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This paper deals with nonparametric maximum likelihood esti-
mation for Gaussian locally stationary processes. Our nonparametric
MLE is constructed by minimizing a frequency domain likelihood
over a class of functions. The asymptotic behavior of the resulting
estimator is studied. The results depend on the richness of the class
of functions. Both sieve estimation and global estimation are consid-
ered.

Our results apply, in particular, to estimation under shape con-
straints. As an example, autoregressive model fitting with a mono-
tonic variance function is discussed in detail, including algorithmic
considerations.

A key technical tool is the time-varying empirical spectral process
indexed by functions. For this process, a Bernstein-type exponential
inequality and a central limit theorem are derived. These results for
empirical spectral processes are of independent interest.

1. Introduction. Nonstationary time series whose behavior is locally close
to the behavior of a stationary process can often be successfully described
by models with time-varying parameters, that is, by models characterized
by parameter curves. A simple example is the time-varying AR(1) model
Xi 4+ ap Xy 1 =014, t € Z, where ap and oy vary over time. If the process is
observed at times t =1,...,n, the problem of estimation of oy and o; may be
formulated as the estimation of the curves «(:) and o(-) with a(t/n) = ay,
o(t/n) = oy in an adequately rescaled model. To study such problems in a
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more general framework, Dahlhaus [9] introduced the class of locally sta-
tionary processes having a time-varying spectral representation or, alterna-
tively, an infinite time-varying moving average representation. In this paper,
we present a methodology for nonparametric ML-estimation of time-varying
spectral densities of Gaussian locally stationary processes. Results for pa-
rameter functions like a(-) or o(-) then follow from the former results for
spectral densities. The time-varying AR(1)-process from above will serve as
a simple example for our general results.

Guo et al. [16] consider an approach for nonparametric estimation of
the time-varying spectral density using both a penalized least squares and
a penalized likelihood approach. For nonparametric estimation of curves
such as «a(-) and o(+) in the above example, different approaches have been
considered. One idea is to utilize a stationary method on overlapping small
segments of the time series (e.g., a Yule-Walker or least squares estimate)
where the resulting estimate is regarded as the estimate of the curve at the
midpoint of the interval. More generally, one can consider kernel estimates
[11] or local linear fits, as in [17]. Other methods are based on wavelets, as
in [12] and in [13].

In contrast to these local methods, we here consider a global method by
fitting parameter curves from a given class of functions. Such a method is
of particular interest when shape restrictions are known, as, for instance, in
case of earthquake data or chirp signals where some of the parameter func-
tions are known to be monotonic or unimodal (cf. Section 3). We fit such
curves by maximizing an appropriate likelihood function over a class of suit-
able candidate functions. By choosing the class of functions in an adequate
way, different estimates can be obtained. We consider both sieve estimates
and global estimates in function spaces. The likelihood used is a minimum
distance functional between spectral densities in the “time-frequency” do-
main, meaning that the spectral densities are functions of both time and
frequency. The likelihood considered here can be regarded as a generaliza-
tion of the classical Whittle likelihood [24] to locally stationary processes.

The basic technical tool for deriving rates of convergence of the non-
parametric maximum likelihood estimator is an exponential inequality for
the time-varying empirical spectral process of a locally stationary process
(cf. [14]).

Non- and semiparametric inference has received a lot of attention dur-
ing the last decade. A general approach uses minimum contrast estimation,
where some contrast functional is minimized over an infinite-dimensional
parameter space, including maximum likelihood estimation, M -estimation,
least squares estimates in nonparametric regression (e.g., [2, 3, 7, 21, 22]).
The theory for all of these approaches is based on the behavior of some
kind of empirical process whose analysis crucially depends on exponential
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inequalities (or concentration inequalities) together with measures of com-
plexity of the parameter space, such as metric entropy conditions or VC
indices. The theory often leads to (almost) optimal rates of convergence for
the estimates.

It turns out that by using our approach to nonparametric ML-estimation
for locally stationary processes, it is possible to follow some of the main
steps of the approaches mentioned above. However, the statistical problem,
the likelihood under consideration, the underlying empirical process and,
hence, the technical details, are quite different. For instance, our contrast
functional turns out to be equivalent to an Lo-distance in the time-frequency
domain (instead of the Hellinger distance, as in the case of van de Geer).
Further, we do not exploit metric entropy with bracketing, since the time-
varying empirical spectral process is not monotone in its argument. This, in
fact, led us to also consider sieve estimation. In addition, there is, of course,
the complex dependence structure for locally stationary processes which, for
example, enters when proving exponential inequalities for the increments of
the empirical spectral process.

In Section 2, we describe the estimation problem and the construction
of the likelihood and we present the main results on rate of convergence of
our nonparametric likelihood estimates. In Section 3, the estimation of a
monotonic variance function in a time-varying AR-model is studied, includ-
ing explicit algorithms involving isotonic regression. In Section 4, we prove
a Bernstein-type exponential inequality for the function-indexed empirical
spectral process for Gaussian locally stationary processes. This exponen-
tial inequality is used to derive maximal inequalities and a functional limit
theorem. All proofs are shifted without further reference to Section 5. The
Appendix contains some auxiliary results.

2. Basic ideas and the main result.

2.1. Locally stationary processes. 1In this paper, we assume that the ob-
served process is Gaussian and locally stationary. Locally stationary pro-
cesses were introduced in [9] by using a time-varying spectral representation.
In contrast to this, we use a time-varying MA (oo)-representation and for-
mulate the assumptions in the time domain. As in nonparametric regression,
we rescale the functions in time to the unit interval in order to achieve a
meaningful asymptotic theory. The setup is more general than, for example,
in [9] since we allow for jumps in the parameter curves by assuming bounded
variation instead of continuity in the time direction.

Let

Vg) :sup{z lg(xk) — g(axp—1)|:0<a9 < <2, <1, m€ N}
k=1
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be the total variation of a function g on [0, 1], and for some x > 0, let

, 1 jl <1
14 ::{ ! . . ’
V) li[log™™ 3], |j]>1.

DEFINITION 2.1 (Locally stationary processes). The sequence X ,,,t =

1,...,n, is a locally stationary process if it has the representation
[e.9]
(1) Xin= Y an(iley,
j=—00

where the ¢; are identically distributed with Fe; =0, Fegey =0 for s # ¢,
Ee? =1 and where the following conditions hold:

K
(2) sup |agn(5)] < 183} (with K not depending on n)
¢
and there exist functions a(-,7):(0,1] — R with

. K
(3) SlLle|CL(’LL,])| S @7
a t
4 su At,n ' —a\ —, ] SKa
(W 3 () —a 7|
K
() V(a(-,j)) < m

If the process X;, is Gaussian (as in this paper), it can be shown that
the &; also have to be Gaussian.

The above conditions are discussed in [14]. A simple example of a pro-
cess X, which fulfills the above assumptions is X; , = qﬁ(%)Yt, where Y; =
Yja(j)ei—; is stationary with |a(j)| < K/€(j) and ¢ is of bounded variation.
In [14], Theorem 2.3, we have shown that time-varying ARMA (tvARMA)
models whose coefficient functions are of bounded variation are locally sta-
tionary in the above sense. In particular, it follows from this result that the

system of difference equations

p
t t
(6) Xtv"+zaj<ﬁ)Xt—jvn:J<E>€t’

J=1

where & are i.i.d. with Ee; =0 and Elgy| < oo, all «;() as well as o2(+)
are of bounded variation, 1+ Z§:1 aj(u)z? # 0 for all u and all z such that
0<|z| <1+ for some 6 >0, has a locally stationary solution which is
called tvAR process.
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DEFINITION 2.2 (Time-varying spectral density and covariance). Let
Xin be alocally stationary process. The function
1
A) = —|A(u,\)[?
£l N) = oA, )
with

oo

A(u, \) := Z a(u,j)exp(—iAj)

j=—00

is the time-varying spectral density, and

[e.e]

7 cluk) = /_ 7; Flu N exp(idk)dh= S a(u,k + j)a(u, )

j=—00
is the time-varying covariance of lag k at rescaled time u.
For instance, the time-varying spectral density of a tvAR(p) process is

given by
-2

0'2 u
) =71

1+ Z aj(u)exp(iNg)
j=1

2.2. The estimator. Our nonparametric estimator of the time-varying
spectral density of a locally stationary process will be defined as a minimum
contrast estimator in the time-frequency domain, that is, we minimize a
contrast functional between a nonparametric estimate of the time-varying
spectral density f(u,\) over a class of candidate spectral density functions.
Two different scenarios are considered: (i) Sieve estimation, where the classes
of candidate spectral densities F,, depend on n, are “finite-dimensional”
and approximate, as n gets large, a (large) target class F and (ii) global
estimation, where the contrast functional is minimized over an “infinite-
dimensional” target class F directly, or, formally, F,, = F for all n. The
nonparametric (sieve) maximum likelihood estimate for f is defined by

f,, = argmin L, (g),
gEFn

where our contrast functional is

I 1 7 t Ju(L,N)
9 L =— —/ {lo (—,)\)—F#}d)\.
(9) n(9) n;M - ees( ERY
Here, J,, denotes a nonparametric estimate of the time-varying spectral den-
sity, defined as

t 1 .
(10) Jn(;,k) = — > Xt 1/240k/2)nX[t41/2—k/2),n €XP(—IAK).
ki 1<[t+1/24k/2]<n
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This estimate is called pre-periodogram [19]. It can be regarded as a prelimi-
nary estimate of f (%, A); however, in order to become consistent, it has to be
smoothed in the time and frequency directions. If we choose g(u,\) = g(\),
that is, we model the underlying time series as stationary, then L, (g) is
identical to the classical Whittle likelihood. This follows since the classical
periodogram is a time average of the pre-periodogram.

Below, we prove convergence of fn to

(11) fr =argmin L(g),
geEF
where
1 T U
(12) c(g):/o %/_W{logg(u,)\)—l—géu’ii}d/\du.

This is, up to a constant, the asymptotic Kullback—Leibler information di-
vergence between two Gaussian locally stationary processes with mean zero
and time-varying spectra f(u,A) and g(u, ) (cf. [8], Theorem 3.4). Since
L(g) > 3 & ™ {log f(u,\) + 1} d\ du, we have

fr=f < [feF,

provided the minimizer in (11) is unique (a.s., uniqueness of the minimizer
follows in the case f € F from the inequality logz <z —1Vax #1).

We now give three examples of possible model classes F. In these examples
and in all of what follows, candidate spectral densities are denoted by g(u, \).
The true spectral density is always denoted by f(u,\).

EXAMPLE 2.3 (Model classes for the time-varying spectrum). (a) The lo-
cally stationary process is parameterized by curves 6(u) = (61(u),...,04(u))" €
© and F consists of all spectral densities of the form gg(u, A) = w(f(u), \) for
some fixed function w as, for instance, in the case of tvAR models discussed
above.

(b) The process is stationary, that is, g(u,A) = g(\), and the spectral
density g(A) is the curve to be estimated nonparametrically.

(c) Both the behavior in time and in frequency are modeled nonparametri-
cally. An example is the amplitude-modulated process X; ,, = gp(%)Yt where
Y; is stationary. In this case, g(u, \) = g1(u)g2(\), where g;(u) = ¢(u)? and
g2(A) is the spectral density of Y;.

In the above examples, the curves 6;(u), g(A), g1(u) and g2(\) are assumed
to lie in ‘smoothness’ classes, like Sobolev classes or classes defined through
shape restrictions (see Section 3 below).
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2.3. Asymptotic properties of the NPMLE. We now motivate and formu-
late rates of convergence for the NPMLE. It turns out that sieve estimation
leads to rates of convergence for the NPMLE which, in an i.i.d. density
estimation setup, are known to be (almost) optimal. In the case of global
estimation, the obtained rates are slower. Whether the same rates as for
sieve estimation can be obtained for global estimation is an open question.

We start with some elementary calculations which demonstrate the struc-
ture of the problem, the importance of the empirical spectral process and
the fact that the Lo-norm of the inverse spectral densities is a natural norm
for studying the convergence of the NPMLE.

First, we define the empirical spectral process by

where

I
(14) F@) = [ [ ou)f(u ) dhdu
and

(15) Fu(9) =%;/_¢(%A>J<%A> i

In the following motivation, we only consider the case F,, = F for all n.
The case of sieve estimation is similar in nature [see proof of Theorem 2.6,
part (I)]. By definition of f,, and fr, we have

and, similarly,
(17) L(fF) < L(fn)-

Combining (16) and (17), we obtain the basic inequalities
0< L(fa) = LUF) < (La = L)(JF) = (Lo = L)(Ja)

(18) 1 1 1 1 R r
B 4 \/ﬁ " f.F Afn> Rlog(ff) 108(f")’
Where

(19)  Riglg) := ﬁ/:; l% élogg(%,/\) - /Ollogg(u,/\) du] d.

Hence, if sup e r |Riog(g)| is small, the convergence of L(fn) — L(fF) can
be controlled by the empirical spectral process whose properties will be
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investigated in Section 4, leading to the subsequent convergence results.
Note that in the correctly specified case where fr = f,

(20) L(Fa) = L(f7) = - //_ﬂ{ fnsi)Jré(Zi\))—l}d)\du,

which equals the Kullback—Leibler information divergence between two Gaus-
sian locally stationary processes (cf. [8]). Under certain assumptions, the

equivalence of the above information divergence to pa(1/ frrl /f)? is shown
below (Lemma 5.1), where ps(¢,1) = pa(¢ — 1) with

(21) (// uA\2dAdu>1/2.

Hence, properties of the empirical spectral process lead, via (18), to the con-
vergence results for p3(1/ fn, 1/f) stated in Theorem 2.6. The above discus-
sion shows that these results are also convergence results for the Kullback—
Leibler information divergence. More generally, we allow for misspecification
in our results, which means that we do not require f = f. In this case, ad-
ditional convexity arguments come into play (cf. Lemma 5.1). In order to
formulate the assumptions on the class F, we need to introduce further
notation. With

(22 Susg)i= [ dlu Nexp(irg) d.
let
peld)i= > sl i), 0(9):=wpV(H(.5)) and
(23) = ’
= Y V.9

Furthermore, let

1
.F*:{—;ge}"}.
g

Since the empirical process has 1/g as its argument, it is more natural to
use the class F* instead of F in most of the assumptions. For our sieve
estimate, we also need a sequence of approximating classes denoted by F,.
The corresponding classes of inverse functions are denoted by F. In the
results on global estimation, F,; = F*.

ASSUMPTION 2.4. (a) The classes F, are such that f,, exists for all n,
and F is such that fr exists, is unique and 0 < fr < co.
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(b) For any ¢ € F*, there exists a sequence 7, (¢) € F,' such that pa(¢, m,(4))
— 0 as n — oo.

(c) There exist 0 < M, <1< M* < oo with M, <|¢(u, )| < M* for all
u, A\ and ¢ € F;. Furthermore, supgez: poo(9) < poo < 00, SUPgerx U(9) <
U <oo and Supger: vy (¢) < vy < co. All constants may depend on 7.

The bounds in (c) are not very restrictive. For instance, for tvAR pro-
cesses, only finitely many (g(u, j) are different from zero; see Example 2.7
below. M, (the uniform upper bound on the model spectra) is only needed
for bounding Rjeg(g) in Lemma A.2. This bound can be avoided by a condi-
tion on the variation of /™ _log g(u,\) dX which in some cases already follows
from other assumptions; see Example 2.7 and Section 3.1 below. In that case,
the constant M, in Theorem 2.6 can be replaced by 1. We mention the fol-
lowing elementary relationships:

su)[\) lp(u, N)| < %poo(qs)? 0(¢) <vs(e),

W0) < [V D pa(0) € Z=pl)

Our results for the NPMLE are derived under conditions on the richness
of the model class F*, as measured by metric entropy. For each € > 0, the
covering number of a class of functions ® with respect to the metric ps is
defined as

N(e,®,p3) =inf{n >1:3¢1,...,¢, € ® such that
Vo ed 31 <i<n with pa(e, i) < €.

The quantity H(e,®,p2) =log N (e, ®, p2) is called the metric entropy of ®
with respect to pa. For technical reasons, we assume that H (e, ®, p2) < Hg(¢)
with Hg () continuous and monotonically decreasing. This assumption is
known to be satisfied for many function classes (see Example 2.7). A crucial
quantity is the covering integral

(25) / " f(u) du.

In contrast to (25), the standard covering integral is defined to be the integral
over the square root of the metric entropy. Here, we have to use this larger
covering integral which leads to slower rates of convergence as compared
to nonparametric ML-estimation based on i.i.d. data (cf. the discussion in
Section 2.4).

(24)

REMARK 2.5 (Measurability). We will not discuss measurability here.
All random quantities considered are assumed to be measurable. In the
case where F is nonseparable, this measurability assumption may be an
additional restriction.
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THEOREM 2.6 (Rates of convergence). Let Xi, be a Gaussian locally
stationary process. Let F,, F be classes of functions satisfying Assump-
tion 2.4.

Part I (Sieve estimation) Suppose that there exist constants A >0, k, > 1
with log N (n, Ft, p2) < Ak, log(n/n) for alln > 0. Let ¢, = max{pso, vs, (M*)?}.

If f € F, we have, with a,, =infycr, pg(fif, é), that

p2<fifif) = 0p(8,),

where 6, satisfies

M* |
(26) Op = A max(q/CkTOgn,an)

If f ¢ F, the same result holds, with a, replaced by b, = pa( ),
provided that all F} are convex.

Part II (Global estimation) Let F,, = F. Assume either f € F or F* to
be conver. Further, assume that there exist 0 <y <2 and 0 < A < oo such
that for all n >0,

11
fr fr,

(27) Hz-(n) < An~7.
Then
o 777) = 0rton)
where
5n:{n_z(+j” - for0<y <1,
n~ 1 (logn) 27 for1<y<2.

Remark. In Part I, the nonrandom term a,, is smaller than b,,. Furthermore,
(an upper bound of) a,, may be easier to calculate.

ExaMpLE 2.7. The above results are now illustrated in the correctly
specified case for the tvAR(1) model

t t
(28) Xin+a (—)Xt_l,n =0 <—> €t
n n

with independent Gaussian innovations €; satisfying Ee; = 0, Var(e) = 1,
o(-) >0 and sup, |a(u)| <1, with «(-) smooth and o(-) of bounded varia-
tion. These assumptions ensure that the corresponding time-varying spectral
density f(u,\) exists and f(i/\) = Cr22—a)(1 + a?(u) + 2a(u) cos(N)) [see (8)].
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We will assume that a(-) € A and o?(:) € D, where A and D are model
classes. This leads to

F* = AR(1; A, D)

_ 1 27 o2(u o) cos(\)): o 2
B {ga,o2(u7)‘) B 0'2(U) (1+ ( )+2 ( ) (/\))7 €A7 GD}.

PROOF. Global estimation. For simplicity, we assume here that o2 is a
constant, that is, we choose
1
(.2
D= (6 5 6_2)

for some 0 < e < 1. We assume further that a is a member of the Sobolev
space 8" with smoothness parameter m € N such that the first m > 1
derivatives exist and have finite Ly-norms. To ensure 1+ a(u)z # 0 for all
0<|z] <1 [cf. (6) ff.], we choose

A={h(-) € S™; sup, |h(u)| <1}.

The metric entropy of A can be bounded by An~'/™ for some A > 0 [4].
It follows (under additional constraints on the model—see below for more
details) that the metric entropy of the corresponding class of reciprocal

spectral densities can be bounded by H (n) = fln_% for some A > 0. Hence,
Theorem 2.6 gives us rates of convergence (by putting v = 1/m). These
rates are suboptimal and we can obtain faster rates via sieve estimation as
we illustrate below.

Sieve estimation. Let 0 < ¢, < 1. We will assume ¢, — 0 as n — co. We

choose
5 1
D= Dn = | € 6—2 .

n
For 0 <e¢, <1 and k, a positive integer, let

kn

A, = {a(u) =ag+ Y _(ajcos(2mju) + b; sin(2mju));
j=1

we0,1]; sup ra<u>\<1},
u€e(0,1]

where ag,a,...,ak,,b1,...,b;, € R, and let
Fr=AR(1; A, Dy,).

It follows that sup, ) ¢(u, A) = O(1/€3) uniformly in ¢ € F;; and that M* =
O(1/€2). Note that we do not need the lower bound M,: Kolmogorov’s
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formula (cf. [5], Chapter 5.8) implies for all u that [" log g, ,2(u,\)d\ =
2mlog(0?/(2m)), leading to Riog(ga02) =0. As mentioned below Assump-
tion 2.4, Theorem 2.6 can now be applied with M, = 1. Further,

~ 47

2
1¢(u,0)| = — (1 +a?(u)) < —
o €2
B 2T 2

a(w] < 5.

[6(u, 1)| = [¢(u, —1)|

2
o(u,j)=0  for |j|>2.

Consequently, ps, and vy are of order O(1/€2) and it follows that ¢, =
O((M*)?) = O(E—%;) As a finite-dimensional linear space of uniformly bounded
functions, the metric entropy of A, can, for small n > 0, be bounded by
Ak, log(1/e,n) and, hence, a similar upper bound of Ak, log(1/(e2n)) holds
for the metric entropy of F}. Finally, we determine the approximation er-
ror a,. First, note that for €, — 0, we have o2 € D,, for sufficiently large n.

Further, for galgz € F and galg € F*, we have py(-— —) =

90,62 Yy, 02
O(U—l2 p2(a, o). Tt is well known that the approximation error of the sieve A,
in 8™ is of the order k,™ (e.g., see [3, 18, 21]). Hence, we can choose the
approximating function 7, (1/fr) such that as €, — 0, we have

1 1
— (1 =0(—|.
pQ(f]__aT‘. ( /ff)) (k:;?)
In other words, if €, — 0, we have a, = O(%). We now choose the free

parameters k,, ¢, in order to balance the two terms in the definition of §,,.
. —4(1+ 50 —m .

This leads us to the rate 6, = €, ( 2m+1)(ﬁ) 2m+1. Choosing €, of the

order (logn)~® for some a >0 gives us a rate which (up to a log term)

equals the optimal rate known from the i.i.d. case. [J

Finally, we state that the same rates of convergence hold if the estimate
is obtained by minimizing an approximation of the likelihood L, (g). An
example with a conditional likelihood function is given in Section 3.2.

THEOREM 2.8 (Likelihood approximations). Let Ly,(g) be a criterion
function with

(29) sup [£,,(9) = La(g)| = op (6, /(M*)?).
gEFn

Then Theorem 2.6 holds with fn replaced by fn =argming¢ r, Zn(g)
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2.4. Discussion. Why both sieve estimation and global estimation? The
reason for considering both sieve and global estimation is more or less tech-
nical. In contrast to the standard empirical process, the (time-varying) em-
pirical spectral process E,(¢) is not monotonic in its argument ¢, that is,
d(u, N) < (u, \) Yu, A does not imply E,,(¢) < E,(¢), since Jy,(u, \) is not
necessarily positive. This implies that the “bracketing idea” from standard
empirical process theory cannot be applied. For this reason, we cannot fully
exploit our Bernstein-type exponential inequality (36) below; essentially, we
can only use the (less strong) exponential inequality (37). Therefore, we
have to work with a covering integral which is the integral of the metric
entropy instead of the square root of the metric entropy. As a consequence,
we obtain slower rates of convergence. Our sieve estimators, however, do
not suffer from this problem. At least if the model is correctly specified,
then, as has been demonstrated in Example 2.7 and in Section 3 below, the
sieve estimators achieve the same rates of convergence as the corresponding
NPMLE of a probability density function based on i.i.d. data which, in this
setting, are almost (i.e., up to log terms) optimal.

3. Estimation under shape constraints. Here, we consider the special
case of a correctly specified model with constant AR-coefficients and mono-
tonically increasing variance function. Our model spectral densities are hence
of the form

(/\)—M w (A)-l—l—ia-ex (z'/\')2
Ja,02 = 27Twa(/\)’ @ = = j EXPAT )|
where the AR-coefficients o, ..., q) lie in the set
P
A, = {a:(al,...,ap)'eRp: 1+Zajzj #0 for all 0 < |z] < 1},
j=1

[cf. (6)]. We assume that o%(-) € M, where
M= {82 :[0,1] = (0,00); s? increasing with 0 < inf s%(u) <sups?(u) < oo}.

With this notation, our model assumption can be formalized as

27
f*:AR@M%AM:{¢mJy:;m5
This model, with a unimodal rather than an increasing variance function, has
been used in [6] for discriminating between earthquakes and explosions based
on seismographic time series. To keep the exposition somewhat simpler, we
shall only consider the special case of a monotonic instead of a unimodal
variance.

wJM;aEAWURJGW@.
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Global estimation. Similarly to above, global estimation will lead to sub-
optimal rates of convergence. Since the class of bounded monotonic func-
tions has a metric entropy satisfying log N (n, M, p2) < Ap~!, and since the
class A, is finite-dimensional and hence its metric entropy is much smaller,
it follows from Theorem 2.6 that our global NPMLE converges with rate
6, =n1/4 (provided all assumptions of this theorem are satisfied). As it
turns out, this rate is suboptimal and can be improved upon by using sieve
estimation. For this reason, we do not go into further detail concerning global
estimation.

3.1. Sieve estimation. We first give a sieve for M. For k, € N and 0 <

en <1, let Cp, = Cy(en, k) denote the set of all increasing functions on [0, 1],
piecewise constant on the intervals (%, kj—n], j=1,...,k,, and bounded

from above and below by 1/e2 and €2, respectively. Formally,

Co= {s%):s?(u) =iaj1(u€ (i)
=

Eiéméazé---_
n

< < —,u€l0,1]
a U , .
kn = 3

With these definitions, our sieve now becomes

‘Fr)zk = AR(p; -Apacn)-

Sieve estimation of the spectral density. The next theorem states that
we obtain with an appropriate choice of €, the known rate of n~1/3 (up to
a log term) for the NPMLE of the spectral density. This rate is known to
be optimal for estimating a monotonic density based on i.i.d. data. Again,
the proof is contained in Section 5.

THEOREM 3.1.  Let Xy, be a Gaussian locally stationary process and F*
and F be as defined above with k, = O(n'/?(logn)~2/3) and €, = (logn)~"/>.
If f € F, then we have

(£ ) = Orta g

Sieve estimation of the monotonic variance function. Next, we see that
the above results for estimating the (inverse) spectral densities provide infor-
mation about estimating the monotonic function o2(-) itself. We show that
the rates of convergence from Theorem 3.1 translate to rates for 2. It can
also be shown that the estimators of the finite-dimensional AR-parameters
have a y/n-rate and are asymptotically normal. This is not considered here,
however.
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Let

(c0,05(-)) = argmin  L(gg,,2)
(a,0)eAp XM

be the theoretically ‘optimal’ parameters and

(&nﬁ%(-)): argmin = L£,(g4,02)
(a,0)€Ap XCp

be the sieve estimate.

THEOREM 3.2. Let X, be a Gaussian locally stationary process and
let F* and F¥ be as defined above, with k, = O(n'/3(logn)~2/?) and €, =
(logn)~'/5. If f € F, then

(30) pg( ! %) = Op(n_l/glogn).

/\_27
(= 00

3.2. An estimation algorithm. Here, we discuss how to calculate a close
approximation to the above (@,,52). The approximation considered is

(Gn,52()) = argmin L, (a,0?),
(a,02)EARXCh
where
2
~ 1 & t 1 u
(31) ﬁn(a702):_ Z {10g02<_) +T Xt,n+zant—j,n] }
" pt1 n) = o3(3) =1

is the so-called conditional Gaussian likelihood. By using Theorem 2.8, we
now conclude that the minimizer has the same rate of convergence.

PROPOSITION 3.3. Let X, be a Gaussian locally stationary process and
let F* and F¥ be as defined above, with k, = O(n'/3(logn)~%?) and €, =
(logn)~Y°. If f € F, then

(32)  sup | {Ln(0,0%) — log(2m)} — Lo(gae)| = 0p(62/(M7)?).
(ov,02)EALXCr

Hence, all assertions of Theorem 3.1 and Theorem 3.2 also hold for fn =
93,52 and G2, respectively.

We now present our algorithm for calculating (&,,52(-)). Although global
estimation is suboptimal, we first discuss the algorithm in this case in order
to concentrate on the main ideas. The same ideas apply to sieve estimates,
as will be indicated below.
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Observe that for each fixed ¢2(-), minimizing £, (e, 02) over a € A, is a
weighted least square problem. On the other hand, for each given «, the
minimizer over ¢2(-) € M can also be found explicitly. In fact, for each fixed
«, the minimizer

5',217(1(') = argmin Zn(oz, 0'2)

o2eM
is given by the generalized isotonic regression to the squared residuals e? (o) =
(Xen + Z§:1 ant_jm)Q. Note that there are no residuals for ¢ < p and,
hence, the estimator is only defined for ¢ > p + 1. It follows that for ¢ >
p+ 1, the estimator 2 ,(£) can be calculated as the (right) derivative
of the greatest convex minorant to the cumulative sum diagram given by
{(0,0), (fl;_’;, n%p t—pr1€2(@)), t=p+1,...,n}, by using the pool-adjacent-
violators algorithm (PAVA). This follows from the theory of isotonic regres-
sion (cf. [20]). For completeness, let us briefly mention the relevant theory.

Consider the expression

n

(33) > (P(a) — (ye) — dye) (@ — wr)),

t=p+1

where ® is a convex function with derivative ¢. The theory of isotonic re-
gression now implies that the minimizer of (33) over (ypt1,...,yn) € K=
{(Ypt1s---,Yn) :Yp+1 < -+~ <wypn} is given by the (right) slope of the greatest
convex minorant to the cumulative sums of the x;’s, and it can be calculated
by means of the PAVA. With ®(z) = —logz, 7; = €?(a) and y; = o2(t/n),
we obtain

e?(a) — o?(t/n
O (1) — () — P(ye) (w1 — yr) = —logef (a) +log o (t/n) + i( 3’2(t/n()t/ )

Consequently, for fixed o, minimizing (33) over K is equivalent to minimizing
L, (cr,0%) over all monotone functions o2(-) € M. The global minimizer is
then found by minimizing the profile likelihood Zn(oz,&,%A) over «a. Note
that this is a continuous function in «. This can be seen by observing that
the squared residuals depend continuously on «. Hence, at each fixed point
u=t/n, the (right) slope of the greatest convex minorant, that is, &3 ,(¢/n),
is also a continuous function in «. Therefore, we can conclude that the
minimizer exists, provided the minimization is extended over a compact set
of a’s (as in the sieve estimation case).

The basic algorithm for finding the global minimizers («,0?) € A, x M is
now given by the following iteration which results in a sequence (&(k)ﬁ?k)),

k=1,2..., with decreasing values of L,. Given a starting value 6(20), the
iteration for k£ =1,2,... is as follows:
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(i) Given 5(2k_1)(-), find @y by solving the corresponding weighted least
square problem

1 & 1 P ?
&(k) = argmin — Z — Xin + Z a;j Xi_jn
a Myh U(k—l)(ﬁ) j=1

(ii) Find 5(2k)(-) as the solution to the PAVA using the squared residuals

e (a), as outlined above.

A reasonable starting value 5(20)(-) is the solution of the PAVA using the
squared raw data. This algorithm is applied in [6] to the problem of discrim-
ination of time series.

The corresponding minimizer of the conditional Gaussian likelihood over
the sieve parameter space A, x C,, can be found similarly. First, note that the
above solution is a piecewise constant function with jump locations in the

set of points {fl;_’;, t=p+1,...,n}. Our sieve, however, consists of piecewise
constant functions with jump locations in the set {k]—n, j=1,...,kn}. In order

to find the minimizer of the conditional likelihood over this sieve, the only
change one has to make to the above algorithm is to apply the PAVA to

the cumulative sum diagram based on {(0,0), (t(J)—_p L ZQ,H e2(a)),j =

n—p ’>n—p
[Enletl] k), where t(5) = [2].

Note that in the above, we ignored the imposed boundedness restrictions
on o2. An ad hoc way to obtain those is to truncate the isotonic regression at
1/€2 and from below at €. Alternatively, a solution respecting the bounds
can be found by using the bounds 1/e2 and €2 as upper and lower bounds in
the PAVA. This means not to allow for derivatives outside this range, and to
start the algorithm at (0,0) and to end it at (1, n%p t—p+1€2(an)). This can
be achieved by a simple modification of the greatest convex minorant close
to its endpoints. This also only modifies the estimator in the tail and close
to the mode, but it has the additional advantage of sharing the property of
the isotonic regression that the integral of (the piecewise constant function)

o2 equals the average of the squared residuals.

4. The time-varying empirical spectral process. In this section, we present
exponential inequalities, maximal inequalities and weak convergence results
for the empirical spectral process defined in (13). Asymptotic normality of
the finite-dimensional distributions of E,,(¢) has been proved in [14]. Fur-
thermore, several applications of the empirical spectral process have been
discussed there. Let

(34) OE (%; | 1¢<%,A)2dx> "
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THEOREM 4.1. Let X, be a Gaussian locally stationary process, and
let ¢:10,1] x [—m, 7] = R with peo(¢) < 00 and 0(¢) < co. Then we have, for
all n >0,

2
. n
(36) P(E(0) ) < crexp( oy )
pon(9)? + np:/oﬁw)
and
- n
37 P(|E, >n) <ciex (—c >
(37) ([En(®)| Zm) < crexp —ry
with some constants c1, co > 0. Furthermore, we have, for some c3 >0,
(38) VI[EF,(9) = F(¢)] < e3n™ 2 (poo(9) +0(0)).

REMARK 4.2. (i) Since p2,,(¢)? < p2()% + L poc(¢)5(6), we can replace
pon(9)? in (36) by the latter expression and pa,(¢) in (37) by pa(¢) +
(500 ($)5(9)) 2.

(ii) Combining (36) and (38) leads to the following exponential inequality
for the empirical spectral process [see (66)]:

2
n
P(E0)] 2 ) < ¢ exp( ¢, _ ).
! p2(9)? + —I5 (P () + 0(0)) + +poc(0)T(¢)
However, we prefer to use the above inequalities and to treat the bias sepa-
rately.
(iii) The constants c¢1,co,c3 depend on the characteristics of the pro-
cess Xy p, but not on n.

The above exponential inequalities form the core of the proofs of the next
two results which lead to asymptotic stochastic equicontinuity of the em-
pirical spectral process. Analogously to standard empirical process theory,
stochastic equicontinuity is crucial for proving tightness. For proving the
rates of convergence of the NPMLE, we need more, namely rates of conver-
gence for the modulus of continuity. These rates also follow from the results
below.

In the formulations of the following theorems, we use the constant

(39) L =max(c,1)? max(K, Ko, K3,1) >0,
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where ¢ is the constant from Lemma A.4, the constants K1—Kj3 are from
Lemma A.3 and c3 is from (38). All of these constants do not depend on n
or on the function classes F,,. They only depend on the constant K of the
underlying process X;,, given in Definition 2.1.

THEOREM 4.3 (Sequence of “finite-dimensional” index classes). Suppose
that X, s a Gaussian locally stationary process. Further, let ®,, be a func-
tion class satisfying

(40) sup p2(¢) <1 < oo.
pedn

Assume further that there exist constants A >0 and k,, > 1 such that

log N (e, B, p2) < Aky, 1og(ﬁ> Ve 0.
€

Let d > 1. Suppose that n > 0 satisfies the conditions

1
M3 2
(41) n<dT2
Poo
(42) n> én"z logn,
24Ad Ln?1
(43) 2 Tgkn10g+<w>,

where &> 2*L max(vs, 1). Then there exists a set B, with lim, ., P(B,) =
1, such that the inequality

44 P E :B,) < e
(44) (;eué)n! w(9)] > By) < crexp 210 72

holds, where c1,co >0 are the constants from (36).

The next result allows for richer model classes. It is formulated for fixed
n and, therefore, the class ® may again depend on n. Since we apply this
result for global estimation with a fixed class F*, it is formulated as if ®
were fixed.

THEOREM 4.4 (“Infinite-dimensional” index class). Let X;, be a Gaus-
sian locally stationary process. Let ® satisfy Assumption 2.4(c) (with ® re-
placing F*) and suppose that (40) holds with 19 > 0. Further, let ¢1, co be
the constants from (37). There exists a set By, with lim,,_,, P(B,) =1 such
that
(45) P(Sup |En ()] >, Bn) <3¢y eXp{_%E}
ped

T2
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for all >0 satisfying the following conditions. Let o = H—'(<2L). Then

8™

(46) n > 28 Lmax(pes, vy, 1)n "2 logn
and either m >« or the following hold:

log 2
(47) n > 2 °8 72,

C2

192 o ~
(48) n>— Hg(u) du.

©2 26L:logn

By applying the above results to the class of differences {¢1 — ¢2; ¢1, P2 €
@(n),pg((bl — ¢2) < d,}, we obtain rates of convergence for the modulus
of continuity of the time-varying empirical spectral process. This is uti-
lized in the proof of Theorem 2.6. As a special case, we obtain the asymp-
totic equicontinuity of {E,(¢),¢ € ®}. Together with the convergence of the
finite-dimensional distributions [14], this leads to the following functional
central limit theorem (for weak convergence in ¢*°(®) we refer to [23], Sec-
tion 1.5):

THEOREM 4.5. Suppose that Xy, is a Gaussian locally stationary pro-
cess. Let ® be such that Assumption 2.4(c) holds (for ® replacing F) and

1.
(49) / H(u,®,p2)du < 0.
0
Then the process (En(¢); ¢ € ®) converges weakly in £>°(®) to a tight mean-
zero Gaussian process (E(¢); ¢ € ®) with
cov(E(¢;), E(¢))

B 1 h4(u) T | B
_27T/0 BE /_W%(%A)[m(u,A)er(u, M]F2(u, A) dA du.

5. Proofs. The following lemma establishes the relation between the Lo-
norm and the Kullback—Leibler information divergence. This relation is a
key ingredient in the proof of Theorem 2.6.

LEMMA 5.1.  Let F be such that fr exists and is unique and L(g) < oo
forallge F.

(i) Assume that for some constant 0 < M* < 0o, we have sup,,  |p(u, \)| <
M* for all o € F*. If F* is convex, then for all g € F,

1, (1 1 )
P2 = ) S L(9) — L(fF).
srr 2\ g ) SH9) ~ EU)

If the model is correctly specified, that is, fr = f, then the above inequality

holds without the convexity assumption.
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(ii) Assume that for some constant 0 < M, < oo, we have M, <inf, y|d(u, )]
for all g € F*. Then we have, with max(sup,, | f(u,\)[,1/M,) <Q < oo for
all g € F,

0?2 11
(50) L(o)~ £() < pop (g f) and

Q 1 1 1 1
(51) (9) = £(f) < 5—max( 203 piirg R (ttom
where py denotes the Li-norm on [0,1] x [—m,7].

PrOOF. For ge F, let w=1/g € F*. We set

U(w) :£<i) = % /01 /_7;{—logw(u,)\) + w(u, \) f(u, \) } d\ du.

w

Direct calculations yield the following Gateaux derivative dW of W: For v, w €
F*,

1 rm
(52) 5\P(v,w)::%\1f(v+tw)|t:0:%/0/_{—%—I—wf}d/\du.

It follows that
1 Loy wow
(53) VU(w)—¥(v) — 0¥ (v,w—v)= E/o /_W{—log; +o - 1}d)\du.

Since v = v(u, \) and w = w(u,\) are uniformly bounded and log(1 + z) =

x+ R(z), where R(z) = —%g with some 6 € (0, 1), we obtain uniformly
in v and A,
1 1
(54) —log% + % —1=5(w—v)*/(v+0(w—v)*> P —0)?
Hence,
1
(55) U(w)—¥(v) — 0¥ (v,w—v) > - (M*)ng(w )2,

Therefore, the function V¥ is strongly convex on JF*. Corollary 10.3.3 of
Eggermont and LaRiccia [15] now implies the inequality from (i), provided
F* is convex. Note further that if the model is correct, that is, if fr = f,
then it is straightforward to see that (53) holds for v =1/f if we formally
let 5\1’(%, w— %) = 0. In other words, if the model is correctly specified, the
result follows directly from (55) without using the convexity assumption.

As for the second part of the lemma, observe that similarly to (54), the
assumed boundedness of g and fr implies that

iy [ s (5 )
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Further, 5\1’(%,10 - %) =+ fol JE (f — fr)(w—1/fr)dud\. Hence,
1 1 Q
| —w—— )| < — 1 .
‘ (ff’w f}')’ < g /1)
Notice that if f = fr, then 5\1’(%,10 - %) = 0. The result follows by using
(53). O

PROOF OF THEOREM 2.6. First we prove part II. Lemma 5.1 and (18),
along with the fact E,(¢) = v/n(F,(¢) — EF,(¢)) lead to the relation

() e

o o1 1

(56) =F [ wp Iy YT

9EFip2(5,75)2Cbn p2(9’ ff) 4r)

252
+P[Re2 o]
where
Ru= (B = )= = £ ) + Ruog(7) — Ruog(Fo)
47'(' f]: fn ® ¢

Note that the expectation operator E only operates on F,, and not on fn
Theorem 4.1, Lemma A.2 and (38) imply that the second term in (56) tends
to zero as n — 00.

We now use the so-called “peeling device” (e.g., [22]) in combination with
Theorem 4.4. The first term in (56) is bounded by

P >
waé%zcan 73(6,9) —4<M*>2}
i N
~ |En(¢ — 1) Vn
<N"p >
(57) - ]z:;) {czjﬂ(snzsigw)zczjén p%(ﬁb, Tzz)) N 4(M*)2]
i .
" - Vn(C276,)?
< P En — > — 5
B ]z:%) L2(¢7w)sgng+16n [En(g =91 A(M*)? }

where K,, is such that [C2K»T1§, | = 2p.,. For sufficiently large C, our
assumptions ensure that the conditions of Theorem 4.4 are satisfied for all
j=1,...,K,, [with n = /n(C2/6,)?/4(M*)? and 75 = C2/716, when &, is
chosen as stated in the theorem we are proving|. Hence, on an exceptional
set whose probability tends to zero as n — 0o, we obtain the bound

> ﬁ02j5n}
< E —_—Cy ———
- 3]’:061 eXp{ @ 64(M~)2 |’
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which tends to zero as C' — co because nd2, by assumption, is bounded away
from zero.

The proof of part I has a similar structure. First, we derive the analog
o (18). Let m, = m,(1/fr) € F;; denote an approximation to 1/fr in F
(cf. Assumption 2.4). Then

0<Ln(1/mn) _ﬁn(fn) R R -
(58) = (ﬁn(l/ﬂ-n) - £(1/7Tn)) - (ﬁn(fn) - £(fn)) - (E(fn) - £(f]-'))
— (L(fF) = L(1/mn)).

In the following, we prove the case of a correctly specified model, that is,
f = fr. Using (50) from Lemma 5.1, we obtain

1 ,/1 1
8 (M )2p2<fn fr ) R R
< (La(L/m) = £(1/m)) = (EalFu) = £(F) + (£0/m.) = £(£7)
B9 = om0~ = ) + Rugl1/m0) ~ Bug(Fo) + (£ ma) — £(15)

4 \/m " n fn
1 1 02,

< — SUP(Fn_F) Ty, —— | +2sup ’Rlog( )"i‘_pz(ﬂ'ml/f}')-
T geFn g geFn 2m

Note that € =max(1/M,,m), where m = sup, , f(u, ). Hence, Q = 1/M,
x max(1, M, m) < ¢/M, with ¢ =max(1,m). Let m, be a “good” approx-
imation to 1/fr in ]:* in the sense that p3(m,,1/fr) < 2a2. It follows
that on the set {,02( A L) > (C? 4 2)62}, we have, by definition of &, and

by using the trlangle mequahty, that ,02(?—”,7?”) p2(ﬁ , f;) P3(mn, f_]-') >

(C? +2)62 — 2a2 > O262. Hence, we obtain, by utilizing (59),

Al ) e

Ep(m, — 1 2 2
<P Sup 2(1 g)z \/ﬁ*2 +P{Rn—(c +2Z(5
g€ Fnipa (b 2o, P3(gomn) — 4M) 32w (M*)
M2(C? +2)52
2 M AT 2)0,
+ Pl (m /) > T |

By definition of é,, the last term is zero for C' sufficiently large. At this
point, the proof is completely analogous to the proof of part II. The same
arguments as used above show that the second term on the right-hand side
can be made arbitrarily small by choosing C sufficiently large. To bound
the first term in the last inequality, we use the peeling device as above and
Theorem 4.3 [with d = max(u\’/’[;’f)g, 1)] to bound the sum analogously to (57).
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We end up with the bound
c(C26,)%*n
< —_ v
ch eXp{ o (M*)2 }

for some constant ¢ > 0 and this sum also tends to 0 as C' — cc.

The proof for f # fr is, mutatis mutandis, the same. Instead of (58), we
start with a version of (18) where 1/ f is replaced by 1/ fx, . We then proceed
analogously to the proof above. [

PROOF OF THEOREM 2.8. As in (18), we obtain

0 < L(fn) = L(fF) < (Ln = L)(fF) = (Lo = L)([n)
< (Lo = L)(fF) = (Lo = L)(fa) + 0p(6:/(M*)?)
and, therefore, the proof of Theorem 2.6 applies, where R,, is replaced by

1 1

Ry, = (EF, F)(ff

1 r *
)+ Buos(1)~ Rl F) - on(dE/ ") O
PrROOF OF THEOREM 3.1. The proof is an application of Theorem 2.6.

We first derive the approximation error. For an increasing function o2 € M
with € < 02(-) <b, let s2 € C,, with a; = s?(ji/ky). Clearly, if 1/e2 > b and

€2 <e, then
\// o?(u (W) du < b/ky,.

In other words, the approximation error of C,, as a sieve for M is O(1/k,),
provided €, — 0, which implies that a,, = O(é) Next, we determine a bound
on the metric entropy of F;;. Observe that as a space of functions bounded
by 1/€2 and spanned by k, functions, the metric entropy of C, satisfies
log N (n,Cp, p2) < Akylog(1/(€2n)) for some A >0 (e.g., [22], Corollary 2.6).
Next, we derive a bound for the metric entropy of W, = {w,;a € Ap}. First,
note that log N (n, Ap, p2) < Alog(1/n) for some A > 0 (since A, is bounded).
Since wy(\) < 2% and

[Way (A) — Way ( |<2PZ|041; a4l

this leads to the bound log N (1, W, pa) < Alog(1/n) for some A > 0. The
two bounds on the metric entropy of C,, and W), now translate into the
bound log N (1, F, p2) < Ak, log(1/(e2n)) for some A > 0. This can be seen
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as follows. First notice that with s2, the approximation on o2 in C,, defined
above, we have

1 1 1 1 1
P2 ﬁwﬂl_gon <p2 g_% Way | + P2 (wa1_wa2)% .

Observe further that 4 € C; 1 := { ;52 € C,} and note that as a class of
functions, C;! is very smular to the class Cp,. The only difference is that
C, ! consists of decreasing functions rather than increasing functions. In
particular, the bound given above for the metric entropy of C, also applies
to the metric entropy of C; . Since, in addition, ;15 < glg— and w, <1, one
sees that ! "

N(Tlaf;;ap2) < N(n7C;17p2)N(negz7Wpap2)'

This leads to the asserted bound for the metric entropy.

Note further that we can choose M* = O(1/e2). As in Example 2.7, we
avoid the lower bound M, by looking at Rlog(ga »2) separately: We have for
all u that [™_log g, 2 (u,\) d\ = 2mlog(c?(u)/(27)) and, therefore,
(

s [ Riog(9)] = 0 2EL 1),

gE n
which is sufficient in our situation [cf. (56)]. Hence, the ‘best’ rate for the

NPMLE which can be obtained from (26) follows by balancing \/%
and a,,, where here, ¢, = O(E%) The latter follows as in Example 2.7. In the
correctly specified case (i.e. nthe variance function actually is monotonic),
%)1/3 and, hence, the rate §, = enm/?’(logn) /3 If we
choose 1/¢, = O((logn)'/%), then the rate becomes n~'/3logn, as asserted.

this gives k, = (

PROOF OF THEOREM 3.2. For the true spectral density f(u, \) = s%(u)/
(2mv(X)), we assume, without loss of generality, that [" logwv(X)d\ = 0.
This can be achieved by multiplying v(-) by an adequate constant. Since
JT Jogwa(A) dX = 0 (Kolmogorov’s formula) and (cg, 03 (+)) minimizes £(g,, ,2)
over A, x M, we have

1 U —1
Oéﬁ(ga,ag)—ﬁ(gao,og):E/ o / {5 (X) = way ()} 7755 AN
0

that is,

Hence, we have
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L£(9552) = £(9ag,02)

5 I Loy [ etieen ey ) 2]
7% (u T (s%(u 52(u) | Wag
232 ), g = [0 - S ety )

For s? € Cy, let H(s%) = L(gy,.s2)- Then, obviously, 0§ = argmingzcc, H(s?).
As in the proof of Lemma 5.1, it follows that

1 1 1)\2
_ ~2 2 4
(60) £(ga076—\2) - £(ga07gg) — H(O' ) — H(O'()) 2 8_7T€np2 <§, 0'_(2]) .

Here, we use the fact that an upper bound for the functions in C, is given
by 1/€2. Assertion (30) now follows since we know from Theorem 3.1, the
proof of Theorem 2.6 and Lemma 5.1 that

1 1
P I7
Here, we used the fact that an upper bound for the functions in F* is given
by }2 and the fact that with our choice of ¢,, the rate of convergence for the
NPl&[LE for the spectral density is Op(n~'/3logn) (cf. Theorem 3.1). O

o (£095.72) ~ £l0ay. ) = Or <p§<

€n

)) — Op(n~*3(logn)?).

PROOF OF PROPOSITION 3.3.  We obtain, with (8)—(10) and Kolmogorov’s
formula,

1
Lalga2) + 5 log(2m)

p
Z Qe X(i11/24(—k)/2)n
k=

X X(t41/2-(—k)/2n L1<]t41/2+(—k) /2] <ns

where ag = 1. The second summand is equal to

1 & 1
a Z a]ak Z i 2—k 2 Xt—j,nXt—k,n-
2n 2 (t:1<t—j,t—k<n} o2(Le ]/n 2)
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By using the definition of £,(a,0?) in (31), Lemma A.4 and the monotonic-
ity of o%(-), we therefore obtain, with 6, =n~"'/3logn and M* =1/€2,

_Op<log(1/en) n logn>

n ne2

1 ~
( 2§u£\) C _{En(a7 0-2) - 10g(2ﬂ-)} - E”(ga’UQ)
a,0%)EAp XCn

=op (0, /(M")?).

PrROOF OF THEOREM 4.1. We start with two technical lemmas. Direct
calculation shows that

(61) Fu(6) = XU (3-0) X,

where U, ()1 = é(% L#J, j— k) and |z| denotes the largest integer less
than or equal to z. The properties of U,(¢) have been investigated under
different assumptions in [10]. In this paper, we only need the following result
on |Un(9)llspec and [|[Un ()2, where [| A5 := tr(AT A)1/2 = (32, ; |ays|*)V/? is
the Euclidean norm and || Al|spec := supjz|,=1 [[Az|2 = max{v/\ | \ eigenvalue
of AH A} is the spectral norm:

LEMMA 5.2.  With pa(9), pan(®), peo(¢) and 0(¢) as defined in (21),
(34) and (23), we have

(62) HUn(¢)Hspec < Poo(@)
and
(63) n U@ < 2mpo,n(9)® < 2mpa(9)® + %poo(@@(cb)-

ProOOF. Let

éjkizqg(% {‘#J,j—k).

Then for z € C" with ||z]j2 =1,

n

1Un(@)xl3 =D Zidjidjnrr =Y TjrejjteDjjsmTitm

(64) igh=l jubm
<> sup ) i SUP @5 jyml Y 1T j 4025 ml,
om J J j

where the range of summation is such that 1 < j+ ¢, j +m <n. Since
Yi|%j40mj4m| < ||z]|3 = 1, we obtain the first part. Furthermore, we have,
with Parseval’s equality,
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Yo =1 5 b <257 55 [3(L)[ = 2mpmner
j k= 1 t 1/{=—c0
(u, 0)|*du

o

= {[o(5) ()| Ve

< 9mpa(d)? + %pww)ﬁw)- O

LEMMA 5.3.  If%,, is the covariance matriz of the random vector (X1, ...,
Xnn)', then

n—1

12 e = 30 sup[eov(Xems Xigion)
k=—(n-1) *

which is uniformly bounded under Assumption 2.1.

PRrOOF. We have, for z € C" with ||| =1 and 0} = %,,,

n
IZ22l3= D &jojnan < SjSrEi0j jntjhe
jk=1
An application of the Cauchy—Schwarz inequality gives the upper bound.
The bound for the right-hand side follows from [14], Proposition 4.2. O

We now continue with the proof of Theorem 4.1:

Let B, := % 2U, (£0)S Syt and Y, = 5,2 X, ~N(0,1,). We have

b= () f o))
=0 V2Y BY , — tr(By)].

Since B,, is real and symmetric, there exists an orthonormal matrix U = U,
with U'U =UU' =1,, and U'B,U = diag(Mi ;.- Anp). Let Z,,:=U'Y  ~
N(0,1,,). We have
En(¢)=n""*Z UBUZ, —tx(B,)] =n2> " N n(Z2 - 1).

i=1
For L and R? as defined in Proposition A.1, we obtain, with Lemma 5.2 and
Lemma 5.3,

L=max{\in,....,. \nn} = ‘

21/2 ( 1 Qb) 21/2
2 "

spec
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1
U, [ —
" ( 2m ¢>

21/2U ( ¢)21/2
2

121212 ee < Kpoo(9)

spec

g

and
=23

HEl/z”spocHUn((b)”% < Kp27n(¢)2‘

Proposition A.1 now implies (36) and (37). Assertlon (38) follows from [14],
Lemma 4.3(i). The relation pg,(¢)? < p2(¢)*+ L poo(¢)0(¢) [see Remark 4.2(i)]
has been proven in (65). Furthermore,

P(|En(8)] >n) < P(|En(0)| >1/2) +P(VRIEF.(9) — F(9)] 2 n/2)

<crexp| —c2 U
(66) e P20 + 220 1 1o (9)0 <¢>>
772

b (poo(0) +
which implies the assertion of Remark 4.2(ii). O

?7(¢)))’

+ ¢} exp (—0'2

PrROOF OF THEOREM 4.3. We only prove the result for d = 1. The neces-
sary modifications for arbitrary d > 0 are obvious. Let B,, = {max;=1 | X¢n| <
cv/logn}, where c is the constant from Lemma A.4. This lemma says that
lim,,—s o0 P(Bn) =1. Let Bn(m) be the smallest approximating set at

level m according to the definition of the covering numbers so that

#B, (SLnlogn) = N(iganogn,CI),pg). For ¢ € ®, let ¢* € Bn(iéianogn) denote
the best approximation in B, ( ) to ¢. With this notation, we have

P(Zlelg |Ea(6)] > n: By

<P max En(¢)| >n/2
(67) ¢>eBn(m)’ (@) >n/ )
+P( sup \EM¢—¢N>WQJ%)=I+H'
P PEL;2(6Y) < grrtomn

_n
8Lnlogn

Using assumptions (41)—(43), we have

n* /4
]<Clexp{Ak‘ log(8Ln2logn/n) — ¢ ORI poof)}
T + 2/n + n
1*/4
(68) <q exp{Ak log(8Ln*logn/n) — ¢ }

3al7'22

<cpexpy ———=—5

! Xp{ 24d7'2}
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To complete the proof, we now show that for n sufficiently large, we have
II =0 with By, = {maxi—1__, |X¢n| < cy/logn}, where ¢ is the constant from
Lemma A.4 [i.e., P(B,)— 1]. In order to see this, we replace ¢ by

(69)  op(u,\) = n/il (v, \) dv [with ¢(v,\) =0 for v < 0].

Then, on B,,, we have, by using Lemma A.3, the facts that po (¢ — 1) < 2pso
and (¢ — 1) <20, as well as the definitions of B,, and L, that

(70) + \/ﬁllEF (@ — ) —BEFu (¢ — TZJ)I
ogn
< 2Lvx + Lpa (¢ — 1/1n10gn—|——
yir Theloosn g s
For the last inequality to hold, we need n > 24 Loy, 108 \/ﬁ , which follows from (42).
Hence, we have IT =0. O

OOIS
»hld

+

|3

1
5

Proor or THEOREM 4.4. We use the quantities B,,, ¢; introduced in
the proof of Theorem 4.3. Also, recall the definition of L given in (39). Let

(71) E} () = Vn(Fu(¢y,) — EFu(6})).
On B, we have, by using Lemma A.3, that

(Ey, = En)(0)] < V| Fu(6}) — Fu(9)| + Vil (EF,(6}) — EF,(9)]
logn L n.,n_n
<L— n Z(¢)+%U(¢) YRRt
where the last inequality follows from assumption (46). Hence,

P(sup |En(9)| >0, By) < P(sup|E;(0)] > /2, By).
ped pED

We now prove the asserted maximal inequality for E;*L The general idea is
to utilize the chaining device, as in [1].

First, we consider the case o > SL—J@. In this case, choose §y = « and

let co > 0 be the constant from (37). Then there exist numbers 0 < §;,j =

., K < oo, with a =y > 91 2---25[(:%, such that with 7,41 =
%5j+1ﬁ¢(5j+1),j = 1, ‘e ,K, we have
K-1
24 [« ~
(72) 12 [0 Ha(ds> Y i
C2 25Lnlogn j:(]

The first inequality follows from assumption (48) and the second follows by
using the property d;41 < 9;/2 (see below for the construction of the ¢;).
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For each of the numbers §;, choose a finite subset A; corresponding to the
definition of covering numbers N(d;, P, p2). In other words, the set A; con-
sists of smallest possible number N; = N(d;,®, p2) of midpoints of ps-balls
of radius d; such that the corresponding balls cover ®. Now, telescope

K—1
(73) En(¢) = Ex(¢o) + D En(¢j+1 — ¢5) + En(¢ — oK),

j=0
where the ¢; are the approximating functions to ¢ from A;, that is, p2(¢, ¢;) <
;. Now take absolute value signs on both sides of (73), apply the triangle

inequality on the right-hand side and then take the suprema on both sides.
This leads to

P(sup| By (6)| > /2, By)
Pped
< P(sup|B;(61)] >n/4) + Y NjNjsrsup P(Ej (501 — 65)] > 1j41)
PP =0 PP

+ P(sup| B} (6 — 6x)| > /8, B
ped
=1+ 1T+ III.

Note that the first two terms only depend on the approximating functions,
and for every fixed j, those are finite in number. In contrast to that, the
third term generally depends on infinitely many ¢ and, hence, this term is
crucial. The way to treat it actually differs from case to case.

Hence, using the exponential inequality (80), we have, by definition of «,
that

(74) Igclexp{ﬁ(a)—@%}zclexp{—%%}.
In order to estimate II, we need the exact definition of the ¢;. Using the
approach of Alexander [1], an appropriate choice [satisfying (72)] is

Vsup{z < 8;/2; H(x) > 2H(5;)}

§jog = ——1
i+l 8Lnlogn

and K =min{j:d; = gz} With these choices, we obtain

K-1 N 385 1 H(5: K—-1 B
II < Z c1 exp{2H(5j+1) - @L(]H)} < Z crexp{—H(j+1)}

dj+1 =

Jj=0

K—-1 K-1 e e
<Y — 2 H ()} = {—2j——} <2 {———}
B j=0 “ exp{ (a)} j=0 aep 8 T ) L exp 8 T2 '
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where the last inequality holds for n > Z—g log 2.

The proof of the fact that III =0 is similar to the proof of Il =0 in
Theorem 4.3. Here, we again have to use assumption (46). We omit the
details.

It remains to consider the case a < qu@' Here, we choose §y = Wrﬁ@
and K =0. Hence, I =0 and we only have to deal with I and III. Since
H(8y) < H(c), we immediately get [cf. (74)] that I < ¢; exp{—%}. The
fact that 1T =0 follows similarly to (70). O

APPENDIX: AUXILIARY RESULTS

First we prove a Bernstein inequality for y?-variables which is the basis
for the Bernstein inequality derived in Section 4.

ProrosiTioN A.1. Let Zy,...,Z, be independent standard mormally
distributed random variables and A1, ..., A\, be positive numbers. Define

1 n
(75) R2:EZ>\? and L=max{)\,...,\,}.
i=1

Then we have for all n >0,

2N N(ZE - 1)

i=1

(76) P(

>17><2exp< L )
=)= Syl
8R + 7%
and

(77) P (

n—1/2ZAi(zf —-1)
=1

L n
>n| <6exp "R/

PROOF. One possibility is a direct proof via moment generating func-
tions. Instead, we apply a general Bernstein inequality for independent vari-
ables. It can be shown that E|ZZ — 1|™ < 4™~ !(m — 1)!. Therefore, we have
for m > 2,

1 m!
ZNTANTE|Z2 — 1™ < (ALY 2(2R)2.
(78) n;\ \_2() (2R)

For example, Lemma 8.6 in [22] now implies (76). Since L < Rn'/?, (76)
implies (77) [consider the cases n < R and 7 > R separately and keep in
mind that exp(—z?) <exp(—z+1)]. O

Recall now the definition of Rjog(g) given in (19).
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LEMMA A.2. Let F, be such that Assumption 2.4(c) holds. Then we

have
(%>
sup |Riog(9)| = O = ).

9g€Fn

PrROOF. We have, with ¢ =1/g,

177/_7; l%ilogﬂﬁ(%,/\) —/Olloggb(u,/\)du] d)\|

Rl = |
—477/ /1/" 10g¢<2,)\>—log¢<%+x,)\>

dx dX\

T =1

_47T/ 1/1/ sup 6(u,X)” ]qﬁ(%,)\) —qﬁ(%—i—x,)\) da d\
Tt=
:O(n_l)%@. O

In the proof of Theorem 4.4, we used E,(¢%) instead of E,(¢), where
or(u,\) = n/ ) d(v,\) dv [with ¢(v,A) =0 for v < 0].

The reason for doing so is that otherwise, we would have needed the ex-
ponential inequality (37) to hold with pa(¢) instead of p2,(¢). Such an
inequality does not hold. Instead, we exploit the following property of ¢ :

pan(85)? Z/ (—, ) A= — Z/ ( /;” u)\)du) dA
79
" SZ/ /tflqb(u,k)dudkzm(qb)-

t=1"""""

Since the assertion and the proof of Theorem 4.1 are for n fixed, we obtain
from (37)

(80) P( B =m) <r exp(—@%).

We note that peo(¢)) < poo(¢) and 9(¢}) < 0(¢), which is straightforward.
The following properties are used in the proofs above:

LEMMA A.3.  Let Xy, be a Gaussian locally stationary process. Then we
have, with X,y :=max=1__n | Xt

(s1) Fu(6) — Fal@i)| < 1 X7 um(0),
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()  [BE(6)-BE(6))] < i),
(53) IFa(6) — F(8)| < K(VaXZ, + Dpa(s) and
(8 Fu(6h) B0 < Ks(VAXZ) + 1)pa(9).

Proor. We have

%g/:;@(m—¢z<sx>>Jn<sA>dA\

L PIRYMECED RIS

3|~

(JAS du

< KlX(Zn)Evg(qﬁ).

Inequality (82) can be seen as follows:

TE S [L[A() s a

tlk

[EF,(¢) — EF(

1
2

X OV (X[i41/24k/2)ms X[t41/2—k/2)n) |-

Proposmon 4.2 of Dahlhaus and Polonik [14] 1mphes supy | cov(Xt n, XH_k )l <
<

K
k)
K2 0(¢) for some K > 0 independent of n. For the proof of (83) and (84)
estlmate all terms separately by using the Cauchy—Schwarz inequality and
the Parseval equality:

RN
EEr W

(3 ()
n n

n 1/2
(1
< Kpon(oy) <g > > [X[t+1/2+k/2},nX[t+1/2—k/2},n]2>

t=1k: 1<[t+1/2+k/2]<n
< K3pa(9)v/n X7,
Similarly, we obtain |F(¢)| < Kzpa(¢) and |EF,(¢})] < Kspa2(¢). O

LEMMA A.4. Let Xy, be a Gaussian locally stationary process. Then
there exists a ¢ >0 such that

P(t_nllax | Xt n| > c\/logn) —0.
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PROOF. We have, for some v* € R, vy, 1= var(Xen) = >272 arn(§)? <
v* uniformly in ¢ and n. Since X;,, is Gaussian, this implies for ¢ > /2,

th ~ th ~
— | > < - >
P (tilllaxn o ’ > c\/logn) <P (t:nllaxn o | = chogn)

- 62logn> 1_&2
< exp ———2" ) <pl=¥/2 4,
_; p( 5 ) <
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