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HOLOMORPHY CONDITIONS OF FUJI-SUZUKI COUPLED
PAINLEVE VI SYSTEM

BY
YUSUKE SASANO

ABSTRACT. In this note, we give some holomorphy conditions of Fuji-Suzuki coupled
Painlevé VI system. We also give two translation operators acting on the constant
parameter 7. We note a confluence process from the Fuji-Suzuki system to the Noumi-

Yamada system of type Aél).

1. INTRODUCTION

In this note, we study Fuji-Suzuki coupled Painlevé VI system (see [1I, 2} [3]).
Define birational and symplectic transformations r; (i = 0,1,...,6) as follows:

1
To - (37072/07207?110) = —(((h - Q2)p1 - Oéo)ph p—,(h,pz +p1 ],
1

r (21, Y, 21, W) = ,—(qm +041)Q1,C]2,p2) )

1

—~
—_
~—

1 p
r3: (23,3, 23, w3) = | —(q1p1 + @2p2 — (a3 — 0)))p1, p_’ q2p1, —2) ;

1 b1

Ty (934,y4,24,w4) =

(

T2t (T2, Y2, 22, W2) = (‘((Ch — t)p1 — az)p, pi,%m) ;
(
(

1
q1,P1, _((Q2 - 1)p2 - a4)p2a _) )
b2

1
s 1 (%5, Ys, 25, Ws) = | q1, D1, q_7 —(p2g2 + a5)q2 | ,
D)

1
6 : (X6, Yo, 26, W) = (—(XY +ZW —(n—aq —ay))Y, ?,ZY, —) ,
X

where the coordinate system (X,Y, Z, W) is given by

1 1
rsory: (X, Y, Z,W) = (q_’ —(qip1 + o), o —(p2g2 +a5)q2) :
1 2
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We note that it was difficult to find the condition r4. Because this condition is a patching
data on the double boundary of the variables ¢, ¢ in 4-dimensional complex manifold &
given in the paper [31], that is, rsory : (X,Y, Z, W) = (qil, —(qp1+ a)qu, o5, —(page + a5)q2>.
There exist a polynomial Hpgg, such that the Hamiltonian system
@) @:8HFS @:_8HFS @:8HFS @:_8}[1:5
dt opy ~ dt Oq ~ dt Opy ~ dt 0qs

is transformed into a polynomial Hamiltonian system under the action of each r; (i =

0,1,...,6), where a polynomial Hamiltonian Hpg is given by
t(t — 1) Hpg =

(3) Hvr(qi,p1; a, a0 + g, a3 + a5 — n,nan) + Hyr(ge, p2; ao + a2, au, a3 + an — 1, nas)
+ (¢1 — t)(q2 — D{(q1p1 + a1)p2 + p1(qep2 + as)},

where ¢;,p; (¢ = 1,2) denote unknown complex variables, and «;,n (j = 0,1,...,5) are
complex constant parameters satisfying the parameter’s relation:

Oéo+0(1+0(2+0&3+0&4+0&5:1.

It is known that the system (2]),([3)) admits affine Weyl group symmetry of type Aél) as
the group of its Backlund transformations (see [1]).
The symbol Hy;(q,p;a,b, c,d) denotes

Hy1(g,p;a,b,¢,d) == q(q—1)(g—t)p* —{(a—1)q(q— 1) +bg(qg—t) +c(q—1)(g—1t)}p+dg.
We note that the holomorphy condition 75 should be read that
ro(Hps — p1)

is a polynomial with respect to xs, ¥, 22, ws.

This system admits several Lax pairs (see [1, 2l 3]).

We note that the Hamiltonian system (2),(3]) is invariant under the following diagram
automorphisms sg, sg, $19. With the notation (%) := (q1, p1, G2, P2, t; G, 1, - -+, 5, M)

G2 G 1
S8 ! (*) — (77tp27 ?7tp17 ;;Oéo,Oé5,0é4,0é3,0é2,0él,7]) )

1 q 1
(4) S 1 (%) — (q_7 —(p1q1 + p2g2 + ), q_27P2Q17 ?0447043,042,04170407045777) )
1 1
t P22 + P1q1 +1)q2 ¢
S10 - (*) — <q_a _( t ) aq_ap192>t§042>043aa4>045>040aa1>77 .
D) D)

We also remark that these transformations sg, g, s19 satisfy the following relations:
s%zsgzl, si{’O:l, S10 = Sg © Sg.

We remark that we can consider the transformation sg as holomorphy condition (see (37),
cf. [14]).
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Finally, we will give two translation operators acting on the constant parameter 7.
PROPOSITION 1.1. Let us define the following translation operators;
(5) Tl = (8281081081)4, T2 = slTlsl, T3 = S5T1$5.

These translation operators Ty, (k =1,2,3) act on parameters a;,n as follows:

Tl(Oé(),Oél, .. -7045777) :(Oé(],Oél, .. -7045777) + (07 _17 1707 _17 170)7
(6) TQ(a()aala .. .,045,77) :(OZQ,Oél, . .,045,7’]) + (_]-7 1a070a _1a ]-7 1)a
Ts3(, aq, ..., a5,1) =(ag, 1, ..., a5,m) + (1,—1,1,0,0, -1, —1).

Here, (see [1])

aq
511 (%) = (Ch + p—aph%ap%t;ao + oy, —Qq, Qo + g, a3, g, 5,1 — a1) )
1
&%)
sp: (%) = g1, p1 — ﬁ7q27p27t;a07a1 + o, —Qig, a3 + Qip, g, 5, M + Qg |
L —
Qs
s5: (%) = (g1, p1, 2 + p_7p27t;a0 + as, a1, Q, 3, 0y + a5, —s, M — Qs )
2

In particular, two transformations 75,73 are translation operators acting on the con-
stant parameter 7 :

(7) Ty(n)=n+1, T3(n)=n-1.

Next, we review a confluence process from the system (2)),([3)) to the Noumi-Yamada
system of type Aél) (cf. [28, 2, 1 33]).
For the system (2)),([3]), we make a change of parameters and variables

1

(8) ag=Ap, a1 =Ay,...,a5 = As, U:A1+A5+g,
P P.
(9) t=1+el, q=1+¢eQ1, ¢g=1+eQy, plZ;la pzz?z,

(10) His(e) = ¢ (HFS - (01 + ag)y )

(t—l)(O&o+O&1+O&2+O&3+O&4+O&5)

from Qp, Q1,5 - - .5 A5, 1], ta q1,P1, 42, P2 to A0> s aASa &, T> Q1> P1> QQa P2' Then the SyStem
(@), (3] can also be written in the new variables T, Q1, Pi, Q2, P» and parameters Ay, . .., As,
€ as a Hamiltonian system

(11) dQl _ 8HFS(5) dP1 _ _8HFS(5) ng _ 8HF5(6) dP2 _ _aﬂps(é)
dT oP, ' dT 00, ' dT oP, ' dT 90y
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Here, its holomorphy conditions are given by

(12)
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(
(
1o (o wa) = (~((Q1 = TPy = A2)Py . Qe P )
(
(
(

1
s : (25, Y5, 25, ws) = | Q1, P1, 0y —(PQ2 + A5)Q2> ,
1 1 w
: =—-(XY+ZW - - )Y, =, 7Y, —
T6 ($6796a26aw6) ( ( + E) 7Yv ) Y>7

where the coordinate system (X,Y, Z, W) is given by

1
rsory: (X, Y, Z, W) ::<

T @R+ A)Q, L P A5>Q2) |

Q2

This new system tends to the Noumi-Yamada system of type Aél) as € — 0, where the
Noumi-Yamada system of type Aél) is explicitly given as follows:

(13)
dq: _ OHnyas  dpy _ _OHnyas  dgp _ OHnyas  dps _ _ OHnyas
dt 8p1 ’ dt 8ql ’ dt 8p2 ’ dt 8(]2 ’

tHyyas = Hy (g1, p1; o0 + au, as + s, 1) + Hy (qo, pa; o, as + o, as) + 2(q1 — ) prgepse,

where ¢;,p; (i = 1,2) denote unknown complex variables, and «; (j = 0,1,...,5) are
complex constant parameters satisfying the parameter’s relation:

Oéo+0(1+0(2+0&3+0&4+0&5:1.

Here, for notational convenience, we have renamed (Q1, Py, Qa, P, T, Ao, . . ., As) to (¢1, p1,
G2, P2, b, g, - . ., av5) (which are not the same as the previous (qi, p1, ¢2, P2, t, o, - - ., i5)).
The symbol Hy(q, p; a,b,c) denotes

Hy(q,p;a,b,¢) == q(qg —t)p(p + 1) + atp + bgp + cq(p + 1).

P
Py

).
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{/"
’ Fuzuki-Suzuki system with patameter ¢
Cy = {(Xs, Ya, Zs, Wa)| Xy = Zs = —L, Y3 = 0}
(X0 Yoo 20 WXy = 74 = LWy = 0} =B
Cy = {(X0, s, Z0, Wo)|Ya = Zy = Wi = 0}

U{(X7a }/}’ Z7, W7)|Y7 = Z7 = W7 — O} o IP)I.
FIGURE 1. This figure denotes the boundary divisor H of S (see (23)).

The bold lines C; i = 0,2,6 (see 22),(E3)) and C; j = 3,4 in H denote the
accessible singular loci of the system ([LT]).

Confluence process

e—0 6’3—>C(5

Y3

Noumi-Yamada system of type Aél)
3 = {(Xo. Yo, Zo, Wo)| X = Yg = Ws = 0}

U{(Xs, Ya, Zg, Wy)| Xg = Ys = Wy = 0} 2 P,
CP = (X, i1, Zu,, Wi)|Yiy = Ziy = Wiy = 0}

U{(Xo, Yo, Zo, Wo)|Yo = Zg = Wy = 0} = P!,
C’?(»?)) = {(X&Yé, Zs, Wg)|X8 =Zg=Ws= 0}

U{(X97 }/;)7 Z97 W9)|X9 = }/;) = Zg = 0} = Pl
FIGURE 2. This figure denotes the boundary divisor H of S (see (23])). The

bold lines C; i = 0,2 (see (22)),(23))) and C’él), C'§2), C’ég), Cy in H denote the
accessible singular loci of the system (3]
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Its holomorphy conditions are given by r; (j = 0,1,2,5), 74 (given in (I2)) and 75, 73 ’, 73
(see Figure 2)
(14)
7o : (o, Yo, 20, Wo) = <—((CI1 — q2)P1 — Q)P1, — G2, P2 +p1) ,
1
1
r (21, Y1, 21, W) = q_7 —(q1p1 + a1)q1, @2, 02 |
1
1
Tt (%2, Y2, 20, w2) = | —((¢1 — t)p1 — 2)p1, ]9—76127172 ;
1
5 o 1
Ty (334794,24,104) =\ 4P, —(Q2p2 - 044)172, p_ )
2
1
5 (25, Ys, 25, ws5) = | q1,p1, q_7 —(p2g2 + a5)q2 ) »
2
5 5 5 5 5 1
7“:(30) : ($§0)>y§0)a Z?(,O)a w:())())) = <q_’ —((p1 +p2+ g1 + a3)qr, g2 — Q1,p2> ;
1
(1) () S() (1) -1y _ am—ay w+l 1
T3 .(113'3 >y3 azs aw3 ) (Ilayl_l' T l’% s 21 l’l’wl )
5 (2) ~(2) ~ N 1 a5 — Q +1
ri(%z) : ($§2)>y§2)a2§2)aw§2)) = <$5 — —Ys5,%5, W5 + > > - & 2 ) )
25 Z5 Z5
20W — a3 + a1 + « 1 Z7-X
~(3)  /~(3) ~(3) ~(3) ~(3 3 1 5
Té)(:L’g),yé),zé),wé)):(X,Y—W+ X _F7T7WX2)7

where the coordinate system (X,Y, Z, W) is given by

1 1
rsory: (X,Y,Z, W) := (—7—(611]91 + a1)q, q—a—(pz% +Oé5)Q2) .
D)

q1

The Noumi-Yamada system of type Aél) can be characterized by four pairs of holomorphy

conditions;

(15) {7"0,T1,7’2,7:4,7’5,7:§0)}, {7"0,7’1,T2,f4,7"5,f§1)},

e o
{T07T17T27T47T57T3 }7 {T07T17T27T47T57T3 }

We remark that by making a change of variables (¢;, p;) and «;, the following transfor-

mation 55(,,1) associated with fél) becomes a Backlund transformation:

=(1) . .
S3 7t (xl,yl,zl,wl,t, Qp, O, . . .,065) —

(16) a1 — Q3 w1y + 1 1 .
—Zi,— |1+ - 2 ,zl——,wl,—t7oz4,043,042,041,040,045 )

)

0) ~(1) ~(2) ~3
§)7 (1) ()Té).

I
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and the following transformation §§2) associated with féz) becomes a Backlund transfor-

mation:

=(2) . +

S3 -(ifs,ys,zs,ws, ,Oéo,alw--,as) —
(17) 1 as —ag  Ys+ 1

Ty — — _tay5a_259_ UJ5+ - D) a_t;a2aa1>a07a5>a4aa3 .
25 25 25

Pulling back a diagram automorphism 7y;
(18)
71 : (g1, P15, 92, D2, g, a1, ..o as) = (—qi, —(p1 +p2 4+ 1), g2 — q1, P2, —t; 0, a3, a9, o, 0, (s)

by the birational transformation r;, we can obtain §§1), and a diagram automorphism 7y;

(19)

U (qlvplv(JQaant;aO;alv .- .7045) — (ql —q2 — tvplv_q27_(p2 +p1+ 1); —t;OL2,0L1,0L0,Q5,0L4,0Z3)

by the birational transformation r;, we can obtain §§2).

The system (I3) has the following invariant divisors:

parameter’s relation fi
ag =0 Jor=q — @
o =0 fii=m
a =0 for=q—t
a3 =0 fsi=p1+p2+1
oy =0 fii=g
as =0 J5 = p2

We note that when a; = 0, we see that the system (I3) admits a particular solution
p1 = 0, and when ag = 0, after we make the birational and symplectic transformation:

T3 =q1, Yy3=p1+p2+1, 23=0q —q1, w3 =Dy

we see that the system (I3]) admits a particular solution y3 = 0.
The Backlund transformations of the system of type Aél) satisfy

Q;
fi
where {, } is the Poisson bracket such that {p;, ¢;} = 0;; (see [29]).

Since these Backlund transformations have Lie theoretic origin, similarity reduction of

) = 9+ Llfug) + 5 ( ) Fodfogh )+ (g€ COar.prs o))

2!

a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry.
Finally, we list some holomorphy conditions of the system (I3]).

Hamiltonian H1 = ri(Hyyas), m:2 =, y=—(q + 1), 2= g, w=ps
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1 Qpq2 Qpq1
To - To=4q1, Yo=P1— 7, 20 =(q2, Wo=P2 — ——,
G1g2 — 1 G1g2 — 1
1 1
ryix = q—, v =—(pqn + 1)@, 21 = q2, Wy = pa,
1
1 1
Ty i T2 = —((Ch - 1/t)p1 - az)Pl, Y2 = p_’ 22 = (2 Wy = P2,
1
1 a3 — Q1 p2+1 1
T3 i3 =(qq1, Ys=p1 — - 5 A3 = (2 — —, W3 = P2,
q1 qi1 q1
1 1
Ty Ty =4q1, Ys = P1, 24 = —(C_I2P2 - 044)]?2, Wy = p_’
2
1 1
s :T5 =41, Ys = P1, 25 = q_’ Ws = —(P2Q2 + 045)612>
2

where 73 (H1 + ’Z—;) Here, for notational convenience, we have renamed (z,y,z,w) to
(q1,p1, g2, p2) (which are not the same as the previous (g1, p1, g2, p2))-

Hamiltonian Hs = r5(Hnyas), 5 : 2 =q1, Yy =p1, 2= w = —(pag2 + as5)qe

q_2’

5 Qpq2 Qo1
To - To=4q1, Yo=P1— 7, 20 —=(q2, Wo=P2 — ——,
G1q2 — 1 G1g2 — 1
5 1
ry T = q_’ y1=—(p1qn + 1)q1, 21 = q2, Wy = pa,
1
5 1
Ty 1Ty = —((q1 — t)p1 — a2)p1, Y2 = el B e
1
5 1 ag—as  p1+1
Tg T3 =4q1 — —, Ys =DP1, 23 = (2, W3 =P2 — - 5
q2 q2 q5
1
7“2 1Xy =q1, Y4 =DP1, 24 = q_’ wyg = —(paga + a4 + 5)q2,
2
5 1
TS IOS = A1 Yo = P12 = s Ws = —(p2ga2 + 5)qo,
2
where 75 (Hs — py).
Hamiltonian Hi5 = ri5(Hyyas), 5 @ & = q%, y=—(pa + a1, 2z = q%, w =

—(p2qa + a5)q2
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715
3
South His —>  Hip
Ts I'1 7"31,53
Hl H5 H5,
"1 Ts 7:5

North HNYAS
s:T =q1, Yy=p — 1, qu%, wz—(p2Q2+Oé5)Q2

FicUure 3. Relation between Hamiltonians Hyy a5 and Hq, Hs, Hqs, His3

1
7“35 cxo = —((1 — @2)p1 — )1, Yo = p_’ 20 = (2, Wy = P2 + P1,
1
15 1
reix = q_’ Y1 = —(plql +C¥1)CI1, 21 = (2, W1 = P2,
1
15 1
ry’ i xe = —((qn — 1/t)p1 — a2)p1, y2 = p_’ 29 = (2 Wy = Pa,
1
2¢op2 — (3 —a1 —a5) 1 G —q
T§53933ZQ1> Ys =p1 — P2+ — 5, BB= 5, 7~U3=Z92Q%,
q1 1 g1
15 1
Ty Xy =(q1, Ya =P1, 24 = q_’ wyg = —(p2ga + a4 + a5)qa,
2
15 1
Ty s = A1 Ys = P15 = o Ws = —(p2g2 + a5)qo,
2
where r3° (Hys + 5).
Hamiltonian H153 = T§5(H15)
153 1
To ~ * %o =41, Yo = P1, ZOZ_(QQPZ_QO)p27 Wo = p—2,
2op2 — (ag — g — 1
% a = qi, g1 =p1— 222 — (05 — o1 — ao) + =5, 21 = Q2di, w1 = p_;
q ai a7

1
13>ty = —((q1 — 1/t)p1 — a2)p1, Y2 = o 2T 42 W=D
1

1 P p
13 iay = —, yg = — ((Pl + q_§> ~2(qeq + 1) +ag — a5> a2 = (e i s = 5_;’
2 1

q1 q1
153 1
T T4 = q1, Ya = D1, 24:q—, wa = —(p2ga + a1 + as5)ge,
2
153 1
s L Ts = q1, Y5 = P1, 25=q—2, ws = —(p2g2 + a5)q2,

where 733 (H153 + %)
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After we review the notion of accessible singularity in next section, we make its holo-
morphy conditions by resolving the accessible singularities.

2. ACCESSIBLE SINGULARITY AND LOCAL INDEX

Let us review the notion of accessible singularity. Let B be a connected open domain
in C and 7 : W — B a smooth proper holomorphic map. We assume that H C W is a
normal crossing divisor which is flat over B. Let us consider a rational vector field v on
W satisfying the condition

5 € HOOW, Oyy(—log H)(H)).

Fixing t, € B and P € W, we can take a local coordinate system (z1,...,z,) of Wi,
centered at P such that Hgnootn can be defined by the local equation z; = 0. Since
0 € HOW,Ow(—logH)(H)), we can write down the vector field ¥ near P = (0,...,0, )
as follows:

59,9 920 0
= — JE— - e - .
ot o 825‘1 ol 81’2 1 825'”
This vector field defines the following system of differential equations
dzy dry  go(x1, ..., 2, 1) dr,  gn(x1,..., 75, 1)
20) 1t o t), 2= [ .
(200 g =@ md), 1 dt 1
Here g;(x1,...,x,,t), i =1,2,...,n, are holomorphic functions defined near P.

DEFINITION 2.1. With the above notation, assume that the rational vector field ¥ on
W satisfies the condition

(A) &€ HW,On(—log H)(H)).

We say that © has an accessible singularity at P = (0,...,0,ty) if

(21) z1 =0 and ¢;(0,...,0,t9) = 0 for every i, 2 <i < n.

If P € Hamootn 18 not an accessible singularity, all solutions of the ordinary differential
equation passing through P are vertical solutions, that is, the solutions are contained in
the fiber W, over t = t5. If P € Hgmooth is an accessible singularity, there may be a
solution of (20)) which passes through P and goes into the interior W — H of W.

3. CONSTRUCTION OF THE HOLOMORPHY CONDITIONS

In this section, we will give the holomorphy conditions r; (i = 0,1,...,6) by resolving
some accessible singular loci of the system (2)),(3]).

In order to consider the singularity analysis for the system (2),([B]) as a compactification
of C* which is the phase space of the system (2)),(3]), we take 4-dimensional complex
manifold S given in the paper [31]. This manifold can be considered as a generalization
of the Hirzebruch surface.
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Ys s

4
F1GURE 4. This figure denotes the boundary divisor H of §. The bold lines

C; 1 =0,2,3,4,6 in H denote the accessible singular loci of the system

®),@).

We easily see that the rational vector field 0 associated with the system (2),(3]) satisfies
the condition:

7€ HY(S, 05(— log H)(H)).

LEMMA 3.1. The rational vector field v associated with the system (2)),[3) has the fol-
lowing accessible singular loci C; = P! (1 =0,2,3,4,6) (see Figure 4):

(22)

(Co ={(X3,Y3, Z3, W3)| X5 = Z3,Y3 =0, W5 = -1}

U {(Xs, Ys, Zs, Ws)| Xs = Zs, Ys = 0, W = —1} = P,
Co ={(X3,Y3, Z5, W3)| X5 =, Y3 = 0, W5 = 0},

U {(X10, Y10, Z10, Wi0)| X10 = t, Y10 = 0, Wyo = 0} = P
Cs ={(X3,Y3, Z3, Ws)| X3 = Y3 = Z3 = 0}

U {(Xy, Ya, Za, Wi)| Xy = Zy = Wy = 0} = P,
Cy ={(X4, Y4, Zs, W)Yy = 0, Z, = 1, W, = 0},

U{(X7, Ve, Zs, W)Yy =0, Z7 = 1, W7 = 0} = P,
Co ={(Xs, Ys, Zg, Wg)| Xg = Yz = Zg = 0}

U {(Xo, Yy, Zg, Wo)|Xg = Zg = Wy = 0} = P

Here, the coordinate systems (X;,Y;, Z;,W;) (i = 0,1,---,11) (see Figure 4, cf. [31])
are explicitly given by
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X1
7
Y3 - W4
F1GURE 5. This figure denotes 4-dimensional complex manifold S (see [31])
and its boundary divisor H. H is drawn by solid line.
(Xo, Yo, Zo, Wo) = (q1,p1, G2, p2) ,
(X1, Y1, 2, W) = <Q1 (P11 +a1)Q1,Q2,P2>
(X2,Ys,Zy,Ws) = (q pl,— —(p2g2 + as)q >
1
(X3,Y3, 723, W3) = <Q17 )
pl
b1
(X4, Yy, 2y, Wy) = <Q1, 7<J2,—> ;
P2
1 1
(X5,Y5, 25, Ws) = (q—l (P11 +041)Q1,£ ,—(p2g2 + as)q )
(23) 1 P2
X 7Y7Z 7W = Ty T sy T N )
(X6, Y, Zo, Wo <q1 (q1p1 +a1) 02 (q1p1 +a1)ql>
1 1
(X77Y77277 W7 = <— - plql +a1) bl 27_> )
q1 P2
1 1
(X87YY87Z87W8 - <— — - (p2q2 +a5)q2> ;
w  (ma +a1)q1 @ (ma + a)a
1 1 1
(X97}/97Z97W9 <_ Piin +a1)Q1 DR > )
@’ (p2a2 + o5)2” @27 (P2g2 + a5)q2

11 DP2q2 + a5)q2
(X10, Y10, Z10, Wio) = <Q1,—7—7—¥ ,
pP1 q2 P1

P1 1 1
X11, Y11, 211, W) = <<J1a— sy — > .
( ) (P2g2 + a5)q2 " q2”  (P2g2 + as5)q2
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PROPOSITION 3.2. If we resolve the accessible singular loci given in Lemma [3.1 by
blowing-ups, then we can obtain the canonical coordinates r; (i =0,2,3,4,6).

Proof. By the following steps, we can resolve the accessible singular locus Cj.
Step 0: Around the point P := {(X3, Y5, Z3, W3)| X3 = Y3 = Z3 = W3 = 0}, we rewrite
the system (2) as follows:

X3 % 2= 0 0 X3
dlYs|_ 1 0 ﬁ 0 0 Y3 n
dt| Zy | i)l o L ool 2z
W, 0 0 0 0 Wi
Step 1: We blow up along the curve Cj.
X, 7.
xW=220 vy, zZ0 =2 wi =W,
Ys Y3

Step 2: We blow up along the surface {(Xél),Y;l),Z?El),Wg(l)ﬂX?El) = —Z?EI)W?,(I) +

(as —mn)}
1 1 1
X® = XV + ZOW — (o — 77)’ Y@ Zy D 2 = 20w o)
Y}’(l)

Now, we have resolved the accessible singularity Cs.

By choosing a new coordinate system as
(1’3, Y3, 23, w3) = (_Xéz)v }/23(2)7 Z§2)7 W3(2))7

we can obtain the coordinate rs.

Next, by the following steps, we can resolve the accessible singular locus Cg.

Step 0: Around the point @) := {(Xg, Ys, Zs, Wg)|Xs = Yz = Zs = W = 0}, we rewrite
the system (2) as follows:

—(a1+as)
Xs t(tzl) — t(tl—l) : 0 0 Xs
dfYs L) 0 D 00 Y], .
dt | Zg Y] ﬁ 0 ﬁ 0 Zg
Wy 0 0 0 0 Ws
Step 1: We blow up along the curve Cj.
X Z,
X=Xy g0 2w,

8 8

Step 2: We blow up along the surface {(Xél), Yg(l), Zél), Wél))\Xél) = _Zél)Wg(l) +n—
(Oél + 045)}
X" + 28w — (i — oy — as)

2 2 1 2 1 2 1
X = e C W=y, 2P =20 P =
8
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Now, we have resolved the accessible singularity Cg.
By choosing a new coordinate system as

(56’67 Ye, <6, w6) = (_Xégz)v 3/8(2)7 Zég2)7 W53(2))a

we can obtain the coordinate rg.

For the remaining accessible singular loci, the proof is similar. Collecting all the cases,
we have obtained the canonical coordinates r; (i = 0,2, 3,4,6), which proves Proposition
9.2l [

Finally, we remark some holomorphy conditions of the system (2),(3]).

Hamiltonian Hoy = Fo2(Hps—(p1+p2)), To2 1 @ = —((q1 —t) (p1+p2) —a2)(p1+p2), y =

lelrpz’ ©= _((QI - Q2)p2 - Oéo)pg, w = p%

02 1
To * %o =4d(1, Yo = P1, 20 = —(Q2p2 - ao)Pz, Wy = p_’
2
02 1
T = q_’ =1 —p)n + 1)1, 21 =@+ q, w = ps,
1
02 1

inz_@ﬂ_%mh%:;W@Z%WZM7
1

02 . . Q@p2 o3 — (g +az+n) _ _ D2
r3” Tz =q1+ — =5, Y3 = DP1, 23 = @21, W3 = —,
P1 b1 D1
2qap2 + oy — (Qp + ap 1-1¢ P2 — D1
P iri=q — g+ ( )+ 5> Ya = D1, 24 = (op}, Wy = TR
P1 p1 p1
02 . . _ _ _ —
s *T5 =d(1, Ys = P1, 25 = —(Q2p2 — 05 — ao)pm Ws = p_7
2
02 . 1 D2
%-%Z%mwwm—w+%+%mb%Z;wamw%:?
1 1

where 752 <H02 + p%) , T2 <H02 + p%) (cf. (ED)).

Appendix A :Reformulation of Fuji-Suzuki coupled Painlevé VI system
In this Appendix A, we will reformulate the Hamiltonian system (2),(3]) by replacing
its constant complex parameters «; (0,1,...,5) and n by 8; (j=0,1,...,6).
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Define birational and symplectic transformations r; (i = 0,1, ...,6) as follows:

1
o 1 (%o, Yo, 20, Wo) = <—((ql — q2)p1 — Bo)p1,s p—7Q27p2 +p1) ’
1

1
r (21,1, 21, w1) = <q_’ —(q1p1 +51)Q17Q27p2) )
1
1
ot (T2, Y2, 22, w2) = | —((¢1 — t)p1 — Ba2)p1, p—7Q2,p2 ,
1
. 1 D2
(24) r3: (553,.@3, 23>7~U3) = —(C_Ilpl + q2p2 — 53)P1> —,@p1, — |,
y4 y41
1
Tyt (T4, Ya, 22, 00) = | 1,01, —((q2 — 1)p2 — Ba)p2, )
1
st ($5ay5a25>w5) = qlaplaq_a_(p2q2+55)q2 3
D)
1 %74
Te : ($6,96,26>7~U6): _(XY+ZW_56)K ?,ZY,? )

where the coordinate system (X,Y, Z, W) is given by

1 1

rsory i (X, Y, Z, W)= (q_7 —(qp1 + 1) q, P —(p2ga + 045)([2) .
1 2

There exist a polynomial H;, such that the Hamiltonian system

dgg  OHy dpy  OH, dgy OH, dpy  OH,

25 =_- = = 2
( ) dt 8p1 Todt 8q1 Tt 8])2 dt 8(]2
is transformed into a polynomial Hamiltonian system under the action of each 7; (1 =
0,1,...,6), where a polynomial Hamiltonians H; is given by
(26)
i _ Hvi(q1,p1; B2, fo + Ba, B3 + P5, B1(Br + B5 + P6)) 4 Hy1(q2,p2; Bo + B2, Ba, Bs + B, Bs(B1 + Bs + Bs))
! (Bo +2B1 + B2+ B3+ Ba+ 2085 + Be)t(t — 1) (Bo+2B1 + B2+ B3 + Ba+ 205+ Be)t(t — 1)
(@1 —t)(g2 — D{(q1p1 + B1)p2 + p1(g2p2 + B5)}
(Bo + 261 + B2 + B3 + B+ 285 + Be)t(t — 1)
where ¢;,p; (i = 1,2) denote unknown complex variables, and 5; (j = 0,1,...,6) are

complex constant parameters satisfying the parameter’s relation:

(27) Bo + 201 + B2+ B3+ Ba+ 205 + s = 1.

The relations between «; (i =0,1,...,5),nand §; (j =0,1,...,6) are explicitly given
as follows:
(28)

ag = Bo, a1 =P, ag = P2, ag =01+ B3+ 5+ P, = Ba, a5 =P5, n=p1+ B5 + Be.

Of course, o; and f; satisfy the relation:

Qg+ a1 +as+as+as+as=LPy+ 201+ Pa+ B3+ Ba+ 205+ Pe = 1.
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We remark that on new constant complex parameters 3; (j = 0,1,...,6) the Hamilton-
ian system (23]),(26) is invariant under these birational and symplectic transformations
S0, 81, -+, 510 (cf. Appendix B in [1I]), whose generators are defined as follows: with the

notation (*) = (qlapla q2, P2, ta 50) ﬁla IO 56)7

S0 - <Q17p1 aq27p2+ qlﬂ ﬂ()vﬂl +ﬂ05[327ﬂ3 ﬂ05547ﬂ5+ﬂ0;[36_ﬂ0> )
s1:( ( ,pla(Jz,Psz Bo + B, 517ﬁ2+517ﬁ3+ﬁ1,547ﬁ5,56+51),
S92 : (qlapl - —_7q27p27t 607ﬁ1 +627 ﬁ27ﬁ37647ﬁ5766> )
, (BrtBs+Bs+Bs)n  (Bi+ B3+ 85+ Bs)m
s3:(x) o+ G+ @p2— B3 qup1 + qep2 + B+ Bs + Bs
(B1 + B3 + Bs5 + Be)q2 (B1 + B3 + Bs + Bs)p2 ,
+ - at7ﬁ05ﬂ17

Gpr+@ops—Bs U2 qupr + qapa + Br + Bs + Be
B1+ B2+ B3+ Bs + Be, =1 — Bs — Be, f1 + B3 + Ba+ Bs + B, Bs, =1 — Bz — Bs),

S4t (*) - (q17p17q27p2 - %7t;ﬁ07617ﬁ27637 _ﬁ47ﬁ5 +ﬁ4766) )

2
( 9) 55: —><q17p15q2+_7p27ta[30+ﬂ57ﬁ15[327ﬂ3+B5aﬂ4+ﬂ57 ﬂ5aﬂﬁ+ﬂ5) 5
t —|— t +
S6 - —> <_ - p2q2 ﬂ5) a_7_Mat;505ﬂ57ﬂ4aﬂﬁvﬂ27ﬂlaﬂ3)
q2 3l t
1 1
s7: (%) = (a (P11 +51)Q1, — —(p2fJ2 + B5)q2, — ;ﬁ07617ﬁ27667ﬁ47657ﬁ3> ,
S8 - _> (qf tp27 tpla 7607ﬁ57647ﬁ37627ﬁ1766)
591 (%) (ql —(p1q1 + p2qg2 + B1 + Bs + BG)Qla P2y ;ﬁ4,51 + B3+ Bs + Be, B2,
— Bs5 — Bs. Bo, Bs, —B3 — Bs),
t + o1+ B+ B +
510 (%) _>(q_2’ (p2a2 P11 fl Bs 56)q27 an ,p1Q27f B2, B1 + B3 + Bs + B, Ba,
— B1 = Bs, Bo, Br, —P1 — B3).
We note that the subgroup < sg, s1,...,s5 > generated by sg, s1, ..., S5 is isomorphic to

the affine Weyl group of type Aél) (see Appendix B in [I]), and the transformation ss was
found by Professor K. Fuji in Kobe university in August 2012.
We also remark that these transformations s; satisfies the following relations:
S10=8308g, S¢=25g087, si=1(k=0,1,...,9), s5,=1

Finally, let us define the following translation operators:

- 4 N N
T1 = (8281081081> s T2 = SlTlSl, T3 = S5T1$5.
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These translation operators act on parameters [; as follows:

Tl(ﬂOaﬁla . '756) :(ﬁmﬁla s 766) + (07 _]-> 1707 _]-> 170)7
TZ(ﬂoaﬁla .. '756) :(ﬁmﬁla cee 766) + (_1a 1>0a _1a _1a ]-7 _1)7
T3(50a617 . -756) :(ﬁmﬁla cee 766) + (17 _]-> 1a 1>0a _1? 1)

Appendix B :Searching for the Backlund transformation s;

In this Appendix B, we will make Fuji-Suzuki’s Bécklund transformation sz in (29) by
our method.

The key property is given as follows (see [34] [35]):

. 1 W . IW -8 Z

- r (—(XY+ZW—5),?,ZY, ?) = s (X,YJrT,Y,WX),
, (1 Z , W + W
r.(y, (XY+ZW+5)X,y,WX)<:>s.<X+ - ,Y,ZY,Y).

These transformations 7,7/, s and s" are birational and symplectic, however, these are not
auto-Béacklund transformations. These transformations can be considered as a relation
between symmetry and holomorphy conditions appearing in the Garnier system (see [34]
35]).

Equations Relation between symmetry and holomorphy conditions
Painlevé equations (8%!)
Garnier systems (BI0))

At first, for the system (25]),(26]), we will make the above transformation.

PROPOSITION 3.3. The birational and symplectic transformation

@2p2 — B3 @2 )

(31) S (q1,p1,q2,p2) = <Q1,p1 + ,q—,pﬂh
1

01
takes the system (23)),(20) to a Hamiltonian system

%_8H2 @_ 0H2 @_8H2 @_ 8H2

2 = —= =2 e — =<
(3 ) dt 8p1’ dt 8q1 Todt Bpg’ dt aQQ
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with the polynomial Hamiltonian:

(33)

(Bo + 281 + Ba+ Bs + Ba+ 285 + Be)t(t — 1) Hay =

tpapr — iy — P2qupr + i1 + tpT — GIDT — taipT + ¢pT + P32 — Paige — tpaprge

+ P2iP1Ga + tPaiP1de — P2giP1Ge — D3G5 — D305 + Daqids — tpaiprds + Pagiprds + tP3gs
+ tq1p1Bo — 4ip1Bo + P2a2o — tp2aao + P2q1G250 — P21 G5 Po — P21 + P22 + P21 ga
— 213 B + 157 + upr1Be — i1 52 + D212 B2 — P23 B2 — B3 — p2fs + 1 fs + tp1fs
— 1p1 s — tqup1 B3 + 4ip1Bs + P2 s + tpaaa s — tp23 B + 160 s — q1BofBs + B2

— 13283 + tq1p1Ba — G301 Ba + p2q1@2Bs — 21 3B + t03Bs — 1 BsBa + taupr s — aip1 s
— tpagafs + Poq1@2Bs — tq1p10255 + G 16255 + tpadi Bs — P21 @3 Bs + 15155 + 1a251 55
+ tB505 — 18305 — tq25355 + 01420385 + 10285 + 15186 + 11025556

For this system (B82),([B3]), we can find the holomorphy condition:

1
Ry : (X1,Y1,2Z,, W) = (q_’ —(qip1 + B+ Bs + Bs + 56)611,612,292) -
1

Next, we will explain how to find the Backlund transformation s3. Here, let us review the
relation between symmetry and holomorphy (see [25]):

(34) r:(%,—(YX—}-B),Z,W)@S:(X—i—é,Y,Z,W).

By using this method, we can obtain the following Backlund transformation for this

system (32),(33).

PROPOSITION 3.4. The system ([B2),B3) is invariant under the following birational and
symplectic transformation :

+ﬁ1+53+ﬁ5+ﬁ6
y4
(35) B+ B2+ B3+ Bs + Be, =1 — B5 — B,

B+ Bs + Ba+ Bs + Be, Bs, =1 — B3 — Bs).

Pulling back the transformation S3 by the birational transformation (31I), we can obtain

53 : (C_I1,p1, C_I2>p2>t§ ﬁOa ﬁla ) 56) —>((11 » P1, 492, P2, t7 50? 517

Fuji-Suzuki’s Bécklund transformation sz in (29]).

Appendix C :Holomorphy conditions of type III

Holomorphy cond. of type a | Holomorphy cond. of type b

(BE) 1,73, 75 T0,72,T4
(1) T0,72,74 1,73,75
Type of Accessible sing. P! P!

Type of Local index (2,1,0,1) (2,1,1,0)
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Partition of

System Accessible singular loci Accessible singular loci
1
"(‘h
7“6: -‘
........................ l ..................
@) I (09) = (3.3)
NN T5
N "9
Ta o e
ot o) 1
¥ ’ P2
1
(.‘(‘h
T 7“6
@ID . —
I (a,b) = (3.3)
L Sl
4 P2

FIGURE 6. This figure is the Hirzebruch manifold defined by H. Kimura (see
[13]). The bold lines denote some accessible singular loci for each system. Both
systems are transformed by the birational transformation ([@3]). We also note that
both types a,b are exchanged by the birational transformation (43]).

In this appendix, at first we will give some holomorphy conditions for the Hamiltonian
system transformed the system (2),(3]) by the birational transformation;

sre 2 (Q1, Pr, Q2, P) = (Ch +

q2p2 +

n P2
1

yP1, —, —42P1
p

)
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Define birational and symplectic transformations r; (i = 0,1, ...,6) as follows:

1 P.
1o : (%o, Yo, 20, Wo) < (Q1Pr+ (Q2+ 1) Py — 7)) P, e (Q2+1)P, FZ) ;
1 1
1 b
ro 1 (X2, Y2, 22, w2) = | —((Q1 — t)P1 + Q2P — 72)P1,—,Q2P1,F ,
P 1
ry : (T3,Ys, 23, W3) = < (Q1Pr — 3 Pl, Q2,P2>
1
(37) s 1 (25, s, 25, Ws) = | Q1, Pr, —(Q2P2 — v5) P, A
g
. 1 Qo
6 : (T6, Yss 26, We) = | —, Q1P1+Q2P2+76)Q1,Q—,P2Q1 ;
o 1
1
Ty (Ilaylazl,Uh SCG?JG —71 Y6, — " y 26, We |
6
1 We
Ty (az4,y4, Z47w4 SCG?JG + 26 — 1)w6 - 74)%, ( 26 — 1)y67 .
yﬁ Ye

There exist a polynomial H;, such that the Hamiltonian system

(38) dQ, 0H, 4Py 0H, dQ, 0H, dP,  0H,
dt 0P, dt  0Q, dt oP, dt = 0Q,

is transformed into the polynomial Hamiltonian Hy(Q1, Py, Qa, Ps) = sr¢(Hps(q1, p1, g2, 2))-
The relations between «; (i =0,1,...,5),nand v; (j =0,1,...,6) are explicitly given
as follows:

Yo=CQp+1, Y1=0Q1, Y2=0Q2+17, 7Y3=03
(39)
Y4 =Qq+M, V5=0as, Y¢= 1.

Next, we will give some holomorphy conditions for the Hamiltonian system transformed
the system (2)),([B]) by the birational transformation;

~ o~ o~ 1
(40) rre : (Q1, Pr, Qa, o) = (%ml%, P —(q2p2 + 1p1 +77)Q2) -
2 2
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Define birational and symplectic transformations r; (i = 0, 1, ..., 6) as follows:

P Q27P2)7

1

o (30,40, 20, ) — (—((@1 “ DB (ot )P

~ 1 - - _
T2 (any27Z27w2 Ql - tQQ Pl (72 +76))P1a F’Q2’P2 ‘l‘tpl) ’

1
Ty ($4ay4724,w4

Q1, P, —((Qa — 1)y — (74+’Y6))P27i) ;
P,

1 1
@ p
Qs

w

1
—(XY +Z7 Y —, 7Y, —
+ W — (1_‘_76)) ’Y’ ’Y)’

Te - ($6,y6726,w6

1 ~ o~ ~ o~ ~
) 27 = (Q2P2 + QIPI - 76)@2) )
(T, Y, 21, W) =

r3 (xg,yg,z3,w3

(41) 75 1 (T5,Ys, 25, Ws) = ( Q1P1 + Q2P — (75 + %))Pl, ﬁ , Q2P §2> ,

1 Weg
—(z6ys + z6ws — (V3 + Y6)) Y6, —> 26Y6s — | »
Ye Ye

where the coordinate system (X,Y, Z, W) is given by
| LG
Re : (X,Y,Z, W) = o —(Q1 P+ Q2P — 6)Q1, Q—>P2Q1 :
1 1

There exist a polynomial Hg, such that the Hamiltonian system

dQ, 0Hs dP, 0Hs dQ, 0Hg dPy OH,
(42) pr— — y == — — 5 p— — 5 == — —
dt  9p,’ dt 0Q, dt 9P, dt Q-

is transformed into the polynomial Hamiltonian f[G(Ql, P, Qo, pg) = rrg(Hps(q1, p1, 92, P2))

with parameter relations (39).

We note that the condition ry should be read that ro( K — ]51@2) is a polynomial with
respect to xo, Yo, 22, Wa.

We show that both systems (38]),([42]) are transformed by the birational transformation;

(43) Tr: (Q1, P, Q2, P2) = (— (Qz + @) ,—P2,—%,Q1P2) -
2 2

Holomorphy conditions | Parameter of (37)) | Parameter of (41l)

To Yo Yo+ 76
8! g 7+ %
) g Y2t V6
T3 V3 ERG
Ty V4 Y4+ %
s Vs Y5+ 76
UG e — e
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4. APPENDIX D

Holomorphy conditions
Define birational and symplectic transformations r; (i = 0,1,...,6) as follows:

1
To : (550>?/0, 20>7~U0) = —((Ch - Q2)P1 - 50)1?1, p—,C_I2,p2 +p1) )
1

rc (21, Y, 21, W) = ,—(qm +51)Q1>Q2>P2) )

[
=

1
ro (22, Y2, 22, w2) = | —((q1 — t)p1 — ﬁz)pl,p—,%,}?z) ;
1

1

1
Ty (x4,y4, z4,w4) =141,P1, —((Q2 - S)p2 - ﬁ4)p27 p_) )
2

(44) 73 (w3,Y3, 23, w3) = (—(Chpl + q2p2 — B3)p1, p%ﬂzpl, %) ;

1
s . (x5,y5,25,w5) =1 91, P, q_7 —(p2Q2 +55)Q2) )
2

1
76 : (76, Ys, 26, We) = <—((Q1 — Dp1 + (g2 — 1)p2 — Bs)p1, p_7 (g2 — 1)p1, %) .
1 1

There exist two polynomials H{ and HI® such that the Hamiltonian system

HFS HFS HFS HFS
dqlza ! dt+a 2 (s, dplz—a ! dt—a 2_(ds,
(45> Opy op oq oq
HFS HFS HFS HFS
dqua ! dt+8 2_ (s, dp2:—8 ! dt—a 2_ds
Ops Op2 g g2

is transformed into a polynomial Hamiltonian system under the action of each r; (i =
0,1,...,6), where two polynomial Hamiltonians H{"®, HI* are given by (cf. [1], 2, 3])

H{® = Hyi(q1,p1,t, 8 Bo, Bo + B Bi. Bs + Bo, Bs + Bs)
+ HVI(Q27P27 tv S BO + B27 547 557 51 + 567B1 + B3)

+ (@1 —t)(q2 — s){2(qup1 + B1)(q2p2 + Bs) — (qup1 + B1)p2 — (q2p2 + Bs)p1 }
(46) (Bo +2B1 + Bo + B3+ Ba + 285 + Be)t(t — 1)(t — s)
231855
(Bo+ 201 + Bo+ B3 + Ba+ 285+ Fs)(t — 1)(t — 5)’
HYS =7(H®), 7={q ¢ @, p1 & pay t 8, B1 < Bs, ot Put
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The symbol Hy(q,p,t,n; Y0, V1, V2, 73, 74) denotes (see [31])

(47)
t(t — 1)t —n)Hvr(q,p, t, 5%, V1, V2, V3, V4)
= q(q—1(g =g —t)p* + {m(t —n)qlg = 1) + 2v2q(q — 1)(g — n)
+73(t — Dalg —n) + ntlg — (g —n)}p

23

+y{(n +72)E —n) +lg—1) +t—1) +trteg, (o+mn+2%0+r3+u=1).

We note that the holomorphy conditions should be read that in the Hamiltonian H{™

ro(Hy® =)
are polynomials with respect to s, 92, 29, w9, and in the Hamiltonian HI™
ra(Hy ® — p)

are polynomials with respect to x4, y4, 24, Wy.
We see that the birational and symplectic transformation :

1—gq 1-
Q1= « -, b= —(ma + 8@, Q2= Q2q2’ Py = —(paga + fB5)q2,
(48)
1—1 1—s5
T=——" §=
t s

takes the system (M3) into Fuji-Suzuki system (see [I]) when S = 1.

We remark that the relations between «; (i = 0,1,...,5),n (see [1]) and 3; (j

0,1,...,6) are explicitly given as follows:
(19) az =31+ B3+ Bs+ Ps;, n =51+ B3+ B,
ag = Po, a1 = P, g = Pa, ay = P, 5 = Ps.

Of course, o; and ; satisfy the relation:

(50) ap+ oy +aytagt+agtas =0y +26+ o+ B3+ By + 2085+ B = 1.

Completely integrable

PROPOSITION 4.1. Setting

Bs(B1 + Bs)(Log(s — t) — Log(s — 1))
(Bo +2B1 4 B2 + B3 + Ba + 265 + B6) (t — 1)
Two Hamiltonians Ky and Ky satisfy

(52) {Ky, K2} + <%> K - (%) K> =0,

where {,} denotes the Poisson brackets:

0L 0Ly 0OL;0Ly 0OL;{0Ly OLj0Lo
53 Ly, Loy}=——"7F———" 4 ———=— ——=,
(%3) {1, Lo} Opr Oq1 Oqu Op1 Op2 Oq2  Ogq2 Op2

(51) Ky:=—-Hi +
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We remark that on new constant complex parameters §; (j = 0,1,...,6) the Hamil-
tonian system ([4H]) is invariant under these birational and symplectic transformations
S0,81,---,59 (cf. Appendix B in [I]), whose generators are defined as follows: with the

notation (x) := (qu,p1, 42, P2, t, 85 Bo, B, - -, Ps);

(54
) - <q1,p1 gt 255 o B = o B o )
s1:(x) — <q ,p1,Q2,p2,t,S Bo + b1, 51,[32+ﬂ1753+ﬂl,ﬂ4,ﬂs,ﬂﬁ+ﬂ1>,
s3: (%) = (ql,pl - —_,qaapaat s; Bo, b1 + B2, 627637647ﬁ5766) ;
55 (%) = (L @1 (—@1p1 + Gip1 — P2g2 + 205 — Bi + @181 — Bs + @285 — 56)7

g1

_ 91(q1pT — @3pT + p2p1g2 — paprd3 + BF — p1Bs + @11 B3 + BiBs + q1p1Bs — p1a2Bs + 155 + qip1Be + B15s)

(—q1p1 + 63p1 — P2a2 + P23 + 11 + Bs + @205) (—qup1 + G311 — p2q2 + p2a3 — B+ @11 — Bs + 4285 — Bs)
q2(=qup1 + 4ip1 — P2g2 + p2g3 — B1 + @1B1 — Bs + @255 — o)

g2 ’

_ 92(p2q1p1 — P2gip1 + P3g2 — P35 — paqi B1 + P2q2B1 — p2Ps + p2qafs + 5185 + BalBs + B2 4 p2g28s + B556)

(—q1p1 + @3p1 — P2a2 + P23 + 11 + Bs + @205) (—qup1 + G311 — p2q2 + p2a3 — B+ @1f1 — Bs + 4285 — Bs)
t,s; Bo, B1, P1 + B2 + B3 + Bs + Bs, —f1 — Bs — Be, B1 + Bz + Ba + Bs + Bs, Bs, —P1 — B3 — Bs),

B
84 ¢ (*) — <ql,p15q27p2 - E7t55;507515[327ﬂ35 _ﬁ4aﬂ5 +ﬂ47ﬁ6 )

551 (%) = <q17p17q2+ Bs ,D2,t,8; Bo + Bs, B, B2, B3 + Bs, fa + Bs, ﬁ5766+ﬁ5>7

S6 - (*) — (1 —dq1, —P1, 1- q2, —Pp2, 1- tv 1- 5;507B15[327ﬂ65ﬂ47ﬂ5vﬂ3) 5
S7t (*) — (q27p27q17p178 t.ﬁ07657ﬁ47637ﬁ2761766)7

Q1p1 — ¢ip1 +P2g2 — p2q3 — Bs + @B + 1fs — @2fs + 11PBs (=14 5) (=14 q1)qe
(-1+aq)q TsqL+ g2 — sq2 — 1 g2’
(sq1 + g2 — 5q2 — q1q2)(—sp2q1 — P2q2 + sp2q2 + P2q1q2 — Bs + 585 + q1Bs)
B (—1+s)s(-1+q)qn
1 —1t,1—5;B4, 51+ B3+ Bs + Be, B2, —B5 — B, Bo, b5, —B3 — Bs),

Sg 1= S7 0 S8 ((59)6 =1),

s 1 (x) = (1 —qi,

)

where
91 = —q1p1 + 4ip1 — P2g2 + P2gs + B3 — 183 — @185 + 4285 — @156,
g2 = —qp1 + ¢ip1 — Paga + P2gs + 1B — q2B1 + B3 — 4283 — @26
We note that the subgroup < sg, s1,...,s5 > generated by sg, s1, ..., s5 is isomorphic to the affine Weyl

group of type Aél) (see Appendix B in [I]), and the transformation sg was found by Professor K. Fuji in
Kobe university in August 2012.

Finally, let us define the following translation operators:

(55) T1 = (82898981)4, T2 = 81T181, T3 = S5T185.
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These translation operators act on parameters 3; as follows:

Tl(607ﬁ17 e 766) :(607ﬁ17 e 766) + (07 _17 1707 _17 170)7
(56) T2(ﬂ07ﬁla R aﬂﬁ) :(ﬂ07ﬁla R aﬂﬁ) + (_15 1705 _15 _15 17 _1)7
T3(ﬂ07ﬁla R aﬂﬁ) :(ﬂ07ﬁla B aﬂﬁ) + (17 _17 15 1705 _15 1)

Finally, we remark some holomorphy conditions of the system (43]).

25

Hamiltonians Ho(i) = r04(Hfs), Héi) = 7’04(H§S —p1—p2), Toa:x=—((q1 —q2)p1 —

Bo)p1, y = pil, z=—((g2 = s)(p2+p1) = B)(p2 + 1), w= inm

1
To %o = —(Q1p1 - 50)]91, Yo = p_’ 20 = (42, Wy = P2,
1

1
Tyt I1 = —(Q1p1 - 51 — 50)171, Y= p—, 21 = (2, W1 = P2,
1

2qop2 + B2 — (Bo + Ba t—s
7“84::)32=q1—qQ+ » ( )+ 5 Y2 = P1,s 222612]9%102—
1 1
04 . . 4! . apr + B3 — (Bo + Ba) S B
Ty T3 ={q1P2, Y3 = —, 23 =(Q2+ — —, W3 = D2,
b2 b2 D3
iz =q, ya =1, 2= —(@p2 — Ba)pe, wi = .
2
1
7“50,4 S5 = q_’ ys = —((p1 —p2)ar + Bs)q1, 25 = @2 + q1, ws = pa,
1
4. iz B @p1 + Bs — (Bo+p1) s—1 B
Te L6 = {q1P2, Y6 = —, 26 = G2 T+ — —5, We = P2,
P2 P2 P3

where ¢ () = ), o4 (150 + £). 0 (2 + ) ot (1) + 2,

P1 P p2 p2

Hamiltonians Héié = rg4(Héi)), Héi% = 7’24(H(§421))

_D2— N

2

p1

Y
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1
ot i wy = P Yo = —(p1q1 + Bo + Bs)q1, 20 = G2, wo = o,
1
045 1
Ty ix = o 1= —(p1q1 + B+ Bo + Bs)q1, 21 = qo, w1 = pa,
1
Ys 225Yys + Po — (Bo+Ba) [ T—s
r845:x2:x5w§, Yo = —5, %2 = 25+ ( )—i- 5~ W2 = Ws,
045 . . @1 . . qpr— B3+ Bo+ B+ 085 s .
rg o X3 = —, Ys =pP1P2, 23 = q2 — - —5, W3 = Pa,
D2 D2 2
045 . _ _ B2 . o Biq
Tpg T4 =(q1, Y4 =P1— =, A4 =(q2, Wy =Py — —,
G1G2 — 1 Q12 — 1
1
oty = q_7 ys = —(01q1 + Bs)q1, 25 = q2, ws = po,
1
045 . . @1 . . @apr—Bs+Bo+ B+ P s—1 .
Te +Te = —, Y6 = P1D2, 26 = 42 — - 5 We = P2,
b2 D2 2%

1 2 2 2
whore 5 (1SR - ) o () + 1) o4 (i + 1) o4 (i + 1)

ws Ws

Hamiltonians Hl(é) = To1 (_%Hlps)’ Hl(? =T15 (_LH§S)> ris Q=8 P =
—(p@r + )@, Q2 =2, Po=—(paga + Bs)qe, T =14, S =12

cxg = —((q1 — t)p1 — B2)p1, Y2 =

c 26 = —(q1p1 + @2p2 — Be)p1s Yo =

q2

1
cx0 = —((q1 — g2)P1 — Bo)p1, Yo = p_’ 20 = (2, Wy = P2 + P1,

1
1

=, 1 = —(Q1p1 + 51)%, 21 = (2, W1 = P2,

q1

—, 22 = ({2, W2 = P2,

D1
R _ @ _
1 X3 = q_7 ys = —(p1q1 +paga + B3 + B+ Bs)q1, 23 = q_’ w3 = Paq1,
1 1
1
(Ty = q1, Ya=p1, 2a=—((q2 — s)p2 — Ba)p2, wa = .
2
1
1T5 =(q1, Ys = D1, % = e ws = —(p2g2 + B5)q2,
9
D2

—, 2 = @2pP1, W = —,
b1 y4i

where 7’%5 <Hl(é) — pl) , rf <H1(§) — p2>.
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Hamiltonians Hl(éz] = (Hl(gl))> ; Hfﬁ% =7y (Hl(?>

7’(1)50 t20 = —(q1p1 — Bo)p1, Yo = —, 20 = G2, Wo = Pa,
Y4
1
7’%50 T = —(Q1p1 — B — 50)P1> v = p_’ 21 = ({2, W1 = P2,
1
PBo—PBo t—q 1
30wy = q + +—5—, Y2=D1, 22 =G, Wa=pP2— —,
P p1 b1
1 q2
7,%50 cx3 = —(qp1 — @@p2 — B3 — Bo — 1 — B5)p1, Y3 = —, 23 = —, Wz = pPapu,
y4 Y4
1
r iza=q, ya=p1, 20 =—((q2 — $)p2 — Ba)p2, Wy = .
2
B5p2 Bsp1
7,;50;;55:(11_’_77 Ys = P1, Z5IQ2+577 Ws = P2,
pip2 — 1 pip2 — 1
150 1 P2
rg 1 Xg = q_’ Yo = —(P1h — P2q2 + Bs — Bo)q1, 26 = G2q1, We = q_’
1 1

where 7’%50 <Hl(é) i) , 7&50 (Hl(gz) — p2>.

O_Pl
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Hamiltonians Hl(éz]?) = Sr3 (Hl(éz]) , HEEB = Sr3 (Hl(gz]) , sr3 Q1 =q1, PL=p —

q2p2+83+Bo+B1+P5 _ __ D2
a1 ! ) Q2—Q2Q1, P, = @
1 D2
7“5503 Ty = —(C_Ilpl + q2p2 — 50)P1> Yo = —, 20 = q2P1, Wy = —,
b1 D1
1503 . _ 1 D2
7ty = —(ipr + @ep2 — 01 — Oo)p1, Y1 = —, 21 = @P1, W1 = —,
D1 D1
G2 2qopa + 20 1 p2+ 2
r?P iy =g+ = —35, Y2 = P, 2 = qapi, Wy = Qta
t P1 P b1
1
(57) ry?% g = o ys = —(p1q1 + 03)q1, 23 = G2, W3 = o,
1
1 1 1
%, = — <<Q1 - —Q2) p1— 54) D1, Ya = —, 24 = Q2, W4 = P2+ —P1,
s 1 s
D1 qip1 + 205 1
re® i as =qupa, Ys=—, =@+ ———— — =, W5 =po,
D2 D2 V%)
1503 1 b2
167" 1 26 = —(qip1 + qep2 — 06 — 61 — do)p1, Y6 = o1’ 26 = (o1, We = P
1 1

whore 159 (il + 29— 1), ri (H + 28

t2 p1
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Here, §; (j = 0,1,...,6) are complex constant parameters satisfying the parameter’s
relation:
(58) Bo = —d6, B1 = —01, o =200 + 201 + 202 + 0,
B3 = —200 — 01 — 205 — 0, 1 = 04, P5 = 0o + 01 + 205 + 6, B = do + 01 + 3,
(59) 350+251+252+53+54+255+56 =1.

3993 rd593 are not its auto-Bécklund transformations.

1503 ,.1503
2 T

We remark that the transformations r
It is still an open question whether the transformations r can be considered as
each transformation denoted by the symbol ® in the Oshima’s paper (see [36]).

It is also still an open question whether we can obtain the Hamiltonian system with

H 1(;)2)3, H 1(22)3 by solving 3 x 3 Lax pair (cf. [3],36]) satisfying the following Riemann scheme:
X=0 X=1 X=t X=00
0 0 0 0%
0 0 0 o3
05 6 6 63°

Here, we will conjecture the following relations between Riemann data and Holomorphy

conditions 71°% (i = 0,1,...,6);
X=0 X =00 1503
0 1503 5 To
53 <= Holomorphy conditions 72503 , 51 1 6o <= Holomorphy conditions | 7503
1503
04 dg + 01 + 0o 6
Appendix E: Holomorphy History
article Author Contents
[15, [16] P. Painlevé Convergence of meromorphic solution
17 K. Okamoto Patching data of space of initial conditions
[14] K. Okamoto and H. Kimura Patching data of Garnier system in n variables
[18,20] | A. Matumiya and K. Takano Symplectic structure of space of initial conditions
[24, 32] H. Kimura and M. Suzuki Degenerate Garnier System in two variables
21 N. Tahara Augmentation
[25] Y. Yamada Relation between symmetry and holomorphy conditions
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