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Abstract

The purpose of this paper is to give affirmative answers to two open
questions as follows. Let (R, m) be a generalized Cohen-Macaulay Noethe-
rian local ring. Both questions, the first question was raised by M. Rogers
[12] and the second one is due to S. Goto and H. Sakurai [7], ask whether
for every parameter ideal q contained in a high enough power of the max-
imal ideal m the following statements are true: (1) The index of reducibil-
ity Nr(q; R) is independent of the choice of q; and (2) I? = qI, where
I=q:rm.
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1 Introduction

Let R be a commutative Noetherian local ring with the maximal ideal m
and residue field ¢ = R/m, and let M be a finitely generated R-module with
dim M = d. Recall that a submodule of M is called irreducible if it cannot
be written as the intersection of two larger submodules. It is well known that
every submodule N of M can be expressed as an irredundant intersection of
irreducible submodules, and that the number of irreducible submodules appear-
ing in such an expression depends only on N and not on the expression. Thus
for a parameter ideal q of M, the number Ng(q; M) of irreducible modules that
appear in an irredundant irreducible decomposition of qM is called the index
of reducibility of q on M. Let N be an arbitrary R-module. We denote by
Soc(N) the socle of N. Since Soc(N) = 0 :y m = Hom(¢, N) is a E-vector
space, we set s(IN) = dime Soc(N) the socle dimension of N. Then we have
Ni(q; M) = s(M/qM).
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In 1957, D. G. Northcott [9, Theorem 3] proved that the index of reducibility
of any parameter ideal in a Cohen-Macaulay local ring is dependent only on the
ring and not on the choice of the parameter ideal. However, this property of
constant index of reducibility of parameter ideals does not characterize Cohen-
Macaulay modules. The first example of a non-Cohen-Macaulay Noetherian
local ring having constant index of reducibility of parameter ideals was given
by S. Endo and M. Narita [5]. In 1984, S. Goto and N. Suzuki [7] considered
the supremum r(M) of the index of reducibility of parameter ideals of M and
they showed that this number is finite provided M is a generalized Cohen-
Macaulay module. Recall that M is said to be a generalized Cohen-Macaulay
module, if local cohomology modules H{ (M) of M with respect the maximal
ideal m is of finite length for ¢ = 0,1,...,d — 1. Moreover, they also proved

d
that r(M) > > (f)s(H&(R)) Later, S. Goto and H. Sakurai in [6, Corollary

i=
3.13] showed that if R is a Buchsbaum ring of positive dimension, then there is
a power of the maximal ideal m inside which every parameter ideal q has the
same index of reducibility. J. C. Liu and M. Rogers [§] refer to this by saying
R has eventual constant index of reducibility of parameter ideals. Therefore
the following question, which was raised first by M. Rogers in [12] Question
1.2] (see also [8, Question 1.3]), is natural: Does a generalized Cohen-Macaulay
rings have eventual constant index of reducibility of parameter ideals?

Partial answers to this question were proved by Rogers [I2, Theorem 1.3]
for a generalized Cohen-Macaulay module of dimension d < 2 and by Liu and
Rogers [8, Theorem 1.4] for a generalized Cohen-Macaulay module M having
Hi (M) =0 for all i with i # 0,¢,d, where ¢ is some integer with 0 < ¢ < d.

Our first main result in this paper is to provide a completely answer to this
question.

Theorem 1.1. Let M be a generalized Cohen-Macaulay module over a Noethe-
rian local ring (R, m) with dim M = d. Then there is a positive integer n such
that for every parameter ideal q of M contained in m™ the index of reducibility
N(q; M) is independent of the choice of q and is given by

d

NG = Y- () st o)

=0

In [6], Goto and Sakurai used the study of the index of reducibility of pa-
rameter ideals in order to investigate when the equality I? = qI holds for a
parameter ideal q of R, where I = q : m. Note that by results of A. Corso,
C. Huneke, C. Polini and W. V. Vasconcelos [T}, 2] 4] this equality holds for
any parameter ideal in a Cohen-Macaulay local ring R which is not regular or
dimensional at least 2 and e(R) > 1, where e(R) is the multiplicity of R with
respect to the maximal ideal m. Goto and Sakurai generalized this and proved
in [6, Theorem 3.11] that if R is a Buchsbaum ring of dimension dim R > 2 or
dimR = 1 and e(R) > 1, then the equality I?> = qI holds true for all param-
eter ideals q contained in a high enough power of the maximal ideal m. From



this point of view, it is natural to ask the following question, which is due to
Goto-Sakurai [0, p. 34]: Let R be a generalized Cohen-Macaulay ring with the
multiplicity e(R) > 1. Is there a positive integer n such that I* = ql for every
parameter ideal q contained in m™?

As a consequence of Theorem [[.T] we obtain the second main result of the
paper, which is an affirmative answer to this question.

Theorem 1.2. Let R be a generalized Cohen-Macaulay Ting and assume that
dimR >2 ordim R =1, e(R) > 1. Then there exists a positive integer n such
that I? = qI for every parameter ideal ¢ C m™, where I = q : m.

Our goal for proving Theorem [I[1] is to show by induction on d = dim M
d

that there is an enough large integer n such that N(q; M) = > (f)s(Hﬁn(M))
i=0

for every parameter ideal ¢ C m™. Therefore we give in thze Section 2 sev-
eral lemmata on the asymptotic behaviour of parameter ideals in a generalized
Cohen-Macaulay module M in order to prove the following key result in Section
3 (see Theorem[33): Let M be a generalized Cohen-Macaulay R-module. Then
there exists a enough large integer k such that

_ M , M ; M

s(H (— ) = (H (—— )4 s(HH (—— ),
( m(($1,...,$j+1)M) ( m((Il,...,Ij)M)) ( m ((xl,...,:cj)M))

for every parameter ideal q = (x1,...,74) Cm* and forall 0 < i+j <d— 1.

The last Section is devoted to prove the main results and their consequences.

2 Some auxiliary lemmata

Throughout this paper we fix the following standard notations: Let R be a
Noetherian local commutative ring with maximal ideal m, ¢ = R/m the residue
field and M a finitely generated R-module with dim M = d. Let q = (x1,...,2q)
be a parameter ideal of module M. We denote by q; the ideal (x1,...,2;)R for
t=1,...,d and stipulate that q¢ is the zero ideal of R.

An R-module M is said to be a generalized Cohen-Macaulay module if
Hi (M) are of finite length for all i =0,1,...,d — 1 (see [3]). This condition is

equivalent to saying that there exists a parameter ideal q = (1,...,2q) of M
such that qH&(qJ%) =0for all 0 <i+j <d (see [13]), and such a parameter

ideal was called a standard parameter ideal of M. It is well-known that if M is
a generalized Cohen-Macaulay module, then every parameter ideal of M in a
high enough power of the maximal ideal m is standard. The following lemma
can be easily derived from the basic properties of generalized Cohen-Macaulay
modules.

Lemma 2.1. Let M be a generalized Cohen-Macaulay R-module with dim M =
d > 1. Then there exists a positive integer ny such that for all parameter ideals
q = (z1,...,24) of M contained in m™ we have m"lH}.'n(qjiM) = 0 for all
0<i+j<d-1.



Proof. Since M is a generalized Cohen-Macaulay R-module, there is an integer
I such that m'H: (M) =0 for all 0 < i < d— 1. Let € m' be a parameter
element of M. Since £(0 :p; ) < 0o, we have isomorphisms H{ (M) = H; (2
for all ¢+ > 1, and so that the sequences

0 —= H(M) — Hy(35;) — Hyp ' (M) —=0

are exact for all 0 <4 < d — 2. Therefore m2lH§1(w—%) =0forall0<i<d-—2.
Now, set n; = 2971, We can use the fact above to prove that for all parameter
ideals ¢ = (1,...,24) of M contained in m™ and 0 < i+ j < d — 1, it holds
m"IH;(qj%M ) =0. O

In order to prove the next lemma, we need a result of W. V. Vasconcelos
on the reduction number of an ideal in local rings. Let J and K be two ideals
of R with J C K. The ideal J is called a reduction of K with respect to M if
K™ M = JK"M for some integer r, and the least of such integers is denoted
by 7;(K, M). Then the big reduction number bigr(K) of K with respect to M
was defined by

bigr(K) = sup{r;(K, M)| J is a reduction of K with respect to M}.

It is known that there always exists a reduction ideal for any ideal K provided
the residue field ¢ of R is infinite. Especially, if K is m-primary then any minimal
reduction ideal of K with respect to M is a parameter ideal of M. Moreover, it
was shown by Vasconcelos [14] that bigr(K) is finite for any ideal K.

Lemma 2.2. Let M be a generalized Cohen-Macaulay R-module with dim M =
d > 1. Then there exists a positive integer no such that for all parameter ideals

q=(x1,...,24) of M contained in m"™* and 0 < j < d we have
M M
m”? N H( )=0.
M " e M

Proof. Note first that by the faithfully flat homomorphism R — R[X],r(x] as a
basic change, we can assume without any loss of generality that the residue field

t of R is infinite. By Lemma [ZT] there is an integer ny such that Hg(%) =
J

0: v m”™ for all parameter ideals q contained in m™ and j < d. Set K = m™
aj

and ng = (bigr(K) + 1)n;. Then for any parameter ideal ¢ = (x1,...,24) of M

contained in m"™? and any 0 < j < d, there is a parameter ideal a = (aj41,. .., aq)

of %%M contained in K, which is a reduction of K with respect to qﬂ such

M
that

aKra(K,%) M :KTG(K,MLM)Jrl M

q; M ;M
Since 7q(K, quM) < rq(K, M) < bigr(K) < oo, we have
M M . M M M M
m"? N HY = aKPe) — n g Ca——0nH] :
q; M m(qu) q; M m(qu) q; M m(qu)



Therefore it is enough to prove that agar N Hgl(%—M) = 0. In fact, let m €

M 0(_M
ST n H‘“(%‘M

t=j4+1,...,d. Since

). Write m = aj41mjy1 + ...+ agmgq, where m; € q]% for all
q_% is a generalized Cohen-Macaulay module and a a
J
standard parameter ideal of q_iM by Lemma 21l we get that
J

€ @ )= )
mq Qj41y---,0d—1 qu.ad— Aj41y---,0d—1 qu.ad.
It follows that
M M M M
a NnHY C(ajr1y...ya4-1 N HC .

If j+1 < d— 1, we can continue the procedure above again so that after
(d — j)-times we obtain

M M
NHY(——) Ca,; N HY Caji1——nN(0: 1) =0
aqu m(qu)—aJJrlqu m(qu)—aJJrlqu ( MLMCLJJrl)
as required. O

Lemma 2.3. Let M be a finitely generated R-module with dim M =d > 1. Let
k and ¢ be two positive integers. Then there exists an integer ng > £ such that

(m"™ + HY(M)) : mF Cm‘M + HO(M).

Proof. Let M = % Then there is an M-regular element a contained in

m”*. By the Artin-Rees Lemma, there exists a positive integer m such that

m*"M N aM = m*(m™M NaM). Set n3 = £+ m. We have
a(m™ M : mk) C a(m™DM : a) = m™M N aM = m*(m™M N aM),

so that a(_m"g'ﬁ :m¥) C am®M. It follows from the regularity of a that m™* M :
mF C mfM. Hence (m™ M + HO(M)) : m* C m*M + HO(M) as required. [

Lemma 2.4. Let M be a finitely generated R-module with dim M = d > 1.
Then there exists a positive integer ny such that for all ideals K C m™ we have

(KM + H2(M)):m=KM :m+ H>(M).

Proof. Since HY (M) have finite length, there exists an integer ¢ such that m¢MnN
HY(M) = 0. By Lemma 23] there is an integer ny > ¢ such that for all ideals
K C m™ we have

(KM + H2(M)) :m C (m™M + H2(M)) : m Cm*M + HY (M).

Let b € (KM + H2(M)) : m. Write b = a + 8 with « € m*M and 3 € HO(M).
Then, since X C m™ C m+!

ma C mM N (KM + HO(M)) = KM + w' M 0 HY (M) = K M.
Thus @ € KM : m and so that (KM + H)(M)) :m=KM :m+ H)(M). O



Lemma 2.5. Let M be a generalized Cohen-Macaulay R-module with dim M =
d > 1. Then there exists a positive integer ns such that for all parameter ideals

q=(x1,...,2q4) of M contained in m™ and 0 < j < i < d we have
q: M o, M q: M 0, M
[—— 4+ H,( ) :m= :m+ Hp ( ).
M ;M qa; M Mgy M

Proof. Let n1 and ns be two integers as in Lemma 2.1] and Lemma 22 re-
spectively. By Lemma [2.3] there always exists an integer ns > ns such that
(m"sM + HO(M)) : m™Tt C m"2M + HJ(M) . Let ¢ = (21,...,24) be a
parameter ideal of M contained in m™. For all 0 < j < i < d, we have
Hg(%%M) =0: u m™ by Lemmal[ZT] and so that

a5

qiM 0o, M m M
+ H :m C mt
(Cle m(qu)) q; M
mms Mo mmtl mne ) M
c + H( ).
q; M q; M q; M

Let b € (%—%—FH&(%%M)):m. Write b = oo+ 3 with o € mqt# and 8 €

Hﬁ(q]%) Since q; € m" C m™*t1 we get by Lemma 2.2 that
ne N qM M M mreti M M
ma C & N B (o)) = 2 T HY () = 2
q; M q; M q; M q; M q; M q;M"  q;M

Therefore o € % :m, and so that
J

(qu m(qu))' _qu.m+ m(qu)

as required. O

3 The socle dimension of local cohomology mod-
ules
Let ¢ = (z1,...,xq) be a parameter ideal of the module M. For each positive

integer n, we denote by q(n) the ideal (z7,...,2%). Let K,(q(n)) be the Koszul
complex of R with respect to the ideal q(n) and

H*(q(n); M) = H"(Hom(K.(q(n), M))

the Koszul cohomology module of M. Then the family {H%(q(n); M)},>1 nat-
urally forms an inductive system of R-modules for every i € Z, whose inductive
limit is just the i-th local cohomology module

i, (M) = H(M) = lim H'(q(n); M),

The following result is due to Goto and Suzuki.



Lemma 3.1 ([7], Lemma 1.7). Let M be a finitely generated R-module, x an
M -regular element and q = (21, ...,z,) an ideal of R with x1 = x. Then there
ezists a splitting exact sequence for each i € Z,

. M .
0 — H'(q; M) — H'(q; W) — H" Y (q; M) = 0.

The next result is due to Goto and Sakurai.

Lemma 3.2 ([6] Lemma 3.12). Let R be a Noetherian local ring with the mazi-
mal ideal m and r =dim R > 1. Let M be a finitely generated R-module. Then
there exists a positive integer £ such that for all parameter ideals q = (x1,...,%q)
of M contained in m* and all i € Z, the canonical homomorphisms on socles

Soc(H!(g,M)) — Soc(H. (M))
are surjective.

The following theorem is the key to proofs of main results of the paper.

Theorem 3.3. Let M be a generalized Cohen-Macaulay R-module with dim M =
d > 1. There there exists a positive integer k such that for all parameter ideal q
of M contained in m* and d > i+ j > 0 we have

M

4 )+ ()

i i M
§(Hn ) = s(Hg(
where s(N) = dimg Soc(N) the socle dimension of the R-module N.

"M q; M

Proof. We set k = max{ni,na,ns,{} + 1, where ni, na, ns and ¢ are integers

as in Lemma 2.1 , 28 and B2 respectively. It will be shown that this

integer k is just the required integer of the theorem. Let q = (z1,...,24) be a
M

parameter ideal of M contained in m*. We denote by M; the module 7,07 and
J

M ; the module % It should be noted here that M; and M ; are generalized
Cohen-Macaulay modules having (zj41,...,2q) as a standard parameter ideal
by Lemma 2.Il1 Then the proof of Theorem is divided into two cases.

First case: i = 0. Because of the choose of k, the ideal q is a standard parameter

ideal of M and so that @41 HL(M;) =0 for all 0 < j < d. Thus we have
— M,

Hy (Mj) = Ho (M) = Hy (——=—).

Tj+1M;

Therefore, we get by Lemma 2.5 that
M - (9541 M; + Hy (M;)) pm,y
Tjt1 M qj+1M; + Hy (M;)
_ oS+ 1m+H3(Mj))
qj+1M; + HY (M)
qj+1Mj 1 m
(aj+1M; : m) N (a1 M; + HQ (M)
qj+1 M :m

= f .
(CIjJrle + (g1 M cm) N H«%(Ma‘))

s(Hy (M;)) = s(Hp(

=

)




Let a € (qj11M; : m) N HS(M;). We see by Lemma 22 that
ma € qj+1Mj N Hg(Mj) =0.
Therefore (q;41M; : m) N HY(M;) =0 :p7, m, and so that

qj+1Mj:m
Qjr1M; +0:p; m

s(Hy (M;)) = (( )

qurle m C|j+1Mj+OIMj m
— AT T )
qj+1M; qj+1M;
qj+1 M : m
=l(—————)—L(0:p m
qj+1M; )~ 0 )

= s(Hg(Mj11)) — s(Hy (M;)).
Hence, we have s(Hg (M;y1)) = s(Hy (M;)) + s(Hg (M;)) for all 0 < j < d.

Second case: © > 1. We first claim by induction on j that for all ¢ > 1 and
d > i+ j > 1, the canonical homomorphisms on socles

aé : Soc(H'(q, M;)) — Soc(H: (M;))

are surjective. For the case j = 0, we consider the following commutative
diagram
H'(q; M) — H'(q, Mo)

-

Hi(M) —= H}, (M),

where ; are isomorphisms for all ¢ > 1. By Lemma [3.2] the homomorphism
fi induces a surjective homomorphism Soc(H(q, M)) — Soc(H: (M)) on the
socles. Therefore we get by applying the functor Hom(¥, ) to the diagram above
that
af : Soc(H'(q, Mo)) — Soc(Hy (My))

are surjective for all ¢ > 1. Now assume that j > 1. Since (zj41,...,2q) is a
standard parameter ideal of M; and ;1 an M j-regular element, we have for
all d > i+ j > 1 the following commutative diagram

i(g- T Qg M i NV
0 ——= H(q; M) — H'(a; 7 47) — H""(q: M ;) —=0

| L

i (T i (_M;
O—>Hm(Mj) Hm(

zjy1 M, m

with exact rows, where the upper row is split exact by Lemma[3.Il Therefore, by
applying the functor Hom(, ), we obtain for all d > i+ j > 1 the commutative



diagram

0 — Soc(H'(q; M ;)) — Soc(H"(g; zﬂiw%ﬁ])) — Soc(H"*(q; M;)) — 0
ai J{ ; aitl
J Jj+1 J
0 = Soc(Hy (M) —— Soc(Hj(-74) Soc(Hi'(M;))

i+1
-y
are surjective for all 4 > 1. Thus B;- 41 are surjective for all 7 > 1. Since M is

generalized Cohen-Macaulay, it is easy to check that H&(Lﬂﬁ) ~ Hi (M)
i1 M;

with exact rows. By the inductive hypothesis, the homomorphisms aé- and o

for all ¢ > 1. It follows from the commutative diagram

SocH' (q; — i) ——> SocH'(q, M 141)

zjp1 M

i i
lﬁwrl B EST

i M; = v
SOCHm(Ij+1JA_4J_ ) - SOCHm (Mj-l-l)
that the homomorphism o', : Soc(H'(q, Mj11)) — Soc(H},(M1)) are sur-
jective for all d > i+ j > 1, and the claim is proved. Next, from the proof of
the claim we obtain exact sequences

0 — Soc(H, (M) — Soc(H}, (—2i—)) —— Soc(Hit (M) — 0.,

and so that s(H ( M, ) = s(HiL(M;)) + s(HiFY(M;)) for all i > 1 and

w541 M, m ‘
d > i+ j > 0. Therefore, since H. (M ) = H&(qjiM) for all i > 1, we have

i M _ i M i
S(Hm(qurlM)) - S(Hm(qJM)) + S(Hm+1(clj—M))

forall i > 1 and d > i+ 75 > 1, and the proof of Theorem [3.3is complete. [

M

4 Proofs of main results

Theorem [I.T]is now an easy consequence of Theorem 3.3

Proof of Theorem [l By virtue of Theorem B3l we can show by induction on d
that there exists an integer n such that for every parameter ideal q = (x1,...,24)
of M contained in m” we have
d
M d i
NGaib1) = s 3) = 3 () st o).

i=0



Corollary 4.1. Let M be a generalized Cohen-Macaulay R-module. Then

d
sup{N(q; M)|q is a standard parameter ideal of M} = Z ( ) (HE (M)).
=0

Proof. Let ¢ = (z1,...,24) be a standard parameter ideal of M. By basic
properties of the theory of generalized Cohen-Macaulay modules we can show
by induction on ¢ that

N ts) gz() (HI (M),

(Ila"'v

for all d > i+t > 0. Therefore the Corollary follows by the inequality above in
the case t = d, i = 0 and Theorem [[.11 O

In the rest of this paper, we denote

SN =3 (§) st

" 7
=0

Proof of Theorem[L.2. Let n = max{ni,nq, k}, where ny and k are integers in
Lemmal2T] Lemma24land Theorem [3.3] (for the case M = R), respectively. We
will prove that I? = qI for all parameter ideals q = (xl, ..., xq) of R contained
in m”, where I = q:g m. Let dimR =d and R = HO IR Then by Lemma 27
we have

(a+ Hy(R)) :rm =q:r m+ Hy(R),
and so that IR = qR : mR.

Case 1: ¢(R) =1 and d > 2. Since R is unmixed, it is well-known in this case
hat R is a regular local ring of dimension d > 2. We have (IR)? = qRIR by
Theorem 2.1 in [4]. Therefore I? C qI+HQ (R) and so that I? C qI+1?NH2 (R).
But, 12N H2(R) C qN H2(R) = 0 by Lemma 22 Thus I? = g/ in this case.

Case 2: ¢(R) > 1. By the choose of n, the parameter ideal q is standard Lemma
21 and N(q; R) = S(R) by Theorem [[LT1l Thus, it is enough for us to prove
that if N(q; R) = S(R) for some standard parameter ideal q = (x1,...,2q)
of R contained in m™ then I? = gqI. Indeed, we argue by induction d. Let
d = 1. Then R is a non-regular Cohen-Macaulay ring, and the conclusion
follows with the same method as used in the proof of case 1. Now assume that
d>2 Set R = %. By Theorem B3 we have S(R) = S(R’), and so that
N(qR'; R") = S(R'). Therefore (IR')> = qR'I R’ by the inductive hypothesis. It
follows that 1% C (xg, coyxq) [+ (21), and so that I? C (za,...,2q) [+ (x1)NI%
Let a € (xz1) N 1 1% and we write @ = 21b with b € R. Since e(R) > 1, by
Proposition (2.3) in [6], we have mI? = mq?. Therefore ma = z1mb C (z1) N g°.
Since the parameter ideal q is standard, (1) Ng? = z1q and HO (M) = 0 : 1.

10



Thus mb C (z1q9) :r 21 =q+0:g 21, and sothat b€ (q+0:g 1) ;R m=q:g
m+ 0 :g #1 by Lemma 24l Therefore a € x11, and so that (x1) N I? = x11.
Hence I? = qI as required. O

Corollary 4.2. Let R be a generalized Cohen-Macaulay local ring with multi-
plicity e(R) > 1. Then for sufficiently large n, we have

p(l) = d+ S(R)

for all parameter ideals q contain in m™, where p(I) is the minimal number of
generators of the ideal I = q : m.

Proof. Choose the integer n as in Theorem [[T] (for the case M = R). Then
I
~ =~ Hom(t, E) = ¢S(R)
q q
by Theorem [T} Since e(R) > 1, by Proposition 2.3 in [6], we get that mI = mgq.
Therefore
I I I q

) =U—) =l=)+{—)=S(R)+d

u(D) = K ) = 1)+ o

mI

as required. O
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