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Abstract. LetRbe alocal ring and letx,...,%) be part of a system of parameters
of a finitely generate®-moduleM, wherer < dimgM. We will show that if ¢/1,...,yr)
is part of a reducing system of parameterd/ofvith (y1,...,yr)M = (Xg,...,% )M then
(X1,...,%) is already reducing. Moreover, there is such a part of a iagusystem
of parameters oM iff for all primes P € SuppM NVR(Xy, ..., %) with dimrR/P =
dimrM —r the localizatiorMp of M atP is anr-dimensional Cohen—Macaulay module
overRp.

Furthermore, we will show tha¥l is a Cohen—Macaulay module iff is a non zero
divisoronM/(y1,...,Y¥4—1)M, where(ys,...,Yq) is a reducing system of parameters of
M (d := dimgM).
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1. Preliminaries

In what follows, letR be a local ring with maximal ideat and letM be a non zero finitely
generatedR-module of dimensionl. Instead of dirg, deptly, Asxk, Supg, ... we will
write dim,depth Ass Supp... for short.

We note that Supll /XM = SuppM NV (X), whereX is a subset oR and that for a
prime idealP of Rwe haveP € AssM iff PR» € AssMp. Moreover we define Assfl :=
{P € AssM | dimR/P =d}.

For undefined terminology we refer to the standard liteeatarg. [E]).

DEFINITION 1.

A system of parametefsy,...,%q) of M is calledreducing if foralli=1,...,d — 1 we
have

X ¢ Pforall P € AssM/(x1,...,Xi—1)M with dimR/P=d —i.

Remark2. Auslander and Buchsbaum definedin[AB] a system of paramsied, . .. ,Xq)
of Rto be a reducing system of parameter§/oif

evm(Xy,...,Xg) =lengthM/(xa,...,xq)M)
—length((xq, ..., Xg—1)M : X4/ (X1, ..., X4—1)M).
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This definition is equivalent to the definition given abovewt pass fromR to
R:=R/AnngkM and consideM as aR-module in Definitior Il and use Corollary 4.8 in
[AB]. Therefore it is clear that all definitions and resultsr@ducing systems of parame-
ters remain true in this more general context.

Remarlk3. For every system of parametgps,...,Xq) of M there is a reducing sys-
tem of parameter§y, . ..,yq) of M such that(ys,...,yq)R= (Xq,...,X4)R, in particular,
(Y1,---,¥Yd)M = (X1, ...,X3)M (see Proposition 4.9 in [AB]).

DEFINITION 4.

A sequencesy,. .., X of elements ofn is calledpart of a(reducing system of parameters
of M, if there are elementg1,...,Xg € m such thai(xs, ..., X, X+1,...,Xd) is a (reduc-
ing) system of parameters bf.

Remarks.

(1) A sequencéxy,...,x ) of elements ofn with r < d is part of a system of parameters
of MiffdimM/(xq,...,x )M =d—r.

(2) A sequencgXy,...,X ) of elements ofm with r < d is part of a reducing sys-
tem of parameters oM iff for all i = 1,...,r we havex ¢ P for all P €
AssM/(xq,...,X—1)M with dimR/P > d —i.

(3) Every regular sequence bdhis part of a reducing system of parameters/of

Remarkb.

(1) We note that the following conditions are equivalent:

()M is a Cohen—Macaulay module, i.e. delth=d.
(ii) Every system of parameters bf is a regular sequence d.
(i There exists a system of parameterdwivhich is a regular sequence bdbh

(2) Assume thaM is a Cohen—Macaulay module. (i1, ..,X,) is part of a system of
parameters ol thenM/(x,...,% )M is unmixed, more precisely, diRyP=d—r
forall P € AssM/(x1,...,% )M. Therefore for a sequen¢ey, ..., %) of elements of
m the following conditions are equivalent:

(i) (X,...,X%) is aregular sequence .
(i) (x1,...,X%) is part of a reducing system of parameter&/of
(iii) (xq,...,X% ) is part of a system of parametersif

Letxy,...,x € m. If (x1,...,% ) is aregular sequence dhthen(xy,...,% ) is aregular
sequence oMp as well for all prime® € SuppM NV (Xg, ..., % ).

Lemmay?. Let (xi,...,%) be part of a(reducing system of parameters of M. Then
(X1,...,X%) is part of a (reducing system of parameters of gMfor all primes Pe
SuppM NV (xg,...,% ) with dimR/P+dimMp =d.

Proof. Let P € SuppM NV (xq,...,%) with dimR/P+dimMp = d. An easy induction
argument (induction om) shows that we can restrict ourselves to the gasel (and
dimMp > 2).
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Let g € AssMp with dimRp/q = dimMp(dimRp/q > dimMp — 1). Thenqg = QRp
with Q € AssM, Q C P, and we obtain
dimR/Q > dimR/P+dim(R/Q)p = dimR/P+dimRp/q
=dimR/P+dimMp =d
(>dimR/P+dimMp—1=d-1).

Thereforex; ¢ Q by our assumption. But thexy ¢ q, i.e. (x;) is part of a (reducing)
system of parameters Hfp. O

Lemma8. If x € R is a zero divisor on Mthen Pe AssM/xM for all minimal primes
P e AssMNV(x).

Proof. LetP € AssMNV(x) be minimal. Sincd € AssM/xM iff PRo € AssMp/XMp we
may assume by localizing BtthatP = m. Thenx ¢ Q for all Q € AssM\{m}. SinceRis
noetherian there is dre N* such that Oy X' = 0:y x forall j >i. LetU :=0:y X. Then
U # 0 (otherwisex would be a non zero divisor avi, contradicting our assumption).

LetQ € SuppM\{m}. Since Asdg = {Q'Rg|Q € AssM,Q’ C Q}, we havex ¢ q for
all g € AssMq. Thereforddg = 0 v, x =0 for allQ € SuppM\ {m}, i.e. SuppJ = {m}.
Moreover,

Umx=0mx1=0mx=U.

Let ¢: U — M/xM be the inclusionlJ C M followed by the canonical epimorphism
MM /xM. Since

kerg =UNxM = x(U :m X) =xU,

¢ induces a monomorphist/xU — M/xM. Now U /xU # 0 by Nakayama’s lemma.
Therefore B4 AssU /xU C AssU = {m}, that means Add /xU = {m}. This gives us the
existence of a monomorphisRym — U /xU — M/xM. Thusm € AssM/xM. O

Lemmad. Let Qe SuppM and assume that there is arexm with x¢ Q. Then there is a
P € SuppM such that xe P, Q ¢ P anddimR/P =dimR/Q— 1.

Proof. Since(x) is part of a system of parametersRfQ, there is aP € SupgR/Q)/
X(R/Q) = SuppR/(Q+xR) = V(Q+xR) C V(Q) with dimR/P = dimR/(Q+ xR) =
dimR/Q— 1. Since 0% Mg = (Mp)oRr, We haveMp # 0, i.e.P € SuppM.

O

COROLLARY 10.

Let Qe SuppM and let x,...,% € m. Then there is a B SuppM NV (Xg,...,X ) such
that QC P anddimR/P > dimR/Q —r.

The proof follows immediately from Lemnfid 9 by inductionan

2. Main results

Theorem 11. Let (y1,...,Yq) be a reducing system of parameters of M. M is a Cohen—
Macaulay module iff yis a non zero divisor on My, ...,Yg_1)M.
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Proof. The implication =’ is clear, since every system of parameters in a Cohen—
Macaulay module is a regular sequence (see Renlark 6(1)).

We will prove the opposite implication by induction dnwhere the casé = 1 is clear.
Letd > 2 and assume that the statement is true for modules with andiorestrictly less
thand.

Assume thayy is a non zero divisor oM /(ys, ..., Yq4—1)M. By our induction hypoth-
esis,M/yiM is a Cohen—Macaulay module and therefore it remains to shatyt is a
non zero divisor oM. Suppose this is not the case. [Rebe minimal in AsM NV (y1).
Since(y1) is part of a reducing system of parameterdvbfwe have dinR/P < d — 2.

By Lemmd8 P € AssM /y;M and therefore dirR/P = dimM /y;M = d — 1 (see Remark
[6(2)), a contradiction. O

Lemmal2. Let(x) be part of a system of parameters of M. [Pd2, the following condi-
tions are equivalent

(i) (x) is part of a reducing system of parameters of M.
(i) Mp is a one-dimensional Cohen—Macaulay module overfd® all P € SuppM N
V(x) satisfyingdimR/P=d — 1.
(iii) There is a ye m such that(y) is part of a reducing system of parameters of M and
yM = xM.
(iv) There is a ye m such that(y) is part of a reducing system of parameters of M and
SuppM NV (x) SV (y).

Proof. The implications (i)=- (iii) and (iii) = (iv) are obvious.

(iv) = (ii): Let (y) be part of a reducing system of parameterd/ofvith SuppM N
V(x) CV(y) and letP € SuppM NV (x) with dimR/P =d — 1. Theny € P. Nowy ¢ Q for
all Q € AssM with dimR/Q > d — 1 by our assumption. Thu® ¢ AssM and therefore
PRe ¢ AssMp (# 0) from which

0 < deptiMp < dimMp < dimM —dimR/P =1,

i.e. deptiMp = dimMp = 1.

(i) = (i): Let P € AssM with dimR/P > d — 1. If dimR/P = d, thenx ¢ P since(x) is
part of a system of parametersMf Let dimR/P=d — 1. If x € P, thenMp is a Cohen—
Macaulay module oveRp with dimMp = 1. ThereforePRe ¢ AssMp contradictingP €
AssM.

Thusx ¢ P for all P € AssM with dimR/P > d—1, i.e.(x) is part of a reducing system
of parameters ol by Remarkb(2). O

Remarkl3. Letxy,..., %, Y1,...,Yr be elements of with
SuppM NV (X1, ..., %) SV (Y1,...,¥r)
(which is equivalent to Supgd/(xa, ..., X )M C SuppM/(y1,...,Yr)M).

(@) If (y,-..,yr) is part of a system of parameters ®f then the same is true for
(X1,-..,%). This follows immediately from RemafR 5(1).

(b) If (ya,...,¥r) is a regular sequence & then the same is true f@Kky,...,X ). This
follows from Corollary 2 of [PSS].
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The equivalence (i} (iv) of our next theorem shows that a similar statement hfdds
parts of reducing systems of parameter8/ofprovidedr < d. (Forr = d this is not true
in general, see Remark 3.)

Theorem 14. Let (xg,...,% ) be part of a system of parameters of WhereO <r < d.
Then the following conditions are equivalent

() (x1,...,X%) is part of a reducing system of parameters of M.
(i) Mp is an r-dimensional Cohen—Macaulay module overfBr all P € SuppM N
V(xq,...,%) satisfyingdimR/P = dimM —r.
(i) There is a part(ys,...,yr) of a reducing system of parameters of M such that
(ylv"'vyl')M = (Xl,...,Xr)M-
(iv) There is a part(ys,...,yr) of a reducing system of parameters of M such that
SupgM NV (X1,.... %) CV(y1,...,¥).

Proof. We use induction om. Forr = 0, there is nothing to show and for= 1 the
statement follows from Lemniall2. So tet 2.

The implications (i)}=- (iii) and (iii) = (iv) are obvious.

(iv) = (ii): Let M :=M/y1M. TakeP € SuppM NV (X1,..., %) CSuppMnV (y1,...,¥r)
with dimR/P =d —r. Since dinM =d — 1, Mp = Mp/y1Mp is an ¢ — 1)-dimensional
Cohen—Macaulay module (ovBp) by the induction hypothesis ((#> (ii)). Therefore it
is sufficient to show thay; is a non zero divisor oMp. _

Suppose this is not the case. Then by Leriiina 8 therg is AssMp with q € AssMp.
Therefore dinRRp/q = r — 1 by Remark®(2). Now = QR with Q € SuppgM = SuppM N
V(y1) andQ C P. ThenQ € AssM and we have

dimR/Q > dimR/P + dim(R/Q)p = dimR/P+dimRs/q = d — 1.

Thereforey; ¢ Q (since(y,...,Yr) is part of a reducing system of parameterdvjf a
contradiction. _ _

(i) = (i): Let M := M/xqM_and takeP € SuppM NV (xp,...,%) = SuppM N
V(Xg,...,% ) withdimR/P=dimM — (r — 1) =dimM —r. ThenMp is anr-dimensional
Cohen—Macaulay module (ové®s) by our assumption andx,...,X;) is a system
of parameters oMp and hence a regular sequenceMp by Remark 6(1). But then
Mp = Mp/x3Mp is an f — 1)-dimensional Cohen—Macaulay module (oRe}.

_ By the induction hypothesisc, ..., %) is part of a reducing system of parameters of
M and therefore it remains to show that¢ Q for all Q € AssM with dimR/Q=d — 1.

Suppose this is not the case. Cho@se AssM with dimR/Q = d — 1 andx; € Q. By
Corollary(10 there is a prime € SuppM NV (Xo,...,% ) such thaQ C P and dinR/P >
d—1—(r—1)=d—r.ButthenP e SuppMNV (Xq,...,% ) (sincex; € Q C P) and there-
fore dimR/P <d-—r, i.e. dimR/P = d —r. By our assumptionMp is anr-dimensional
Cohen—Macaulay module. Sin@R» € AssMp we therefore have

r =dimMp = dimRp/QRs = dim(R/Q)p
<dimR/Q—dimR/P=d—-1—(d—r)
=r—-1

(see Remark]6(2)), a contradiction. O
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COROLLARY 15.

Let (x1,...,%) be part of a reducing system of parameters of M. lkrd, then
(Xm(1),---»Xm(ry) is part of a reducing system of parameters of M for any pertienar
of {1,...,r}.

We note that the statement of this corollary is not true inegehif r = d, see the
following Exampld_16.

Examplel6. LetR:=K[X,Y,Z], whereK is a field andX, Y, Z are indeterminates. For
M:=R/(XY,XZ)R and x1:=Y,X:=X+Y+Z,

(x1,%2) is a system of parameters M, but not a reducing system of parametéxs, x; )
is a reducing system of parameterdw{not a regular sequence bf).

Finally we define the following.
DEFINITION 17.
&AM (M) :={P e SuppM|dimR/P+dimMp =d and Mp is
a Cohen—Macaulay module oves}
(thestrong Cohen—Macaulay locus 8tippM) and for 0<r <d
C M (M) ={PeC.# (M) dimMp=r}.
Remarkl8.
(1) We have
(i) €4 o(M) = AsshM and, ifd > 1,
(i) €41 (M) = {P € SuppM|dimR/P =d — 1} \ AssM,
(iii) €.t (M) =G (M).
(2) The following conditions are equivalent

(i) M is a Cohen—Macaulay module,
(ii) €. (M) = SupgM,
(i) me €4 (M).

(3) If SuppM is equidimensional and catenarian tl€n# (M) coincides with the ordi-

nary Cohen—Macaulay locus of SudpThis is the case, for example, when dit
1 or whenR is an epimorphic image of a local Cohen—Macaulay ring Bhis
equidimensional.

PROPOSITION 19.

Forr e N, r <d, we have

C M (M) ={P|PcAssM/(xq,...,%)M, dmR/P=d —r,
(X1,...,%) part of a reducing system of parameters of.M

Proof. By Theoreni I we have’ and equality holds (trivially) for = 0. Therefore it
remains to verify the validity of the inclusior’ for r > 1.
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LetP e €.#:(M). SinceMp is a Cohen—Macaulay module with dvip =r > 1, we
havePRe ¢ AssMp and henc® ¢ AssM. Moreover, dinR/P=d—dimMp=d—r.

Let Q € AssM with dimR/Q > d — 1. ThenP Z Q sinceP = Q is impossible P ¢
AssM) andP c Q would imply dimR/P = d contradicting againP ¢ AssM’. Therefore
we can find arx; € P with x; ¢ Qfor all Q € AssM with dimR/Q > d — 1. By construc-
tion, (x1) is part of a reducing system of parameterd/bfind a regular sequence bfp
by LemmdY and Remalk 6(2).

If r > 1 we continue this procedure by passingytpx;M and we can construct elements
X1,...,% € P inductively onr such that(xs,...,%) forms a part of a reducing system
of parameters oM and a regular sequence df. Let M := M/(Xy,...,%)M. Since
dimMp = dimMp/(X1,...,% )Mp =dimMp —r =0, P is minimal in SuppM and therefore
P € AssM. 0
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