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I ntroduction

A key result of class field theory for abelian field extensiaf&’, concerning
the idele norm mapv : I, — Ik, is the norm index theorem

Ix: K*N(I)] = [L: K] .

The inequalityjlx : K*N(11)] < [L : K]is known to hold in general. A rather easy
and well known analytic proof ([H1]) employs analytic profpes of L-series near
the borders = 1 of convergency, obtained by expressing Hegkseries in the
form of strongly converging integrals using the Poissomfala (see [H2], [T1]).

The second inequalityi : K*N(I;)] > [L : K] holds for abelian extensions
L/K only. It can be easily reduced to the case of cyclic exterssifam which it is
usually proved by nonanalytic methods (see [T2]).

This note provides a purely analytic proof of the seconduradity via the trace
formula for the compact multiplicative group Z,\I. The Poisson formula, used
for the first inequality, is the trace formula for the addstitompact group i/ K
enhanced by the information, that the Pontryagin dual/K)” has dimension
1 as aK-vector space. Hence the spectral theory of the multiplieaand the
additive theory combined prove the norm index theorem byytinanethods.

Review of the trace for mula

For the number field. let I;, be the group of ideles. Let denofg, = R%, the
image ofR%, C Iy in I;. The quotientX; = L*Z;\I;, is a compact group. For
Haar measure$gL onl; anddz; on Z;, the measurdZ induces a measurg
on Xp. Assumef, dx; = 1. The corresponding Hilbert spacé(X ) is spanned
by the characters € (Xr)P of X1. Let L/K be cyclic with Galois grouge).

For functions[], f,(z,) in C°(1) definef by integration oveZk. Fory €
L*(Xy,) define the convolutiom®y in L*(X.) by [, ;. f(h_lﬁ(g))gp(g)% as a

function of h. Hered(g) = - o(g) for a fixedr € I, with idele normN (k) € K*.
Obviouslyd = 6, defines an automorphism af;, of order|[L : K].

The operatorr has the kernek (y,z) = > ;... f(y~'66(z)). Hence its trace
is [y, K(z,2)drr. USINgK*\L* = (¢ — 1)L* andZ, = Zy the integral defining
the trace, for = ‘jfo:, therefore becomes
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AbbreviateOf (f,) = Jxea\Ls (ITojuw fol9y " 60(g0)dgu) /dgu, SO this simplifies to

seL*/(o—1)L*

For characters of X, puty’(z) = n(oc~"(z)) andn(f) = [\, 1(8(9))n(9) G-
Hence up to these constanty)

Ry(h) = n(f)-n’(h) .

In other words, the trace at becomes the spectral sum, _, . n(f). Comparing
with the previous formula we obtain the usual trace formaki( [KS])

o) = > Il 05t

n=n° oeL*/(c—1)L*

Matching functions

Ix = I1, K, andI = [, L;, = [I, 1., Ls- Functions[], fu(z) in C(Iy),
S.t. fu = [l fo, @nd functions] ], k. (z) in C2°(Ik) are said to be matching
functions, ifhy(vw) = OF (fu) holds forvy, = N(6y),0, € L, andhy () is
zero for~,, ¢ N(LZ). Notice, that,, is uniquely determined by,,. Existence is
obvious, since the characteristic functidfg,, 1., and1,, of integral elements
do match at all unramified nonarchimedean places by the el@myeproperty
N (o) = of,, which is valid for all unramified places (the fundamental lemma).

Twisted caserevisited

Characters; € (X;)” on the spectral side of the trace formula are characters
n = n’ of Xy trivial on (¢ — 1) X, hence of the formy = x* o N for characters*

of Y¥ = N(Z\IL)/N(L*) = X1 /(0 — 1)X, (Hilbert theorem 90). Fok = 1 the
trace summandg f) therefore can be written in the form

Mﬁzéﬂmwmﬁ@(émwﬁwmwdﬁ;

for Kern(N) = (o0 — 1)I, anddn = §2=(h) andn = o(h)h~'. By the matching
condition andy(g) = x*(IN(g)) the last expression giving f) becomes

= ~ dgx _ dgk dgr,
i i

c- = c- N h(N —~— where ¢- .

() /ZK\N(]IL) X ( (g)) ( (g)) dzi dzrx  dndzp,



On the right side of the trace formula we can also apply thechiiagy condition.
Hilbert 90 impliesL* /(e — 1)L* = N(L*), hence the still preliminary formulg)

S e = Y ).

xte(yH)p YEN (L)

The degeneratecase K = L

For a pair of matching functions we compare the last forngtjlavith the trace
formula fork in the casd, = K andx = 1, which simply reduces to

Yo xhy= " h(y),

XE(Xk)P yeK*

since[],, OX (hw) = h(v). By the matching condition the support/ofs contained
in N(Z\I) € Zg\IL. Therefore on the left we may restrict charactgerBom
Xk to the imagey” = N(Z\I)/(K* N N(I1)) of N(Z;\IL) in Xk, which is a
subgroup of indeXi : K*N(I)]. For the restrictiong” of the characterg, now
with x” running over the character groyp®)” of Y°, we thus may restate the
trace formula for. = K as the following formulgb)

I by
#(K*N(HL)>- Y. XM= > k().
X" €(Y?)P yeK*NN(IL)
In particular[ly : K*N(I;)] < oo.
Comparing the trace formulas

Recally® = X, /(o0 — 1) X[ = N(ZL\JIL)/N(L*), which gives the exact sequence

K*NN(I)

Y5y’ 0.
N(L) Y=Y —

0—
A system of representatives for all possiblex modulo L* is in 1-1 correspon-
dence with the elements éff%(g“ Summing up the:;-twisted trace formulas
for f — these are nothing but the revisited forms of the trace fétas1y) for the
translates (x;z) of f(x) — we obtain from(#) therefore the final identity

#(w> Z c-x'(h) = Z c-h(v) .

N(L*) x*e(Y?)P ~yEK*NN(L)



In particular[K* N N(I,) : N(L*)] < oo. If we compare this last formula with
the trace formulab) for L = K, we get the crucial formula

g : K*N(I)] @

[K*NAN(.): NI ¢’

The quotient/c. The constants were defined by4% = %L andc = %=,
anddn = dgL by abuse of notation. Indeed, the ratio: is independent from
the partlcular choice of Haar measutls, dgx anddz g, dzi. Therefore we may
choose them freely. Normalizing constants figi., dg;, cancel. Unraveling the
definitions in terms of the mapsaand N we are thus reduced to consider invariant
K-rational differential forms for thex-tori G,, andT = Res; x(G,,) and the
exact sequence

055G, 718G, >0.

An easy calculation on the tangent spaces,for i*(e}) and a formB on the
tangent space df = (1 — o)7T, using the formula; A (1 — 0)*(B) = e} A [(e —
VN (ef —el )] =ef N Nel =lefA-el N (ef+---+e) = BAN*(A)
proves, that the quotientc entirely comes from the measure comparison between
dz;, anddzg similarly arising from the exact sequence

O—)ZK—%ZLI;UZLE)ZK—)O.

(1 — o) is the zero map owr;. Hence this comparison is trivial. The factofc
immediately turns out to b&/c = [L : K]. This completes the proof. Of course,
combined with the first inequality, this a posteriori imglighe Hasse norm theo-
remK* N N(I) = N(L*), hence the stability of our particular trace formula as in
[KS] 6.4 and 7.4.
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