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Abstract

This note provides some technical support to the proof of a result of W. Winter which
shows that two unital separable simple amenable Z-absorbing C∗-algebras with locally fi-
nite decomposition property satisfying the UCT whose projections separate the traces are
isomorphic if their K-theory is finitely generated and their Elliott invariants are the same.

1 Introduction

In [11], W. Winter provided a fascinating method for the Elliott program of classification of
amenable C∗-algebras. Let A and B be two unital separable simple amenable C∗-algebras
which are Z-absorbing. Winter showed that if A ⊗ C is isomorphic to B ⊗ C, for any unital
UHF-algebra C, then there is a way to show that A is actually isomorphic to B. It is known that
for many separable amenable simple C∗-algebras, A⊗C has many known properties that A does
not have. For example, it was proved (also by Winter) that, for every Z-absorbing C∗-algebra
A with locally finite decomposition rank whose projections separate the traces, A⊗C has tracial
rank zero for every UHF-algebra C (see [9]). However, A itself may not have finite tracial rank.
Winter’s method shows that two unital separable simple amenable Z-absorbing C∗-algebras
with locally finite decomposition rank and with finitely generated K-theory whose projections
separate the traces are isomorphic if their Elliott invariants are isomorphic. The main purpose
of this note is to provide some technical support to the proof of the above mentioned result of
Winter.
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sity during the summer of 2007. He acknowledges the support from Shanghai Priority Academic
Disciplines.
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2 Some notation

2.1. Let A and B be two unital C∗-algebras. Suppose that ϕ,ψ : A → B are two homomor-
phisms. Define the mapping torus of ϕ and ψ as follows:

Mϕ,ψ = {x ∈ C([0, 1], B) : x(0) = ϕ(a) and x(1) = ψ(a) for some a ∈ A}. (e 2.1)

Thus one obtains an exact sequence:

0 → SB
ı
→Mϕ,ψ

π0→ A→ 0, (e 2.2)

where π0 :Mϕ,ψ → A is the point-evaluation at t = 0.
Suppose that A is a separable amenable C∗-algebra. From (e 2.2), one obtains an element

in Ext(A,SB). In this case we identify Ext(A,SB) with KK1(A,SB) and KK(A,B).
Suppose that [ϕ] = [ψ] in KL(A,B). The mapping torus Mϕ,ψ corresponds to a trivial

element in KL(A,B). It follows that there are two exact sequences:

0 → K1(B)
ı∗→ K0(Mϕ,ψ)

(π0)∗
→ K0(A) → 0 and (e 2.3)

0 → K0(B)
ı∗→ K1(Mϕ,ψ)

(π0)∗
→ K1(A) → 0. (e 2.4)

which are pure extensions of abelian groups.

Definition 2.2. Now let B be a unital C∗-algebra with non-empty tracial state space T (B). Let
u ∈ Ml(Mϕ,ψ) be a unitary which is a piecewise smooth function on [0, 1]. For each τ ∈ T (B),
we denote by τ the trace τ ⊗ Tr on Ml(B), where Tr is the standard trace on Ml. Define

Rϕ,ψ(u)(τ) =
1

2πi

∫ 1

0
τ(
du(t)

dt
u(t)∗)dt. (e 2.5)

When [ϕ] = [ψ] in KL(A,B) and τ ◦ϕ = τ ◦ψ for all τ ∈ T (B), there exists a homomorphism

Rϕ,ψ : K1(Mϕ,ψ) → Aff(T (B))

defined by

Rϕ,ψ([u])(τ) =
1

2πi

∫ 1

0
τ(
du(t)

dt
u(t)∗)dt.

We will call Rϕ,ψ the rotation map for the pair ϕ and ψ.

Moreover, the following diagram commutes:

K0(B)
ı∗−→ K1(Mϕ,ψ)

ρB ց ւ Rϕ,ψ
Aff(T (B))

See section 3 of [6] for more information.

Definition 2.3. If furthermore, [ϕ] = [ψ] in KK(A,B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring’s notation, one has the following splitting exact sequence:

0 → K(SB)
[ı]
→K(Mϕ1,ϕ2

)
[π0]

⇄ θ K(A) → 0. (e 2.6)
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In other words there is θ ∈ HomΛ(K(A),K(Mϕ1,ϕ2
)) such that [π0] ◦ θ = [idA]. In particular,

one has a monomorphism θ|K1(A) : K1(A) → K1(Mϕ,ψ) such that [π0] ◦ θ|K1(A) = (idA)∗1. Thus,
one may write

K1(Mϕ,ψ) = K0(B)⊕K1(A). (e 2.7)

Suppose also that τ ◦ ϕ1 = τ ◦ ϕ2 for all τ ∈ T (B). Then one obtains the homomorphism

Rϕ,ψ ◦ θ|K1(A) : K1(A) → Aff(T (B)). (e 2.8)

We write
η̃ϕ1,ϕ2

= 0,

if Rϕ,ψ ◦ θ = 0, i.e., θ(K1(A)) ∈ kerRϕ1,ϕ2
for some such θ. Thus, θ also gives the following:

kerRϕ,ψ = kerρB ⊕K1(A).

Definition 2.4. Let A and B be two unital C∗-algebras and let ϕ,ψ : A → B be two homo-
morphisms. We say ϕ and ψ are asymptotically unitarily equivalent if there exists a continuous
path of unitaries {u(t) : t ∈ [0, 1)} of B such that

lim
t→1

adu(t) ◦ ϕ(a) = ψ(a) for all a ∈ A. (e 2.9)

We say ϕ and ψ are strongly asymptotically unitarily equivalent if u(t) can be so chosen that
u(0) = 1.

We use the following result in the proof.

Theorem 2.5. (Theorem 9.1 of [6]) Let A be a unital AH-algebra and let B be a unital simple
C∗-algebra with tracial rank zero. Suppose that ϕ1, ϕ2 : A→ B are two monomorphisms. Then
ϕ1 and ϕ2 are asymptotically unitarily equivalent if and only if

[ϕ1] = [ϕ2] in KK(A,B), τ ◦ ϕ1 = τ ◦ ϕ2 for all τ ∈ T (A) and η̃ϕ1,ϕ2
= {0}. (e 2.10)

In what follows, Q denotes the UHF-algebra with K0(Q) = Q and [1Q] = 1, and if p is a
supernatural number Mp denotes the UHF-algebra associated with the supernatural number p.

3 The Main results

Lemma 3.1. Let A be a unital C∗-algebra and let h1, h2, ..., hn be self-adjoint elements in A.
Suppose that v is any unitary in A and

u(t) = v

n
∏

j=1

eihjt t ∈ [0, 1].

Then,
∫ 1

0
τ(
du(t)

dt
u(t)∗)dt =

n
∑

j=1

τ(hj)

for all τ ∈ T (A).
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Proof. Note that for any unitary w ∈ A and any tracial state τ ∈ T (A),

τ(whjw
∗) = τ(hj), j = 1, 2, ..., n.

It follows that

τ(
du(t)

dt
u(t)∗) =

n
∑

j=1

τ(hj)

for all τ ∈ T (A). Thus the lemma follows.

Lemma 3.2. Let B be a unital separable simple amenable C∗-algebra such that B ⊗ Q has
tracial rank zero. Let A be a unital separable amenable simple C∗-algebra with tracial rank zero
satisfying the UCT such that Ki(A) is torsion free (i = 0, 1).

Suppose that ϕ1, ϕ2 : A→ B ⊗Q are two unital homomorphisms with

[ϕ1] = [ϕ2] in KK(A,M ⊗Q).

Suppose that ϕ1 induces an affine homeomorphism (ϕ1)♯ : T (B ⊗Q) → T (A) by

(ϕ1)♯(τ)(a) = τ ◦ ϕ1(a)

for all τ ∈ T (B ⊗Q) and a ∈ A.
Then there exists an automorphism α ∈ Aut(ϕ1(A)) with [α] = [idϕ1(A)] inKK(ϕ1(A), ϕ1(A))

such that α ◦ ϕ1 and ϕ2 are strongly asymptotically unitarily equivalent.

Proof. Let

Mϕ1,ϕ2
= {f ∈ C([0, 1], B ⊗Q) : f(0) = ϕ1(a) and f(1) = ϕ2(a) for some a ∈ A}.

Note that, since Ki(B ⊗Q) is torsion free, i = 0, 1,

KK(A,B ⊗Q) ∼= Hom(K∗(A),K∗(B ⊗Q)).

Since we assume that [ϕ1] = [ϕ2] in KK(A,B ⊗Q), there exists a homomorphism θ : Ki(A) →
Ki(Mϕ1,ϕ2

) such that

0 → Ki−1(B ⊗Q) → Ki(Mϕ1,ϕ2
)
[π0]

⇄ θ Ki(A) → 0

splits (i = 0, 1).
Since A has real rank zero, we also have

τ ◦ ϕ1(a) = τ ◦ ϕ2(a) for all a ∈ A (e 3.11)

and for all τ ∈ T (B ⊗Q).
Let Rϕ1,ϕ2

: K1(Mϕ1,ϕ2
) → Aff(T (B ⊗ Q)) be the rotation map. Put C = ϕ1(A). By the

classification theorem of [5], C is a unital simple AH-algebra with no dimension growth and with
real rank zero. Since Ki(C) is torsion free, it follows that C is a unital simple AT -algebra with
real rank zero.

By 4.1 (see also Theorem 4.4) of [3], there exists an automorphism α ∈ Aut(C) with [α] =
[idC ] in KK(C,C) satisfying the following: there is θ1 : K1(C) → K1(Mα) so that

(Rα ◦ θ1)((ϕ1)♯(τ)) = −(Rϕ1,ϕ2
◦ θ)(τ) for all τ ∈ T (B ⊗Q),
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where
Mα = {g ∈ C([0, 1], C) : g(0) = a and g(1) = α(a) for some a ∈ C}

and

Rα(u)(τ) =
1

2π

∫ 1

0
τ(
du(t)

dt
u(t)∗)dt

for all unitaries u ∈ Mk(Mα) (k = 1, 2, ...,) and τ ∈ T (C). Note that [α] = [idC ] in KK(C,C).
Therefore, one computes that

[α ◦ ϕ1] = [ϕ1] in KK(A,B ⊗Q).

Now consider the mapping torus

Mα◦ϕ1,ϕ2
= {f ∈ C([0, 1], B ⊗Q) : f(0) = α ◦ ϕ1(a) and f(1) = ϕ2(a) for some a ∈ A}.

Define θ2 : K1(C) → K1(Mα◦ϕ1,ϕ2
) as follows:

Let k > 0 be an integer and u ∈Mk(Mα◦ϕ1,ϕ2
) be a unitary.

We may assume that there is a unitary w(t) ∈Mk(Mϕ1,ϕ2
) such that

w(0) = ϕ1(u
′), w(1) = ϕ2(u

′), [u′] = [u] in K1(A) (e 3.12)

and θ([u]) = [w(t)] in K1(Mϕ1,ϕ2
) (e 3.13)

for some unitary u′ ∈ Mk(A). To simplify notation, without loss of generality, we may assume
that there are h1, h2, ..., hn ∈Mk(A)s.a. such that

u∗u′ =
n
∏

j=1

exp(ihj).

Define z(t) = u
∏n
j=1 exp(hjt) (t ∈ [0, 1]). Consider {ϕ1(z(t)) : t ∈ [0, 1]}. Then

ϕ1(z(0)) = ϕ1(u) and ϕ1(z(1)) = ϕ1(u
′).

Moreover, by 3.1,
∫ 1

0
τ(
dϕ1(z(t))

dt
ϕ1(u(t))

∗)dt =

n
∑

j=1

τ(ϕ1(hj))

for all τ ∈ T (A). Consider Z(t) = ϕ2(z(1− t)). Then

Z(0) = ϕ2(u
′) and Z(1) = ϕ2(u).

∫ 1

0
τ(
dϕ2(z(1 − t))

dt
ϕ2(z(1 − t))∗)dt = −

n
∑

j=1

τ(ϕ2(hj))

for all τ ∈ T (A). Note that

τ(ϕ2(hj)) = τ(ϕ1(hj)), j = 1, 2, ..., n.

It follows that

∫ 1

0
τ(
dϕ1(z(t))

dt
ϕ1(u(t))

∗)dt+

∫ 1

0
τ(
dϕ2(z(1 − t))

dt
ϕ2(z(1 − t))∗)dt = 0

for all τ ∈ T (A).
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Therefore, without loss of generality, we may assume that u = u′ in (e 3.12). We may also
assume that both paths are piecewise smooth.

We may also assume that there is a unitary s(t) ∈Mk(Mα◦ϕ1,ϕ1
) such that

s(0) = α ◦ ϕ1(u), s(1) = ϕ1(u) in K1(A) (e 3.14)

and θ1([u]) = [s(t)] in K1(Mα◦ϕ1,ϕ1
). (e 3.15)

Define θ2([u]) = [v], where

v(t) =

{

s(2t) if t ∈ [0, 1/2)

w(2(t− 1/2)) if t ∈ [1/2, 1],
(e 3.16)

Thus θ2 gives a homomorphism from K1(A) to K1(Mα◦ϕ1,ϕ2
) such that (π0)∗1 ◦ θ2 = idK1(A).

Since [α ◦ ϕ1] = [ϕ1] in KK(A,C)), we also have

[α ◦ ϕ1] = [ϕ2] in KK(A,B ⊗Q).

There is also a homomorphism θ′2 : K0(A) → K0(Mα◦ϕ1,ϕ2
) such that (π0)∗0 ◦ θ

′
2 = [idK0(A)].

Then

Rαϕ1,ϕ2
([u])(τ) =

1

2π

∫ 1

0
τ(
dv(t)

dt
v(t)∗)dt (e 3.17)

=
1

2π

∫ 1/2

0
τ(
ds(2t)

dt
s(2t)∗)dt+ (e 3.18)

1

2π

∫ 1

1/2
τ(
dw(2(t − 1/2))

dt
w(2(t − 1/2))∗)dt (e 3.19)

= Rα◦ϕ1,ϕ1
◦ θ1([u])(ϕ♯(τ)) +Rϕ1,ϕ2

◦ θ([u])(τ) = 0 (e 3.20)

for all τ ∈ T (B ⊗Q).
Thus η̃α◦ϕ1,ϕ2

= 0. Note that, by [5], A is an AH-algebra. It follows from Theorem 2.5
that α ◦ ϕ1 and ϕ2 are asymptotically unitarily equivalent. Since K1(B ⊗ Q) is divisible,
H1(K0(B ⊗ Q),K1(B ⊗ Q)) = K1(B ⊗ Q), and by 11.5 of [6], we conclude that α ◦ ϕ1 and
ϕ2 are strongly asymptotically unitarily equivalent.

Lemma 3.3. Let B be a unital separable simple amenable C∗-algebra such that B ⊗ Q has
tracial rank zero. Let p be a supernatural number of infinite type and let A = C ⊗ Mp be a
unital separable amenable simple C∗-algebra with tracial rank zero satisfying the UCT such that
Ki(A) = Tor(Ki(A))⊕Gi, where Gi is torsion free (i = 0, 1). Suppose that ϕ1, ϕ2 : A→ B⊗Q
are two unital homomorphisms with

[ϕ1] = [ϕ2] in KK(A,M ⊗Q).

Suppose also that ϕ1 induces an affine homeomorphism (ϕ1)♯ : T (B ⊗Q) → T (A) by

(ϕ1)♯(τ)(a) = τ ◦ ϕ1(a)

for all τ ∈ T (B ⊗Q) and a ∈ A.
Then there exists an automorphism α ∈ Aut(ϕ1(A)) with [α] = [idϕ1(A)] inKL(ϕ1(A), ϕ1(A))

such that α ◦ ϕ1 and ϕ2 are strongly asymptotically unitarily equivalent.
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Proof. Let d : K0(A) → Aff(T (A)) be the homomorphism induced by τ([p]) for all τ ∈ T (A)
and projections p ∈ A. There is a homomorphism h1 : Mp → Mp such that h1(1) = e for
some projection e ∈ Mp with e 6= 0 and e 6= 1. This h1 gives an injective homomorphism
γ1 : d(K0(A)) → d(K0(A)) such that γ1(r) = [e]r for r ∈ d(K0(C ⊗Mp)). Put A1 = ϕ1(A).
Define h ∈ Hom(K∗(A1),K∗(A1)) such that

h|K0(A1) = γ1 ◦ d, , h|G1
= id|G1

and

h|Tor(K1(A1)) = {0}.

There is a unital simple AT-algebra D with real rank zero such that

(K0(D),K0(D)+, [1D],K1(D)) = (h(K0(A1)), h((K0(A1))+), h([1A1
]), G1).

SoKi(D) = Gi (i = 0, 1). It follows from [5] that there exists a unital homomorphism ψ′
1 : A1 →

D such that (ψ′
1)∗i = h. Moreover, there is a homomorphism ı : D → A1 so that (ı)∗i = idGi

,
i = 0, 1.

Put
κ = [idA1

]− [ı ◦ ψ′

1] ∈ KL(A1, A1).

Note that κ ∈ KL(A1, A1)+ (see [5]). It follows from [5] that there is a homomorphism ψ2 :
A1 → A1 such that ψ2(1A1

) = 1A1
− ı◦ψ′

1(1A1
) = e1 (for some projection e1 ∈ A1) and [ψ2] = κ.

Define
Φ(a) = ı ◦ ψ′

1(a) + ψ2(a) for all a ∈ A1.

It is clear that
[Φ] = [idA1

] in KL(A1, A1).

It follows that
[Φ ◦ ϕ2] = [ϕ1] in KK(A,B ⊗Q).

Let θ1 : Ki(A) → Ki(MΦ◦ϕ1,ϕ2
) (i = 0, 1) be such that

0 → Ki−1(B ⊗Q) → Ki(MΦ◦ϕ1,ϕ2
)
[π0]

⇄ θ1 Ki(A) → 0

splits, where

MΦ◦ϕ1,ϕ2
= {f ∈ C([0, 1], B ⊗Q) : f(0) = Φ ◦ ϕ1(a) and f(1) = ϕ2(a) for some a ∈ C}.

Let η1 = RΦ◦ϕ1,ϕ2
◦θ1.We will identifyD with ı(D) and we identify Aff(T (D)) with Aff(T (A)).

It follows from [3] that there exists an automorphism α1 ∈ Aut(D) with [α1] = [idD] in
KK(D,D) satisfying the following: there is θ2 : K1(D) → K1(Mα1

) such that

Rα1
◦ θ2((ϕ1)♯(τ)) = −η1(τ) for all τ ∈ T (B ⊗Q),

where
Mα1

= {f ∈ C([0, 1],D) : f(0) = α1(c) and f(1) = c for some c ∈ D}.

Now define α′ : D ⊕ e1Φ(A1)e1 → D ⊕ e1Φ(A1)e1 by

α′(c) = α1(c) for all c ∈ D and α′(a) = a for all a ∈ e1Φ(A1)e1.

Define α = α′ ◦ Φ : A1 → A1. Then

[α] = [idA1
] in KL(A1, A1)
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and
[α ◦ ϕ1] = [ϕ2] in KK(A,B ⊗Q).

Let k > 0 be an integer and u ∈Mk(MΦ◦ϕ1,ϕ2
) be a unitary.

We may assume that there is a unitary w(t) ∈Mk(Mϕ1,ϕ2
) such that

w(0) = Φ ◦ ϕ1(u
′), w(1) = ϕ2(u

′), [u′] = [u] in K1(A) (e 3.21)

and θ1([u]) = [w(t)] in K1(MΦ◦ϕ1,ϕ2
) (e 3.22)

for some unitary u′ ∈Mk(A).
We may also assume that there is a unitary s′(t) ∈Mk(Mα1

) such that

s′(0) = α1(h(u
′′)), s′(1) = u′′, [h(u′′)] = [h(u)] in K1(D) (e 3.23)

and θ2([u]) = [s] in K1(Mα1
) (e 3.24)

for some unitary u′′ ∈ Mk(A). Define s(t) = s′(t) ⊕ ψ′
2 ◦ ϕ1(u

′′) for t ∈ [0, 1]. As in the proof
of 3.2, we may assume that u′ = u′′ = u. Now define θ : K1(A) → K1(Mα◦ϕ1,ϕ2

) as follows:
θ([u]) = [v], where

v(t) =

{

s(2t) if t ∈ [0, 1/2)

w(2(t− 1/2)) if t ∈ [1/2, 1],
(e 3.25)

Thus θ gives a homomorphism from K1(A) to K1(Mα◦ϕ1,ϕ2
) such that (π0)∗1 ◦ θ = idK1(A).

Since [α ◦ ϕ1] = [ϕ1] in KK(A,A)), we also have

[α ◦ ϕ1] = [ϕ2] in KK(A,B ⊗Q).

Then

Rα◦ϕ1,ϕ2
([u])(τ) =

1

2π

∫ 1

0
τ(
dv(t)

dt
v(t)∗)dt (e 3.26)

=
1

2π

∫ 1/2

0
τ(
ds(2t)

dt
s(2t)∗dt+ (e 3.27)

1

2π

∫ 1

1/2
τ(
dw(2(t − 1/2))

dt
w(2(t − 1/2))∗dt (e 3.28)

= Rα1◦Φ◦ϕ1,Φ◦ϕ1
◦ θ2([u])((ϕ1)♯(τ)) +RΦ◦ϕ1,ϕ2

◦ θ1([u])(τ) = 0 (e 3.29)

for all τ ∈ T (B ⊗Q).
Thus η̃α◦ϕ1,ϕ2

= 0. It follows from Theorem 2.5 that α◦ϕ1 and ϕ2 are asymptotically unitarily
equivalent. Again, since K1(B⊗Q) is divisible, as in the proof of 3.2, α◦ϕ1 and ϕ2 are strongly
asymptotically unitarily equivalent.

Theorem 3.4. Let A and B be two unital separable amenable simple C∗-algebras satisfying the
UCT. Let p and q be supernatural numbers of infinite type such that Mp ⊗Mq

∼= Q. Suppose
that A⊗Mp, A⊗Mq, B ⊗Mp and B ⊗Mq have tracial rank zero.

Let σp : A⊗Mp → B⊗Mp and ρq : A⊗Mq → B⊗Mq be two unital isomorphisms. Suppose

[σ] = [ρ] in KK(A⊗Q,B ⊗Q),

where σ = σp⊗ idMq
and ρ = ρq⊗ idMp

.
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Then there is an automorphism α ∈ Aut(σp(A⊗Mp)) such that

[α ◦ σp] = [σp] in KL(A⊗Mp, B ⊗Mp)

and α ◦ σp ⊗ idMq
is strongly asymptotically unitarily equivalent to ρ, if one of the following

holds:
(i) Ki(A⊗Mp) is torsion free (i = 0, 1),
(ii) Ki(A⊗Mp) = Tor(Ki(A⊗Mp))⊕Gi, where Gi is torsion free i = 0, 1.

Proof. It follows from 3.2 that there exists β ∈ Aut(B ⊗Q) such that β ◦ σ is strongly asymp-
totically unitarily equivalent to ρ. Moreover, [β] = [idB⊗Q] in KK(B⊗Q,B⊗Q). Now consider
two homomorphisms σp and β ◦ σp. One has

[β ◦ σp] = [σp] in KK(A⊗Mp, B ⊗Q).

Since σp is an isomorphism, it is easy to see that σ♯ : T (B ⊗ Q) → T (A ⊗ Mp) is an affine
homeomorphism.

In case (i), sinceKi(A⊗Mp) is torsion free, by applying 3.2 again, one obtains α ∈ Aut(σp(A⊗
Mp)) such that α ◦ σp is strongly asymptotically unitarily equivalent to β ◦ σp. Note that σ(A⊗
Mp) = B ⊗Mp. Put σ

′
p = α ◦ σp and let σ′ = α ◦ σp⊗ idMq

.
Define β ◦σp⊗ idMq

: A⊗Mp⊗Mq → (B⊗Q)⊗Mq. Note that j :Mq →Mq⊗Mq defined by
a→ a⊗ 1 is (strongly) asymptotically unitarily equivalent to an isomorphism. It follows that σ′

is strongly unitarily equivalent to β◦σp⊗ idq. Since β◦ idMq
⊗1, 1⊗ idMq

:Mq → β(1⊗Mq)⊗Mq

are strongly asymptotically unitarily equivalent (in β(1 ⊗Mq) ⊗Mq), β ◦ σ and β ◦ σp ⊗ idMq

are strongly asymptotically unitarily equivalent.
It follows that σ′ is strongly asymptotically unitarily equivalent to β ◦ σ. Consequently σ′ is

strongly asymptotically unitarily to ρ.
The proof of part (ii) is exactly the same but we will apply 3.3 instead.

Theorem 3.5. (8.1 of [11]) Let A and B be two unital separable amenable simple C∗-algebras
satisfying the UCT. Suppose that A⊗ C and B ⊗ C are both of tracial rank zero for any UHF-
algebras. Suppose also that

(K0(A),K0(A)+, [1A],K1(A)) ∼= (K0(B),K0(B)+, [1B ],K1(B)).

Then A⊗Z ∼= B ⊗Z, if either
(i) Tor(K0(A)) and Tor(K1(A)) miss at least one (the same) prime order,
(ii) or Ki(A) = Tor(Ki(A))⊕Gi for some torsion free Gi, i = 0, 1.

Proof. For case (i), suppose that Tor(Ki(A)) misses the prime order p′. Then it is easy to find
a pair of relatively prime supernatural integers p and q such that Ki(A ⊗Mp) is torsion free
(i = 0, 1). Let

Γ : (K0(A),K0(A)+, [1A],K1(A)) ∼= (K0(B),K0(B)+, [1B ],K1(B))

be the isomorphism. Let κ ∈ KK(A,B) be an element which gives Γ.
Then there are isomorphisms σp : A ⊗Mp → B ⊗Mp and ρq : A⊗Mq → B ⊗Mq given by

κ⊗ [idMp
] and κ⊗ [idq]. Since B ⊗Q is divisible, it is easy to see that

[σp⊗ idMq
] = [ρq⊗ idMp

] in KK(A⊗Q,B ⊗Q).

Put σ = σp⊗ idMq
and ρ = ρq⊗ idMp

. Then, by 3.4, σ and ρ are strongly asymptotically unitarily
equivalent. Therefore Γ can be lifted along Zp,q (see 4.7 of [11]).
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One then applies Theorem 7.1 of [11].
For case (ii), there exists a sequence of integers {mk} such that

Mp = lim
n→∞

(Mmk
, hk),

where hk is standard amplification. Thus (hk)∗i is a multiplication by mk+1/mk. Note also that

A⊗Mp = lim
n→∞

(A⊗Mmk
, idA ⊗ hk).

It follows that
Ki(A⊗Mp) = Tor(Ki(A⊗Mp))⊕G′

i,

where G′

i is torsion free.
One then applies part (ii) of 3.4 as in the proof of (i).

Note that in the following statement A is not assumed to be of real rank zero, as a priori.

Corollary 3.6. Let A be a unital separable simple Z-absorbing ASH-algebra A whose pro-
jections separate the traces. Suppose that K0(A) has the Riesz interpolation property and
K0(A)/Tor(K0(A)) 6∼= Z.

Then A has tracial rank zero and A is (isomorphic to) an AH-algebra with no dimension
growth and with real rank zero if either (i) or (ii) of 3.5 hold.

Proof. For any UHF-algebra C, A ⊗ C is approximately divisible and its projections separate
traces. It follows from [1] that A⊗C has real rank zero, stable rank one and weakly unperforated
K0(A ⊗ C). Note that A ⊗ C is also an ASH-algebra. It follows from a result of Winter ([10])
that A⊗C has tracial rank zero. Since A is Z-absorbing, K0(A) is weakly unperforated (Prop.
1.2 of [8]). Now by [2], there exists a unital simple AH-algebra B with real rank zero and with
no dimension growth such that

(K0(A),K0(A)+, [1A],K1(A)) ∼= (K0(B),K0(B)+, [1B ],K1(B)).

It follows from [10] that B ⊗Z has tracial rank zero. By 3.5, A ∼= B ⊗Z.

Please see section 8 of [11] for other consequences of 3.5 and further discussion.
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