1’
Qs
s3: (%) = (w,y, 2+ vaut; Qp, 0, Qg + a3, —a3, Qg + Qz),

20&4 t
sq:(x) = (z,y,2,w — o + Jox —t; 0, O, 2, g + 200, —y),

z
w : (*) — (;,tw,tm, %>t;a4aa3>a2aa1>a0)~

THEOREM 4.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
H e C(t)[z,y, z,w]. We assume that

(A1) deg(H) = 5 with respect to x,y, z,w.

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
ri (i=0,1,3,4):

2@0 1
To:To =T, Yo=Y — +_27 20 = 2, Wo = W,
x x
ooy =1/z, y1=—(yr+ ), 21 =2, w = w,
T3iT3 =2, Ys =y, 23 =1/2, wy = —z(wz + a3),
20&4 t
T4 T4 =2, Y4 =Y, 24 = %, w4:w——w —|—;.

(A3) In addition to the assumption (A2), the Hamiltonian system in the coordinate 1
becomes again a polynomial Hamiltonian system in the coordinate rs:

To I Ty = —((36’1 - 21)y1 - 042)y17 Yo = 1/y1, 29 = 21, W9 = W1 + Y1-

Then such a system coincides with the system (25).
Theorems [£.1] and can be checked by a direct calculation, respectively.

THEOREM 4.3. For the system ([IQ) of type DS), we make the change of parameters
and variables

(26> AOZ aogalv Al = Oq, A2 = O, A3:Oé3, A4: a4ga37
1 1
(27) X = e Y=—(zy+ay)zx, Z= > W =—(zw+ a3)z
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from ag, i, .. oy, Ty, 2w to Ag, Av, .o Ay, XY Z W Then the system (I0) can also
be written in the new variables X, Y, Z, W and parameters Ao, A1, ..., Ay as a Hamiltonian
system. This new system tends to the system (25]) with the Hamiltonian (@).

PRrROOF. Notice that
2(A0+A1+A2+A3+A4) :a0+a1—|—2a2+a3—|—a4: 1

and the change of variables from (z,y, z,w) to (X,Y, Z, W) is symplectic. Choose S; (i =
0,1,...,4) and % as

SO =T, Sl = 51, 52 = 8o, 53 = 83, S4 = T, w = T3.

Then the transformations S; are reflections of the parameters Ag, A1, ..., A4. The trans-
formation group W(Déz)) =< S, S1,...,54,% > coincides with the transformations given
in Theorem 411 O
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