arXiv:0705.1912v2 [math.MG] 21 Jun 2007

Necessary Conditions for Geometric
Realizability of Simplicial Complexes

Dagmar Timmreck

Abstract. We associate with any simplicial complex K and any integer m a
system of linear equations and inequalities. If K has a simplicial embedding
in R™ then the system has an integer solution. This result extends the work
of I. Novik (2000).

1. Introduction

In general, it is difficult to prove for a simplicial complex K that it does mot have
a simplicial embedding (or not even a simplicial immersion) into R™.

For example, the question whether any neighborly simplicial surface on n >
12 vertices can be realized in R? leads to problems of this type. Specifically, Amos
Altshuler [2] has enumerated that there are 59 combinatorial types of neighborly
simplicial 2-manifolds of genus 6. Bokowski & Guedes de Oliveira [4 have em-
ployed oriented matroid enumeration methods to show that one specific instance,
number 54 from Altshuler’s list, does not have a simplicial embedding ; the other
58 cases were shown not to have simplicial embeddings only recently by L. Schewe
[10).

For piecewise linear non-embeddability proofs there is a classical set-up via
obstruction classes, due to Shapiro [II] and Wu [12]. In 2000, I. Novik [9] has
refined these obstructions for simplicial embeddability: She showed that if a sim-
plicial embedding of K in R™ exists, then a certain polytope in the cochain space
C™(K%;R) must contain an integral point. Thus, infeasibility of a certain integer
program might prove that a complex K has no geometric realization.

In the following, we present Novik’s approach (cf. parts [l and Hl of Theo-
rem [5.4) in a reorganized way, so that we can work out more details, which allow
us to sharpen some inequalities defining the polytope in C™(K4;R) (cf. The-
orem [B.A2d). Further we interpret this polytope as a projection of a polytope
in C™(S%;R), where S denotes the simplicial complex consisting of all faces of
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the N-simplex. The latter polytope is easier to analyze. This set-up is the right
framework to work out the relations between variables (cf. Theorem B.4I2) and to
express linking numbers (cf. Theorem [5.4I3D), which are intersection numbers of
cycles and empty simplices of K (which are present in S and therefore need no
extra treatment.) Using the extensions based on linking numbers we can show for
a first example (Brehm’s triangulated Mobius strip [B]) that it is not simplicially
embeddable in R3.

2. A Quick Walk-Through

Let K be a finite (abstract) simplicial complex on the vertex set V, and fix a
geometric realization |K| in some Euclidean space. Further let f : V' — R™ be any
general position map (that is, such that any m + 1 points from V are mapped to
affinely independent points in R™). Any such general position map extends affinely
on every simplex to a simplicial map f : |K| — R™ which we also denote by f.
Such a simplicial map is a special case of a piecewise linear map.

Every piecewise linear general position map f defines an intersection cocycle

pr € C™(KA;Z). (1)

Here K% denotes the deleted product complex, which consists of all faces o1 x 02
of the product K x K such that o1 and o9 are disjoint simplices (in K). As the
deleted product is a polytopal complex we have the usual notions of homology and
cohomology. For a detailed treatment of the deleted product complex we refer to
18].

The values of the intersection cocycle are given by

prlor x 03) = (=)™ I(f(01), f(02)),

where Z denotes the signed intersection number of the oriented simplicial chains
f(o1) and f(o2) of complementary dimensions in R™. These intersection numbers
(and thus the values of the intersection cocycle) have the following key properties:

1. In the case of a simplicial map, all values (—1)3™M 71 Z(f(0y), f(0o2)) are £1
or 0. (In the greater generality of piecewise linear general position maps
f: K— R™ as considered by Shapiro and by Wu, I(f(al), f(ag)) is an
integer.)

2. If f is an embedding, then Z(f(o1), f(02)) = 0 holds for any two disjoint
simplices 01,092 € K.

3. In the case of the “cyclic map” which maps V' to the monomial curve of order
m (the “moment curve”), the coefficients (—1)%™ 71 Z(f(c1), f(02)) are given
combinatorially.

The intersection cocycle is of interest since it defines a cohomology class &k = [py]
that does not depend on the specific map f. Thus, if some piecewise linear map f
is an embedding, then ®k is zero.
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But a simplicial embedding is a special case of a piecewise linear embed-
ding. So the information ®k is not strong enough to establish simplicial non-
embeddability for complexes that admit a piecewise linear embedding — such as,
for example, orientable closed surfaces in R3.

According to Novik we should therefore study the specific coboundaries 6 Ay .
that establish equivalence between different intersection cocycles.

So, Novik’s Ansatz is to consider

| or—pe = e | (2)

where

o p; € C™(K4;Z) is an integral vector, representing the intersection cocycle
of a hypothetical embedding f : K — R™, so ¢y = 0. (i.e. for every pair
01,02 € K of disjoint simplices, that ¢(o1 X 02) = 0),

e . € C™(K%;Z) is an integral vector, whose coefficients ¢, (01 x02) are known
explicitly, representing the intersection cochain of the cyclic map ¢ : K — R™,

e § is a known integral matrix with entries from {1,—1,0} that represents the
coboundary map & : C"™ 1 (K%;Z) — C™(K%;Z), and finally

e )\;. € C™71(K4;Z) is an integral vector, representing the deformation co-
chain, whose coefficients are determined by f and ¢, via

/\f,c(Tl X 7'2) = I(hfyc(Tl X I),hfyc(TQ X I)),

where hy(z,t) = tf(z) + (1 — t)c(x) interpolates between f and ¢, for ¢ €

I1:=10,1].

Thus if K has a simplicial embedding, then the linear system (2] in the unknown
vector Ay 4 has an integral solution. Moreover, Novik derived explicit bounds on
the coefficients of Af 4, that is, on the signed intersection numbers between the
parametrised surfaces hy (71 x I) and hy 4(m2 x I).

The intersection cocycles and deformation cochains induced by the general
position maps f, g : V — R™ on different simplicial complexes K and K on the same
vertex set V coincide on K& N K%. They are projections of the same intersection
cocycle or deformation cochain on S%, where S denotes the full face lattice of the
simplex with vertex set V. We therefore investigate these largest cochains and get
Novik’s results back as well as some stronger results even in the original setting;
see Theorem and Remark

In the following, we

derive the validity of the basic equation (), in Section Bl

examine deformation cochains induced by general position maps on the vertex

set in Section M and

e exhibit an obstruction system to geometric realizability in Section
Furthermore, in Section [6] we discuss subsystems and report about computational
results.
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3. Obstruction Theory

We state and prove the results of this section for simplicial maps only. They hold
in the more general framework of piecewise linear maps as well. For proofs and
further details in this general setting we refer to Wu [12].

3.1. Intersections of Simplices and Simplicial Chains

Definition 3.1. Let ¢ and 7 be affine simplices of complementary dimensions
k+ ¢ = m in R™ with vertices o0y, ...,0r and 79, ..., 7 respectively, of comple-
mentary dimensions k 4+ ¢ = m. Suppose that og,...,0x,70,...,7¢ are in general
position and the simplices are oriented according to the increasing order of the
indices. Then ¢ and 7 intersect in at most one point. The intersection number
I(U, 7') is defined to be zero if ¢ and 7 don’t intersect and +1 according to the
orientation of the full dimensional simplex (p,o1,...,0%,71,...,7¢) if o and 7 in-
tersect in p. This definition extends bilinearly to simplicial chains in R™. (We
consider integral chains, that is, formal combinations of affine simplices in R™
with integer coefficients.)

Lemma 3.2. Let x, y be simplicial chains in R™ with dimx =k and dim y = £.
(a) If k+ £ =m then Z(x,y) = (—=1)*Z(y,x).
(b) If k+¢=m+1 then Z(9x,y) = (—1)*Z(z, dy).

Now we use intersection numbers to associate a cocycle to each general posi-
tion map.

Lemma and Definition 3.3. Let f : (N) — R™ be a general position map. The
cochain defined by

pr(on x 02) == (=)W I( f(oy), flo2)) for m-cells 01 x 09 € K4
is a cocycle. It is called the intersection cocycle of f.

The intersection cocycle has the following symmetries. For every m-cell o1 x
02, with dimo; = k and dimos =/,

(—1) (DD +1

pr(or X 09) = wf(og X 01).

Remark 3.4. Wu calls this cocycle imbedding cocyle [12] p.183]. If f is a piecewise
linear embedding, then ¢y = 0. When we look at simplicial maps we even have an
equivalence: A simplicial map f is an embedding of K if and only if the intersection
cocycle is 0. So ¢ measures the deviation of f from a geometric realization. This
makes the intersection cocycle quite powerful.

3.2. Intersections of Parametrized Surfaces

In this section we sort out definitions, fix orientations and establish the funda-
mental relation in Proposition B (cf. [I2 pp. 180 and 183]). Wu uses a simplicial
homology between two different piecewise linear maps to establish the indepen-
dence of the homology class of the particular piecewise linear map. We use a
straight line homotopy instead.
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Definition 3.5. Let U € RF and V' C R? be sets that are closures of their interiors
and ¢ : U — R™ and ¢ : V — R™ smooth parametrized surfaces The surfaces %)

and ¢ intersect transversally at p = p(a) = (8) with a € U and § € V if
T,R™ = dp(TU) @ dy(TpV)

In other words k& + ¢ = m and the vectors

dp dp
duy |, " Ouyg,

o
a7 6’1}1 8

X
,aUgB

span R™. In this situation the index of intersection of ¢ and v in p is defined by

)

The surfaces ¢ and v are in general position if they intersect transversally only. In
particular there are no intersections at the boundary. Surfaces in general position
intersect in finitely many points only and the intersection number is defined by

L) = Y. Lle)
—p(0)=(8)

9p
’ 8uk

o9
’ (9’1)@

o
a7 6’1}1 8

U1

[e3%

We also write Z(o(U), (V) for Z(p, 1) when we want to emphasize the fact that
the images intersect.

We now give parametrizations of simplices so that the two definitions coin-
cide.

Notation 1. Denote by (e1,...,e,) the standard basis of R™ and let eg := 0.
Further let [m] :={1,...,m}, (m) := [m]U{0} and for I C (m) let Ay denote the
simplex conv{e; | i € I'}. Finally let J = {jo,...,jr}< denote the set {jo, ..., jk}
with jo < ... < Jk.

For a simplex ¢ = conv{oy,...,0x} the parametrization ¢, : R¥ D Ap —
o C R™ (uy,...,ux) — oo + Ele u;(0; — 0p) induces the orientation corre-
sponding to the increasing order of the indices. Now consider two simplices o =
conv{oy,...,0r} and 7 = conv{r,...,¢}. If {o0,...,0k,70,...,7¢} is in general
position then also ¢, and ¢, are in general position. Let ¢ and 7 intersect in

p = Za101—00+za1 1_00 @U(a)

= Z/BZTZ_TO+Z/BZ z_TO 907(5)
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Then we have by a straightforward calculation:

o)~ s (1))

Ips I
= d
sgn et(au1 a, =

= I(Spaa (p‘r) .

(o) () ()

Opr dpr )
B

o Ou Ovy
In the following we use the parametrization ¢ s x id that induces the product
orientation on |J| x R.

B

Definition 3.6. Let f,g : (N) — R™ be two general position maps such that
{f(@) : i € (N\)}U{g(%) : i € (N)} is in general position, where f(i) = g¢(j) is
permitted only if ¢ = j. Define the deformation map

hrg: |[KIxR — R™xR

hf,g(xvt) = (tf(x) + (1 - t)g(x)v t)'

and the deformation cochain \s4 € C™ 1 (K4) of f and g by
Ma(mx 1) = I(hpg(Iml x [0,1]), hyg(Im2] x [0,1]))
for (m — 1)-cells 11 x 7 € K&.

Proposition 3.7. The cohomology class of vy is independent of the general position
map f: For two general position maps f and g we have

g = @f— g

Therefore the cohomology class ®x = [py] € H™(KX;Z) is an invariant of the
complex K itself.

Proof. Let o x 7 € K%, dimo x 7 = m. In the following we omit the index f,g
from A4 and hy 4. We get the boundary of h(o x [0,1]) by taking the boundary
first and then applying h. The intersections h(do x [0,1]) Nh(T % [0,1]) are inner
intersections. We extend the surface patch h(7 x [0,1]) to h(T x [—&,1+¢]) so that
the intersections h(o x {0})Nh(r x {0}) and h(o x {1})NA(7 x {1}) become inner
intersections of h(9(o x [0, 1])) Nh(7 x [—¢&,1 +¢]) as well but no new intersections
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occur. Then we have

ANOo xT) =

Z(h(
Z(h(d
(0

( ,h(r % [0,1]))
(
I(h
(=
(=

A,k

])h( [—e,1+¢]))
(o x [0,1])), h(1 % [—&,1+¢]))

(o

(

O’X
0'><

)

+

DT (h(o x {0}), k(T x [—&,1+¢]))
)d‘m"I( o x {1}),h(1 x [-&,1+¢]))
(=1)4m T (h(o x [0,1]), h((T x [—&,1 +¢]))
+H(=D)ML(f (o), f(7) = (=)™ Z(g(0), g(7))
(—=1)Mm T (h(o x [0,1]), h(OT x [—&,1 +€]))
+I(h(o— x [0,1]), h(r x {—5}))
—Z(h(o x [0,1]),h(r x {1 +¢}}))]
+H(=D)ML(f (o), f(r) = (=)™ Z(g(0), g(r))
(—l)dimUJrl/\(a X OT) + @p(0 xT) — g0 x T)

The deformation cochain has symmetries as well:

Lemma 3.8. If 71 X 7
of KX and

is an (m —1)-cell of K4 then T2 x 11 is also an (m —

Apg(r x ) = (=1)(dmmdDimmtly () xom).

Proof.

Apg(mix ) = I(hsg(m x[0,1]),hy (2 x [0,1]))

1)(dim‘r1+1)(dim 72+1))\f,g(7—2 % 7_1)

Realizability of Simplicial Complexes 7

1)-cell

(—1)(mnAAm DT (B (1 % [0,1]), By g(ma % [0,1]))
(_

O

Remark 3.9. Intersection cocycle and deformation cochain can also be defined for
piecewise linear general position maps maintaining the same properties [12]. So the
cohomology class Pk := [pf] € H™(K4) where f : |K| — R™ is any piecewise lin-
ear map, only serves as an obstruction to piecewise linear embeddability. It cannot
distinguish between piecewise linear embeddability and geometric realizability.

4. Distinguishing between Simplicial Maps and P.L. Maps

In this paragraph we collect properties of deformation cochains between simplicial
maps that do not necessarily hold for deformation cochains between arbitrary
piecewise linear maps. The values of the intersection cocycles ¢y, ¢4, and the
deformation cochain Ay, of two simplicial maps f and g depend only on the
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values that f and g take on the vertex set (N) of the complex in question. The
complex itself determines the products ¢ x 7 on which Ay ; may be evaluated. So
we examine what values these cochains take on C™~1(S%), where S denotes the
m-skeleton of the N-simplex. In Section Bl we derive further properties for the case
that we deform into a geometric realization.

4.1. Linking Numbers

Definition 4.1. Let z, y be simplicial cycles in R™, dimz + dimy = m + 1, with
disjoint supports. As every cycle bounds in R™ we find a chain « such that 9y = x.
The linking number of x and y is defined as L(z,y) := Z(v,y).

Lemma 4.2. Let o, 7 be affine simplices in R™. Then:

(a) |Z(o,7)] < 1 i4fdimo+dimT=m.
(b) |E(do,07)] < 14fdimo =2 and dim7 =m — 1.

The next two conditions follow from the estimates in Lemma on the
intersection numbers ¢y.

Proposition 4.3. Let f, g be two general position maps of (N) into R™.
Then

(a) =1 —pg(ox7) < dAfpgloxT) < 1—p4(0xT)
for allo x 7 € S4, dimo + dim7 = m.

(b) =1 —@g(c x01) < Apqg(0ox01) < 1—p4(c x0T)
forallo x 7 € S4, dimo=m — 1 and dim T = 2.

Proof. (a) As ¢f(o x 7) = (=1)3™?Z(f(0), f()) we can bound ¢y in Proposi-
tion B2 by |¢s[ < 1. .
(b) ps(o x 07) = (—1)ImT(f(0), f(07)) = (~1)5mL(f(80), f(97)) and
OAf.g(0 x OT) = Aj 4(00 x OT).

4.2. Deforming Simplices

4.2.1. The Simplest Case. For the following, homotopies between images of a sim-
plicial complex under different general position maps play a crucial role. In this
section we look at the simplest case: The homotopy from the standard simplex of
R™ to an arbitrary one.

Let D € R™*™ be an arbitrary matrix with columns d;, ¢ € [m] and set
dy := 0. Associate with D the map

h:R™TY 5 R™ p(x,t) := ((tD + (1 — t)E)x, t).

Then for every subset I C (m) the map h|a,x[o,1] represents the homotopy of Ar
into conv{d; | i € I}, moving all points along straight line segments to correspond-
ing points, i.e. it is a ruled m-dimensional surface.
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d1
€2
\o
el d2
eo do
R™ x {0} - . R™ x {1}

t

FIGURE 1. Intersecting surfaces h(Ar, x R) and h(A;_ x R) for
the matrix (dy, d2) and the partition I; = {0,1} and I_ = {2}

We call an eigenvalue of a square matrix general if it is simple, its eigenvector
v has no vanishing components, and > v; # 0. This technical condition charac-
terizes the situation where all pairs of ruled surfaces defined by disjoint subsets of
the vertex set are transversal.

We begin by characterizing intersection points of pairs of surfaces in terms
of eigenvalues of D.

Lemma 4.4. Let D € R™ ™ and h : R™T! — R™+! jts associated map.

(a) Let I.,I_ C (m) such that I, NI_ = @. If the surfaces h(Ar, x R) and
h(A;_ x R) intersect at time t, then 1 — 1 is an eigenvalue of D.
(b) Letu # 1 be a general eigenvalue of D. Then u uniquely determines disjoint

subsets I and I C (m) with 0 € I such that h(Ary X R) and h(Ap« x R)
intersect at time

Another point of view: If u # 1 is an eigenvalue of D then h(A,,y x {t}) fails
to span R™ x {t}. So we get a Radon partition in some lower dimensional subspace
of R™ x {t}. If the eigenvector is general then we get a unique Radon partition.

Proof. (a) Let (p,t) € h(Ar, x R)Nh(A;_ x R) be an intersection point. Then
p has the representation

p = h(a7t> = h(ﬂ,t),
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that is,
p = Z Oéi(tdi + (1 — t)ez-) = Z ﬁj(tdj + (1 - t)ej)
i€l jel_
with
Z Q= Z B] = 17
i€l jel_

o, B; > 0forall¢ € I, j €I .Because of t # 0 and ey = dy = 0 we can
rewrite this as

(S (i — (- D) + 3 (-8)(d — (1= 1)ey)) = 0

i€l jel_

Therefore 3,7, aiei+3 o, (—Bj)e; is an eigenvector of D with eigenvalue
1-1.

t
Let u # 1 be a general eigenvalue of D and v its eigenvector. Consider the
sets It := {i € [m] | v; > 0} and I* := {i € [m] | v; < 0} of positive
and negative coefficients respectively. Without loss of generality assume that
Vi= =3 e v > Zief}; v;. Denote I := It U{0}, o := 3} for i € I} and
agi=1—= cfucy, Bj:=—3% for j€I_andt:= . Then (p,t) with

+
p = Z Oéi(tdi + (1 - t)ez-) = Z ﬁj(tdj + (1 - t)ej)

i€l Jert

is an intersection point of the two simplices h(Ase x {t}) and h(Ar« x {t}).
So the surfaces h(Are x R) and h(Ar x R) intersect at time ¢.
O

Remark 4.5. In the case of a general eigenvalue u = 1 we can still find the sets I
and I". Then the surfaces h(Ay x R) and h(Ar« x R) have parallel ends. This

complements the preceding lemma because they then ‘meet at time t = o0’.

)

Denote by
P = {{IJ,_,I_} | I+ Uul_ = <m>,I+ NnIi_ = @,0 S I+}

the set of all bipartitions of (m).

Corollary 4.6. Let D € R™*™ and £ be the multiplicity of the eigenvalue 1 of D.

Then

> # (WAL xR)NA(AL xR)) < m—¢,
{I+717}67)

that s, the total number of intersection points of pairs of surfaces of the form

h(Ar

x R) and h(A 1 X R) can not evceed m — (.
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Now we calculate intersection numbers of the surfaces found in Lemma 441
To this end we impose orientations on the surfaces in question. In the following let
h(A; xR) carry the orientation induced by the parametrization ¢ := ho (¢ x id).
Further let I = {io,...,ix}<, I* = {ir41,...,im}< with i = 0 and denote by
(It,I*) the ‘shuffle’ permutation (io,...,%m) — (0,...,m).

Lemma 4.7. Let D € R™*™ and u = 1—% be an eigenvalue of D. Denote by (p,t)
the intersection point of the surfaces h(Apy x R) and h(Ap« x R). The surfaces
intersect transversally and (p,t) is an inner point if and only if u is general. In
this case we have

T(h(Ars x R),A(Ar xR))| = sgn(Iy, %) sgn(t™ X p(u)),

(p,t)
where x'p is the derivative of the characteristic polynomial xp(u) = det(D —uEy,)
of D.

Proof. Our calculations differ in so far from those in [9, Proof of Lemma 3.2] as
we have to deal with the permutation (IY,I") : j — i;. Denote the intersection
point of the surfaces in question by (p,t) where

k m
p = tZaijd?j:t Z szd?] (3)
7=0

j=k+1

with d? = di — ue;.
For checking transversality as well as for the index of intersection at (p,t) we
examine

_ o Dy (0uy\ [Ov- o\ (00
pmaan () (5 )- (5) - (5) - (Ge) - (50)).

where the first k derivatives are calculated at (ay,, ..., ,t) and the last m — k
at (Biyiss- - Bin,t). We therefore get

d¥ d¥ Zki Q. (di,-_ ei,)
D = det|t| ).t ™ =170 A T
(o5 ) () (oot e),
t dluku_ dlukﬂ ot dium_ diuk+1 Z;'n:kJrl Bij (dij_ eij) '
0 Y 0 ’ 1

With ig = 0, dy = eg = 0 we have

(Z;‘C—l aijl(dij— %)) _ (E;‘n—k—i—l ﬁij (di~ ez'j))

~+ |
<

asv = 2521 Qe — Z;n:kﬂ Bi;ei; is also an eigenvector of D — E with eigenvalue
1. Subtracting the last column from the (k + 1)st and using Laplace expansion
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with respect to the last row we get

D = t™2det(d,...,d" v,d"  —d* Ld—dt )

(AR (3] Tk+2 U417 " " Tm Tk+1
m
_ m—2 . u u Lqu o Ju u o Ju
= 2N wpdet(d . dleg dl ~dE L dE—dy ) (4)
j=1

From (3] we have

k m
0 = Zaijd?j B d?wrl - Z ﬂij (d?j_ d?k+1) ’
Jj=1

j=k+2
Now we examine the summands of the last expression of D in three groups. In
the first case, j < k + 1, we have v;; = a;;. We substitute o d?j, cancel all terms

U U L.
except djt  and exchange dj,  and e;;:
u u u u u U

Oél'j det(dil, ey dlk ) ei]. ) dik+2_ dik+1’ ey dim_ dik+1)
_ u Cqu u . u_Ju U Ju
=det(dj,... o5, dy ..., d} e di  —dy e d]E —dy )
_ U U u . u _Au (A u
=det(d,....d}\ ... df\ e dy —di e dE = d L)

= —det(d;,...,ei,...,d} ).
By an analogous calculation the second case, j > k + 1, yields
=By, det(d} ..., d} e, dit  —di  ,....di —di )

710" Tk Tk+2 Te+1? m Tk+1

= —det(dl,... eiy... d ).

For the remaining term, j = k, we use the same procedure on each of the summands
after the first step and evaluate the telescope sum in the last step. Thus we get:

— By det(dl .. dY eqy,, dE —dY L dE —dY )

10" Tk+2 Tk1” Th+1

= —det(dY ,...,d¢ ei ., dY —dY v — dv

i1 Tkt2 12" Vim ik+1)

+ > det(dl . d ey dl B (i), dE —d )

Tk+1 m Tk+1
j=k+2
_ U u . u o Ju U Ju
= _det(di17'"7dik7ezk+l7dik+2 dik+1""7di7n dik+1)
m
u u u U u u u
+ 3 det(dl .. dE e, dE o dE L —dE L dE —dE )
j=k+2
. u U . u _Ju U Ju
= —det(d¥ ... d" ei, di —db o dE—d )
m
u u u u u U U U u
- E det(dil""7dik7eik+1’dik+2"'"dij—17dik+17dij+1_dik+1""dim_dik+1)
j=k+2
. U u . u U
= —det(dY,....d% eipyy,db ... d )

So in every single case we have

vi; det(dy,, ... dj e, di —dit ... df —di )= —det(d},... ey,...,di ).

1k k42 k41" m k41 117
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xp ()

FIGURE 2. A characteristic polynomial with simple negative roots
To complete the calculation we insert these results into ({@)):

i1 5 D

D=—t""2> det(d!,...,ci,....d")
j=1

sgn(IY, I“)tm—2 Zdet(d}‘, cey =€y, dY)

s Ym

j=1
= sg(Iy, 1)t X (u).
We have x/(u) # 0 since u is simple. Therefore the intersection is transversal and

the index of intersection at the point under consideration is sgnD. ([

Corollary 4.8. Let D be nonsingular, all its negative eigenvalues be general and £_
the number of negative eigenvalues. Denote h(J) := h(A; x [0,1]).
Then we have

~ = 0 if det D >0,
> sarnn) 2wy = {0 AP0 @
{I+717}€'P
For every subset S C P we have
-[%] = Y seunn)zOOOR) < 5] @
{I+,17}ES

As a special case we have for every individual pair {I,I_} € P the estimates

~[5] < sty zGOO ) < 5] (7)

Proof. Intersection times ¢ € [0,1] correspond to eigenvalues u < 0 of D. The
first root uq of xp satisfies x)p(u1) < 0 and two consecutive roots u, % of xp
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satisfy sgn xp(u) = —sgnx/p(@). So xp has at most V—’—‘ negative roots u with

2
X'p(u) < 0 and at most L%J negative roots 4 with x5 () > 0. These are exactly

the terms in the sums above.
O

4.2.2. Application to the Deformation Cochain. The relations between coefficients
of A we develop here are local in the sense that we only look at few vertices at
the same time. We restrict to subcomplexes of S consisting of m + 1 points. For a

subset J := {jo,...jm}< C [N] and k € N denote £% := #((J\ {jo}) N [k]) and
Py={ry x7_€S% |dim(ry x7) = m—1,7, Ur_ =J,jo € 74 }.

These are the products of simplices with vertices in J that we may insert into the
deformation cochain.

Theorem 4.9 (Related coefficients of the deformation cochain). Let f and g be gen-
eral position maps of the vertex set (N) of S into R™ and k € (N). Assume further
that f(i) = g(@) for i € (k) and that the set {f(0),...,f(N),g(k+1),...,9(N)}
is in general position.

For every subset J C (N) with |J| = m+ 1 denote by £4(J) the orientation of the
simplex g(J). Then the deformation cochain ¢, € C™™Y(S%) has the following
properties:

Yo gl xm)l < m— b (8)
TLXT_EPy
-1 < Eg(‘]) Z sgn(TJrvT*))\f,g(TJr X T*) < Oa (9)
T+ XT_EPs

and

_[m;”ﬂ < eg(J)sgn(re, o)A pg(Te X T_) < {m;ﬂ}J (10)

for every T4 x 7_ € Py.

Proof. Fix a subset J := {jo,...Jm}< C (IN). Perform a basis transformation A
that takes (g(jo),0), ..., (9(Gm),0), (f(Jo),1) to eq,...,em+1 respectively. e,(J) is
the sign of the determinant of this basis transformation. Let (dy,1),..., (dm, 1) be
the images of (f(41),1),...,(f(ym),1) and D := (dy,...,dy,). Denote j : [m] —
J, 71— j;. Then h := Ajohy,ojis of the form we considered in Subsection
211 Moreover the first f’} columns of D are eq,..., e The eigenvalue 1 has at
least multiplicity éf}. Thus m — éf} is a upper bound for the number of negative
eigenvalues. Now

Ma(rex 7)) = I(hyg(re x[0,1]),hyq(7- x [0,1]))
eg(NZ (A (m4) x [0,1]), h( 71 (=) x [0,1]))
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and therefore

Apg(re x )l < # (A (14) x [0,1] AT (=) x [0,1]))

So we immediately get equation (§) from Corollary 4.6l and equations (@) and (I0)
from Corollary [4.8 O

Remark 4.10. Condition (0 implies

2] < dutes ) < [2]

which are the restrictions on the values of A, that Novik derived (cf. [9, Theorem
3.1)).

5. Geometric Realizability and beyond

Up to now we have looked at arbitrary general position maps. In this section
we compare a map with special properties such as a geometric realization with a
reference map whose intersection cocycle can be easily computed.

5.1. The Reference Map

We start by defining our reference map:
Denote by ¢ : (N) — R™ the cyclic map which maps vertex i to the point
c(i) = (i,i2,...i™)" on the moment curve.

Proposition 5.1 ([I1, Lemma 4.2]). Let k+£¢ =m, k > £, s < 81 < ... < S,
to < t1 < ... < tg. If kK = £ assume further that sg < to. The two simplices
o = conv{c(sp),...,c(sk)} and 7 = conv{c(tp),...,c(te)} of complementary di-
mensions intersect if and only if their dimensions differ at most by one and their
vertices alternate along the curve:

m
k:’rg-l and 50<t0<51<---<5\_%j<tL%j(<5(%])
In the case of intersection we have
(k=1)k
I(oyr) = (-1)"7
Proof. For every set {cg,...,cm+1} consisting of m + 2 points ¢; = c¢(u;) with
ug < Uy < ... < Upy1 there is a unique affine dependence
m—+1 m—+1
Zaici =0 with Zai = Oand ap = 1.
i=0 i=0

We calculate the sign of the coefficients .
det (o) () (1)) = —omdet ((3) (3 (3) - (1))
= (Dragdet (1), (1)
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—

Since det ((clo), ey (clk), ey ( ! )) and det ((011), ceey (cml+1)) are both positive

Cm+1
we get

(—=1)*ay >0
that is,
sen ap — { +1 %f k %s even
—1 if k is odd.
The proposition follows. O

5.2. Deformation Cochains of Geometric Realizations

If a simplicial maps defining the deformation cochain is a simplicial embedding,
we know, that the images of certain simplices don’t intersect. The following trivial
observation about the coefficients of deformation cochains is the key to bring in
the combinatorics of the complex K.

Lemma 5.2. Let f,g: (N) = R™ be general position maps.
If flo) N f(7) = @ and dimo + dim 7 = m then

OApgloxT) = —pgloxT).
Proof. (o xT)= (—l)dim"I(f(J),f(T)) =0. O
Remark 5.3. The expression
dimo dim T
Mo xT) = D> (1A x 1)+ Y (1) THNo x )
i=0 j=0

is linear in the coefficients of the deformation cochain A. So for every pair o x 7
of simplices of complementary dimensions with disjoint images we get a linear
equation that is valid for the coefficients of Ay 4.

This is particularly useful when we assume the existence of a geometric real-
ization but can also be used to express geometric immersability. So we gather all
information we have on the deformation cochain in our main Theorem:

Theorem 5.4 (Obstruction Polytope). If there is a geometric realization of the
sitmplicial complex K in R™ then the obstruction polytope in the cochain space
Cm=1(S4,R) given by the following inequalities contains a point A € C™~1(S4,7Z)
with integer coefficients.

1. (The symmetries of Lemma B8]

)\(7_1 % 7_2) _ (_1)(dimTl+l)(dim7—2+l))\f7g(7-2 % 7_1)

for all 1y x T2 € S%,
2. (The deformation inequalities of Theorem [£9)) For every subset J C (N)

(a)
Yo x|l < m-ty,

T XT_EPy
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(b)
-1 < Z sgn(r4, T )A (T4 x =) < 0,
T+ XT_EPy
and for every T4 X T_ € Py
()
_ {m;f(]-‘ < segn(ry, o)A (T x7=) < \‘mngJ )
3. (The intersection and linking inequalities of Proposition [1.3])
(a) pelox1)=1 < AoxT) < @loxTt)+1
for all o x 7 € S%, dimo +dim 7 = m,
(b) pe(oxd7)—1 < ANIox01) < pcloxdT)+1
for allo x 7 €S%, dimo=m —1 and dimT = 2,
4. (The equations of Lemma [5.2) For every pair o X T of simplices in K3 :

Ao xT) = —pcloxT)

Proof. If there is a geometric realization f : (N) — R™ then there also is a
geometric realization f such that the first m vertices satisfy f(i) = ¢(i) for i € (m)
and such that the set {f(0),..., f(N),c(m+1),...,¢(N)} is in general position.
The deformation cochain )\07 7 has the desired properties as e, = 1. (]

Remark 5.5. The system I. Novik described, consists of the equationsd along with
the equations[Iland the bounds from Remark 10 for pairs of simplices in K% only.

6. Subsystems and Experiments

Theorem 5.4 provides us with a system of linear equations and inequalities that has
an integer solution if the complex K has a geometric realization. So we can attack
non-realizability-proofs by solving integer programming feasibility problems. How-
ever the system sizes grow rapidly with the number of vertices. There are O(n™*1)
variables in the system associated to a complex with n vertices and target ambient
dimension m. For Brehm'‘s triangulated Mobius strip (and all other complexes on
9 vertices) we already get 1764 variables. The integer feasibility problems — even
for complexes with few vertices — are therefore much too big to be sucessfully
solved with standard integer programming software. On the other hand for a non-
realizability proof it suffices to exhibit a subsystem of the obstruction system that
has no solution.

In this section we therefore look at subsystems of the obstruction system,
that only use those variables associated to simplices that belong to the complex K
and certain sums of the other variables.

Subsystem 6.1. If there is a geometric realization of the simplicial complexr K in
R™ then there is a cochain A\ € C™~ (K4 ) that satisfies the equations of Lemmal5.2
for every pair of simplices in K4 and the linking inequalities BL) of Proposition
[£-3 that only use values of X on KX%.
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The deformation inequalities of Theorem[{.9 imply the following for the vari-
ables under consideration: For every subset J C (N) we have

> A(re X 7)[+ [ysl < m—LF, (11)

T4 XT_EPNKL

-1 < Z sgn(t, T )Ny X)) +y; < 0 (12)
T4 ><‘r7€73JﬁK2A
by introducing the new variable y; for ‘the rest of the sum’. We still have for every
T4 X T- € K%

m

_{m;@ﬂ < sen(ry, T ) Apg(ry x 7)< {LQEJJ (13)

and the same bounds hold for y;.
We can even do with less variables at the expense of more inequalities.

Subsystem 6.2. If there is a geometric realization of the simplicial complex K in
R™ then there is a cochain A\ € C™~ (K4 ) that satisfies the equations of Lemmal5.2
for every pair of simplices in K& and the linking inequalities Bh) of Proposition
[£-3 that only use values of X\ on K% . The deformation inequalities of Theorem[7.9
imply inequalities for every subset S of Py NK%.

_[m;@]—‘ < Z sgn(Ty, T-)Apg(my x 72) < {m—2€‘,J' (14)
T4 XT_ES

and

S Nmxm) < om-tp, (15)

T4 XT_ EP‘]ﬂKzA

The systems of the above Corollaries are generated by the gap program

generate_obstructions.gapthat can be obtained via my homepagehttp://www.math.tu-berlin.de/~timmreck.
The resulting systems can be examined further by integer programming soft-

ware. I ran several experiments using SCIP [I] to examine the resulting systems.

Table [Il gives an overview on system sizes and solution times. M, denotes an

orientable surface of genus g. The triangulations under consideration have the

minimum number of vertices and can be found in the file. B denotes the trian-

gulated Mobius strip by Brehm. The systems under consideration are those of

Subsystem expressing the inequalities involving absolute values without the

use of new variables.

The smallest system showing the non-realizability of the Mdbius strip only
uses the parts [l Bd BOl and @ of Theorem (4] and has 510 variables and 426
constraints. The systems for genus 5 and 6 using only these parts of Theorem [5.4]
are solvable.


generate_obstructions.gap
http://www.math.tu-berlin.de/~timmreck
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surface file realizable f-vector var. | constr. | solv. time
RP? rp2.gap no (6, 15, 10) | 150 1365 no | 0.24 sec
B moebius.gap no [5] (9, 24, 15) | 510 | 2262 no | 46.3 sec
Mo bipyramid.gap yes (5, 9, 6) 48 500 yes 0.1 sec
M csaszar.gap yes (7,21, 14) | 322 2583 yes | 0.78 sec
M m2_10.gap ves [1] (10, 36, 24) | 1136 | 5888 yes | 34.83 sec
Ms m3_10.gap ves [6] (10, 42, 28) | 1490 | 9847 yes 143 sec
My m4_11.gap ves 3] | (11, 51, 34) | 2248 | 15234 | yes | 564 min
Ms m5_12.gap ? (12, 60, 40) | 3180 | 21840 | 2
Mg | altshuler54.gap no [4 (12, 66, 44) | 3762 | 33473 ?

TABLE 1. Computational results
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