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Abstract

This note provides some technical support to the proof of a result of W. Winter which
shows that two unital separable simple amenable Z-absorbing C*-algebras with locally fi-
nite decomposition property satisfying the UCT whose projections separate the traces are
isomorphic if their K-theory is finitely generated and their Elliott invariants are the same.

1 Introduction

In [11], W. Winter provided a fascinating method for the Elliott program of classification of
amenable C*-algebras. Let A and B be two unital separable simple amenable C*-algebras
which are Z-absorbing. Winter showed that if A ® C' is isomorphic to B ® C, for any unital
UHF-algebra C, then there is a way to show that A is actually isomorphic to B. It is known that
for many separable amenable simple C*-algebras, A® C has many known properties that A does
not have. For example, it was proved (also by Winter) that, for every Z-absorbing C*-algebra
A with locally finite decomposition rank whose projections separate the traces, A® C has tracial
rank zero for every UHF-algebra C (see [9]). However, A itself may not have finite tracial rank.
Winter’s method shows that two unital separable simple amenable Z-absorbing C*-algebras
with locally finite decomposition rank and with finitely generated K-theory whose projections
separate the traces are isomorphic if their Elliott invariants are isomorphic. The main purpose
of this note is to provide some technical support to the proof of the above mentioned result of
Winter.
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2 Some notation

2.1. Let A and B be two unital C*-algebras. Suppose that ¢,9 : A — B are two homomor-
phisms. Define the mapping torus of ¢ and v as follows:

My = {x € C([0,1], B) : (0) = ¢(a) and z(1) =1 (a) for some a € A}. (e2.1)
Thus one obtains an exact sequence:

0—SB -5 M,y ™3 A—0, (e2.2)

where 7o : M, — A is the point-evaluation at ¢ = 0.
Suppose that A is a separable amenable C*-algebra. From (e2.2]), one obtains an element
in Ext(A, SB). In this case we identify Ext(A, SB) with KK'(A, SB) and KK (A, B).
Suppose that [p] = [¢] in KL(A, B). The mapping torus M, corresponds to a trivial
element in K L(A, B). It follows that there are two exact sequences:

0= Ki(B) % Ko(Mpy) ™" Ko(A) = 0 and (€2.3)
0 = Ko(B) % Ky (M) "™ Ky(A) = 0. (e2.4)

which are pure extensions of abelian groups.

Definition 2.2. Now let B be a unital C*-algebra with non-empty tracial state space T'(B). Let
u € My(My ) be a unitary which is a piecewise smooth function on [0, 1]. For each 7 € T'(B),
we denote by 7 the trace 7 ® Tr on M;(B), where Tr is the standard trace on M;. Define

1 (%
Ry p(u)(7) = 5 /0 (P ) ar (e2.5)

When [¢] = [¢] in KL(A, B) and Top = 101 for all 7 € T'(B), there exists a homomorphism
Rep: Ki(Mgy) = Aff(T(B))

defined by

1 u
Ry p([u])(7) = —— /0 (& df)u@)*)dt.

2

We will call R, the rotation map for the pair ¢ and .

Moreover, the following diagram commutes:

Ko(B) o K1 (M)
PB \¢ Ry
Aff(T(B))

See section 3 of [6] for more information.

Definition 2.3. If furthermore, [¢] = [¢)] in KK (A, B) and A satisfies the Universal Coefficient
Theorem, using Dadarlat-Loring’s notation, one has the following splitting exact sequence:

[mo]

0= K(SB) L K(M,, ,,) =4 K(A) = 0. (¢2.6)



In other words there is § € Hompa(K(A), K(My, o,)) such that [mg] o @ = [ida]. In particular,
one has a monomorphism 0|, (4) : K1(A) = K1(M,) such that [mo] 00|, (4) = (ida)«1. Thus,
one may write

Kl(M¢’¢) = K()(B) ) Kl(A) (e 2.7)
Suppose also that 7o ¢ = 70 g for all 7 € T(B). Then one obtains the homomorphism
Rap,i/; o 6’K1(A) : Kl(A) — Aff(T(B)) (e 28)

We write
773017302 = 07
if Ryy00=0,1ie., §(K1(A)) € kerR,, ,, for some such 0. Thus, 6 also gives the following:

kerR, 4 = kerpp © K1(A).

Definition 2.4. Let A and B be two unital C*-algebras and let ¢,% : A — B be two homo-
morphisms. We say ¢ and 1 are asymptotically unitarily equivalent if there exists a continuous
path of unitaries {u(t) : t € [0,1)} of B such that

lim ad u(t) o p(a) = ¢(a) for all a € A. (e2.9)

t—1

We say ¢ and 1 are strongly asymptotically unitarily equivalent if u(t) can be so chosen that
u(0) = 1.

We use the following result in the proof.

Theorem 2.5. (Theorem 9.1 of [6]) Let A be a unital AH-algebra and let B be a unital simple
C*-algebra with tracial rank zero. Suppose that p1,p2 : A — B are two monomorphisms. Then
p1 and py are asymptotically unitarily equivalent if and only if

[p1] = [p2] in KK(A,B), Topi =Toyy for all 7 € T(A) and 7y, », = {0}. (e2.10)

In what follows, @ denotes the UHF-algebra with Ky(Q) = Q and [1g] = 1, and if p is a
supernatural number M, denotes the UHF-algebra associated with the supernatural number p.

3 The Main results

Lemma 3.1. Let A be a unital C*-algebra and let hi,ho, ..., hy, be self-adjoint elements in A.
Suppose that v is any unitary in A and

u(t) = vH ethit t e [0,1].
j=1

Then,

for all T € T(A).



Proof. Note that for any unitary w € A and any tracial state 7 € T'(A),
T(whjw*) =71(hj), j=1,2,...,n.

It follows that .
(P ) = 3 ()

Jj=1

for all 7 € T(A). Thus the lemma follows.
O

Lemma 3.2. Let B be a unital separable simple amenable C*-algebra such that B ® Q has
tracial rank zero. Let A be a unital separable amenable simple C*-algebra with tracial rank zero
satisfying the UCT such that K;(A) is torsion free (i =0,1).

Suppose that p1,p2 : A — B® Q are two unital homomorphisms with

[p1] = 2] in KK(A,M® Q).
Suppose that ¢y induces an affine homeomorphism (1) : T'(B ® Q) — T(A) by
(p1)s(T)(a) = 7o pi(a)

forallT e T(B® Q) and a € A.
Then there exists an automorphism o € Aut(p1(A)) with [a] = [id,, (4)] in KK (p1(A), ¢1(A))
such that oo 1 and po are strongly asymptotically unitarily equivalent.

Proof. Let
Moy = {f € C(0,1, B2 Q) : (0) = pr(a) and (1) = pa(a) for some a € A},
Note that, since K;(B ® Q) is torsion free, i = 0,1,
KK(A,B® Q)= Hom(K.(A),K.(B®Q)).

Since we assume that [¢1] = [¢2] in KK (A, B® @), there exists a homomorphism 6 : K;(A) —
K;(My, ,) such that

[mo]

0— Ki_1(B®Q) = Ki(My, 4,) =4 Ki(A) =0

splits (i = 0,1).
Since A has real rank zero, we also have

Topi(a) =Tops(a) for all a € A (e3.11)

and for all 7 € T(B ® Q).

Let Ry, 0, @ K1(My, 0,) = Aff(T(B ® Q)) be the rotation map. Put C' = ¢1(A). By the
classification theorem of [5], C' is a unital simple AH-algebra with no dimension growth and with
real rank zero. Since K;(C) is torsion free, it follows that C' is a unital simple AT -algebra with
real rank zero.

By 4.1 (see also Theorem 4.4) of [3], there exists an automorphism a € Aut(C) with [a] =
[id¢] in KK (C,C) satistying the following: there is 6, : K1(C) — K;(M,) so that

(Ro ©01)((1)5(7)) = —(Rpy 0, 0 0)(7) for all 7€ T(B®Q),

4



where
M, ={g € C([0,1],C) : g(0) = a and ¢g(1) = a(a) for some a € C'}

and

1 U
Ra()(r) = 5 [ (25 ute) i

for all unitaries u € My(M,) (k =1,2,...,) and 7 € T(C). Note that [a] = [id¢]| in KK(C,C).
Therefore, one computes that

[aop] =[p1] in KK(A,B® Q).
Now consider the mapping torus
Mooy ,po ={f € C([0,1],B®Q) : f(0) =aopi(a) and f(1) = ¢a(a) for some a € A}.

Define 65 : K1(C) = K1(Maog, p,) as follows:
Let k£ > 0 be an integer and u € My(Maoy, ) be a unitary.
We may assume that there is a unitary w(t) € My (M., ,,) such that

w(0) = o1(),w(1) = o), ] = [u] in Ky (A) (e3.12)
and 6([u] (w(t)] in Ki(My, p,) (e3.13)

for some unitary v’ € My (A). To simplify notation, without loss of generality, we may assume
that there are hy, ho, ..., h, € Mi(A)s4. such that

uu' = H exp(ih;).

J=1

Define z(t) = u[];_; exp(h;t) (¢ € [0,1]). Consider {p1(2(¢)) : ¢ € [0,1]}. Then

©1(2(0)) = @w1(u) and @1(2(1)) = @1 ().

Moreover, by B.1]

3

1 z
[ o@D i)yt = Y- ()

7j=1
for all 7 € T'(A). Consider Z(t) = ¢2(2(1 —t)). Then

Z(0) = p2(u’) and Z(1) = pa(u).

1 2(1 — n
@B = a1 — )1t = - 3 r(a(n)

J=1
for all 7 € T(A). Note that

T(p2(hj)) = 7(e1(hj)), j=1,2,..,n.

It follows that

1 . 1 21 —
| 2D wyyans [ o EE =D - )i =0

for all 7 € T'(A).



Therefore, without loss of generality, we may assume that v = ' in (€3.12). We may also
assume that both paths are piecewise smooth.
We may also assume that there is a unitary s(t) € My(Maop, ,p,) such that

s(0) = aop1(u),s(1) = p1(u) in Ki(A) (e3.14)
and 61([u]) = [s(t)] in Ki(Maop, o1 )- (e3.15)

Define 05([u]) = [v], where

o(t) = {s(2t) if t €0,1/2) (3.16)

w2t —1/2)) if t e [1/2,1],

Thus 602 gives a homomorphism from Ki(A) to Ki(Maop,,e,) such that (mg)s o 62 = idg, (4).-
Since [avo 1] = [p1] in KK(A,C)), we also have

[aocpl] = [(pg] in KK(A,B@Q)

There is also a homomorphism 05 : Ko(A) — Ko(Maog, p,) such that (o)« © 0y = [idg,(a)]-
Then

1 [t do(t)

Ragpy oo ([u])(T) = o ), 7( 7 v(t)")dt (e3.17)
1 (Y2 ds(2t) .,
= %/ m(= s (20)")dt + (3.18)
1Y dw2(t —1/2)) .
o 1/2T(Tw(2(t—1/2)) )dt (e3.19)

= Raopro 0 O1([u])(01(7)) + Rprpp 0 0([u])(7) =0 (e3.20)

forall 7 € T(B® Q).

Thus Taop;,e» = 0. Note that, by [5], A is an AH-algebra. It follows from Theorem
that o o ¢; and @9 are asymptotically unitarily equivalent. Since K;(B ® Q) is divisible,
H{(Ko(B® Q),K1(B®Q)) = K1(B ® Q), and by 11.5 of [6], we conclude that a o ¢ and
o are strongly asymptotically unitarily equivalent.

O

Lemma 3.3. Let B be a unital separable simple amenable C*-algebra such that B ® Q has
tracial rank zero. Let p be a supernatural number of infinite type and let A = C' ® M, be a
unital separable amenable simple C*-algebra with tracial rank zero satisfying the UCT such that
K;(A) =Tor(K;(A)) ® G;, where G; is torsion free (i = 0,1). Suppose that 1,02 : A — B®Q
are two unital homomorphisms with

[p1] = 2] in KK(A,M® Q).
Suppose also that o1 induces an affine homeomorphism (1) : T(B® Q) — T(A) by

(p1)s(T)(a) = 7o pi(a)

forallT e T(B® Q) and a € A.
Then there exists an automorphism o € Aut(p1(A)) with [a] = [idy, (a)] in K L(p1(A), p1(A))
such that oo 1 and po are strongly asymptotically unitarily equivalent.



Proof. Let d : Ko(A) — Aff(T(A)) be the homomorphism induced by 7([p]) for all 7 € T'(A)
and projections p € A. There is a homomorphism h; : M, — M, such that hi(1) = e for
some projection e € M, with e # 0 and e # 1. This h; gives an injective homomorphism

1 d(Ko(A)) = d(Ko(A)) such that vi(r) = [e]r for r € d(Ko(C ® My)). Put Ay = ¢1(A).
Define h € Hom(K (A1), K.(A1)) such that

h’KO(Al) =1 0d,,h|lg, =id|g, and

h|T0’r‘(K1 (Al)) = {0}

There is a unital simple AT-algebra D with real rank zero such that

(Ko(D), Ko(D)+,[1p], K1(D)) = (h(Ko(A1)), h((Ko(A1))+), M([14,]), G1)-

So K;(D) =G, (i =0, ) It follows from [5] that there exists a unital homomorphism ¢} : A —
D such that (¢])« = h. Moreover, there is a homomorphism ¢ : D — A; so that (1), = idg,,
1=0,1.
Put
K= [idAl] — [Zozbﬂ S KL(Al,Al).

Note that k € KL(A;, A1)+ (see [5]). It follows from [5] that there is a homomorphism s :
Ay — Ajp such that 1o(14,) = 14, —209](14,) = €1 (for some projection e; € A1) and [¢hs] = k.
Define

®(a) =10 (a) + 12(a) for all a € A;.

It is clear that
[®] = [id4,] in KL(A,Ar).

It follows that
[® o o] = [p1] in KK(A,B® Q).

Let 01 : Ki(A) = Ki(Maoy, 4,) (i =0,1) be such that

[mo]

0= Ki-1(B® Q) = Ki(Maoyp, o) =0, Ki(4) =0
splits, where
Maog e, = {f € C((0,1, BE Q) : f(0) = 0p1(a) and f(1) = ps(a) for some a € C}.

Let 11 = Raop,,p,001. We will identify D with +(D) and we identify Af f(T'(D)) with Af f(T'(A)).
It follows from [3] that there exists an automorphism oy € Aut(D) with [o;] = [idp] in
KK (D, D) satisfying the following: there is 05 : K1(D) — K;(M,,) such that

Ray 0 02((¢1)4(7)) = —m(r) for all 7€ T(B®Q),

where
My, ={f € C([0,1],D) : f(0) = a1(c) and f(1) =c for some ¢ € D}.

Now define o : D & e1®(A1)er — D & e ®(Aq)ey by
d'(c) = ay(c) for all c€ D and o'(a) = a for all a € e;®(A;)e;
Define o =o' o ®: A; — A;. Then

[Oé] = [idAl] in KL(Al,Al)



and
[aop1] =[p2] in KK(A,B® Q).

Let k > 0 be an integer and u € My(Magoyp, ,»,) be a unitary.
We may assume that there is a unitary w(t) € My(M,, ,,) such that

w(0) = ® o1 (v),w(l) = pa(u), [t/] = [u] in K71(A) (e3.21)
and 01 ([u) = [w(®)] i Ki(Moop, po) (e3.22)

for some unitary v’ € My (A).
We may also assume that there is a unitary s'(t) € My(M,,) such that

§'(0) = ai(h(u")),s' (1) =", [h(u")] = [h(u)] in Ki(D) (3.23)
and O([u]) = [s] in K1(Ma,) (€3.24)
for some unitary u” € My(A). Define s(t) = s'(t) ® ¢} o o1 (u”) for t € [0,1]. As in the proof

of B2l we may assume that v’ = u” = u. Now define 6 : K1(A) — Ki(Maoy,,p.) as follows:
0([u]) = [v], where

(e3.25)

(t) = s(2t) if t €1[0,1/2)
T w@ - 1/2) it e 12,1,

Thus 6 gives a homomorphism from Ki(A) to Ki(Maog,,p,) such that (o). o 6 = idg, (4).-
Since [avo 1] = [p1] in KK (A, A)), we also have

[aocpl] = [(pg] in KK(A,B@Q)

Then
Rasprin([W)(1) = 5 OIT(dZ(tt)v(t)*)dt (e3.26)
— %/01/2T(dséft)8(2t)*dt+ (e3.27)

% 1;27 Mw@(t—lﬂ))*dt (e3.28)

= Raovopr @opr © O2([u])((91)4(7)) + Raop, g 0 01 ([u])(7) =0 (€3.29)

forall 7 € T(B® Q).

Thus aog;,ps = 0. It follows from Theorem[Z.5]that cop; and 9 are asymptotically unitarily
equivalent. Again, since K1(B ® Q) is divisible, as in the proof of B2, a0y and @9 are strongly
asymptotically unitarily equivalent.

O

Theorem 3.4. Let A and B be two unital separable amenable simple C*-algebras satisfying the
UCT. Let p and q be supernatural numbers of infinite type such that My, ® Mq = Q. Suppose
that A® My, A® My, B® My and B ® My have tracial rank zero.

Let oy : AQ My — B® My, and pq: A® My — B® My be two unital isomorphisms. Suppose

[o] = [p] in KK(A®Q,B®Q),

where 0 = oy ®idpg, and p = pq @ idyy, -



Then there is an automorphism a € Aut(op(A ® My)) such that

and o o oy ® idyy, is strongly asymptotically unitarily equivalent to p, if one of the following
holds:

(i) K;i(A® M,) is torsion free (i =0,1),

(i) K;(A® My) =Tor(K;i(A® M,)) ® G;, where G; is torsion free i =0, 1.

Proof. 1t follows from that there exists f € Aut(B ® @) such that oo is strongly asymp-
totically unitarily equivalent to p. Moreover, [§] = [idpgg] in KK (B® @, B® Q). Now consider
two homomorphisms o, and 3 o 0. One has

[Boop] =[op] in KK(A® My, B®Q).

Since oy is an isomorphism, it is easy to see that oy : T(B ® Q) — T(A ® M,) is an affine
homeomorphism.

In case (i), since K;(A®M,) is torsion free, by applying[B.2lagain, one obtains a € Aut(op(A®
My)) such that « o oy, is strongly asymptotically unitarily equivalent to 5o op,. Note that o(A ®
My) = B® My. Put g, = a ooy and let o' = a0 0p ®@idyy, .

Define foo,®idyy, : A® My®@ Mg — (B® Q) ® M. Note that j : My — Mq® M defined by
a — a®1 is (strongly) asymptotically unitarily equivalent to an isomorphism. It follows that ¢’
is strongly unitarily equivalent to Soo,®idg. Since Boiday, ®1, 1®idyy, : Mg — B(1® Mq) ® M,
are strongly asymptotically unitarily equivalent (in S(1 ® Mq) ® M), Boo and f oo, ®id M,
are strongly asymptotically unitarily equivalent.

It follows that o’ is strongly asymptotically unitarily equivalent to 3 o 0. Consequently o’ is
strongly asymptotically unitarily to p.

The proof of part (ii) is exactly the same but we will apply B.3] instead.

O

Theorem 3.5. (8.1 of [11]) Let A and B be two unital separable amenable simple C*-algebras
satisfying the UCT. Suppose that A® C and B ® C are both of tracial rank zero for any UHF-
algebras. Suppose also that

(KO(A)7 KO(A)+7 [1A]7K1(A)) = (KO(B)7 KO(B)+7 [1B]7K1(B))

Then A® Z = B® Z, if either
(i) Tor(Ko(A)) and Tor(K1(A)) miss at least one (the same) prime order,
(ii) or K;(A) = Tor(K;(A)) @ G; for some torsion free G;, i =0, 1.

Proof. For case (i), suppose that Tor(K;(A)) misses the prime order p’. Then it is easy to find
a pair of relatively prime supernatural integers p and g such that K;(A ® M,) is torsion free
(i=0,1). Let

I': (Ko(A), Ko(A)y, [1a], K1(A)) = (Ko(B), Ko(B)+, 18], K1(B))

be the isomorphism. Let k € KK (A, B) be an element which gives I'.
Then there are isomorphisms o, : A® My — B® My and pq: A® My — B ® M, given by
K ® [idpg,] and k£ ® [idg]. Since B ® @ is divisible, it is easy to see that

lop @i, ] = [pg ®idas,] in KK(A®Q, B Q).

Put o = 0,®idyy, and p = pq®idyy,. Then, by[3.4] o and p are strongly asymptotically unitarily
equivalent. Therefore I' can be lifted along Z, 4 (see 4.7 of [11]).



One then applies Theorem 7.1 of [11].
For case (ii), there exists a sequence of integers {my} such that

n—oo
where hy, is standard amplification. Thus (hy)s; is a multiplication by my1/mg. Note also that
A® M, = li_>m (A® My, ,ida ® hy).
It follows that
Ki(A® My) =Tor(K;(A® M,)) ® G,

where G/, is torsion free.
One then applies part (ii) of 3.4 as in the proof of (i). O

Note that in the following statement A is not assumed to be of real rank zero, as a priori.

Corollary 3.6. Let A be a unital separable simple Z-absorbing ASH-algebra A whose pro-
jections separate the traces. Suppose that Ko(A) has the Riesz interpolation property and
Ko(A)/Tor(Ko(A)) £ Z.

Then A has tracial rank zero and A is (isomorphic to) an AH-algebra with no dimension
growth and with real rank zero if either (i) or (i) of [Z hold.

Proof. For any UHF-algebra C, A ® C is approximately divisible and its projections separate
traces. It follows from [I] that A® C has real rank zero, stable rank one and weakly unperforated
Kyo(A® C). Note that A ® C' is also an ASH-algebra. It follows from a result of Winter ([10])
that A ® C has tracial rank zero. Since A is Z-absorbing, Ky(A) is weakly unperforated (Prop.
1.2 of [8]). Now by [2], there exists a unital simple AH-algebra B with real rank zero and with
no dimension growth such that

(Ko(A), Ko(A)+, [1a], K1(A)) = (Ko(B), Ko(B)+, [15], K1(B)).

It follows from [I0] that B ® Z has tracial rank zero. By B0l A = B® Z.

Please see section 8 of [I1] for other consequences of 3.5 and further discussion.
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