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ABSTRACT

Aims. Stars in the narrow mass range of abot @&1d 35M, can develop a thermally unstable He-burning shell durisggitition
phase. We study, from the point of view secular stabilitptiyethese so called thermal micropulses and we investibateproperties;

the thermal pulses constitute a convenient conceptuatdédny to look thoroughly into the physical properties ofaditim-burning

shell during thevholethermally pulsing episode.

Methods. Linear stability analyses were performed on a large numb8iMy, star models at around the end of their core helium-
burning and the beginning of the double-shell burning ph@ke stellar models were not assumed to be in thermal equitib

Results. The thermal mircopulses, and we conjecture all other thepulze episodes encountered by shell-burning stars, can be
understood as the nonlinear finite-amplitude realizatibarooscillatory secular instability that prevails durifgetwhole thermal
pulsing episode. Hence, the cyclic nature of the thermalgautan be traced back to a linear instability concept.

Key words. Stars: AGB and post-AGB — Stars: interiors — Stars: osahhat

1. Introduction time-step became fiiciently short. As Rose was interested in

. . ) . . the evolution to the white-dwarf domain of He-star modeés, h
Acco_sdlng to the published literature, Gurevich & Lebedlins qqse |arge time-steps across the helium shell burningephas
(1947) seem to have been the flfisto study thethermal sta- ¢, 4ot he captured only the last three thermal pulse cydles o
bility of nuclear-burning shellé stars; the authors aimed at rey}, o instability episode. In any case, Rdse (1966) emphdsize
vealing the physical naiure of novae and Supernovae. Thie Wilieigert did, the cyclic nature of the pheriomenon and he was
of Gurevich & Lebedinksi apparently went unnoticed outsidg.; ¢, present eigenfunctions in the surroundings of thetam
01:j the ngiert1 Union sci that 15fyea;1rs passEclidbefore th(e fig)d nuclear burning shell.
advanced: The seminal paper of Schwarzschild & Harm (196 . o
reported the t_hermal instability of the He—burning shglla’n ecﬁllg?z(tjgbli_ﬁg%l:gl)(lgﬁ?dnmoi;[:((j)ftzgtrhg]le?(”giggrlgc?lté?g'r‘ité the
1M, asymptotic giant-branch (AGB) star. The instability Wagtability analysis of thin nuclear-burning shells was exted

stumbled upon once the time-step of the evolution compnati:” : - =
was chosen dficiently small during the pertinent evolutionar)}n Harm & SchwarzschildL(1972) wherein the thermal pulses,

. N : eventually considered as a cyclic phenomenon, were assdcia
phase. Independently of Schwarzschild & Harm, Weiger6619 ~ . )
1 = ith the star's secular modes. The authors connecteattbetof
1966)d observed the same phenomenon at the beginning of mé thermal pulses with an overstablecillatory secular mode
double-shell burning phase of a 3Mtar model. Weigert's com-

; o : e After the first fe Ise cycles, however,"[...] the osditiey in-
putations indicated already the cyclic nature of the infitgb stabilitygilves wgfﬁ..]toya simplewe;pongnti]alinstaiyiuv?lwilch

Rose (1966), studying the advanced evolution of$8M, he- causes the repetitive helium-shell flashes described iieeer-

lium star, also picked up thermal pulses once the evOIUIwne\l/estigations [...]" as Harm & Schwarzschild (1972) pufihis

last statement seems to have been taken as the final word on the

1 The paper referred to in Zel'dovich & Novikov’s “Stars and. d d hin th icalli
Relativity” is a “translation” for astronomers that appe@drin 1955 ISsue and was perpetuated as such in the astronomicalurtera

in Trudy chetvertogo sovshchaniya po voprosam kosmagbt@i The thereafter.
early work by Gurevich & Lebedinski seems to have made itstwalye Despite the apparent settlement of the case, the pointwf vie
west essentially through the reference in the Zel'dovich@ikov text, adopted by Harm & Schwarzschild (1972) continued to inteig
as whenever astronomers refer to Gurevich & Lebedinksy, tiseally  as it does not explain the cause of thlic nature of the ther-
The 5M, star studied by Weigert was previously computed into th§onential one. The numerical studies showed that the pefiod
ﬁ'dvanci? evolutlonr?ry stage by K|ppe”nhahn (see K'p-??"(?ﬁi’)f)' the initial oscillatory secular mode was close to the lengjth
e could not get the star to eventually turn into a white dvasfa - Jovaioni :

; ping thermal pulse cycles of the helium shell. \éihy

carbon flash developed on the AGB. The star's center heatddaip how the star remembered the linear result so closely remaine

much as neutrino cooling was neglected. Weigert's comjmmsitin- . X :
cluded neutrino energy losses; this energy sink kept theraletem- unexplainedl(Hansen 1978). If the cyclic nature of the tlarm

perature low enough to prevent the onset of central carboriimand  Pulses is indeed a nonlinear phenomenon that escapesiaccess

the star evolved further along the AGB to finally run into thermal bility of a linear analysis, then the “relaxation osciltats” of
instability of the He burning shell. the thermal-pulse phase are eventually one case of theaeali
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tion of hard self-excited oscillation€0x1980) in stars (see also 2%
Buchler & Perdang 1979).

Besides the thermal pulses that are associated with sicular
unstable thin helium-burning shells in low- and interméeha
mass stars along the asymptotic giant branch, secularly un-
stable shell burning is also encountered at the onsetffef 0,
center helium burning in low-mass stars as they evolve from
the tip of the red-giant branch onto the horizontal branch.(e
Thomas 1967; Despaln 1981). But also more exotic episodes
of stars’ lives can get entangled in He-shell instabiliti¥s
ray bursts as observed in mass-accreting neutron stars (e.g
Hansen & Van Hornl_1975; Bildsten 1995). Even hydrogen- 1%
burning shells on accreting white dwarfs can go cyclicaligta-
ble (e.gl.Giannone & Weigert 1967; Cassisi et al. 1998, afid re
erences in the latter) via the same physical mechanism.djenc
a solid understanding of the thermal pulses is beneficiaifor
parate fields of stellar astrophysics. 196

This paper deals with those thermal pulses that are en-

.7\&\\\\\\\\\\\7

countered when, under suitable circumstances, a heliuth she ‘

builds up and ignites at the end of core He burning of a 0042 0040 0038 0036 006 005 00
3M, star (Mazzitelli & D’Antona1986). Applying the sim- 109 Teff = 365

ple, local instability criterion for thin nuclear-burnirghells of 24 ‘

Schwarzschild & Harm| (1965), Mazzitelli & D’Antona (1986) | (@)
concluded that the instability was physical and due to timeesa -
mechanism as encountered later, higher up along the AGB. The |+
thermal pulses at the onset of He shell burning were termed2.2 —
thermal micropulse¢ThMPs) as the surface luminosity varies_;
only marginally as compared to the variation during a thérma;
pulse on the advanced AGB. In an attempt to evolve a stap
\ . . o 2.
from the main sequence to the terminal Debye-cooling stage &
a white dwarf, thermal micropulses were also encountered by
Althaus et al.|(2002) in stellar models for which semicortigat L
was neglected in the computations. It seems that only staihei 1.8 —
narrow mass range of2-3.5M. develop ThMPs under suitable F
conditions. C | | |
The evolutionary tracks of stars undergoing ThMPs (cf. 40
Mazzitelli & D’Antong|1986; Althaus et al. 2002) show thaeth
manifestation of the pulses in the stars’ observables ang- mi
mal. The pulse amplitudes in the total luminosity are smadl a
the time-scale of the pulses so short théets on a population
of stars on the early second ascent of the giant branch aye \/Sgg
unlikely to be detectable evenin large stellar aggreg&tespite
ThMPs being unlikely to be observable or possibly evenzedli
in nature, their very existence Btar modelonstitutes a wel-
come opportunity: With the ThMPs, we can theoretically gtu
the stability properties of a secularly unstable nuclearing
shell from onset of the instability to the very end when thellsh

3.8 log Teff

Fig. 1. Evolutionary track of a 3\ star with pertinent zoom-ins
to the epochs of core He burning (panel b) and to the develop-
nt of double-shell nuclear burning (panel ¢). Core Heilogrn
rts at the tip of the first giant branch that is seen in the up
per right of panel a. The transition from He burning in theecor
to He burning in a shell leads to a temporary luminosity drop
q(after model 1490 which is designated in panel c); during thi
uminosity decrease, the thermal micropulses set in. Afier
He-burning shell is well developed, the micropulses dieand
o : : : I the star continues its second ascend of the giant branchdewa
stabilizes itself again. In particular, the self-staldtinn of the the asymptotic giant branch. The epochs of the begin andhithe e

shell distinguishes the ThMPs from thermal pulses_ alongifhe f the linear secular stability analyses are indicated bydtters
per AGB. Furthermore, we expect that the properties of tae S%ﬁ nd E, respectively. The location of model numbers 1400 and

ular mode spectrum of the ThMP phase are also representali %
for the thermally pulsing stars on the advanced AGB.

In the following, we use the ThMP phase as a idealized la
oratory to study the episode of cyclic thermal pulses onegrag
from the point of view of linear secular stability theory. \téke Nonlinear défects, on the other hand, determine the temporal
advantage of the result bf Gabriel (1972) that over timdescashape of the observables of the pulses and they seem to govern
that are short compared with a star’'s nuclear time-scatpiigsi- the amplitude evolution of the pulse cycles.
static evolution can be expanded in terms of secular eiganda

We follow the pertinent part of the secular eigenspectru ;
throughout thevhole ThMP episode and we show that ThMPsm Modeling Procedure
can be understood as an oscillatory secular instabilityice Stellar evolution was computed with the LPCODE code de-
nonlinear theory via relaxation oscillations does not hawe scribed in [ Althaus etal.| (2002) and Althaus et &l. (2003).
be invoked to explain the existence of the cyclic instapilit Convective overshooting was modeled as an exponentially de

0 along the evolutionary track are given for later refeesin
E)he text.
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caying difusive process above and below every convective/ L, ] ‘ ‘ ‘ ‘ \ ‘ ‘ I
shell, including the boundary of the convective core (dgitime 100 Ny Lot
main-sequence and central helium-burning phase) and tie co
vective envelope (for details see Althaus et al. 2003). Tire n S
clear network considered for the stellar modeling accoerts
plicitly for 16 chemical elements and 34 thermonuclear veac
tion rates to follow hydrogen and helium burning. Abundance
changes of the nuclear species were included by means of a
time-dependent scheme that simultaneously treats nuelear

lution and mixing processes. Théieiency of convective mix-

ing was described by appropriatefdsion codicients which

are specified by the treatment of convection. The equation of50
state included partial ionization, ionic contributionarfially de-
generate electrons, and Coulomb interactions. Radiafiae-0

ities, including carbon- and oxygen-rich compositions rave

those from the OPAL sets _(lglesias & Rogers 1996), complgig. 2. Variation of various luminosities during the thermal mi-
mented, at low temperatures, with the molecular opacit@®f cropulse phase of the evolution of a 3vhodel. Ly stands for
Alexander & Ferguson (1994). the total stellar luminosity; it is composed of the heliunmting

The computations to investigate the linear secular stabine (), the luminosity generated in the hydrogen shell
ity properties of the star models were performed with th@\o), and the luminosity induced by expansfioontraction
Riccati code for radial nonadiabatic stellar pulsatiohg; ¢ur- (L) in the own gravitational field. The abscissa measures the
rent version of the code is based on the one describedgge of the star in foyears (My).
Gautschy & Glatzel[ (1990). In addition to the canonical aadi
pulsation equations, we used also modified stability equoati
wherein the condition of thermal equilibrium of the backgnd 1490 in panel c)Y, dropped to 0325 and the triplex energy-
model was relaxed. For completeness, the relevant linahil-st generation rate of the nuclear-burning shell reached theesa
ity equations are presented in Appendix A. strength as that of core helium burning. Hence, after mo¢@01

the star’s helium burning is shell dominated. Finally, dajog
zooms in to the cyclically varying luminosity anéfective tem-

3. Results perature that develop shortly after model 1490. The stasgsas

. . . _ _ through a local luminosity minimum after the 6th pulse cycle
This section contains the results obtained from the contiouta Arqund this local luminosity minimum, the surface-lumiitgs
of the evolution of a 3M model with initially homogeneously yariation reaches its maximum with a relative amplitude 865
d|str|but’ed abundances f = 0.705,Y = 0.275. We followed pyying the ensuing upward evolution along the lower AGB,
the star’s evolution from the main sequence to stable deubjge amplitude of the ThMPs decreases continuously (see also
§he|l burning on the lower AGB The second part of this sex:th:ig_[z)' The variability disappears completely at aboutepech
is devoted to the secular stability analyses performedertb- |apeled by E (model number 3234) when the helium in the center
lutionary star models between about the ignition of theumadi |55 essentially burned away, i.e. having reached 1.15-10°3.

[ \ \ I R \ L
395 400 t/ My

burning shell and the termination of the thermal pulses. The temporal evolution of pertinent luminosity components
is shown in Fig[ 2. At model 1490, the epoch of the onset of the
3.1. The micropulses as seen in stellar evolution ThMPS' the star has FeaCh‘?d anage of about ?’.95 My. The am-
computations plitude of the luminosity variation in the He-burning shigl};e)

grows rapidly to reach maximum amplitude — varying between
Figure[1 shows, on three zoom levels, the evolution on ti® and 110L — in cycle 7. Since the layers in and above the He
Hertzsprung-Russell (HR) plane of the 3Mdtar mentioned be- shell expand during the increase of the shell’'s energy produ
fore. The displayed track resulted from the computationisauit tion, the hydrogen shellffectively cools so that its luminosity,
convective overshooting — thermal micropulses developgg o Lcno, drops. Figurél2 shows also the mirror-image behavior of
in such stellar models; this aspect will be returned to ferththe mechanical worl,q, in the star's gravitational field. Energy
down. Panel (a) captures the star’s locus between core ggdrois required for expansion during thee rise and it is gained dur-
burning on the main sequence and the establishing of two buimg the shrinking of the envelope aroubhge minimum. In the
ing shells at the bottom of the AGB. Core helium burning sets sum of the partial luminositiet = Lre + Leno + Lg, the total
at the tip of the first giant branch at the upper right of paagl ( luminosity variation remained always very small, less tB&f.
Panel (b) shows the stump of a blue loop that develops duritigs mainly Ly which counteracts the strong variationlef, de-
core helium burning. After passing through a local luminpsi spite the fact that hydrogen burning mostly dominates tleegn
minimum at logL./Ls = 1.792, with a central helium abundanceproduction.
Y. = 0.8503, the star’s luminosity rises again to pass through Figure 3 shows, for the H-burning shell (top panel) and the
a second local luminosity maximum (lagL, = 2.015). Label He-burning shell (bottom panel), the temporal evolutioplofs-
A denotes the epoch of the evolution at which the secular steal quantities at the center of the corresponding nudbeaning
bility analyses were started. For ease of presentationsele shell over the first nine ThMPs. The data for temperatliyeen-
ular stability results will be displayed mostly as a funatiof sity, p, and the fractional massg, were shifted vertically to fit
model number; label A corresponds to model number 1300 withto a decently scaled single diagram. The vertical dasined |
Y. = 0.288. The helium shell ignited af. = 0.04; the corre- in Fig. 3 mark the epochs of maximulpe. The mean radii of
sponding model number, 1400, is labeled along the tracknelpathe H- and He-shell slowly increase with time reflecting tosvs
(b). At the second local luminosity maximum (model numbeascent of the stellar model along the second giant branch (cf
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L f\m/\f\/\ on the evolutionary models to study their secular eigertspec
: . log r

"""" S~ N ] The physical quantities were assumed to change propottmna
9.64 - /5/—\‘( Pl P e NN exp(iwt). The quantityr- that is used in the following is the fre-
i e Y 22’ ¥ ¥ 1 quencyw divided by /3G M. /R® with G being the gravitational
i 7 constant. To obtain approximate e-folding times in megarye
| gs942 L __] inFig.[4, compute 32x 10°%/c.

i T o h For the stability computations we relaxed the requirement

i of thermal equilibrium of the stellar models; the assumptib
complete equilibrium is what is usually implemented in stel
4 lar pulsation analyses. For the secular problem, in pdaticu
when pulses develog,y contributions might be significant so

L that refraining from the assumption of thermal equilibriap:

/\} pears more appropriate. The linear stability equationstain-
) ing approximations for the thermal imbalance terms, aremiv

in Appendix A.

The left panel of Fig. 4 shows,, the imaginary parts, of the
lowest few secular eigenmodes as a function of model number.
Complex conjugate eigensolutions (oscillatory seculades)
are indicated by full dots. Dot-free lines indicate vanighieal-
parts ofo, i.e. purely monotonic modes. For better correlation of
the linear results with the evolutionary computations,rigat-
hand panel of Fid.]4 plots tHg,e oscillations. For completeness,
the age in mega-years is labeled along the rightmost orlivfat

logp +7.
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205 206 s97 The complexity of the secular eigenspectrum is consider-
t/ My able; and this is so already before the onset of the ThMPs.

During the late core helium-burning phase, the modal diagra

Fig.3. Temporal variation of_ selected physical quantiti_es atthe g complicated web of complex-conjugate modes unfolding
center of the hydrogen-burning shell (top panel) and thieifrel  jnto pairs of non-oscillatory modes that later merge agato i
burning shell (bottom panel). The vertical dashed linescai@ complex-conjugate solutions in fiérent arrangements. In all
the epochs of the first ninla,e peaks of the ThMP episode. Thegjrcumstances, the number of modes involved is conserved.

loci of temperatureT), fractional massd), and density4) were At model 1300, two unstable monotonic secular modes were
shifted vertically to fit the figures that were set up to digiit®®  encountered. As the core dominance of the nuclear burning

variation of the radii) of the shell centers. ceased, the strength of the instability diminished. EvalhtLthe
most unstable secular modes merged with other branches into

. . : . . oscillatory modes. Most of them became or remained stabie du
FigureL1). Notice the quick saturation of the amplitude gtoof ing the early helium shell-burning phase. A discussion &f th

the radius variation of the He shell after about the first foulse secular-stability behavior during the core He-burningsshaf
cycles. The increase ig, the fractional mass, of both shells is di . d forth .
small. In the He-shell, the density minimum occurs at mimmu Intermediate-mass stars is postponed to a forthcoming'pape

radius of the shell and vice versa; maximum temperature lis w Thedonseltl of the ThI\I/IP phzse manifested |Ls|elf '?1 tk\;@east
in phase with_ reflecting the dominating dependence on teré_ampe oscillatory secular mode going overstable. Thetrst
perature of the nuclear energy-generation rate of heliumibg. | "MP cycles appeared as unstable oscillatory secular mindes
The H-shell behaves fierently: Minimum density agrees with 1€ linéar analysis. Beginning with cycle three, the uristabm-
minimum radius and with maximum temperature (this coinx;idt’iJIeX conjugate eigensolution unfolded into a pair of monitto

with the maximum-density phase of the He-shell). Hencej-mid"0des during the maximum bf;e within a cycle. During phases

mum radii of H- and He-shell coincide whereas maximum radit?g reduced giciency of the helium burning shell, the two mono-

of the H-shell is reached slightly later than maximum raditis onic mode_s merged to g0 into th_e next cycle through a short
the He-shell. The wiggling in log at the center of the H-shell damped episode. 'I_'he cyclic unfolding of the .unstable oﬂc_my

is an artifact contracted from our definition of the shell teen SESUlar mode continued to cycle 21 after which the ampliaide
as the gridpoint with maximum nuclear energy generatios; rafhe ThMP was seemingly s_mall enough for the unstable s_ecular
this maximum slightly shifts in mass and as the density asttr mode to remain purely oscillatory. The ThMPs, as seebq

) i : e e (e.g. right panel of Fid.]4), terminate by the dominant ublsta
3gross the H-shell s significant, numerical noise is egsdyed oscillatory secular mode going stable but remaining csaitly.

After a total of 30 pulse cycles, at about 43y (model The details of the behavior of the pomplex eigenvadue
number 3234), the ThMPs die out. Hence, the ThMP episoﬂgOughOUI the phases of the ThMP episode must not be over-

lasts for about & My. The mean pulse-cycle lengthrfup) is Interpreted. After all, the stability analyses were parfed on

0.29 My, a value that remains very stable throughout the whdfa€ thermally pulsing models themselV@sStill, to gain access
instability episode.

3 In analogy with the pulsation theory of stars, our linearusec
lar analyses can be compared to performing linear pulsati@tyses
3.2. The secular stability analyses on nonlinearly pulsating star models. The period of putsatierived

] from such a linear analysis varies cyclically proportiot@lR, (t)%/?
Between model numbers 1300 and 3234, i.e. between labglgreR,(t) is the nonlinearly pulsating stellar radius. Also the damp
A and E of Fig[1, we performed linear stability computationimg/excitation rate (outr, here) varies along a pulsation cycle. In par-
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Model no. 0, 0; age/My
3200 |- : " | 403
2
||
.l ]
~ 402
3000 - ~J s .
ool
- 1 401
=
2800 - __,,‘“ 4L |
] |
—1 400
2600 - A“‘] Ry |
“ 399
2400 - _‘ﬁ“ 4k .
_‘“‘“
2200 - - .
“l 398
2000 - 4‘“ 4+ -
l} 1397
1800 - ‘ 10 ] Fig.4. The left panel of the graph shows the modal
l o8 diagram with the imaginary partg-() of the secular
‘ ] modes of the model series presented in[Hig. 1. The evo-
l lutionary epochs defining the ordinate are counted in
1600 - — 1L | model numbers on the left and in mega-years on the
e 396 right-hand side. Oscillatory secular modes, with non-
) vanishing real parts of the eigenfrequencies, are dis-
‘ played as filled circles. For reference in the text, the
| three main branches of oscillatory secular modes ex-
1400 I- L , tending over most of the ThMP phase are labeled by
", 0,4, O,, and Q. To ease the association of model num-
‘ ‘ ‘ ‘ ‘ ‘ bers with a characteristic physical quantity of that evo-

2607 1607 ‘ 0.0 ‘ 1607 a0 100 lutionary epoch, the panel on the right displays the tem-
o poral evolution of the luminosity generated by helium
! Lye/ Lo ,
e’ =o burning.

to the conditions under which complex secular eigenvalmes wf O since a follow-up of both of them turned out to be compu-
fold into real pairs, secular analyses on the full cyclesioffP tationally cumbersome due to other close-lying secularesod
models might prove helpful. In the range of thesy domain considered here, we en-
In addition to the unstable, mainly oscillatory secular modcountered only three oscillatory or partially oscillatagcular
Fig.[d shows a damped oscillatory mode, t8at never unfolded Mmedes. Atleast in the, —model number (or age) diagram these
during the whole ThMP episode. The oscillatory secular mo@8cillatory modes overlap with purely monotonic seculade
baptized @, on the other hand, unfolded again cyclically intd=*c€pt for the mode with the longest time-scale, all of theao
pairs of monotonic modes, but in this case during the minimujnic modes aralwaysdamped. Note that the crossing of modes

phases of e; Fig.[d shows only one of the monotonic branche® Fig-[ is a projection €ect due to plottingr only instead of
the complexr; on the complex- plane, the modes are well sep-

arated.
ticular when the nonlinearly pulsating model is hottesg, pllsational The secular mode with the smallestvalues and which re-

excitation by the:-mechanism of the stellar envelope is diminished d&1@ins always monotonic switches between weakly stable and
the driving zone lies too close to the surface; at the phakenefst sur- Unstable; the growth rates of this monotonic mode are twersrd
face temperature, excitation is diminished as the drivegian lies too  0f magnitude smaller than those of the overstable complex-se
deep in the envelope. lar mode. After model 3216, when the oscillatory secular enod
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ular mode remained unstable with an e-folding time @f Bly 1 1@
(as a comparison, an evolutionary change of the total lusityno F ——
by 5% takes 3 My at this epoch of evolution). i 1
For the set of secular modes that remain monotonic at all |
epochs after the onset of the ThMPs, thés vary all in phase  “®| 7
during a pulse cycle. Furthermore, the genefiadvolution dur- . |
ing the ThMP episode is the same for all these monotonic secy- |
lar modes; and this evolutionftirs from the oscillatory secular ~ | ]
modes. The latter fact is most evident in the evolutiorrpbf
the most strongly damped oscillatory mode relative to thaoro
tonic secular modes between models 1500 and about 1800. L
The stellar model sequence whose computation included dif- | i
fusive overshooting and which showed no evidence at all@fth | i
mal pulses in the evolution computations also revealedver- |- ‘
stable oscillatory secular mode at any time during the dBubl e EE S T s e E T T TS T T
shell nuclear burning phase. However, from the very begmni 20 a2 2 o 0 "
. . . y Te
of the core helium burning through the double-shell burning '

phase at least one monotonic secular mode was always unstahily 5. Panels (a) and (b) show eigendata of the overstable oscil-
OVerShOO“ng left its ImpI’IntS in the abundance structune ia |atory secular mode as Computed in the pulse_suppressidg|mo

went stable and ThMPs disappeared, the lowest monotonic see \ T ) //

400 — —

a bigger stellar core as compared with ThMP models. sequence which is characterized in panel (c) by the helium-
luminosity (Lye) and the total luminosityl(,) evolution. Panel
3.3. On the suppression of thermal micropulses (a) displays the period evolution of the overstable ogcithasec-

ular mode as a function of model age. The vertical line shows t

The ThMPs are found to be a delicate phenomenon. First phgnitude of the average pulse-cycle length that was deduce
all, ThMPs are encountered only in computations with apprrom Fig.[2. The inverse of the e-folding timg (measured in
priate convection treatment and in the narrow mass range bgits of mega-years) of the overstable secular mode isgoldrit
tween about % and about 3M,. The easiest and in somepanel (b).
sense the most dangerous way to miss the ThMPs is by
means of the time-step choice to evolve a model star. Already ) ) N
Schwarzschild & Harm (1965) cautioned in their paper that iiS plotted in panel (b). For most of the instability phase &
appropriately large time-steps, of the order of twice thelding f_oldlng time, 7e, is less than or of the order of the_evo!uhonary
time of the instability, sfiice to numerically suppress a pulselime-scale itself. Panel (c) finally shows the luminositplev
We repeated the computation described in Sect. 3.1 (we wiftn of helium burning L) and of the star’s total luminosity,
refer to it to as the “original” one) by enforcing a larger &m Ltt. The quantityl e of the evolution computation shows only
step. The coarser-grained time evolution sequence staetedn @ Weak sign of instability that lasts for roughly three striyn
shell burning with a time-step that was8 times larger than the damped cycles; the total luminosity carries even no sigrilat a
one of the original sequence. The structure (position aiutith Of an instability. We emphasize again that the phase ofhiista
ness) of the helium shell and the abundance profilsréid only ity as obtained from the linear secular analysis is compartab
marginally from those in the original computation. Nonédiss, _the evolutionary pha_se over which the ThMEs_are enco_untered
the helium shell remained essentially stable: We only oleser in the “non-suppressing” model sequence; this is traceaviht
a short initial oscillatory phase dfye lasting for roughly three the vertical line plotted from the local maximum o in panel
strongly damped cycles. The first cycle had the largest amriﬁ_)- The local maximum at the bottom of the figure coincides
tude with a relativeLye variation of 11 %. (Remember, in theWith the epoch of model 1490 shown in panel (c) of Eig. 1. In
original evolution computation, the relative ThMP ampdieuof  the “non-suppressing” model sequence, the ThMPs are soiperi
the helium shell reached 400 %.) No variability was mangest Posed on the ensuing broag, trough; the luminosity of the ter-
in Lior. Even an inspection at highest numerical resolution of tfainal model E (whose oscillatory secular modes were allasitle
computed observable stellar parameters revealed no sign ofveakly stable) lied slightly below the total luminosity ofutel
instability whatsoever (see panel ¢ of Fig. 5). 1490. In the _p_ulse-suppressmg sequence, on the otherihmd,

Figure[® displays results from computations performed diRear instability extends to roughly the epoch when theitum
the pulse-suppressing stellar evolution sequence. Asiomet  NOSity reaches again the level of the initial bump.
before, we found one overstable secular mode with chaiscter
tics that were comparable to the overstable secular modeein % Discussion
thermally pulsing model sequence. The dashed horizomed li
extending across all three subpanels of the figure indiaatBe In accordance with Harm & Schwarzschild (1972) we found the
bottom, the onset of the secular instability and the tertibna secular eigenspectrum to show an oscillatory secular moee g
of the instability in the upper part of the plot. Panel (a)who ing unstable at the epoch of the ThMPs setting in. The secular
the period evolution of the overstable secular mode as a fumsode Q remained purely oscillatory through the first two cy-
tion of model age; the dash-dotted line in this panel indisdihe cles. Starting with the third cycle,;Qunfolded temporarily into
mean pulse period as derived from the fully pulsing evohutio a pair of purely monotonic modes, both of which were unstable
ary sequence. Note that the period obtained in the linedysina The monotonic-mode interlude took up roughly 46 % of a cycle
deviates by less than 10% from the completely independentst cycle 7) with a slow decrease of this percentage as thePThM
computed nonlinear cycle length of the pulses. The invefse episode progressed. After cycle 21; @@mained again purely
the e-folding time (measured in mega-years) of the instgbil oscillatory up to the last ThMP cycle (number 30). It was alsva
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C T é T ] ] least qualitatively understand the cyclic variability béetThMP
B— e phase; this point of view is further supported by the resfltee
I — 7 secular analyses of the pulse-suppressing model sequéiiaie w
3000 a ] was presented in Se€f.B.3. The periods obtained in the-pulse
——— suppressed series agree very well with the cycle lengths mea
D — o sured in the evolution computations and they are well briecke
| ——————F——o—— _ by the secular analyses of the thermally pulsing models.
— . The rest of the discussion section is structured as follows:
T = - First, we comment on the local criteria for secular instgbénd
L = . the dificulty of their use in case of oscillatory secular modes. A
— = short digression on the attempts to understand what discrim
52500~ == — — nates between monotonic and oscillatory secular modesxsl
= B ——0— - After that, we delve into the properties of the linear eigedm
2 spectrum as we computed it. We close the discussion section
o B — - with checking the quality of the Gabriel-expansion durihg t
é L - short-term evolution of the ThMP phase.
— —— = =
= 4.1. Local stability criteria
2000 — —
The paper of Schwarzschild & Harm (1965) contains a simple
B — | conceptual model of a nuclear-burning shell in a star. The fo
u = mulae they obtained at the end of their local analysis allow t
quickly estimate the shell’s stability against thermaltpeya-
B == - 5 tions; therefore, the local criteria were used ever sinoceoim-
B —_— - putational research and in textbooks. It turns out that tercde
— tions must necessarily be fulfilled farstability: The shell must
1500 = L — L= be thinner than
5.4 5.6 5.8
log Period /y ar % .f, but suficiently thick so that § > gi, )
T

Fig.6. The periods of the overstable oscillatory secular mode Or
shown in Fig[4 during the ThMP episode as a function of modgile quantityf measures the deviation from a homologous pertur-
number. The almost horizontally running lines result frdm t bation; most frequently is chosen ad hoc to be about unity, i.e.
unfolding and merging of secular modes. At the correspandiolose to homology. The variation of physical quantitiesoasr
phases, the periods go formally to infinity. The thick greweli the nuclear burning shell are indicated with a leadingThe
indicates the cycle lengths that were derived directly fitbie  width of the shell is not uniquely defined and gives rise tositn
Lne variation of the evolutionary computations. The open escl erable ambiguity. The remaining quantities take on appatgr
indicate the periods as measured at pulse phases w0, i.e. mean values that are representative of the nuclear-bushieily
at ‘equilibrium’ epochs. With e we denoteél loge/dlogT at constant pressure. The rest
of the quantities have their canonical meanings. Note tmat t
instability that is described with conditiords (1) is a marmit
around the_ye-maximum phases where the oscillatory@ode one; this simple one-zone — type model does not admit of com-
unfolded. Interestingly enough,sOthe other oscillatory secu- plex solutions at all. Therefore, relying on critefia (1}l case
lar mode with eigenvalue unfoldings, showed these to octurdad thermal-pulse cycles that start via oscillatory secutades
around the phases of minimulope. can be misleading.
Figure[® shows the periods computed for the mode branch Table[l contains numerical values of the two sides of both in-
O as black continuous line. The lengths of the ThMP cyclegability criteria in (1) for selected stellar models andarious
derived directly from the evolutionary computations aretigld choices of the width of the He-burning shell. The thicknesh®
as a grey line. The sharp horizontal excursions in the figtee shell was measured as the extension over which nuclearyenerg
caused by the unfoldings of the complex conjugate eigergaligeneration exceeds a prescribed fractiosgf. The range of
and by the merging of two monotonic secular modes where thembers given in column ‘41" is caused by the non-negligible
period goes formally to infinity. The agreement betweendmevariation ofet across the nuclear burning shell. Model 1470 was
theory and the cycle lengths deduced from the nonlinednstelsecularly stable, it showed no unstable secular modes andér
evolution is reasonable. The variation of the “linear” perde- that epochlLye varied still only weakly and monotonously. At
rived from the secular stability analysis during a ThMP eyisl model number 1516, just passed through the first peak and
reminiscent of the variation of the pulsation period congguin mode Q was overstable at this epoch; the ThMP-phase just de-
a nonlinearly pulsating star at various phases of a pulsatje veloped. Finally, model number 3234 lies after the ThMP phas
cle (cf. footnote in Se€t3l2). The open circles denote thimgs Wwith no overstable oscillatory secular modes anymore lapd
as measured at phases with = 0, i.e. at formal equilibrium changed again slowly and monotonously.
phases. The maximum deviations of the cycle lengths derived Most frequently, only the first condition of the instabilityi-
from the evolutionary computations and the periods at ésuil teria [3) is referred to in the literature; i.e. only the tiést shell
rium phases do not exceed 40%. The correspondence of the tsveuficiently thin for the instability to develop. The instabjylit
differently computed cycle lengths in Fig. 6 are considered agandition in expression§l(1) is equivalent to the physicaiam
good indication that a linear secular analysis is apprépt@mat of a generalized specific heat (also referred to as “gravothi
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Table 1. Evaluation of physical quantities across the He-shell results. For model 3234, at an epoch in the post-ThMP phase,
all choices of shell size point to stability and, dependingtee

Model width Ar/r Ti/4 AT/T et choice of a representative magnitude @&, the same applies

1470  ema/10 0.122 041 0.067 .0-0.09 to the thermal criterion.
&ma/100 023 041 0.129 .0-0.09 In agreement with_Yoon et al. (2004) we find that the par-
&ma/1000  0.318 0.41  0.168 .D-008 ticular choice of shell thickness influences crucially tlesuit

1516  ema/10 0.175 041 0.067 .01-0.09 of the local criterion. Moreover, the onset of the ThMPs i$ no
€max/100  0.258 041 0.109 .D1-009 captured reliably with the local stability criteria. Thises not
emax/1000  0.349  0.41 0.149 .01-008 further surprise as the ThMPs are the result of the instgiloifia

3234 &ma/10 0413 041 0149 .B2-011 complex secular mode and the local criteria are based on-a one
emax/100 0514 0.41 0.206 .82-0.13 zone model description that do not support complex solstain
&max/1000 0.585 0.41 0.224 .32-0.08 all.

In the thermal criterion of condition§](1), thickness is ex-

pressed as temperature and luminositffedlences across the
specific heat}] which goes positive within the nuclear burningourning shell, these quantities are more sensitive to acpéat
shell Giannone & Weigert (1967) generalized the locabibgt choice of shell-boundaries than the radius measures;ftrere
ity criteria (T), adopting a more general equation of statka@- the thermal criterion is more sensitive to a particular chaf
lowing for more variation of the physical background qutesi  shell thickness.
across the nuclear-burning shell. Yoon et al. (2004) elzieor
on the local stability criteria of nuclear burning shellgjlting ) ) ]
upon the approach of Giannone & Wei¢ért (1968t still with 4.2. Oscillatory versus monotonic secular solutions
the simplifying assumption of homologous perturbationse T
aim was to quantitatively test stellar evolution modelsdois
thermal-pulse instabilities. The problem with the localbslity
criteria lies mainly in the necessity to have to assume a-fu
tional form of the perturbations (usually homologous moYio o;0nq1utions have not been put forth in the literatureaso f
and therefore to constrain the nature of the instabilitytarithve . o
to adopt a not well definable thickness of the shell. Yoon et al AS me_zntloned at the beginning of Se@ 4, the merg-
(2004) mention that the shell thickness in their heliumreting 'ng/sugggff'?grﬁ?ﬁ:te;g t(gzggioc[j:i)prt?\?scirr]n dmugggigf’ %‘:}I?Oerggé
white dwarf changes by about 15% if they use once the radiit gs! lusi h gitt); lar back y d a
f(e = 1025 and once at(s = 10-3cmm) With smax being 1€ important conclusion that not stellar background guant
ine peak nuearbuming e For i scussios, voah o 1 20T oA Do T 2 S e

— 2% ) : , : _ :d by De
gegts \%ﬁ the eV(])-Iuti onggrvlgfn:alﬁgt}ogg. _Ic_)ﬁ; ;Sl?rgislmaﬁ greegesplte adoptlng.the point of view that _the_thermal pulsesth
incomplete, however, since, as we have discussed beferdigh S€!ves are (nonlinear) relaxation oscillations, Defou®7()
sipation inherent in the computational schemes for steifatu- ﬁren;?[haesr'tzﬁdb;{i‘gnC;rzgt{['agtﬁg cr’]fitﬁé’grgﬁﬁte'ctéfnadélr‘;tlrﬂg:etoe
tion m'?ht sdugptrests tg}e(malfplljllfes despltelthelrblelnglpdaﬂbs dencg of nuclear burning;r tc? decide over the rl?ature of thg
resent and detectable in a full linear secular analysis. . I . )

P In Table[d, local secular instability obtains if theynumtxazfrs secular eigenvalue. Earlier an, Dennis (1971) studied éped-
column “Ar/r” are smaller than those of columir/4” and if dence orer of the secular stability of the helium-burning shell

the numbers of columnAT /T” are bigger than those of cqumnOf massive stars. Low values ef, left the considered secular

“4 /e1”. For model 1470, the geometrical criterion [ (1) indi_mode oscillatory damped; increasiag drove it overstable and

cates instability for all choices of shell thickness; therthal for ey > 53, it eventually unfolded into two monotonic branches.

L : o . : In our computations, we found the magnitudesgfat the peak
art of the local condition favors instability for ficiently thick .
ghells (i.€. fOremay/100 andemay/1000). lzllote that fo? model of the unstable He-burning shell to stay at about 40 and tp var

: : . by less than 5% during the ThMP cycles; in the case of the un-
1470 (cf. Fig[4) neither the solution of the full secular hdary- . ; ; L
value problem nor stellar evolution shows a sign of secular i;gjrlrg%?engpr;c;gtee r?(;nv%h(gttlggrﬂqijc,c}(i%?tf)lzxggggtoe ré%&:stg;rb
stability yet. For model 1516, the geometric and the therm Lss. Hence, together with the phése-shifted mefaitiglding

local criteria behave the same as for model 1470. In this'cagehavior of Q, we conclude that the importance of lies at
it is compatible with stellar evolution and full secularadysis best in its madnitude but not in its variatign

Already|Gabriel & Noels|(1972) stressed that due to the non-
hermiticity of the secular stability problem, complex aigal-

ues must not be considered unusual. An unambiguous prescrip
Nfon of conditions that must prevail in a star to lead to cosmpl

4 To explain the physical processes during a secular ingtabil
Kippenhahn (197.'0) was the fir§t.to refer to alﬁfeetive spgpific heat” 43 On the secular-eigenmode spectrum
that goes negative. The baptizing of thifeetive specific heat as
“gravothermal specific heat” seems to go back to Sugimoto &lili | ooking at the modal diagram in Fid] 4, we realize that the os-
(1981) who were guided by an analogy with the gravothermiaiste>-  cijlatory and the monotonic secular modes evolv@edently on
phe of self-gravitating systems. the o, — age plane . This applies also to cyclically repeating

5 The!Giannone & Weigert (1957) derivation of the local stifpiri- ; . ; ; _
teria of nuclear burning shells is more general than whatn@ctrschild episodes of unfolding of complex eigenmodes into two mono

& Harm (1965) (SH65) did. Not only do Giannone & Weigert aceo tonic modes during the ThMP phase and in particular it is true
modate a more general equation of state than SH65, they sovenat for the early ThMP phase_ when the He shell source takes over
resorting a priori to homologous perturbations. The rasylstability TOM central helium burning. However, throughout the whole
criteria look considerably more crowded; on the other hamel gains ThMP phase the stgble oscillatory secular modesd@ Q)

a broader range of applicability than the SH65 one. This isiatmf Show an averager increase that exceeds that of the mono-
interest when objects other than low-mass AGB stars aréestud tonic modes; this suggests that oscillatory and monotogie s
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ular modes are each influenced bffeient regions of the stellar
interior. Unfortunately, the secular eigenproblem admit$io 300
special mathematical structure, so that all the helpfulstole-
veloped for the hermitian adiabatic pulsation problems db n _200
grip. We must therefore resort to analyze eigenfunctiorseat
lected instances and hope to derive therefrom useful hinte® 100
nature of the secular modes.

In the following, we refer to the eigenfunction components
p, t andsq = T ésstanding for the relative radius, pressure, tem-
perature, and heat perturbation, respectively. We studietbre 5
detail the eigenfunctions at the begin of the ThMP episode: F
model 1488, just before the onset of the thermal micropufses
model 1492, one stellar model after the onset of the micegsyl
and for model 1516, at thie; = 0 phase after the first pulse cy-
cle. Since, as mentioned before, the secular problem adits
no favorable mathematical structure, we cannot assumerany o
dering of the modes (e.g. no correlation of node numbers and
the magnitude of the eigenfrequency) and indeed this is what
encountered. The counting was exemplarily done on eigenfun
tions of the lowest five monotonic eigenmodes, and the firsteth
oscillatory ones (@ O,, O3). Node counting revealed that the -5 — Real parts
mechanical eigenfunction components and the thermal ages b
have diferently. For all modes considered, the mechanical eigen-
function components had either 2 or 3 nodes; i.e. the number o
nodes of the displacement and the relative pressure patinnb
was independent of the particular mode. Furthermore, the-nu
ber of nodes of a chosen mode was subject to change (by one
or two nodes) as the star model evolved. For all secular modes
monotonic and oscillatory, the radial displacement adanitede
either within or close to the hydrogen burning shell.

Figure[T plots representative eigenfunctions of modenO
model 1516. The top panel shows the spatial variation of the
phase of the heat perturbatiéq The middle panel displays the
real parts of/, t, and of the suitably scalett); the correspond-
ing imaginary parts of the eigenfunctions are containecha t
bottom panel. For better orientation, the middle panel imco 5 Imaginary parts -
plemented with a dash-dotted line tracing the (again slyitab | ! | L ]
scaled) spatial variation of the star’s luminosity. The@otl at 4 ) log x 0
the H-burning shell is reminiscent of the “mirror principken-
countered in the spatial variation of the radius evolutibmany Fig. 7. Spatial run, measured in fractional radi®f eigenfunc-
shell-burning stars. Only mode,@as a relatively large displace-tion data of the @ mode in model 1516. The two lower panels
ment amplitude also interior to the helium burning shelleThshow the real and imaginary parts of the relative tempezater-
displacements of modes,@nd G become marginal already turbationt, the radial displacemegt and the heat perturbation
below the hydrogen-burning shell. On the other hand, many &, The heat perturbation and the luminoditydash-dotted line
the monotonic modes which we studied have non-negligilste din the middle panel) of the stellar model are suitably scédefit
placement amplitudes in the deep interior with these aog#i$ the plot range. The top panel shows the spatial variatiohef t
growing with|or|. Also the monotonic secular modes admit ofomplex phase angle of the heat perturbasign
a node close to the H-burning shell. The outermost nodedies i
the envelope with its position in radius to grow with|, for
all these monotonic modes, the maximum amplitude is reachenkes. Furthermore, the thermal eigenfunctions show a nede b
at the surface. Foall modesconsidered, the perturbations behavior that difers from that of the mechanical ones. The number
come homologous below log~ -3.5; i.e. homologous vari- of nodes of the thermal components exceed that of the mechan-
ation prevails only over a tiny fraction of the star’s radared ical ones in all models considered. In contrast to the mdehan
in particular it does not obtain at and above the nuclear-bural eigenfunctions, the thermal eigenfunctions dfedent mode
ing shells. Focusing on the perturbations of thermal gtiasti branches have alwaysttérent numbers of nodes (e.g. at model
revealed that e.@q of the oscillatory secular modes {@ O;) 1488: 4 nodes iiaq for Oy, 7 for O, and 11 for Q). But again,
is considerably confined to the intershell region of thelatel as for the mechanical eigenfunctions, the number of nodieeof
models with some noticeable amplitude at the base of this stahermal eigenfunctions of a particular mode branch is not co
envelope, just above the hydrogen shell. In contrast, theges- stant as the model evolved.
turbations of the monotonic modes achieve their largestiamp It is worthwhile to point out that, in contrast to the find-
tudes in the very deep stellar interior with the heat pe#tidns ings of|lHarm & Schwarzschild (1972), the imaginary parts of
in the nuclear-burning shell region being relatively smafised the eigenfunctions of the oscillatory modes are always @ayp
on the behavior of the thermal perturbations, we can contlide ble to the real parts over most of the stellar interior; thuplees
oscillatory modes as functionallyféérent from the monotonic for the mechanical quantities as well as for the thermakrdeis

Psq
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(cf. FigurelT). The phase @fj varies significantly over most of S8 L N N L LA LS
the star’s radius, in particular the envelope is not varysgpg- '
chronously; a fact which is quantified in the top panel of Hg.
The most rapid phase variations occur in the H-burning asd ju
below the He-burning shell. Across the helium- burning khel 0.
the phase stays essentially constant, so that eigenfusdbie-
have, at least locally, like standing waves. And as to be el
in the region where the perturbations are homologous, ére. f 0.0
logx < —3.5, the phase variation level§fo

The phase variation @fg is also relevant for another aspect:
Harm & Schwarzschild (1972) postulated without furtheesip 0.5
fication that the complexification of secular eigenfrequesice-
lies on the coupling of a “reacting” and a “driving” layer, tivi
6q beingn/2 out of phase in the two layers. The reacting layer20 — | | | | | | | | | L1
was identified with a region just inside the He-burning shell
stellar material above the helium shell was thought to hawe t
low a heat capacity to constitute a pertinent reactive |layer . ; ; ;
was therefore discarded. But only the two-zone models (Tz@gﬁ.intlzlrﬁ)err?rgglsi\ggrléolr?\ﬁ?\:%ﬁ_g\/\gg ;ggotgggvvggﬁ%g
ofDefouw (1978) eventually charactepzed the phys_lca!ljrmq gions positivé and damping ones negative. The dash-daried |
ments for the occurrence of complex eigenfrequencies isghe

depicts, to help orientation, the spatial variation of thiltrel-
ular problem. The TZM were successful to reproduce restilts g, luminosity,L/L.. The data is shown for model 1492, the
previous numerical experiments that aimed at understgritian PN y

; epoch just after the onset of the thermal micropulses witbeno
occurrence of oscillatory secular modes.

To quantify the phase flerence between reacting and driv-Ol having gone overstable.

ing region we resort here to the “ultrasimplified model” whic
neglects the thermal coupling between the two zones (ct. Seteep interior, below the He-burning shell, i.e. in the irgi®
VI of Defouw [19738); in Defouw’s notation the phase angle interior.
between the heat perturbations of the TZM can be written as To more directly illustrate the action of the helium shell to
tang = —ny/(11¢11 — NR). Hence, a phase fiierence ofr/2 (as power the instability and thermal activity of the interdhret-
referred to in Harm & Schwarzschild 1972) between the dgvi gion we computed work integrals for some overstable oscilla
and the reacting zone is recoverauly for the very special cir- tory secular modes. Following the reasoning and interfioets
cumstance ofl;c;1 — nr = O; i.e. forng = 0 andc;; = 0 which  of [Glatzel (1994), we justify the adoption of the work intabr
means for a neutral oscillation (temporal variatioexp(-t)) of ~even in the case of rapidly growing instabilities.
amodel with an infinite gravothermal specific heat of theidgy ~ For model 1492, Fid.18 displays thefidirential work curves
region, or for the very special correlatiagnc;; = ng. In all other
cases, however, @ ¢ < 7/2 betweersq of the driving and re- — —— o« Im(t'p) Pr3s, 2
acting regions, depending @m/n, andA;c1/n. Together with dlogr
the fact that the heat capacity of the intershell region matidp of the oscillatory modes Dto O;. We defineds =
lower than that of the He-shell, which is considered as the drdlogp/dlogP at constant temperature. The asterisk refers to
ing region, we conclude that it is not unreasonable to contethe complex conjugate of the quantity to which it is appliét.
plate the intershell region or part thereof as the reactaygrl differential-work curves in Fig.]8 are normalized indepengentl
Furthermore, the dierential work plot shown in Fi§]8 hints at ato unity at the positions of their respective maximum driyas
higher reactivity of the intershell region than of the stelayers we are mainly interested to illustrate the domains of “afstiv
on the inside of the He shell. The spatial variation of the fierential work is representative of
The lower two panels of Fil] 7 display the heat perturbatiarach mode for the whole ThMP episode,; it is only the strengths
ég as a heavy line and the relative temperature perturbationof the various driving and damping regions that changeivelat
as a thin solid line. The displayed spatial run is repredmeta to each other. For better orientation, the thin dash-dditbedn
of the O, behavior during the whole ThMP phase. We emphdrig.[8 traces out the spatial run of the total relative lursityo
size the positive correlation betweégandt in the He-burning For the Q mode, it is evident that the maximum driving oc-
shell: Locally a necessary condition for a secular insiighib  curs in the helium-burning shell. The intershell domairzsn
develop; if a star goes eventually unstable depends of eaurs helium and hydrogen burning constitutes the dominant damp-
the detailed damping and excitatiofiieiencies throughout the ing region. Some minor additional damping is observed in the
whole object. (The amplitude afq, an absolute perturbation,outermost layers. As the ThMPs begin, the driving in the He-
was divided ad hoc by 210 to match the scale of the fig- burning shell overcompensates the intershell dampinglliyin
ure.) If6q = A-6T/T with A > 0 lies in nuclear-burning layers as the star stabilizes secularly, the driving and dampiatufes
with sufficiently temperature-sensitive reactions, this helps fpersist as before; however, the damping regions eventwatly
a marginal heat perturbation to develop into an instabilitye over the weakening drivingfkect in the fattening He shell. For
6= A-8T/T correlations in suitable stellar layers was encoui®, and G , only weak driving occurs in the He-burning shell,
tered only for Q modes. The other oscillatory secular modeshe intershell region exhibits almost canceling drivind damp-
despite having also positivie]— 5T /T correlations, these corre-ing. It is then the envelope that eventually determinesaie éf
lations were confined to the intershell region where no gajsi the modes’ stability with strong damping throughout moghef
agent exists to exploit the temperature perturbation ataggp outer layers.
ate phase. Also the monotonic modes show regions of suitablelHansen|(1972) pointed out the running thermal-wave char-
69— 6T/T correlations which were usually located in the verpcter of oscillatory secular modes. Studying the tempaehv
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Arlr Gabriel (1972) showed that for Siciently short time-scales,
0.010 over which a star’s evolutionary variations can be lineanty
proximated relative to a reference epoch, the physical tijuan
ties can be expanded into a series of secular eigenfungsers
eq. (13) in_Gabriel 1972). We followed Gabriel’s proceduwe t
find out how well the linear eigensolutions approximate the-v
ation induced by the star’s short-term evolution. At (beswé&00
and 300) equally spaced gridpoints in bggve solved the least-
square problem for the cfiizients of the series expansion in
T §s (cf. eq. (15) in_Gabriel 1972). Tablé 2 lists the results for
model 1792 for various choices of terms included in the serie
(first column). For each number of modes included in the serie
expansion, the sum of the dfieients was normalized to unity
separately. The mode designated byvas unfolded at model
1792 so that its expansion d@eient is real and not complex
as for Q and Q. The monotonic modes which were included
in the series expansion are labeled aslklicontrast to Gabriel's
gravitationally contracting model stars, our ThMP modeldt
show an equally rapid convergence of the series as a funation
the number of modes (i.e. terms) included. In accordande wit
the eigenmode properties discussed in $edt. 4.3 we foundsnod

0.005

0.000

-0.005

-0.010

P —

0.005

0.000 £ gec. expansion —s

LT - 0O, and Q to be essential to approximate well the functional be-
-4 -3 Iog_i -1 0 havior in the nuclear burning shells; to also match the cack a

the envelope variation, the inclusion in the series exmpemesf

Fig.9. The top panel shows the relative radius charggr, as (damped) monotonic modes, in particular of Murned out to

a function of the relative stellar radiusderived from the stellar P& indispensable; however, at the price of added spatial-sma
evolutionary sequence, as the star evolves through the ThhviBPlitude oscillations ir-4 < logx < —3. An impression of the
cycle between model numbers 1732 and 1814. This phase cofility of the result of Gabriel's procedure appliedAo/r of

the largest-amplitude mode-unfolding episode depicté&igia. model 1792 with 9 terms in the series expansion can be got from
The bottom diagram compares the quantityr at model 1792 the bottom panel of Fig.9.

with the result of the Gabriel-expansion with 9 terms, aggbtio TheGabriel|(1972) — expansion turned out to do reasonably
the displacement eigenfunction. well to approximate the spatial variation of perturbed [tais
guantities (see bottom panel of Fid. 9). However, in contias

many stellar pulsation problems, linear secular theongdaio

reproduce the amplitude evolution of the variability thybout
tion of the complex eigenmodes in our models revealed indeg@ ThMP episode. This is not further surprising as this aim
a pronounced propagative behavior. All complex eigengmist |ies outside the domain of validity of the Gabriel-expansio
behave similarly in that outward propagating patterns @@ Nevertheless, the period of the overstable secular modagiur
the inter-shell region; the He-burning shell acts as a —i@pat the ThMP phase provides a good approximation to the pulse-
stationary — piston for these features. Below the He shelt h cycle length of the fully nonlinear problem.
perturbation and radial displacement behave mostly ligadst Finally, it is worth emphasizing that the secular problem
ing waves with only a weak inward-running component. is strongly non-normal. So that we cannot, in general, expec
a close match of the linear results with the nonlinear deyelo
ments. For non-normal operators, considerable transleasgs
are usually encountered at the onset of instabilities, sb th
normal-mode eigenanalyses might have only limited pradict

At the end, we want to find out how well the Gabriel (1972) power (e.d Trefethen & Embree 2005; Eisenrhan 2005). In our
expansion does in the context of our ThMP problem. We agiase here, though, the agreement is surprisingly good.

dress this aspect with the help of Hig. 9; its top panel shbes t
spatial variation ofAr/r = 1 — r(m,tp)/r(m,t;) (with to, t; de-
noting temporally neighboring models) during the ThMP eycl
which is bounded by models 1732 and 1814 — this cycle encoflarge number of 3M stellar models that exhibit thermal mi-
passes the largest-amplitude mode-unfolding seen il Fithé cropulses at the onset of their double-shell nuclear bgmpirase
model numbers given in Fi@] 9 refer to the later epochs usedvwere studied by means of linear secular eigenanalyses. The
computeAr /r; the bump at about log = —2.8 (location of the micropulses are considered as physically comparable with the
He-shell) is spatially an essentially stationary feattine,same larger-amplitude thermal pulses of low- and intermediatess
applies to the homologous radius variation of the even ddgpe stars usually encountered along the advanced AGB. Our compu
ing regions. An almost perfect node (at bogr —2.2) lies at the tations showed that the ThMP episode sets in via the ingabil
base of the hydrogen-burning shell. This node is a mantiesta and finally dies away via the restabilization of@scillatorysec-

of the “mirror principle” which is referred to frequently ithe ular eigenmode. And most importantly, the overstabilitythod
context of shell burning stars. Finally, an outward propigg lowest-frequency oscillatory secular mode persists ovestrof
bump develops above the hydrogen-burning shell; its prapaghe ThMP phase. During the numerous ThMP cycles, the oscilla
tion into the star’s envelope can be traced even in the tienes tory modes unfold temporarily into pairs of purely monotaso

of Ar/r in the top panel of Fid.]9. secular modes. This phenomenon, we think, is the resultref pe

4.4. The relevance of the secular modes on the star’s
evolution

5. Conclusions
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Table 2. Codficients of the expansion dfd; S, in terms of secular eigenmodes for model 1792. The first colgimes number

of terms of the series expansion. The modes used in the sededenoted by O’s for the oscillatory ones (cf. Fif. 4) and M’
for monotonic secular modes. The second lines in the colwh@s and G give the imaginary parts of the respective expansion
codficients.

number of modes s} 0O, O3 M, M, M, M, Ms Ms
3 0.177 0.301 -0.031
0.427 0.124
4 0.238 0.355 -0.085 -0.289
0.513 0.270
5 0.223 0.331 -0.074 -0.289 0.003
0.494 0.301
6 0.264 0.363 -0.087 -0.319 0.012 -0.006
0.536 0.236
7 0.248 0.331 -0.049 -0.293 0.014 -0.012 -0.034
0.456 0.360
8 0.209 0.105 -0.012 -0.278 0.012 -0.009 -0.012 0.126
0.387 0.474
9 0.208 0.158 -0.009 -0.274 0.012 -0.009 -0.016 0.084 -0.016
0.383 0.481

forming stability analyses on the actually pulsing stettawd- a long time (e.g Rose 1966), we could essentially suppress th
els. We conclude that the ThMPs are the nonlinear developmpalses when adopting even a moderately large time-stept@rfa
of the linear instability of theoscillatory O; mode. Most im- less than two compared with the pulse-resolving time-stEm
portantly, the cyclic nature of the ThMPs has its origin in anonlinear “pulse-suppressing” evolution computationveso a
unstable linear oscillatory secular mode that persistauiffinout very weak signature ity of three strongly damped thermal
the ThMP episode; it is therefore not surprising that thedin pulses only. The linear stability analysis on these modmigic-
periods (cf. Fig[b and in particular Figl 5) correlate weithw ued, on the other hand, to reveal an unstable oscillatonylaec
the lengths of the nonlinear pulse cycles. The view of Defoumode with the instability extending over essentially thenea
(1973) of the thermal pulses to be nonlinear relaxationllasci evolutionary phase as found in the “non-suppressing” cdezpu
tions of monotonic type appears to have been prematurees ittron. Hence, the stellar evolution equations as discrdfizenost
lied probably on the ingticiently long simulation computations computer codes are inherently dissipative and they aregpimn
of Harm & Schwarzschild (1972). Would the latter authorgéha suppressing secular instabilities at large time-stepsréthre,
had at their disposal data covering more thermal-pulseesycldepending on the particular goal, it is not advisable to dgge
we are confident that they would have observed a re-mergingaiin at evolving stars with a minimum of computational time-
the two monotonic mode branches into a complex pair duristeps; it also seems dangerous to estimate the stabilitiyedif s
later phases of pulse cycles withfciently low amplitude (cf. sources via local criteria alone in stellar-evolution cartgpions
Fig.[4). The linear aspect of the instability which was emphé#cf. Sect[4.1).

sized in this paper is not capable to capture the nonlin@aefi
amplitude development of the various physical quantitie$nd
the ThMPs. Indications that nonlinear processes are inihee
portant are hinted at in Fig] 3 which shows that the amplisud

The possibility to decide observationally if ThMPs are real
d ized in nature seems bleak; the luminosity variations dyttre
gulses are very small and on much too long a time-scale to be

of the radius and density variations in the nuclear-burisingjl potentially detectablén flagranti. Furthermore, the number of

centers saturate after about the first four ThMP cycles and3ffrs In the appropriate evolutionary stage in a stellareagge

Fig.[ with the amplitude of 1 decreasing slowly after aboutsuch as a cluster seems too small to be observable via an accu-
. e . ’ X .

397 My despite the persistent overstability of mode util mulation dfect in say a color—r‘_nagnltude dl_agrar_n. Last but not
about 403 My least, we found no evidence of interpulse mixing in the evpe$

Applying the explanation of thermal pulses as the nonlir?—f ThMP-ing stars so that spectroscopic forensics to ifienti

car development o a Ineary ovrsiale secuar mode legf€ 1 P1e Jppears mpiashle Monetheless, o (e b
also to a natural explanation of the origin of the core-mass — 9 ’

interflash-period relation which was derived along the adea cial computational laboratory to study fundamental aspett

AGB (Paczynski 1975). We conjecture that the interflastigge SEcular stability of complex stellar models in advancedwevo
is the period of the overstable secular mode which gets shof{onary stages pertinent also to the nature of thermallgipg|
with increasing core mass. Unfortunately, the evolutigmpérase Upper-AGB stars.

of the ThMPs is so short that the core mass does not change

significantly; therefore, our conjecture could not yet belem

pinned quantitatively. Nevertheless, Fig. 9 hints at a elesing

period of the overstable secular mode as the star model @scegtknowledgementsThis study was initiated by H. Harzenmoser's inquisitive
the AGB. A detailed study of thermally pulsing AGB stars restudying and digesting the (also older) stellar-physiitetature; A.G. is grateful
mains to be done. for his persevering stimulus and culinary support over t&l past years. This

. . . . research has made use of NASA's Astrophysical Data Systesirddi Service.
Well known, but frequently not pald gicient attention to Is The authors are most grateful for M. Gabriel's thoroughneding éforts which

the fact that stellar-evolution results depend, partlynesensi- ied to significant improvements and eventually to a more tttepresentation
tively, on the time-stepping of their computation. As knofen  of the material.
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Appendix A: Approximate stability analysis of stars  Althaus, L. G., Serenelli, A. M., Cérsico, A. H., & Montgome M. H. 2003,

i i A&A, 404, 593
in thermal imbalance Bildsten, L. 1995, ApJ, 438, 852

In the following, the linear equations are compiled as theyay Buchler, J. & Perdang, J. 1979, ApJ, 231, 524
9 q P ey Cassisi, S., lben, ., & Tornambe, A. 1998, ApJ, 496, 376

used to compute the radial secular modes of stars in themmnal 'Cox, J. 1980, Theory of Stellar Pulsation (Princeton, Nevsele Princeton

balance. We relied on the perturbed Lagrangian quantities University Press)
Defouw, R. 1973, ApJ, 182, 215
_or _oP (= oT - oL A1) Dennis, T.1971, ApJ, 167, 311
c=7 PEE e 1= (A-1) " Despain, K. 1981, ApJ, 251, 639

Eisenman, I. 2005, J. Phys. Oceanogr., 35, 616
The time dependence of the problem is factorized by exp(i Gabriel, M. 1972, A&A, 18, 242

- - . - - Gabriel, M. & Noels, A. 1972, A&A, 20, 455
The eigenvalue of the resulting linear problemjs normalized Gautschy, A. & Glatzel, W. 1090, MNRAS, 245, 154

by |loll = V3GM./R2. The linearized stellar structure equationsiannone, P. & Weigert, A. 1967, ZfA, 67, 41
for radiative regions, including approximated thermabatance g'ath%"rYVnggfvt’)‘/”(\j‘_RAE'iqéig JETP. 17 792
R urevich, L. ebedinski, A. s , 17,
terms, are cast into the form Hansen, C. 1972, AGA., 19, 71
—. 1978, ARAA, 16, 15
él’ 03 02 Sga S(Z é; Hansen, C. & Van Horn, H. 1975, ApJ, 195, 735
_ - 3 4

X dy — . (A.2) Harm, R. & Schwarzschild, M. 1972, ApJ, 172, 403
p % 0 V O pl’ Iglesias, C. & Rogers, F. 1996, ApJ, 464, 943
t S M2 M3 Sus t Kippenhahn, R. 1965, Mitt. Astron. Gesell., 19, 53
—. 1970, A&A, 8,50
with the secondary quantities in the matrix defined as Kippenhahn, R. & Weigert, A. 1994, Stellar Structure and I&tion (Berlin,
Heidelberg: Springer Verlag)
S3 = C1(Coep+ Tp+ioVag) , (A.3) Ledoux, P. 1962, in Star Evolution, Proceedings of the frational School of
. Physics “Enrico Fermi”, Course 28, ed. R. Gratton (AcadeRriess, New
S4 = C1(Coer + Ty —i0) , (A4) York), 394
_ 2 Mazzitelli, 1. & D’Antona, F. 1986, ApJ, 308, 706
S = (4+ 3¢ )V’ (A-5) Paczyhski, B. 1975, ApJ, 202, 558
S11 = 4V Viad, (A.6) Rose, W. 1966, ApJ, 146, 838
5 Schwarzschild, M. & Harm, R. 1965, ApJ, 142, 855
S12 = =V Viag X (L*/Lr) > (A-7) Sugimoto, D. & Miyaji, S. 1981, in Fundamental Problems ie ffheory of
— Stellar Evolution, IAU Symp. 93, ed. D. Sugimoto, D. Lamb, & $chramm
$3 = —VVraap, (A.8) (Dordrecht: Reidel), 191206
Sge = VViag (4—x7), (A.9) Thomas, H.-C. 1967, ZfA, 67, 420
Trefethen, L. N. & Embree, M. 2005, Spectra and PseudospgBtrinceton
with ¢; = (r/R.)%/(M;/M,) andx = r/R,. Furthermore, University Press)
Weigert, A. 1965, Mitt. Astron. Gesell., 19, 61
M, UcpT||o| —. 1966, ZfA, 64, 395
C = 12 (A.10)  voon, S.-C., Langer, N., & van der Sluys, M. 2004, A&A, 425720
C & (A.11)
27 ool
Csz = dtlo_gT , (A.12)
llerl
Ca = VoulogP (A.13)
llerll

The quantitied) andV represent the two homology invariants.
The temporal derivatives of Idgand logT are the ones used in
the gravitational-energy term of the stellar-evolutiomputa-
tions. Finally, we approximate the thermal-imbalance teas

—Cscpp + C4(6p — @) , (A.14)
—CsCpr + Cy (51’ + 5) . (A15)

Te
Tr

With cpq we refer todlogcp/dlogqg, the same applies to
dq- The remaining not explicitly defined variables have ei-
ther their canonical meaning as used in stellar structuee th
ory (see e.d. Kippenhahn & Weigert 1994) or as referred to in
Gautschy & Glatzel| (1990). Regularity constraints in ther'st
center enforce the central boundary conditions; at thiastair-
face, the physically motivated ones used in Gautschy & @latz
(1990) were implemented.
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