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ASYMPTOTIC INTEGRATION AND DISPERSION FOR
HYPERBOLIC EQUATIONS

TOKIO MATSUYAMAT AND MICHAEL RUZHANSKY*

ABSTRACT. The aim of this paper is to establish time decay properties and disper-
sive estimates for strictly hyperbolic equations with homogeneous symbols and with
time-dependent coefficients whose derivatives belong to L!(R). For this purpose,
the method of asymptotic integration is developed for such equations and repre-
sentation formulae for solutions are obtained. These formulae are analysed further
to obtain time decay of LP—L? norms of propagators for the corresponding Cauchy
problems. It turns out that the decay rates can be expressed in terms of certain
geometric indices of the limiting equation and we carry out the thorough analysis
of this relation. This provides a comprehensive view on asymptotic properties of
solutions to time-perturbations of hyperbolic equations with constant coefficients.
Moreover, we also obtain the time decay rate of the LP—L? estimates for equations
of these kinds, so the time well-posedness of the corresponding nonlinear equations
with additional semilinearity can be treated by standard Strichartz estimates.

1. INTRODUCTION

This paper is devoted to several aspects of strictly hyperbolic equations of higher
orders or of strictly hyperbolic systems with time-dependent coefficients. In particu-
lar, we will investigate the following topics:

e representation of solutions of equations of higher order;
e dispersive estimates for solutions.

Equations of orders larger than two appear often in the analysis of large first order
systems and in the analysis of coupled equations of higher orders. In the present paper
we will restrict our attention to the investigation of equations with homogeneous
symbols (at the same time making a suitable preparation for the further development
of this topic for equations with low order terms). In fact, we will concentrate on
scalar equations of some order m € N keeping in mind that in the case of a system
its dispersion relation (the determinant) will be of such form, so the information on
solution to the Cauchy problem for the dispersion relation will imply the information
on solutions to the Cauchy problem of the original system. On one hand, we will
introduce several techniques allowing to deal with equations of higher orders. On the
other hand, already for the second order equations the new method that we propose
in this paper will yield certain improvements and extensions of known results. In
particular, we will improve the result on the decay rates in the dispersive estimates
already for the time-dependent wave equation, as well as the time decay rate for
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the standard Kirchhoff equation, thus also improving the corresponding Strichartz
estimates. It will also allow the inclusion of mixed terms in second order equations (a
question which is known to be very delicate if we want to treat problems outside the
perturbation framework). We will allow time-dependent coefficients and will assume
that their derivatives are in L'(R). It is known that this property is satisfied in
many situations, for example in applications to Kirchhoff equations and systems,
etc. This will also allow us to obtain a comprehensive view on time-perturbations of
equations with constant coefficients, in which case the assumption of the integrability
of derivatives of coefficients is quite natural. For the purposes of this paper, we will
develop the asymptotic integration method for hyperbolic partial differential equations
with time-dependent coefficients. While this method is relatively well-known in the
theory of ordinary differential equations (see e.g. Hartman [7]), its use in partial
differential equations appears to be new.

We note that equations with constant coefficients have been thoroughly studied by
Sugimoto in a series of papers [24] 25 [26] who described several interesting geometric
quantities responsible for the rate of the time decay of LP—L? norms of their propa-
gators. In particular, one has to look at the level sets of the characteristic roots of
the symbol and at the orders with which tangent lines touch these sets. These orders
become responsible for the time decay rate in the corresponding dispersion estimates
and for indices of the subsequent Strichartz estimates. In fact, the appearing indices
are related to the oscillation indices of integral kernels of the propagators, viewed as
oscillatory integrals, and their classification is well studied in the singularity theory
(e-g. [I).

The case of strictly hyperbolic equations with constant coefficients with lower order
terms has been thoroughly investigated in [22]. In particular, properties of charac-
teristic roots are crucial in determining exact decay rates and the complete analysis
is quite lengthy and involved. For example, in the case of equations of dissipative
types analysed in [21] the decay rate is determined by properties of characteristics for
small frequencies. A general analysis of this type is necessary for application to large
systems, such as Grad systems in gas dynamics, or to Fokker-Planck equations, in
which case the Galerkin approximation produces a sequence of scalar equations with
orders going to infinity, see e.g. [19]. Applications to such problems give a strong
additional motivation to the investigation of equations of higher orders of the type
of those treated in this paper.

To become more precise, we consider the Cauchy problem for an m'™ order strictly
hyperbolic equation with time-dependent coefficients, for function u = (¢, x):

(1.1) L(t,D;,D;)u=D"u+ Y a,;(t)DDiu=0, t#0,
[v|+ji=m
j<m-—1

with the initial condition

(1.2) Diu(0,z) = fi(x) € CP(R™), k=0,1,--- ,m—1, z&R"

where D, = —i0; and DY = (=10, )" -+ - (—i0y, )", 1t = v/ —1, for v = (v1,...,1p).
Denoting by Lip,,.(R) the space of all functions which are locally Lipschitz on R, we
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assume that each a, (t) belongs to Lip,.(R) and satisfies
(1.3) ay,;(t) € L'(R) with |[v|+j = m.

Moreover, following the standard definition of equations of the regularly hyperbolic
type (e.g. Mizohata [15]), we will assume that the symbol of the differential operator
L(t, Dy, D,) has real and distinct roots p1(t;€),. .., pn(t; &) for £ # 0, and that

(1.4) L(t,7,8) = (T —o1(t:6)) - - - (T — om(t;6)),
(1.5) milllﬁeRlsoy'(t;O — oi(t; )] > 0.

Let us point out the main difficulties when trying to establish dispersive estimates
(i.e. the time decay estimates for the LP—L? norms) for equation (I.I]). Contrary to
the energy methods, for dispersive estimates we need to have a good idea about the
propagators for the Cauchy problem (LLI)-(T.2)). Thus, we need to make advances in
the following two problems:

e to derive representation formulae for propagators for the Cauchy problem
(CI)—(T2) with time-dependent coefficients. Ideally these propagators would
be in the form of oscillatory integrals;

e to analyse the obtained representation formulae for propagators taking into
account the geometric properties of characteristics which we know should be
responsible for the time decay rates of LP—L? norms of propagators.

Thus, the aim of the paper is twofold. First, we will present representation formulae
for propagators for such equations. For this purpose we will develop the asymptotic
integration method which is a parameter dependent version of the asymptotic inte-
gration of ordinary differential equations (see e.g. [7]). We will trace the dependence
on the parameter (which is the frequency in this case) which is essential for further
investigation. This method, however, will present somewhat surprising results. For
example, the amplitudes of propagators expressed in this form will have symbolic be-
haviour of type (0,0) rather than the usual (1,0). Nevertheless, this will be enough
to carry out the second aim of this part which is the further investigation of the time
decay properties of the propagators. The price that we will have to pay is that we
may have to assume additional regularity of the Cauchy data for high frequencies.
However, this is not so bad because estimates for bounded times already will require
similar regularity assumptions.

We will analyse the obtained representations to derive time asymptotics of LP—L?
norms of the necessary oscillatory integrals. There are several important differences
with the case of the wave equation, where level sets of characteristics are nothing else
but spheres, so one can simply apply the stationary phase method to the obtained os-
cillatory integrals. Now the critical points may be degenerate so the stationary phase
method (especially in the parameter depending setting that we have here) does not
work. In fact, the non-degeneracy of critical points is a rather strong assumption for
higher order equations, where degeneracy of higher order may easily happen (exam-
ples of this are e.g. in [25]). That is why we will allow them to be degenerate of a
finite order, and the time decay rates will depend on this order. On the other hand,
van der Corput type estimates that are normally used in place of the stationary phase
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in such problems are essentially one-dimensional, and they do not take into account
the geometric properties of characteristics (phases and characteristics do come from
a hyperbolic equation after all). So, we need to apply a parameter dependent version
(now time is the parameter) of van der Corput’s lemma uniformly in n — 1 directions
of non-vanishing higher order curvatures. Moreover, this has to be done uniformly
with respect to the time dependence of the propagators. In fact, we will relate the
time-decay rates to the Sugimoto’s indices of levels sets of characteristic roots of the
limiting equation, thus establishing a more or less complete picture of perturbation
properties of dispersive estimates for strictly hyperbolic equations with homogeneous
symbols. For example, in the case of convex level sets one introduces the convex
index v which is the largest order of tangency of tangent lines to the level sets of
characteristics of the limiting equation and it turns out that the LP—L? norm of the
corresponding propagator decays as #"5". In the case of the second order equations
one has v = 2 and so one recovers that standard rate of decay of the wave equation
(see [4], (5, 10, 23]), and many other known results for the time independent wave type
second order equations. We also note that such index + does not play any role for
LP—LP estimates, where singularities of the projection from the canonical relations to
the base space start playing a role (see e.g. survey paper [18]). The inclusion of mixed
derivatives in the symbols may influence the value of . Moreover, mixed terms may
make the analysis more complicated. Already for the second order equations this
was demonstrated by Hirosawa and Reissig in [§], for the problem of the influence of
oscillations in coefficients.

In addition, methods introduced in this paper may be applied to the study of
strictly hyperbolic systems. For example, let A(t, D,) be the first order m x m
pseudo-differential system, with entries a;;(¢,£) being homogeneous with respect to
¢ of order one and such that dya;;(-,&) € L'(R) for all £ € R™. We consider the
evolution equation

(1.6) U =iA(t,D,)U, U(0,z)= f(z), z € R"

Let us assume that system ([L6]) is uniformly strictly hyperbolic (see Mizohata [15]),
i.e. that its characteristics ¢ (t; &), k = 1,--- ,m, are real, and satisfy condition (L.T]).
Then the strict hyperbolicity implies that we can diagonalise it similar to Lemma 2.1
Thus, system (L)) splits into m scalar first order equations of the form

8tvk :Z@k(t, Dw)vk, k= 1,...,m,

for function vy related to the original vector function U. The condition on the inte-
grability of time-derivatives of A implies that there is a limiting system A*(t,£) =
limy 4o, A(t,§) with characteristics gof(g) = limy 100 x(t;€), which exist since we
assume that Oypp(+;€) € LY(R). Therefore, solutions vy(f, ) can be analysed using
estimates for oscillatory integrals that we establish in §4. Details of this analysis are
different from those for the scalar equation (I.T]), especially in the way of keeping
track of the representation form for the time derivatives of the solution, so we omit
the analysis of systems from this paper and it will appear elsewhere, together with
its specific applications and with refinements of the analysis of high frequencies. We
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will also not discuss the case of oscillations in this paper, but we refer to, for exam-
ple, the survey [17], for the overview of the case of the wave equations. The case of
oscillations in higher order equations will appear elsewhere.

Thus, in §2 we will discuss the asymptotic integrations of the ordinary differential
equations corresponding to our problem. Using these implicit representations, we will
succeed to obtain the asymptotic integrations of (ILI)—(L2)). The precise statement
will be given in §3.

Let us now give an informal overview of this method. Writing equation (I.1) as a
system for

U = (D™ "u, |D|"*Dyu, ..., D" u)"
and taking the Fourier transform with respect to x, we can reduce it to the first order
Cauchy problem

(1.7) DU = A(t; U, U(0) = U.
If we denote .

V;(t;€) :/0 i(s;8)ds, j=1,...,m,
a natural candidate for the fundamental matrix for (L7) is

O(t;€) = diag (€159 im0
So, we look for the solution of (L) in the form

U=V, with V(t€) =a(S) +&(t ),
where we want &(¢; £) to decay as t — F+o0o. It can be checked that there is a matrix
Ap(t; &) such that D;® = AP and we get
DU = Dy(®V) = (D®)V + ®D,V = AgU + PD,e.

Thus, U becomes the solution of (I.7)) if we choose V' and & such that
(1.8) D,V =D =01 (A~ Ay)DV.

In §2 we will show that, in fact, there exists a global-in-time solution V' of equation
(L)) of the required form V' = a+e. Moreover, € satisfies the property that e(t;£) — 0
as t — oo for all £ # 0. In addition, we will show the decay orders of both a(-) and
€(t;-) and their derivatives. This will lead to an oscillatory integral representation of
solution wu(t, x) of (L)) of the form

m—1 m

(1L9)  ult) = D23 F [ (af L(O) + L (1:0) )] (@), 120,

k=0 j=1

with amplitudes ai’i(f),sivi(t;g) of the form of @ and € above. In fact, Theorem
B will also yield a similar representation for the derivatives of wu(t,z) with respect
to time. The main difference with equations with time independent coefficients here
is that the amplitudes a3 (&) and &; . (¢;€) will have the symbolic behavior of the
type (0,0) rather than the type (1,0) usual for equations with constant coefficients.
Indeed, such choice of phases globally as ¥;(t; £) introduces low order errors in the
equation if we formally substitute (L9) into (LI} and as we know the lower order
terms may change the time decay properties in an essential way (this is especially
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apparent for Schrédinger equations, but is also true in the hyperbolic case). Thus,
the error should be somehow accounted for and the behaviour of amplitudes takes
care of this. In any case, since we know that the needed regularity of data comes from
other parts of the time-frequency phase space, we are still able to get the same time
decay rate under an additional regularity assumption in the high frequency zone. So
this difference does not change the final result in a big way.

Thus, in the second part of the paper we will use representation (L9) to derive the
time decay of the LP—L? norms of u, which in turn leads to Strichartz estimates and
to well-posedness results for the corresponding semilinear equations in a rather (by
now) standard way, so we will derive the dispersive estimates and will omit the details
of the further standard analysis. In addition, in §4 we will present estimates for more
general oscillatory integrals. Such estimates may be used not only in the application
to the problem we are considering in this paper but in a wider range of applications.
The estimates will rely on estimates for parameter dependent oscillatory integrals
developed in [20]. We state such result here in Theorem L5 However, the meaning
of the parameter is different in our setting. Thus, in our problem here time acts as a
parameter while in problems for hyperbolic equations with constant coefficients but
with lower order terms considered in [22] the phase functions were not homogeneous
and their non-homogeneous contributions were considered to be a parameter from
the point of view of the perturbation theory. In principle, it should be possible to
combine problems with time-dependent coefficients with those with lower order terms
but this will be a subject of another paper — here we have an advantage of making
more use of the homogeneity of the symbols and hence also of phases, considerably
simplifying some arguments. The obtained results can be applied to the global in
time well-posedness problems of Kirchhoff equations of high orders and of Kirchhoff
systems. Such applications will be addressed elsewhere.

Let gpf(f) = limy_,+o @r(t;€) be the limits of characteristic roots as will be shown
to exist in Proposition 2.3} Let us introduce the convex and non-convex Sugimoto
indices for the level sets of these functions. In the time independent setting these
indices have been introduced by Sugimoto in [24, 25]. These indices will determine
the decay rate of propagators for large frequencies.

Let ¢ € C*(R™\0) be a homogeneous of order one function and let X, = {{ € R":
©(§) = 1} be its level set. Suppose first that X, is convex. We define the convex
Sugimoto index y(3,) of X, by
(1.10) V(Ey) = sup supy(Sy; 0, P),

oce¥, P
where P is a plane containing the normal to ¥, at o and v(X,; 0, P) denotes the
order of the contact between the line T, N P (where T, is the tangent plane at o),
and the curve ¥, N P.

In the case when the level set ¥, is not convex, we get a weaker result based on the
van der Corput lemma. In this case we use the non-convex Sugimoto index vy(2,) of
>, which we define as
(1.11) Y0(Ey) := sup infy(X,; 0, P),

o€, p

where P and o are the same as in the convex case.
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We note that for the second order equations we have v = vy = 2 and the following
theorem covers the case of the wave equation as a special case, also improving the
corresponding result in [12]. We use the notation LP(R"™) for the standard Sobolev
space with s derivatives over LP(R"), and by LP(R") we denote its homogeneous
version. The result on the dispersive estimates that we will prove among other things,
is as follows:

Theorem 1.1. Assume ([L3)—(LE). Then the solution u(t,z) of (L) satisfies the
following estimates:
(i) Suppose that the set

S0 = (€ ERY: () = 1}
is convex for allk=1,...,m, and set v = nax V(Ewlf). In addition, suppose that
(I+t)ra,; € LYR) for 1 <r < [(n—1)/v]+ 1, and for all v,j with |v|+j =m
Let1 <p § 2<qg< 400 and % + % = 1. Then for all t € R we have the estimate

(1.12) [IDiDgult, )| orny <

_no1(1_1
cat TGS (g + il ).
k=0
- _n—l n—-1 1_1 — — ; -
where N, = (n —+ [ > } + 1) <p ) [ =0,. 1, and o is any multi
indez.
(ii) Suppose that szﬁ is non-convex for some k = 1,...,m, and let us set yg =

max Y0(X,%). In addition, suppose that (1+t[)a;, ; € LY(R) for allv, j with |v|+j =

IR}

m. Let1l <p<2<q< 4o and%+% = 1. Then for allt € R we have the estimate

IDiDSu(t, )| pagrny <

c+ 6D (Il oy + M illzg,, )

Np+i+|al— At

where N, = <n — 14 1) (l — l), [=0,...,m—1, and « s any multi-indez.

Remark 1.2. The way we formulate the estimates in Theorem[I1l is to unify different
estimates for different parts of the solution. This may explain the appearance of two
norms in the right hand side of (LI2)), for example, to account for both small and
large frequencies. The much more precise estimates are possible and they are stated
in Theorem [{.10,

Let us now make only a few short remarks to compare our results with what is
known for m = 2. In the constant coefficient case and p = 2 the estimates coincide
with those for constant coefficient equations considered in [24]. Also, in the case of
constant coefficients, the Sobolev index N, in the estimate (L.I2)) can be improved
since there is no addition of the integer part in its definition in this case. For the
detailed overview of constant coefficients case we refer to [22], and results in this
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direction for non-constant coefficients were announced in [I4] and the detailed proofs
will appear elsewhere.

Further, in the time-dependent case, it can be already noted that the statement
of Theorem [L.I] goes beyond results available in certain energy classes. For example,
in the often considered case of the time-dependent wave equation (so that m = 2,
e.g. [8], [13], [16], [17], etc.) one obtains the estimate for |Dyu(t,-)||emn) and
|Vu(t, -)|| Larry only, and not for solution w itself. Moreover, the use of homogeneous
Sobolev spaces in ([L12) allows to gain more information in the low frequency region.
At the same time, also already for the case m = 2, we make the assumption on only
one derivative of the coefficients a, ;, which is another improvement compared with
the known literature. This improvement will be crucial in dealing with applications
to Kirchhoff equations.

We will denote (x) = /1 + |z|?. Constants may change from formula to formula,
although they are usually denoted by the same letter.

The authors thank Jens Wirth for remarks leading to an improvement of the man-
uscript.

2. ASYMPTOTIC INTEGRATION OF ODE

In this section we will construct the asymptotic integration of the ordinary differ-
ential equation. By applying the Fourier transform on R” to (L1I), we get

(2.1) Do+ hi(t:€)D]" v =0,

j=1
where

h](ta 6) = Z a’u,m—j(t)gu> 6 € R"

lv|=j
(note that there is a slight change of the meaning of j here compared to (II])). This
is the ordinary differential equation of homogeneous m'" order with the parameter
€= (&,...,&). Asusual, the strict hyperbolicity (L4)—(L35) means that the charac-
teristic roots of (2.1]) are real and distinct. We denote them by o1(¢;&), ..., pm(t;€).
Notice that each ,(t;€) has a homogeneous degree of order one with respect to &.
In this section we will develop an asymptotic integration of the equation ([2.]). Let
us start by writing (1)) as the first order system. In ([Z1]) we put for brevity

H;(t, &) = hy(t;£/1€D),
and denote
vj = |¢[" 7 Djv, j=0,1,---,m—1.
It is easy to see that
Dwj; = |€|vjs1, j=0,1,---,m—2,
holds. Then (21]) can be written as

m—1

Dyt + Y Hypj(t,€)[€|v; = 0.

J=0
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Hence, if we put

0 1 0
0 0 0
uie=| | D
_Hm(tu 5) _Hm—l(tv g) cet _Hl(tv g)
then (2I)) can be written by
(2.2) D = H(t, §)[¢|v,
where v = T(vg, v1, ..., Uym_1).

We will use the following lemma.

Lemma 2.1 ([I5] Proposition 6.4). Assume (L3)-([L3). Then there exists a matriz
N =N (t;€) of homogeneous degree 0 satisfying the following properties:
(i) NH(t, &) = DN, where

D =D(t;¢) = diag {1 (£: /1€, - - - om(t:£/1ED}
(i) inf |det N (£;€)] > 0,
£ERT\0,t€R
(iii) N (t;€) is C® in € # 0, Ct int € R and ON(t;€) belongs to L*(R) for each

§#0.

We will first derive the energy estimates.

Lemma 2.2. Assume ([L3)-(LH). Let v = v(t;€) be a general solution of ([22]).
Then, for allt € R, we have

(2.3) [o(t:€)[* < Clo(0; €) Pel = 210N 0,
Proof. Multiplying ([2.2)) by N = N (¢;€) from Lemma 2.1 we get
Dy(Nv) — NH[¢lv — (DN )v = 0.
Putting Nv = w, we have
(2.4) Daw — D|¢jw — (DN )v = 0,
since NH = DN by Lemma 2.1l This implies that
Oilw|* = 2Re (Ow - w) = 2Re (iD|¢|w - W) + 2Re (i( DN v - W) .
Taking account that D|¢| = —iD|¢| and D is real and diagonal, we have
Re (iD|¢|lw - w) = 0,
hence,
(2.5) Oifw|* < 20N [v]fw].

Here, |Jv| and |w| are equivalent to each other. Indeed, there exists Cy,Cy > 0 such
that Cv| < Jw| < Cylv| on account of Lemma 2.1l Thus, integrating (2.5]), we arrive
at

U
w(t; > <C (Iv(O;f)l2 +/0 ||8tN(S;€)||Iv(S;€)|2dS> :

Since N € L'(R) by Lemma 2.1 (iii), we conclude from Gronwall’s lemma that
([23)) is true. The proof of Lemma 22| is complete. O
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As a consequence of (2.4) in the proof of Lemma 2.2] we have derived
(2.6) Daw — D|¢jw — (DN)N " 'w =

where we put w = Nv. We can expect that the solution of (2.6]) is asymptotic to the
solution of

(2.7) Dy = Dlely.
Let ®(t;€) be the fundamental matrix of (2.7), i.e.,

q)(t; 5) = diag {eiﬁl(t;ﬁ)’ .. 7ei?%n(t;i)} 7
where we put

Let us first analyse certain basic properties of characteristic roots g (t; €) of (L4).

Proposition 2.3. Let the operator L(t, Dy, D,) satisfy the properties (L4])—(L3).

Then each Oypr(t;€), k= 1,...,m, is homogeneous of order one in &, and there exist
a constant C' > 0 such that
(2.8) 10k (t; )| < ClE| forall E€R™ teR, k=1,...,m

Moreover, if a}, ;(-) € L'(R) for all v, j, then we have also Oypi(-;€) € L*(R) for all
¢ € R". Furthermore, there exist functions ¢f € C*(R"\0), homogeneous of order
one, such that

(2.9) £ on(t;€) = 0wy (€) as t — Foo,
forall £ € R", all o, and k = 1,...,m. Finally, we have the following formula for
the derivatives of characteristic roots:

(2.10) Oup(t;€) = — D al; (et 7€ [ ] (ort:€) — @n(t€)) 7"

lv|+ji=m r#k
Proof. Let us show first that ¢ (t; €) is bounded with respect to t € R, i.e.,
(2.11) lop(t; )] < ClE|, forallé eR" teR k=1,....,m

We will use the fact that o (t; €) are roots of the polynomial L of the form
L(tu T, 5) =7"+ Cl(tv g)Tm_l T+t Cm(tu 5)

with |¢;(t,€)] < M|E)?, for some M > 1. Suppose that one of its roots 7 satisfies
|7(t,&)| > 2M|&|. Then

¢ ()
Ll (1 Sl O
1 1 1
Z2M|£|m<1_§_4M _____ 2mMm_1) >07

hence |7(t,&)| < 2M|£] for all & € R™. Thus we establish (2.11]).
Differentiating (I.4]) with respect to ¢, we get

OL(t,7.§) _ S d, e =~ Zatgoktgﬂ —r(t:6))-

8t v|+j=m r#k
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Setting 7 = ¢y (t; ), we obtain
(2.12) Ot ) [T (er(t:8) — r(t:€) = = D al ;(t)en(t: )€,

r#k v|+j=m

implying (2.I0). Now, using (L5), (ZI1)), and the assumption that a,;(-) € L'(R)
for all v, j, we conclude that (Z8) holds and d,0x(+; &) € LY(R) for all £ € R™ and
k =1,...,m. The homogeneity of order one of 0y (t; £) is an immediate consequence
of (212)) and its derivatives.

Finally, setting

Eee)
w0y (€) :(Pk(0§£)+/ Orpr(t; €) dt,
0

we get (Z9) with o = 0. Differentiating this equality with respect to &, we get (2.9
for all a. The proof is complete. U

We note that under the assumptions of Proposition the coefficients a, ;(t) of
the operator L(t, Dy, D,) in (LT)) have limits a,,; as t — £00, namely

+o0
+
a, ;= a,;(0) + /0 a,, ;(t) dt.
Functions @,f(é ) are characteristics of the limiting strictly hyperbolic operator

(2.13) L*(Dy, D,)u=Dj"u+ Y af;DiD}u,
[vltsi=m
j<m—

and their geometric properties are responsible for the time decay of solutions to
the Cauchy problems for both operators L(t, Dy, D,) and L*(D;, D,). This will be
analysed in §4. We also note that since operator L*(D;, D,) has constant coefficients
its solution can be represented as a sum of oscillatory integrals in the standard way.
The dependence of coefficients of L(t, Dy, D,) on time brings corrections to the phases
and amplitudes of this representation.

Next we make the representation formulae of solutions for our equation. The fol-
lowing proposition is known as Levinson’s lemma (see Coddington and Levinson [6])
in the theory of ordinary differential equations, the new feature here is the additional
dependence on £. For the convenience of the readers, we shall prove it along the
method of Ascoli [2] and Wintner [27] (cf. Hartman [7]).

Proposition 2.4. Assume (L3)-(L3). Then, for every nontrivial solution v(t;§)
of 211), there exist vectors of C*-amplitude functions a+(§) and error functions
e+ (t;€) such that

(2.14) v(t€) = N7 0(1:€) (x(§) +ex(tE), 20,
where
(2.15) e+(t;€) = 0 for any fized £ #0 ast — too.

FPurthermore we have

(2.16) Dies(t;€) = O(t;€) (@+(§) +ex(£€)),
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where C(t; ) belongs to LY(R) in t, and has the following form:
(2.17) C(t;6) = ®(t;6) " (DN ()N (£ €)' (¢ ).

Proof. We can expect that every solution w = w(t;€) of (2.0) is asymptotic to some
solution y = y(t;€) of [Z.7). If we perform the Wronskian transform z = ®(¢; &) 'w,
then the system (2.0]) reduces to a system D;z = C(t; &)z, where C(¢;€) is given by

&1D).
We will now prove that (Z.I4)—(2.15]) hold for every nontrivial solution v = v(t;§).

It follows from Lemma that

2(t; )] < ([Pt ) Jw(t; €)] < clw(t; )] < erw(0;€)]

for all ¢ € R and some constant ¢;. Using this bound and equation D,z = C(t;¢)z,
we have

[ Dez(t; )] < IO )| 2(8:9)] < arlw(0;)[C(E I,
hence D;z(+;€) € L'(R) on account of C(+;€) € L'(R). Thus {2(¢;€) }ier is a conver-
gent function, and there exists

lim z(t;€) =: ax(§).

t—+o0

If we set

(2.18) ex(t;€) = 2(§, 1) — ax(8),

then 2(t;€) can be written as z(t;€) = ax(§) +ex(t;€) for ¢ = 0, and further,
e4(t; &) decays as t — +oo for any fixed £ # 0, which proves (2I5). Since w(t;&) =
O(t;€)2(t;€), we get the formula (ZI4). Finally, differentiating (2I8]) with respect
to ¢t and using the equation D,z = C(t;€)z, we get (2.16). The proof of Proposition
[2.4]is now complete. O

Finally, we will need the estimates for higher order derivatives of C'(¢; £) appearing
in Proposition 2.4

Lemma 2.5. Assume ([L3)-(LH). Then the u™ derivatives for each entry c;(t; )
of C(t;€) satisfy

(2.19) |0 cip(t; )] < cle| M+ (), Gk =1,...,m,
for |u| > 1 and |£] > 1, where
(2.20) V()= > |a,,t)].

|'{\<-‘rjim

For0 < |¢| <1 and |u| > 1, we have
(2.21) esn(t:6)] < el WL+ [E)HU(), k=1,...,m.

Moreover, assume that (1 + [t])Ma], (1) € L'(R) for all v, j, and for some p with
|l > 1. Then we have 0 cj(t;€) € L'(R).
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Proof. Since ¢;(t;€) is homogeneous of order one, we have
0L p;(t€)] < cle] Y for £ € RN\ O, j=1,...,m,

and hence,
It
|06, (t: )| s/ [0 pi(5:€)] ds < cltl[¢] M+, for € R™\0, j=1,....m
0

Thus we get, for every multi-index g,

e L e, el > 1,
2.99 e8| < o
(2.22) €™ S 0 ot 4 pele e, 0 < Je] < 1.

Now let us go back to (ZI7). It follows from (2I0) that 9N is represented by
a!, .. Hence, using (2.22) and differentiating (2.I7)) with respect to £, we conclude

V?]

that uth derivative of cjx(t; £) with respect to ¢ is bounded by |¢|7I#(1+ [¢])#1W(¢) for
€] > 1, where W(2) is given in .20). 0f'c;(t;€) € L' (R) follows from the assumption
(L+[thay, ;(t) € L*(R) for all v, j. The proof of Lemma 25l is complete. O

3. REPRESENTATION OF SOLUTION

In this section we will establish the representation formulae for solutions of the
Cauchy problem (2.1]) in the form of the oscillatory integrals. Let

V(t;€) =T (wo(t;€), - .-, vm1(£:€))
be the fundamental matrix of (2.6]). This means that V(0;£) = I. Then it follows
from Proposition 2.4] that each v;(¢;£) can be represented by
(3.1) v;(t:6) = N(t,€) 7' 0(t:€) (@ (&) +€,(:€)) -
Let u(t, z) be the solution to (LI with the Cauchy data DFu(0,z) = fy(x). Put

a(t,€) = ("), ... "Dl ). . DY €))
Then we can write u(t,£) = V(¢; £)u(0, &); thus we arrive at

m m—1

(32) g™ Dla(t €)= Y Ol (1) (af L(€) + L (:€)) 1€ R F(€).

=1 k=0
where n%(t; £) is the entry of NV (¢; &)1
Nt ™ = (07(9) o, nes

.....

Summarizing the above argument, we have the representation formulae of (II])—
(T.2).

Theorem 3.1. Assume (L3)-(L3). Then there ezists aivi(g) and 5i7i(t; €) such that
the solution u(t,x) of our problem (LI)—(L2) is represented by

m—1

=ZZF[ O () (ak o (€) + 5 (1) el (@), 120,

j=1 k=0
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forl=0,...,m—1, where
+oo

|05 :(8)] <c. }€§,i<t;£)\§c/ U(s) ds,

It

and U(t) is defined by (2.20) from Lemma[23. For the higher order derivatives of
amplitude functions, we have, for |u| > 1,

Olak (&) <e,  |OhehL(t6)] < cel CHI¥©@d g 5,

0k (6)] < clel T, |atel (16)] < el ¥ @d gl g < e < 1

If in addition to (L3)-(LH), we further assume that (1 + |t|)¥a!, i(t) € LY(R) for
some p with |u| > 1, and for all v, j, then the bound for each 8” Ji(t €) is uniform
mt.

Proof of Theorem [3.1. We must determine the precise growth order of ozf, L (&) and
eb . (t;€) with respect to €.

Lemma 3.2. Assume (L3)—(LE). Then there exists a constant ¢ > 0 such that, for
j=1,....mand k=0,...,m—1,

+oo

|a5.(8)] <. }8§,i<t;£)\§c/|t U(s) ds.

Proof. Let us go back to (8.I]). Then we have, by using Lemma 2.2

(33) o (€) + € ()] < [@(:E) TN (v (1, 6] < o
for j=1,...,m. Since €; 4 (¢;£) decays to 0, it follows that
a; (&) < co.

On the other hand, (2.10) is equivalent to the following integral equation:
eﬁmozgﬂmowa@ﬁma+%ﬁow&

Thus combining this equation and (3.3]), we get
wﬁmms%ﬂ M@QwaA W(s) ds.

The proof of Lemma is finished. OJ

“+o00 “+00

We need the estimates of higher order derivatives of amplitude functions.

Lemma 3.3. Assume (L3)-(LH). Then we have, for |u| > 1,
} £ j:l: } < Cy ‘5‘ Z 17

|oak (&) <clelM, o< g <1,

I¢] s‘“‘ s)ds
(3.4) |0kl L (t:€)] < celo T iedds e > q

(3.5) opek (1€ \<ce“”W” sl 0 < g < 1.
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In addition to (L3)-(LH), if we assume that (1 + |t|)C(t;€) € LY(R) for some p
with |u| > 1, then BA)-B38) is uniform in t.
Proof. Putting
Qt,§) = (a0, (§) +e0+(t:€), s am—1,4(8) +Em—1,4(:€))
we see that the matrix Q(¢, &) satisfies
with the initial data
Q(0,8) = ®(0;6) TN (0: ) (o(05€), -+, vim-1(08)) = N(0;¢).

Then it follows from the theory of ordinary differential equations that Q(¢, &) can be
written by Picard series:

(3.6) Q(t.¢) =
<[+i/0tC(T1;f)dT1+i2/0tC(T1;§)dT1/OTl C(Tg;f)dTg—F"')N(O;f).

We note from Lemma that
1+ [t (), €] > 1,

3.7 ot 6)| < 3

5D ”€<fw—{m+MWW@MWto<M<L

where

V()= ) la,(0)] e L'(R).

Jtlvl=m
j<m—1

Differentiating (3.6]) with respect to &, we have, by using (3.7),

(35) 08 (@(8) + 5.4t ))| < el OV
forallt e R, [£| > 1, |u| > 1 and 7 =0,...,m—1, where we have used the following:
Fact. Let f(t) € C(R). Then

t t T1
ol f()dr _ 4 +/ f(m)dn +/ F(m1) dTl/ F(ma)dra+ - .

Since ataé‘Q(t,f) = (&taé‘ei’i(t;{)), we combine D;Q = CQ and ([B.8) to deduce
that 0,0’ (0;§) exists and is uniformly bounded in [§| > 1, which ensures the
existence of Jf €7.(0;€). Using again (B.8) with ¢ = 0, we conclude

|0k (6)] <¢, €] >1.

In a similar way, we get the bound for 02‘ a; (&) in low frequency part 0 < |£] < 1.
If we combine these estimates with (B.8]), we have the bound for dfe; +(t;¢):

[t] M
(14s)#¥(s) ds > 1
ce 0 ) — 7
‘3?Ej¢(t;f)‘ < I¢] lul _ <
celo rs)H () ds e =lul 0 < || < 1.

The proof of Lemma [3.3] is complete. O
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Completion of the proof of Theorem[31. The estimates of the amplitude and error
functions have been derived in Lemmas B.2H3.3l The proof of Theorem B.1] is now
finished. [

4. ESTIMATES FOR OSCILLATORY INTEGRALS; PROOF OF THEOREM [L.1]

The aim of this section is to establish time decay estimates for LP—L? norms of
propagators for the Cauchy problem (I1I), which gives the proof of Theorem [I.11
The analysis of high frequencies will give estimates dependent on the geometry of the
level sets of characteristic roots of the equation. For small frequencies estimates are
independent of the geometry of the level set and are given by Proposition [4.1] below.
We recall that Theorem [B.I] assures in particular that the solution to the Cauchy
problem ([L.]) is of the form

H

m—

(11) S [(0dal0) + (1) PO (), £ 20

k=0 j=1

The following Proposition 1] provides the time decay estimate for small frequencies
for each of the terms in this sum. To simplify the notation, we formulate it in a more
general form for general oscillatory integrals of the form

Tif(e) = [ @S0t F ) de

In the analysis of oscillatory integrals in the sum (4.1]) we will actually make time-
dependent cut-offs and analyse separately different ranges of frequencies. We can
obtain the following proposition for small frequencies || < ¢~'. Higher frequencies
|€] >t~ will be analysed later. Thus, we introduce a cut-off function of the form
V(1 + [t)E) for some ¢p € C(R™) such that (&) = 1 for |(] < I, and 0 for

. 27
€] > 1. We recall that we use the notation Lf(R") for the homogeneous Sobolev
space WJI(R").

Proposition 4.1. Let T}, t € R, be an operator defined by

1) = [ IO (1 4 H))ale, OF6) de.

where V(t; &) is real valued, positively homogeneous of order one in . Assume that
the amplitude a(t,§) satisfies

(4.2) &% la(t, )] < C

for some k € R, and for allt € R and all £ € supp((1+ [t])€). Let 1 < p <2<
q < 400 be such that % + é = 1. Then fort € R we have the estimate

(i1
(4.3) 1T fllzony < CQ+ )G fll g,
where constant C' depends on n,p,q and the norm |||£|"al| ;.

Proof. We easily obtain
T fllz2@ny < Cllfllz2 @ny
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by the Plancherel identity. Thus (4.3]) would follow by analytic interpolation from an
estimate:

(4.4) [T f Loy < CA A+ [ED) "1 f i1 gy
In fact, since |a(t,§)||f(§)| < ClllglFallre< | fll 1 (mn), we can estimate
IT:flomqee) < [ a(t, €)117€) de
[E1<(1+[e))—*

% ( / dg) 1l ey < COH D1 qary
[E1<(1+]e) T

for all t € R. This proves ([A4]). The proof of Proposition 1] is complete. O

We now turn to the analysis of larger frequencies. The following proposition pro-
vides the necessary background to obtain the time decay estimate for large frequencies
for each of the terms in the sum ([I]). In fact, it will be used for frequencies || > 1
but will be formulated here in a slightly more general form. The relation with the
sum ([.J]) and a refinement for low frequencies will be also made in Proposition [£.6]

Proposition 4.2. Let T;, t > 0, be an operator defined by
Tif(e) = [ @S0t f) de

where Y(t;€) is real valued, continuous in t, smooth in & € R™\0, homogeneous of
order one in . Assume that the set

Yo ={£ € R0 : (€) = 1}
is strictly conver and let v = ~(X,) be the convex Sugimoto index of ¥, as defined
in (LIQ). Suppose that
[9(t;:€)| < C(1+¢)|E] forall t>0,¢eR",

and that there is some p € C*(R™\0), ¢ > 0, such that

(4.5) t_lag‘ﬁ(t;f) — 0gp(§) ast — oo, for all £ € R™\0, |a] <.
Assume also that the amplitude a(t, ) satisfies
(46) 02a(t, )] < Ca for all o] < [(n—1)/4] + 1.

Let 1 <p <2< qg<oo be such that % +% = 1. Then fort > 0 we have the estimate

n

_n=1(1_1
(4.7) 1T f gy < €5 G0 £l oy,

where N, = (n—”T_l—l— [”T_l} +1) <%—%).

The number of derivatives N, = <n - "T_l + ["T_l] + 1) (% — %) required for the

estimate (A7) is determined by the fact that the amplitude a(t, ) in (4.0) is in the
symbol class S§, rather than the usual S?,. In fact, if a(t,§) satisfies inequalities

n—1

(4.8) 08a(t, &) < Col€)™* for all \a|§l }+1,
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then we can take the Sobolev index N, = (n — "T_l) (% — %) for the estimate (£1) to

hold. However, the method of asymptotic integration and the statement of Theorem
[B.1] forces us to assume (4.6]) rather than (Z.8]).

Let us now discuss other assumptions we make in this proposition from the point
of view of the original Cauchy problem (LI]). We recall from (ZI3]) that functions
@,f(& ) are characteristics of the limiting strictly hyperbolic operator

(4.9) L*(Dy, Dyyu=Di'u+ Y ai;DiDlu,
v|+i=m
j<m-—1

and their geometric properties are responsible for the time decay of solutions to
the Cauchy problems for both operators L(t, Dy, D,) and L*(Dy, D,). The fact that
@ (€) are characteristics of (A1), implies that they are real analytic for ¢ # 0 and that
we have the following statement, which was established for operators with constant
coefficients by Sugimoto [24].

Proposition 4.3. Let v (&), k = 1,...,m, be characteristics of operator (L9]), or-
dered by ©1(€) > @a(&) > -+ > pn(§) for £ #0. Suppose that all the Hessians ()
are semi-definite for £ # 0. Then there exists a polynomial «(§) of order one such
that @m2(§) > (&) > Pm1 (1f m is even) or a(§) = Qumr1)2(§) (if m is odd).
Moreover, the hypersurfaces ¥, = {§ € R™; ¢ = 1} with ¢x(§) = wr(§) — a(§)
(k # (m+1)/2) are conver and v(Xx) < 2[m/2].

In particular, in our arguments we can replace ¢, by ¢, since the addition of
a linear function does not change the decay rate nor the index (X, ). This also
ensures that the limiting phase ¢ in Proposition may be taken to be strictly
positive. Indeed, it can be taken to be nonzero, and if it is strictly negative we
simply replace ¢ by —¢. Moreover, the assumption that X, is strictly convex in
Proposition can be replaced by the assumption that it is only convex. Indeed,
since p(§) is a characteristic root of (49), it is real analytic for £ # 0. Then, the
convexity, the real analyticity and the compactness imply that it is actually strictly
convex. In particular, it also implies that v(3,) is finite and even.

In the case when the level set Y, in Proposition is not convex, we get a weaker
result based on the one-dimensional van der Corput lemma. In this case we use the
non-convex Sugimoto index of X, which was defined in (LIT]) in the introduction.

Proposition 4.4. Let T;, t > 0, be an operator defined by

~

Tf(a) = [ w0 Dalnf6) e

where Y(t;€) is real valued, continuous in t, smooth in & € R™\0, homogeneous of
order one in £. Let o = v0(X,) be the non-conver Sugimoto index of the level

surface ¥, = {£ € R"\0 : p(&) = 1}. Suppose that
|9(t;6)| < C(1+1t)[¢| forall t>0,£eR”,
and that there is some ¢ € C*(R"\0), ¢ > 0, such that
t_l(‘??i?(t;g) = 0¢p(§) as t—o0, forall &€R", |af <.
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Assume also that the amplitude a(t,&) satisfies
(4.10) |0ga(t, &) < Co  forall [a <1.

Let1 <p <2< q< 400 be such that %+% = 1. Then fort > 0 we have the estimate

1 (1_1
(4.11) IT:f zaqery < CE3 G fllig, oy,

where N, = (n—%—l—l) (%—%).

We will first prove Proposition and then indicate the changes necessary for the
proof of Proposition 4.4l

Proof of Proposition A2l First we observe that ||T}f||z2 < C||f]|z2 by the Plancherel
identity. In order to simplify the proof somewhat, we will absorb the Sobolev index
N, into the amplitude a(t,§), so that we will estimate ||T;f||rs in terms of ||f]|Le,
and not in terms of || f|[z . Thus, instead of (L), from now on we will assume that

the amplitude a(t, §) satisfies
[0ga(t, &) < Ca(&)™

for all |a| < [(n —1)/7] + 1 and k = N, so that estimate (A7) would follow by
interpolation from the estimate

(4.12) T2 fllze@ny < CE5 ([ fllan),

~
the amplitude is bounded for small frequencies, we can work with standard Sobolev

spaces here. By using Besov spaces, we can microlocalise the desired estimate to
discs in the frequency space. Indeed, let {®; };";O be the Littlewood-Paley partition
of unity, and let

and where we take k = N; =n — 2= + ["T_l] + 1. Note that since we assume that

0o 1/p
lullz;,, = (Z (2”!If‘lq)j(ﬁ)fMILq(Rn))q)

=0

be the norm of the Besov space B, . Then, because of the continuous embeddings
LP C By, for 1 < p <2, and By, C L? for 2 < ¢ < 400 (see [3]), it is sufficient
to prove the uniform estimate for the operators with amplitudes a(t,£)®;(§). Let us
denote

9(t,€) = t710(t,€),

so that by the assumption we have 5(15; £) = ¢(&) as t — co. Now, writing
D(t; ¢
2,(6) = @(s)m( - ’)

with some function ¥ € C§°(0, 00), we may prove the uniform estimate for operators

. . 9(t; . . . .
with amplitudes a(t, £ )\If( (y_&))' Such choice of ¥ is possible due to our assumption
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that 5(1&; £) — (&) as t — 0o, and we restrict the analysis for large enough t. Let

(4.13) I(t,x):/ ei(w'sw(t;&))a(t,f)\lf( G f)) de

be the kernel of the corresponding operator. Since we easily have the L?-L? estimate
by the Plancherel identity, by analytic interpolation we only need to prove the L'
L case of (AI2)). In turn, this follows from the estimate |I(t,z)| < C’t_nTl, with
constant C' independent of j.

Let k € C§°(R™) be supported in a ball with some radius » > 0 centred at the
origin. We split the integral in

I(t,z) = L(t.x) + L(t, )

=/ eI o (1, &)k (t_1x+t_1V519(t;§))W(ﬁ(;g)>d§
I(t;€)

+ / Dt £)(1 - k) (2 + 17 V(1 €)) ‘1’<

)dg.

We can easily see that |I(t,2)] < Ct~"5 . In fact, we can show |I(t,2)] < Ct™ for
[ =[(n—1)/7]+1 and then the requlred estlmate simply follows since [ > (n—1)/7.

Indeed, on the support of 1 — k, we have |z + V¢9(t;€)| > rt > 0. Thus, integrating
etV ed (1)

by parts with Operator P = W

Ve, we get

(4.14) L(t,z) =
/ ei(w-f-}-ﬁ(t;ﬁ)) (P*)l

Using the fact that [029(t; )| < C(1+1)[€[*71*], we readily observe from ([@I4) that
the required estimate |I5(¢,2)| < Ct~! holds. Here we also used the condition (Z.6))
which assures that we can perform the integration by parts [(n — 1)/v] 4+ 1 times.

~ Now we will turn to estimating I;(f,z). Recall that I(t;€) = t719(t;€) and
V(t;€) — o(€) as t — oo. Let us denote

at, (1 — k) (72 + 7' VI(t;€)) W (5(;5))] de.

={eR":J(t¢) = 1}.
It can be readily checked that v(X") — v(X,) = v as t — co. So we can restrict our
attention to ¢ large enough for which we have (3¢ ) By rotation, we can always
microlocalise in some narrow cone around e,, = (0, ,1) and in this cone we can

parameterise
S =A{(y, lu(y)) 1y € U}

for some open U C R""!. In other words, we have 5(1&; y,hi(y)) = 1, and it follows
that h; is smooth and Vh; : U — Vhy(U) C R*! is a homeomorphism. The function
h; is concave if 3! is convex. We claim that

(4.15) 10, hi(y)] < Co, forall yeU and large enough ¢.
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Indeed, let us look at oo = 1 first. From 9(¢;y, hu(y)) = 1 we get that
V, 0+ 0,0 - Vh(y) =0

From homogeneity we have |V55| < C, so also \Vyg‘\ < C. By Euler’s identity we
have

(4.16) B, V(t; €,) = D(t; €,) = plen) > 0 as t — oo,

so we have |0, | > ¢ > 0 since we are in a narrow cone around e,. From this it
follows that |V,h(y)| < C for all y € U and t large enough. A similar argument
proves the boundedness of higher order derivatives in (£.I5]).
Now, let us turn to analyse the structure of the sets 3. We have the Gauss map
I/:ZtBC—)MGST‘_l,
[Ved(t;€)l

and for x = (2/,x,) € R"! x R near the point —Vgﬁ(t; e,) we define 2z, € U by
(20 ha(20)) = v (=2 /|a]).
Then (—V,h(y), 1) is normal to X at (y, h(y)), so we get

T (—Vyht(zt), 1) x
—_ = and — = =V, h;(2).
2] = 1% ha(z0), )] o Vil

Making change of variables £ = (Xy,Xht(y)) and using 5(t; £) = A, we get

I, (t, SL’) _ / / ez‘X(gc'.y—i-mnht(y)—l—t)a(t7 Xy, Xht(y))\If (2—);> Ho(t’ x, y) y ’C)vl\f

dyd\

(A y)

= / / (=2n Vyht(zt) y+znhe(y)+t) |:>\l (t Xy,Xht(y))] Xn—l—l 5¢

(4.17) ><\If<2 )mo(t z,y)x(t, y) dyd\
- / oo/ AT UG, Ny, A(y))A T
0 U

A
><\If< : )a:;"“”‘lfeo(t,x,y)x(t,y)dydA,

2z,
where ko(t,z,y) = K (flI + ng(t Y, ht(ﬂ)))v and

a(tv L, )‘yv Aht(y)) = (37;1)‘)[@ (tv x7_11>\y7 xgl)‘ht(y>) )

and where we made a change A\ = 2, ')\ in the last equality. Here also we used
‘d(ééy)‘ = X"‘lx(t,y), where x(t,y) and all of its derivatives with respect to y are
bounded because of ([LTI5]).
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If we choose r in the definition of the cut-off function x sufficiently small, then on
its support we have |x| ~ |z,| ~ t, and we can estimate

|1, (t, 2)| gCt‘"”/ ‘J(A,zt)\lf<i.)v—l—l
o 2it

— (Ot~ tliln=0) / ‘J(QJ)\’ Zt)\lf (%) A1t
0

X

(4.18)
A

with
J(A ) = / AT TR @G (1 2y Ng(y))kolt, 2, y)x (£ ) dy.
U
We will show that

(4.19) T 2)| < C(L+ X075, A>0.
Then, if we take [ = n — "T_l, and use (LI8) and (£I9), we get

t

(4.20) :Ct—%/ A—hp(?) dAZCt—"TI/ AT () dA
0 0

(L1t 2)| < Ct_nle'nTl/ (Qj)\)—”Tl\I,(A))\nTl_l O\
0

<o,
which is the desired estimate for [;(¢, x).
Let us now prove (£.19). It will, in turn, follow from Theorem [£.5 below. First of all
we note that since we assumed that [0 a(t, §)| < Co(&)™ for all |a| < [(n—1)/4]+1

and N; :n—"T_l—i- ["T_l} + 1, we get that

(4.21) 0yal < C forall |ao| <[(n—1)/9]+1.

To write J(A, z) in a suitable form, we change to polar coordinates (p,w) with
Yy = pw + 2, so that

(4.22) J(A, ) :/ / MNP B (p, 2, w)p" " dpdw,
sn-2 Jo

with

(4.23) F(p, 2, w) = hi(pw + 20) — he(z) = pVylu(z) - w,

(4.24)  B(ps 2, w) = @ (t, 20, Npw + 2¢), Mu(pw + 21)) Ko(t, T, pw + 20) X (¢, pw + 241),

where we can assume in addition that x = 0 unless pw + 2, € U, so both p and w
vary over bounded sets.

Now we can apply the following result, which has appeared in [20] for more general
complex valued phases ®, thus including the real-valued case of the phase function
F in (£23). The estimate (4.19) follows from the following theorem with N =n — 1.

Theorem 4.5 ([20]). Consider the oscillatory integral

IOw) = / N g (0 )y (a) da
]RN

where N > 1, and v is a parameter. Let v > 2 be an integer. Assume that
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(A1) there exists a sufficiently small § > 0 such that x € C§°(Bs/2(0)), where
Bs/2(0) is the ball with radius §/2 around 0;

(A2) ®(z,v) is a complex valued function such that Im®(x,v) > 0 for all x €
supp x and all parameters v;

(A3) for some fized z € supp x, the function

F(p,w,v):=Q(z + pw,v), |w| =1,

satisfies the following conditions. Assume that for each p = (w,v), func-
tion F (-, p) is of class C7"™' on supp x, and let us write its v order Taylor
expanston in p at 0 as

Y

Flp,p) = a;j(n)p’ + Rysi(p, 1),

=0

where Ry is the remainder term. Assume that we have

F1) ao(p) = ai(p) = 0 for all ;

F'2) there exists a constant C' > 0 such that > j_, |a;(u)| > C for all p;

E3) for each i, |0,F (p, )| is increasing in p for 0 < p < 6;

F4) for each k < v +1, 8’;F(p, ) is bounded uniformly in 0 < p < 6 and ;

(A4) for each multi-index o of length |a| < [%] +1, there exists a constant C,, > 0
such that |0Sa(x,v)| < Cy for all x € supp x and all parameters v.

Then there exists a constant C' = Cn, > 0 such that

(4.25) (A V)| <C(1+ )\)_% for all X €0,00) and all parameters v.

We refer to [20] and [22] for details. Now, the function F' in (4.23)) satisfies condition
(A3) of Theorem because of the definition of the convex Sugimoto index 7 and
because h; is concave. Since Jihy, |af < 7, can be expressed via Jfp, |af < v, and
since we have (4.I6]), it also follows from (2.9) and (4.3]) that function F satisfies
property (F2) of Theorem The proof of Proposition is now complete. O

Let us now show that we can actually also insert the cut-off 1 — ¢ ((1 + [¢|)€) in
Proposition which is necessary for the analysis of the representation (4.1I). Here
Y € C°(R™) such that ¢(&) = 1 for |¢] < 3, and 0 for |[{] > 1. The case of high
frequencies [£| > 1 (for solutions) is covered by Proposition 4.2] and the proof about
the insertion of 1 — ¥((1 + |t|)§) is similar to the proof of the following Proposition
So we now restrict to 71 < |€] < 1, since the case |[£] < ¢t~! was covered in

Proposition .11
Proposition 4.6. Let T, t # 0, be an operator defined by

@26) )= [ O (1 et 7€) de.

where 9(t;€), and v are as in Proposition [{.3. Assume that the amplitude a(t,§)
satisfies a(t,£) = 0 for all |§| > 1 and that

[02a(t,&)] < Calé] ™ for all || < [(n—1)/7]+ 1.
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Let1 < p <2< q< oo be such that l + 1 = 1. Then fort # 0 we have the estimate

(4.27) |Mﬂmww<ﬂﬂ_*V9WMpm)

where N, = (n—"T_l—l— ["T_l} +1) G)—%).

Proof. The proof of this proposition is almost the same as the proof of Proposition
with several differences that we will point out here. Again, by interpolation, it is
sufficient to prove estimate

ITef Nl < CITT 1F Lo,
with amplitude a(t, §) satisfying
(4.28) 08 a(t, &) < Cale ™M1 forall |af <[(n—1)/7]+1

with Ny = n——+[ ]—l—l

Further differences concern estimates for I1(t,z) and I5(¢, x). In general, since we
work with low frequencies || < 1 only, no Besov space decomposition is necessary,
so we do not need to introduce function ¥ and ®;, so we can take ¥ = 1.

Some additional complications are related to the fact that in principle derivatives
of the amplitudes of operators T; from (4.26) may introduce an additional growth
with respect to ¢t. In the estimate for I5(t, ) we performed integration by parts with
operator P. Now after integration by parts the amplitude of this integral in (ZI4]) is

(P7)f

2J

u—w«rwmomwou—nwrhﬁ¢*vw@@»@(W”@>I

Now, if any of the ¢-derivatives falls on [1 — ¢ ((1 + |£])€)], we get an extra factor ¢
which is cancelled with ¢! in the definition of P. However, in this case we can then
restrict to the support of V¢ which is contained in the ball with radius (1 + [¢])~*
we are in the situation of low frequencies || < t~1 again. Consequently, we can apply
Proposition 4.] to this integral to actually get a better decay rate of Proposition 4.1
If none of the derivatives in (P*)! fall on [1 — ¥((1 + [¢])€)], the argument is the same
as in the proof of the estimate for I5(t,x) in Proposition [4.21

The other main difference with the proof of Proposition is in the estimate for
I,(t, ). Recall now that in formula (£I7) we made a change of variables A = z, ' \.
As it was then pointed out, if r in the definition of the cut-off function k is chosen
sufficiently small, on its support we have |z,| ~ |¢|. On the other hand, we have
€] ~ Py by the definition of >\ since we assume that the limiting phase function ¢
is strictly positive. It then follows that (1 4 |¢|)¢ ~ A|za| ~ A, and so the change
of variables A = '\ changes [1 — ¢((1 + [¢])€)] into [1 — ¢)(\)] in the amplitude of
I (t, z). Justifying this argument, we can then continue as in the proof of Proposition
The crucial condition for the use of Theorem [4.5]is the boundedness of derivatives
of @ in (@21]). Here, every differentiation of a with respect to y introduces a factor
x,7 '\ which is then cancelled in view of assumption (£28)). It follows that [(n—1)/7]+1
y-derivatives of a are bounded, implying the conclusion of Theorem [£.5l This yields
estimate (£27) in the way that is similar to the proof of Proposition L2 O
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Let us now turn to prove Proposition 4.4l

Proof of Proposition 4. Let us show how the proof of Proposition [Z4] differs from

the proof of Proposition We need to prove that |I(t,z)] < Ct_%, t > 0, for
I(t,x) as in ([AI3]). We note that vy > 1, so to prove the estimate for I5(t,z) we can
show that |I5(¢, z)| < Ct~'. This can be done by integrating by parts with the same
operator P and using (LI0) instead of (A@l). As for the proof of the estimate for
I,(t, ), we can reason in the same way as in Proposition 2] to arrive at the estimate

#IY), ie.,

|I(t, z)| < Ct‘"“gi(”—l)/ ‘J(Qj)\,zt)\lf()\))\”_l_l d\
0

t

with the same operator
LHA>%)::jgeu“ﬂhhdﬁywwdw+m"”5@¢%nAy,Ahdyﬁ%o@,xﬂﬁx(ty)dy

Now, instead of (4.19) we will show that

(4.29) 1T\, 2)] < CAT30, A > 0.

1
Then, taking | = n — ,Yio, we get the estimate |I;(t,z)] < Ct " in the same way as in
estimate (£.20). Now, estimate ([4.29)) follows from Theorem L5 with N = 1. Indeed,
let us write J(A, z;) in the form (4.22)—(4.24)) with phase

F(p, Zt,u)) = ht(pw + Zt) - ht(zt) - pvzht(zt) cW.

Now, by rotation we may assume that in some direction, say e; = (1,0,...,0), we
have by definition of the index vy that

Yo = min {k € N : O F(p, 2, w)|wy—0 # 0}.
Then by taking N = 1 and y = w; in Theorem [A.5, we get the required estimate

(E29). O

Now we will state the corollary of the proof of Proposition 4] which is similar to
Proposition to ensure its application to our Cauchy problem. The proof is similar
to the proof of Proposition 1.6l

Proposition 4.7. Let T;, t # 0, be an operator defined by

~

Tif(a) = [ DL = (14 el 7€) de.

where Y(t;€) and 7o are as in Proposition [{.4 Assume that the amplitude a(t,€)
satisfies a(t, &) = 0 for all |£| > 1 and that

0Fa(t,©)] < Calé] ™ forall |af < 1.
Let 1 <p<2<qg<oo be such that % +% = 1. Then fort # 0 we have the estimate

(11
(4.30) | fllLamny < Ot (s q)||f||L§’Vp(Rn)a

_ 1 11
whereNp—(n—,y—o—i-l) <5—5).
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Let us finally estimate our Fourier multiplier for small ¢. For the analysis of very
small ¢t we will use the following Littlewood-Paley type theorem.

Lemma 4.8 ([9](Theorem 1.11)). Let h = h(&) be a tempered distribution on R"
(n > 1) such that

sup [’meas {¢ : |h(£)] > 1} < 400,

0<l<+o0
for some 1 < b < +o00. Then the convolution operator with F~'[h] is LP~L? bounded
provided that 1 < p <2 < g < 400 and % — % = %, 1.e. we have the estimate

| F 7 h] *ul|,, < Cllullr for all ue LP(R™).
Using this fact, we obtain:

Proposition 4.9. Let T, be an operator defined by
Tf(e) = [ IO g1+ ) lalt, F(€) de.

where V(t;€) and a(t, &) are as in Propositions[{.Z or[{4 Letn >1,1<p <2<
q < 400 and % + % = 1. Then for small t we have the estimate

(4.31) 1T fllparny < CHfHL% (R7)

where Np =n (l - l).
p q
In fact, the proof will yield the Besov norm B)' on the right hand side of the
estimate, which is a known improvement for this type of estimates.

Proof. In the following argument we need not use the Van der Corpt lemma, and the
proof relies only on the Littlewood—Paley type theorem. We put K(t) = (1 + [t]|)~L.

It suffices to prove (L3I for p # ¢, since the case p = ¢ = 2 follows from the
Plancherel theorem. Noting that 9(¢; ) and is homogeneous of order one, and making
change of variable n = =*— and y = K (t)x, we get

K@)
(432) T f oy = K@% || 7 )]« 71 [l P om)]|

Lq(Rn) !

where we set

my(n) = KON ot K ()1 — ()l Y, N, =n C) - i) |

Since a(t, ) is bounded, we have
meas {7 : |my(n)| >} < meas {77 ) < Ol/ﬁpl—l/ﬁp} — "/ Npp=n/Np

for each [ > 0. Hence it follows from Lemma that the convolution operator with
my is LP—L9 bounded, which implies that

|72 77 (1ol Fc e ||

IA

o7 [ 7t )|

= CK®)™" ™[ flli2 @n),
Np

La(Rn) Lp(RM)
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where we performed the transformations K(t)n = £ and ﬁ = z in the last step.

Thus, combining this estimate with (£32]), we obtain the desired estimate (L3T]).
The proof of Proposition is complete. 0J

Proof of Theorem [l The proof of Theorem [L.Tnow follows from Proposition [Tl for
low frequencies |¢| < ¢!, from Propositions and [£4] for large frequencies [£| > 1,
and from Propositions and 7 for intermediate frequencies t=! < |£] < 1. We
also use Proposition for small times. We can note that all these propositions give
different Sobolev orders on the regularity of the Cauchy data.

Indeed, using representation formula for the solution established in Theorem [B3.1]
we can write the solution as

m—1
= Z ub(t, ),
k=0

with

m

W, 2) = DO F ! [(of o (€) + o (1:8) €O ()| (2).

j=1
Now, we decompose

uF(t,z) = ulb(t, 2) +ub(t, o) + ul(t, z)

- Zf (0 4(6) + 2 (5:0) (1 + DE) O Fy(6)] (2)
+DF (0§ + Lo (:6) (1= 9+ OO O F()] (0

+3 T [(0do6) + e 2 (6:0) (L= o((L+ D)L~ X O f(©)] (2),

with ¥, x € C§°(R™) such that ¢(£) = x(€§) = 1 for [¢| < 3, and 0 for [£] > 1. Assume
conditions of part (i) of Theorem [Tl Then we have estimates

(4.33) lu (t, oy < CO+ "D fill i g,
by Proposition E1]
(4.34) i, Mz < OG0 iy, oo

with M, = <n — "—_1> (% — %) by Proposition [4.6] and

5

_n—-1(1_ 1
(4.35) lab(t Moy < CRHTT G| fillg, o,

5

with N, = <n — ol [ ] + 1) (— — —) by Proposition 4.2l For small ¢ we have
the estimate

(4.36) s (¢, Moy + llus (¢, )| Loy < Cllfelliz, @y



28 TOKIO MATSUYAMA AND MICHAEL RUZHANSKY

with N, = n <% — ) by Proposition E9. Putting all these estimates (£33)-(4.36)
together with similar estimates for derivatives, implies the statement of Theorem

LIl O

As a corollary of this proof and all the propositions above, we have the following
refinement of Theorem [T providing quantitatively different estimates for different
frequency regions.

Theorem 4.10. Assume (L3)—(LH). Let x € C(R) be such that x(p) = 1 for
lp| <3, and 0 for |p| > 1. Let us denote

up = X((L+ [ENIDDu,  uz = (1= x((1 + [{)[D)x(|D])u, and

= (1= x((T+ DI = x(ID]))u.

Then the solution u(t,z) of (L)) satisfies the following estimates:
(i) Suppose that the sets

S ={E€R 1 p(€) =1}

are convex for all k =1,...,m, and set y = fnax 7(2 i) In addition, suppose that

(14 [t)rd,; € LMR) for 1 < r < [(n—1)/2] 1 1, and for all v, with |v] +j = m
Let 1 <p<2<qg<+o0 and % + % = 1. Then we have the estimates

H

m—

1D Dgua(t, )| parny < C(L+ )7 il i

I+|of—
k=0

_n—1 l__
| DiD2us(t, ) oy < Ol ZNﬁMMW @y (t1=1),

L (R™)” (t € R)a

o _nzi(11)
| DDt )| gy < Cli] XNMMWka)(MEM

m—1
IDLD%us(t, )| oy + [|DEDSws(t, )| oy <CZkaHLp

l\\+N

(R")u (|t‘ < 1)7

; — _n=1 1_1 — _n=1 n—1 1_1 N — 1_1

e (1 2) (1), 2= o5 ] ) (—2) B 5
=0,...,m—1, and a any multi-index.

(ii) Suppose that Zwklf is non-convex for some k = 1,...,m, and setyy = nax Yo (X x).

In addition, suppose that (1 + |t|)a,, . € LYR) for all v,j with |v] +j = m. Let

y,j
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l<p<2<g<+o0 and % + % = 1. Then we have the estimates

H

m—

1D Dgua(t, )l parny < C(L+ )7 [ fill i
k=0

R™)> (t € R)a

I+|a|—k

1

m—1
IDED st Ylaey < OGS fallgy, ey (112 D)
k=0

m—1
| DD us(t, oy < C 567 ST il

@y (12 1),
k=0
IDEDGus(t, )| Lany + | DiDgus(t, -)|| Lagen) <CZ Wallze oy (<),
with My = (n= L) (L=1), N, = (=2 +1) (1=1), Ny =n(L-1). 1 =
0,....,m—1, and o any multi-indez.
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