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Introduction

A key result of class field theory for abelian field extensionsL/K, concerning
the idele norm mapN : IL → IK , is the norm index theorem

[IK : K∗N(IL)] = [L : K] .

The inequality[IK : K∗N(IL)] ≤ [L : K] is known to hold in general. A rather easy
and well known analytic proof ([H1]) employs analytic properties ofL-series near
the borders = 1 of convergency, obtained by expressing HeckeL-series in the
form of strongly converging integrals using the Poisson formula (see [H2], [T1]).

The second inequality[IK : K∗N(IL)] ≥ [L : K] holds for abelian extensions
L/K only. It can be easily reduced to the case of cyclic extensions, for which it is
usually proved by nonanalytic methods (see [T2]).

This note provides a purely analytic proof of the second inequality via the trace
formula for the compact multiplicative groupL∗ZL\IL. The Poisson formula, used
for the first inequality, is the trace formula for the additive compact groupAK/K

enhanced by the information, that the Pontryagin dual(AK/K)D has dimension
1 as aK-vector space. Hence the spectral theory of the multiplicative and the
additive theory combined prove the norm index theorem by analytic methods.

Review of the trace formula

For the number fieldL let IL be the group of ideles. Let denoteZL
∼= R

∗
>0 the

image ofR∗
>0 ⊆ IQ in IL. The quotientXL = L∗ZL\IL is a compact group. For

Haar measuresdgL on IL anddzL onZL the measuredgLdzL
induces a measuredxL

onXL. Assume
∫

XL
dxL = 1. The corresponding Hilbert spaceL2(XL) is spanned

by the charactersη ∈ (XL)
D of XL. LetL/K be cyclic with Galois group〈σ〉.

For functions
∏

v fv(xv) in C∞
c (IL) definef by integration overZK . Forϕ ∈

L2(XL) define the convolutionRϕ in L2(XL) by
∫

ZL\IL
f(h−1θ(g))ϕ(g)dgLdzL

as a
function ofh. Hereθ(g) = κ · σ(g) for a fixedκ ∈ IL with idele normN(κ) ∈ K∗.
Obviouslyθ = θκ defines an automorphism ofXL of order[L : K].

The operatorR has the kernelK(y, x) =
∑

δ∈L∗ f(y−1δθ(x)). Hence its trace
is

∫

XL
K(x, x)dxL. UsingK∗\L∗ ∼= (σ − 1)L∗ andZL = ZK the integral defining

the trace, forc = dzK
dzL

, therefore becomes

∑

δ∈L/(σ−1)L∗

∫

y∈IK\IL

(

c ·

∫

x∈ZKK∗\IK

dxK

)

f
(

y−1δθ(y)
) dgL
dgK

.
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AbbreviateOL
δ (fw) =

∫

K∗

w\L
∗

v

(
∏

v|w fv(g
−1
v δθ(gv)dgv

)

/dgw, so this simplifies to

∑

δ∈L∗/(σ−1)L∗

c ·
∏

v

OL
δ (fv) .

For charactersη of XL put ηθ(x) = η(σ−1(x)) andη(f) =
∫

ZL\IL
f
(

θ(g)
)

η(g)dgLdzL
.

Hence up to these constantsη(f)

Rη(h) = η(f) · ηθ(h) .

In other words, the trace ofR becomes the spectral sum
∑

η=ηθ η(f). Comparing
with the previous formula we obtain the usual trace formula (as in [KS])

∑

η=ηθ

η(f) =
∑

δ∈L∗/(σ−1)L∗

c ·
∏

w

OL
δ (fw) .

Matching functions

IK =
∏

w K∗
w and IL =

∏

w L∗
w =

∏

w

∏

v|w L∗
v. Functions

∏

w fw(x) in C∞
c (IL),

s.t. fw =
∏

v|w fv, and functions
∏

w hw(x) in C∞
c (IK) are said to be matching

functions, ifhw(γw) = OL
δw
(fw) holds forγw = N(δw), δw ∈ L∗

w andhw(γw) is
zero forγw /∈ N(L∗

w). Notice, thathw is uniquely determined byfw. Existence is
obvious, since the characteristic functions

∏

v|w 1ov and1ow of integral elements
do match at all unramified nonarchimedean places by the elementary property
N(o∗v) = o

∗
w, which is valid for all unramified placesw (the fundamental lemma).

Twisted case revisited

Charactersη ∈ (XL)
D on the spectral side of the trace formula are characters

η = ηθ of XL trivial on (σ − 1)XL, hence of the formη = χ♯ ◦N for charactersχ♯

of Y ♯ = N(ZL\IL)
/

N(L∗) = XL/(σ − 1)XL (Hilbert theorem 90). Forκ = 1 the
trace summandsη(f) therefore can be written in the form

η(f) =

∫

ZLKern(N)\IL

η(g)
(

∫

Kern(N)
f(gn)dn

) dgL
dndzL

for Kern(N) = (σ − 1)IL anddn = dgL
dgK

(h) andn = σ(h)h−1. By the matching
condition andη(g) = χ♯

(

N(g)
)

the last expression givingη(f) becomes

c̃ · χ♯(h) =

∫

ZK\N(IL)
c̃ · χ♯

(

N(g)
)

h
(

N(g)
) dgK
dzK

where c̃ ·
dgK
dzK

=
dgL

dndzL
.
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On the right side of the trace formula we can also apply the matching condition.
Hilbert 90 impliesL∗/(σ − 1)L∗ ∼= N(L∗), hence the still preliminary formula(♯)

∑

χ♯∈(Y ♯)D

c̃ · χ♯(h) =
∑

γ∈N(L∗)

c · h(γ) .

The degenerate case K = L

For a pair of matching functions we compare the last formula(♯) with the trace
formula forh in the caseL = K andκ = 1, which simply reduces to

∑

χ∈(XK)D

χ(h) =
∑

γ∈K∗

h(γ) ,

since
∏

w OK
γ (hw) = h(γ). By the matching condition the support ofh is contained

in N(ZL\IL) ⊆ ZK\IL. Therefore on the left we may restrict charactersχ from
XK to the imageY ♭ = N(ZL\IL)

/

(K∗ ∩ N(IL)) of N(ZL\IL) in XK , which is a
subgroup of index[IK : K∗N(IL)]. For the restrictionsχ♭ of the charactersχ, now
with χ♭ running over the character group(Y ♭)D of Y ♭, we thus may restate the
trace formula forL = K as the following formula(♭)

#
(

IK

K∗N(IL)

)

·
∑

χ♭∈(Y ♭)D

χ♭(h) =
∑

γ∈K∗∩N(IL)

h(γ) .

In particular[IK : K∗N(IL)] < ∞.

Comparing the trace formulas

RecallY ♯ = XL/(σ − 1)XL = N(ZL\IL)
/

N(L∗), which gives the exact sequence

0 →
K∗ ∩N(IL)

N(L∗)
→ Y ♯ → Y ♭ → 0 .

A system of representativesκi for all possibleκ moduloL∗ is in 1-1 correspon-
dence with the elements ofK

∗∩N(IL)
N(L∗) . Summing up theκi-twisted trace formulas

for f – these are nothing but the revisited forms of the trace formulas (♯) for the
translatesf(κix) of f(x) – we obtain from(♯) therefore the final identity

#
(K∗ ∩N(IL)

N(L∗)

)

·
∑

χ♭∈(Y ♭)D

c̃ · χ♭(h) =
∑

γ∈K∗∩N(IL)

c · h(γ) .
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In particular[K∗ ∩N(IL) : N(L∗)] < ∞. If we compare this last formula with
the trace formula(♭) for L = K, we get the crucial formula

[IK : K∗N(IL)]

[K∗ ∩N(IL) : N(L∗)]
=

c̃

c
.

The quotient̃c/c. The constants were defined byc̃ · dgK
dzK

= dgL
dndzL

andc = dzK
dzL

,
and dn = dgL

dgK
by abuse of notation. Indeed, the ratioc̃/c is independent from

the particular choice of Haar measuresdgL, dgK anddzK , dzK . Therefore we may
choose them freely. Normalizing constants fordgK , dgL cancel. Unraveling the
definitions in terms of the mapsi andN we are thus reduced to consider invariant
K-rational differential forms for theK-tori Gm andT = ResL/K(Gm) and the
exact sequence

0 → Gm
i
→ T

1−σ
→ T

N
→ Gm → 0 .

An easy calculation on the tangent spaces, forA = i∗(e∗1) and a formB on the
tangent space ofV = (1 − σ)T , using the formulae∗1 ∧ (1 − σ)∗(B) = e∗1 ∧ [(e∗2 −

e∗1)∧ · · · (e∗n − e∗n−1)] = e∗1 ∧ · · · ∧ e∗n = [e∗1 ∧ · · · e∗n−1]∧ (e∗1 + · · ·+ e∗n) = B ∧N∗(A)

proves, that the quotientc̃/c entirely comes from the measure comparison between
dzL anddzK similarly arising from the exact sequence

0 → ZK
i
→ ZL

1−σ
→ ZL

N
→ ZK → 0 .

(1 − σ) is the zero map onZL. Hence this comparison is trivial. The factorc̃/c

immediately turns out to bẽc/c = [L : K]. This completes the proof. Of course,
combined with the first inequality, this a posteriori implies the Hasse norm theo-
remK∗ ∩N(IL) = N(L∗), hence the stability of our particular trace formula as in
[KS] 6.4 and 7.4.
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