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Abstract

We consider paths in the plane with (1,0), (0,1), and (a, b)-steps that start at the
origin, end at height n, and stay strictly to the left of a given non-decreasing right
boundary. We show that if the boundary is periodic and has slope at most b/a, then
the ordinary generating function for the number of such paths ending at height n is
algebraic. Our argument is in two parts. We use a simple combinatorial decomposition
to obtain an Appell relation or “umbral” generating function, in which the power z" is
replaced by a power series of the form z"¢,,(z), where ¢,,(0) = 1. Then we convert (in
an explicit way) the umbral generating function to an ordinary generating function by
solving a system of linear equations and a polynomial equation. This conversion implies
that the ordinary generating function is algebraic.

1 Paths in the plane

A lattice path 7 is a path in the plane with two kinds of steps: a unit north step IV or a unit
east step E. Enumerating lattice paths and related combinatorial objects is closely related
to calculating several probability distributions used in non-parametric statistics. See, for
example, [12] [14]. If = is a positive integer, a lattice path from the origin (0,0) to the point
(x — 1,n) can be coded by a length-n non-decreasing sequence (xg,z1,...,Z,—1), Where
0 < x; <z —1 and x; is the z-coordinate of the (i+ 1)-st north step. For example, the path
EENENNEE is coded by (2,3,3) and the horizontal path ending at (z —1,0) is coded by
the empty sequence.

Let s be a non-decreasing sequence with positive integer terms sg, $1, S2, . . . , thought of
as a (right) boundary. A lattice path from (0,0) to (x — 1,n) is an s-lattice path if z; < s;
for 0 <7 < n—1. (Note that we require the path to stay strictly to the left of the boundary.)
If x > s,,—1, then the number of s-lattice paths from (0,0) to (z — 1,n) does not depend
on z. Let LP,(s) be this common number, which equals the number of s-lattice paths from
(0,0) to (sp, — 1,n). For instance, the sequence i + 1 with terms 1,2,3,... gives a one-step
staircase boundary. A 45°-rotation gives a bijection between (i + 1)-lattice paths and Dyck
paths. Thus, s-lattice paths can be thought of as Dyck paths on a “bumpy” z-axis.

A boundary s is periodic of height k and width [ if there is a finite non-decreasing
sequence s, with k terms sg, s1,...,s;_1 such that sy_; = [ and s, = s, + gl, where ¢ =
|m/k|, and r = m—qgk. Put another way, s is the concatenation s, so+1, so+2l, s9+31, ... .
A boundary is ultimately periodic if it can be written as the concatenation s’,p + s, where
s is a finite initial sequence ending in p and s is a periodic boundary.

In this paper, we present an elementary proof (avoiding the use of cathalitic variables
and hence the kernel method) of a slightly more general form of a theorem of de Mier and



Noy [11].

Theorem 1.1 Let s be an ultimately periodic right boundary. Then the ordinary generating
function

i LP,(s)z"
n=0

1s algebraic.

The proof begins with a combinatorial decomposition which first appeared in the enu-
meration of parking functions [6, @]. This decomposition yields an Appell relation, an
“umbral” generating function with the power 2" replaced by a power series z" ¢, (z). When
s is ultimately periodic, the Appell relation can be converted to an ordinary generating
function by solving a polynomial equation and a system of linear equations. The way this
conversion is done implies that the ordinary generating function is algebraic. The method
of obtaining generating functions from an Appell relation or functional equation is an old
one and dates back, at least, to Pélya. Special cases of results in this paper can be find in
[1L 2] 10, [17] and other papers.

Our method extends to paths allowing a third kind of steps. Let a and b be non-negative
integers. An (a,b)-path 7 is a path starting at the origin with three kinds of steps: N, F,
and diagonal steps D which go from a point (u,v) to the point (u + a,v +b). For example,
the path EEDDNENNEE is a (2, 1)-path starting at (0,0) and ending at (9, 5). We allow
a and b to be any non-negative integer. If « = b = 0, then D is a null step or “pause”. If
a=0and b=1or a =1 and b =0, then we have two kinds of IV or F steps.

An (a,b)-path from (0,0) to (x — 1,n) with d diagonal steps can be coded by a pair
of sequences. Let 7 be such a path. Then there are n — d(b — 1) steps that are either
N or D. Replace every diagonal step D by a (0,b)-step C' to obtain the compacted path.
The compacted path goes from (0,0) to (z — da — 1,n). Record the z-coordinates where

the N or C steps occur. This gives a non-decreasing sequence (zg, 1, ... 7$n—d(b—1)—1) of
length n — d(b — 1) with terms satisfying 0 < x; < x — da — 1. We also record the indices
of the C steps in this sequence. This is an increasing sequence (yo,y1,...,Y4—1) of length

d with terms satisfying 0 < y; < n —d(b— 1) — 1. For our example, the compacted path is
EECCNENNEE and ((2,2,2,3,3),(0,1)) codes the original path 7.

We may also think of an (a, b)-path 7 as a polygon or union of line segments. Inductively,
if the path ends at the point (u,v), an east step adds the unit horizontal line segment from
(u,v) to (u+1,v), a north step adds the unit vertical line segment from (u,v) to (u,v+ 1),
and a diagonal step adds the straight line segment from (u,v) to (u+ a,v + b) (with slope
b/a). The right extent Right,(m) of an (a,b)-path 7 at y-coordinate i is the z-coordinate of



the rightmost point of the intersection of the path (as a polygon) with the horizontal line
y = 1. An (a, b)-path from (0,0) to (x — 1,n) is a (a, b; s)-path if for 0 < i <n — 1,

Right; () < s;.

As in the lattice path case, a 45°-rotation gives a bijection between (1,1;i + 1)-paths and
Schroder paths.

We begin this paper with a combinatorial decomposition for the set of all paths in a
rectangle (Section 2). Using this decomposition, we derive recursions and Appell relations
in Section 3. In Section 4, we show how to convert an Appell relation satisfying a periodic
condition into an ordinary generating function. This method gives a proof of a generalization
of Theorem [Tl for (a,b)-paths. In Section 5, we work out a concrete example, giving
another solution to the tennis ball problem. We derive explicit formulas for (1,b)-paths
with an arithmetic-progression boundary in Section 6. Section 7 is devoted to analogs of
our results for parking functions. We conclude, in Section 8, with some remarks and open
problems.

This paper is self-contained for the most part. We shall only use the elementary and
formal part of the theory of algebraic fractional power series. For background, see, for
example, [16, Chapter 6].

2 Combinatorial decomposition

In this section, Path,(s) denotes the set of all (a,b;s)-paths or the set of s-lattice paths,
depending on the context, that end at (s, —1,7n). If y is a real number, let y be the constant
sequence with terms y,y,vy,....

Given a non-negative integer a and a positive integer b, a boundary s satisfies the slope
condition for (a,b)-paths if for every j,

Sj+1>8j—1—|—a/b, sj+2>sj—1—|—2a/b,..., Sj+b>8j—1—|-a.

We adopt the convention that the slope condition is satisfied for lattice paths and (0, 0)-
paths, and not satisfied for (a,0)-paths if @ > 0. Thinking of the boundary as the union of
the line segments from (s;,4) to (s;+1,7 + 1), the slope condition says that for every j, the
line segment (s; —1,7) to (s; —1+a,j +b) (corresponding to a diagonal step) lies strictly
above the right boundary. This implies that an (a, b)-path can only reach a point (s;,7) by
an east step. This technical condition allows arguments for lattice paths to transfer without
change to (a,b)-paths but is reasonably natural. (If the slope condition is not assumed, the
situation is more complicated. However, there are analogs of our results for some cases.)



For example, the boundary i+ 1 satisfies the slope condition for (1,1)-paths. More
generally, when v < b/a, the boundary [i/~] 4+ 1 of integers immediately to the right of the
line y = y(x — 1), satisfies the slope condition for (a,b)-paths. See Figure [l for two explicit
examples.

. Al
-7 . //‘
! 2l
a=2 b=3 a=2, b=
$=2,2,4,4,6,6,. .. S

-

Figure 1: Two examples of (a, b; s)-paths. In the left-hand side diagram, the border satisfies
the slope condition, whereas the border on the right-hand side does not.

Theorem 2.1 Let s be a right boundary satisfying the slope condition and x be an integer
such that x > s,. Then there is a bijection:

Path,(z) +— U Path,,(s) x Path,,_,(z — s,).

m=0

Proof. Observe that Path,(x) is the set of all paths in the rectangle with lower left
corner (0,0) and upper right corner (z — 1,n). For a path 7, let m be the (unique) index
such that Right,(7) < s; for all i < m and Right,,(7) > s,,. By the slope condition, the path
7 reaches the boundary by an east step. Thus, every path in Path, (z) can be decomposed
uniquely into two subpaths: a subpath in Path,,(s) and a subpath in the rectangle with
corners (8,,,m) and (z — 1,n). These paths are connected by an east step. To finish the
proof, observe that paths in the rectangle with corners (s,,,m) and (z—1,n) are in bijection
with paths in Path,,_,,(z — s,,,). O



3 Recursions and Appell relations

The bijection of the previous section yields an infinite system of linear recursions, which
are then written as an Appell relation. We first consider lattice paths. Since lattice paths
are coded by non-decreasing sequences or multisets,

[Path,, (z)| = (m e 1) = (=" <_nx>

By Theorem 2.1], we have
- Sm— T —r
—1)"LP,, " = .
PN o=

Since this recursion holds for all integers = such that z > s,, it holds as a polynomial
identity in x. Setting = = 0, we obtain, LPy(s) = 1, and for n > 1,

7;0(—1)%13,”@ <n‘°’_mm> = 0. (3.1)

The next step is to multiply each of these equations by ¢t" and sum over all n. Recall
the following (easy) lemma, which can be found, for example, in [§].

Lemma 3.1 Suppose that the sequence g, is the solution to the triangular system

bo,ogo = ao

b1191 +biog0 = a1

ba2ge + b2191 +b2090 = a2

bm,mgm + bm,m—lgm—l + bm,m—2gm—2 + e+ bm,lgl + bm,OQO = Qam

where for all m, the diagonal coefficient by, y, is non-zero. Then
(o @]
Z gmtm(bm(t) = \Il(t)a (32)
m=0

where

\Il(t) = Zaktk and @bm(t) = Z bm-i—k,mtk-
k=0

k=0



Applying Lemma [3.1] we obtain

L= SIS (5 Ve LPats) = SR8+ 1)

Changing variables from ¢ to —t, we obtain an Appell relation for s-lattice paths.

Lemma 3.2 For any boundary s, the number of s-lattice paths satisfy the equation

D LPu(s)t"(1—t)™ =1.
n=0

This equation for s-lattice paths has been obtained by Gessel [2]. Appell relations for
(a,b)-paths are more complicated. We will enumerate (a,b)-paths weighted by the number
of diagonal steps. Let

[n/b)
SP,(a,b,0;s8) = Z |Path,, 4(s)|0?,
d=0

where o is a variable and Path,, 4(s) is the set of (a, b; s)—paths ending at (s, — 1,n) and
having d diagonal steps. The (diagonal-step) enumerator is a polynomial in ¢ except in the
case a = b= 0.

From the coding given in the introduction, the number of all (a, b)-paths with d diagonal
steps from (0,0) to (z —1,n) is

() ()

Hence, the enumerator SP,,(a,b,o;z) of such paths is given by

SPn(a,b,052) = LHE/EJ(_l)n_d(b_l) <n _dCcLl(;f 1)> (" ! dilb ) 1)>0d'

d=0

Thus, by Theorem 2] for a right boundary s (satisfying the slope condition for (a, b)-paths),

Z SP..(a,b,0;8)SPy_m(a,b,o;x — s,,) = SPp(a,b,0;2).

m=0



Setting x = 0, we obtain the recursions (B.3]):
L(n—m)/b]

;SPm(a, b,o;s) ]Z::o (—1)n—m=i0-1) (n . ;m_zzg_ 1)) <n —m —jj(b - 1))0]-
) mf (-1 <n - J?Z - 1)) (n . dizb : 1)>"d- (3.3)

d=[n/(a+b—1)]

To get the smaller range for the right sum, we use the fact that (;) # 0 if and only if ¢ > d.
We remark that determinantal formulas (similar to formulas given in [9]) for the enumerator
of (a,b)-paths can be obtained with Cramer’s rule from the recursions (3.3)).

We use Lemma B.1] again to express these recursions as an Appell relation. We start
with the classic case of Schréder paths. When a = b = 1, the sum on the right side of (SRy,)
has one term, (—1)"c™. Hence,

[e.e]

U(t) = (-1)"o"t" =

n=0

1
1+ ot

On the left side, the quantity SP,,(1,1,0;s) occurs multiplied by

()G )G () e () 0)7):

where k =n — m.

Using the easy binomial coefficient identity

s+i\ (k IR s
k i)\ i k—i)’
we conclude that

bm(t) = (1 —t)*m [1 — <8m1+ 1) ot + <8m2+ 2> o?t? — <Sm3+ 3> o33 + .. }

oo

= (1—t)m [Z <_(sz' " 1)>aiti]

=0
= (1—t)*(1 +ot)"(mt),

This yields the Appell relation
> 1—t\""
> SP,(1,1,058)t" < ) =1
= 140t

8




Setting o = 0, we recover the Appell relation for lattice paths in Lemma Setting
o = 1, we obtain an Appell relation for the total number of Schroder paths. Finally, setting

o = —1, we obtain
[o¢]
D SPu(1,1, -1 s)t" = 1.
n=0

This implies that when n > 1, SP, (1,1, —1;s) = 0, that is, the number of Schréder paths
from (0,0) to (n — 1,n) with an even number of diagonal steps equals the number of such
Schréder paths with an odd number of diagonal steps for any boundary s satisfying the
slope condition for (1, 1)-paths. For the case s; = i + 1, this is known. See [I, Prop. 2.1].
The two combinatorial proofs in [I] proving the special case can be applied without change
to prove the general case.

By a similar argument, we obtain the following Appell relation for (1,b)-paths:

For general (a,b)-paths, we have

omlt) = (1=t | Sy (7 ) gyt
=0

and

0 =304ty

d=0
The series ¢,,(t) and ¥(t) can be simplified by the following lemma of Gould [3].

Lemma 3.3 For nonnegative integers a and s,

— (s+aj\ ; fott
2( j )Z]_a+<1—a)f’

where

=3 — (“mm+ 1>zm

is the unique power series solution of the equation f(z) — 1= z[f(2)]*.



There are at least two ways to prove Lemma 3.3l Gould’s proof in [3] begins by proving

i(_l)n (s + an> (1 pen —

= n 14+ at

using the identities
= i(n\(st+ai\ non
Bn()(157) - e
=0
These identities can be proved by a finite difference argument. The lemma then follows from
the substitution 1 +¢=1/f (so that —t = (f —1)/f), and z = (f — 1)/ f*. Another way to

prove Lemma [3.3]is to use the Lagrange inversion formula to show that the coefficient of 27
in

fs+1
at+(l—a)f
equals
134 i s+aj
Y- (o i),
n i

and then show by induction on j that this sum equals (staj ).

Using Lemma 3.3 we obtain

F(t)
a+ (1 —a)F(t)

(bn(t) =

and

where F(t) = f(—(1 —t)*"tb0).

Hence, for general (a,b)-paths we have the following Appell relation.

Lemma 3.4 Let s be a boundary satisfying the slope condition for (a,b)-paths. Then

58P, (0, b s )e7l(1 — DF(B) = 1,

n=0

where F(t) = f(—(1 —t)*'t%a) and f(t) is the unique power series solution of f(t) —1 =
tf(t)®.

10



In the next two sections, we show how to convert some Appell relations to ordinary
generating functions. We motivate these results with the simplest case, when the boundary
is an arithmetic progression. Let s; = ¢ + id. For (a,b)-paths with d > a/b, the Appell
relation can be written as

o 0 1
P (=

where z = t[(1 — t)F(t)]%. Since t is an algebraic function of z (see Lemma EIl below),
we conclude that the ordinary generating function of SP,(o;s) is algebraic. In the case of
lattice paths, the Appell relation simplifies to

> LP,(s)2" = (3.4)
n=0

T-0°

where z = t(1 — t)%. From this, we obtain the explicit formula

N c c+n(d+1)
LP,(c+id) = m( N )

This formula is known when ¢ = 1 (see, for example, [12, Section 1.5] or [16, p. 175]). In
particular, the series f(z) in Lemma 3.3 is the generating function Y °_ LP,(1 + ai)z™.
One way to derive this formula is to apply the Lagrange inversion formula (see, for example,
[16 p. 42]) to equation (B.4]). Another way is to use a difference operator theory, directly
analogous to the differential operator theory for Goncarov polynomials developed in [9].

4 Periodicity implies algebraicity

In this section, we show how to obtain an ordinary generating function from an Appell
relation when a periodicity condition is satisfied. We also show that this generating function
is algebraic. We refer the reader to Section 6.1 of [16] for background on algebraic generating
functions. Recall that a fractional power series is a series of the form

)
§ : CZ'ZZ/N
=0

where NN is a fixed positive integer, the ¢;’s are complex numbers, and only non-negative
powers of z1/N occur. If a finite number of negative powers is allowed, we speak of fractional
Laurent series. Puiseux’s theorem asserts that the set of all fractional Laurent series is an
algebraically closed field. We begin with a lemma asserting the existence of fractional power
solutions of a given form for a functional equation.

11



Lemma 4.1 Let h(t) be a power series such that h(0) = 1. Then the equation
z = tFh(t)
has k fractional power series solutions T,,(z), 0 < m < k — 1 such that
a . 0 . .
10(z) = 2V + Z ciz'/* and — Tm(z) = EM2F 4 Z MR 1 <m <k—1,
i=2 i=2
where £ is a primitive k-th root of unity. Moreover, if h(t) is algebraic, then 19(z), ..., Tk—1(2)

are also algebraic.

Proof. The proof uses a standard argument. Suppose that 7(z) is a fractional series of
the form Y".o, ¢;2/*; by equating coefficients on both sides of the equation z = t*h(t) we
show that there are k solutions of this form. Expand 7(2)¥h(7(2)) as a fractional series. As
7(z) has no constant term,

7(2)Eh(r(2) = fz + Z filer,ea,.. 0 ¢, cj+1)z1+j/k,

=1
where fj(ci,¢2,...,¢j,¢j41) is a linear combination of terms of the form ¢, ¢, ... ¢, with
Il >k 1<rn<rn...<rnadr+r+---+1r =7+ k The only terms in
filcr,ea, ..., ¢j,¢j41) containing cjiq is c]f_lch, with multiplicity k. Hence
k—1 r
fj(cl, Coy ... ,Cj,Cj.H) = k‘Cl Cj+1+ fj(Cl,Cg, R ,Cj). (4.1)

Equating coeffcients on both side of z = 7(2)*h(7(2)), we conclude that ¢; is a k-th
root of unity. Once we have chosen the value of c;, all the coefficients cj;1 can be de-
termined recursively by the equations f;(ci,ca,...,cj+1) = 0. Thus, there exist &k solutions,
70(2), 71(2), ..., Th_1(2), where the coefficient of z'/¥ in 7,,,(2) equals £™. Suppose that

0(z) = 2M/F + Z iz
=2
Then the coefficient of z/* in 7,,,(2) is €™¢;. This follows from the identity that
Filer€™, ea€™, L i€, e €MUHD) = €M fi(er ca, gy €500 )EMUTR,

To finish, suppose that h(t) is algebraic. Then so is the series t*h(t). Let Q(t,y) be a
polynomial such that Q(¢,t*h(t)) = 0. Then Q(7,,(2),2) = 0 and hence, 7,,(2) is algebraic.
U

12



If h(t) is a polynomial, the equation z = t*h(t) may have fractional power series solutions

with non-zero constant term, but if 4(¢) has infinitely many terms, then 79(2), 71 (2), ..., 7%—1(2)

are actually all the fractional power series solutions. Of course the equation may have solu-
tions that are fractional Laurent series. Note also that the algebraic equation P(z,t) appear-
ing in the proof may have other fractional power series solutions besides 79(2), ..., Tk—1(2).
These solutions satisfy z = g(t), where g(t) is a solution of Q(¢,y) = 0. For our purposes,
we will only need existence of the k solutions described in Lemma .11

Theorem 4.2 Let by, b1,...,bp_1 be a sequence of non-negative integers of length k, | =
bi—1, Sn = ql + bj, where n = gk + j, and (¢,) be a sequence satisfying the Appell relation

Dbt (1) = W(t),
n=0

where ¢(t) and V(t) are algebraic functions and ¢(0) = 1. Then the ordinary generating
function Y07 (£nz" and the “section” generating functions Z;io gz, 0 < § <k —1,
are algebraic.

Proof. Let z = tF¢(t)! and
Qj(2) = quk—irqu'
q=0

Then we can rewrite the Appell relation in the following way:

N
—_

NE

() = Cagt T p(8) 7

EES
||
=
<
Il
o

= > Qi) (1)

<.
Il
o

By Lemma ET], there are k solutions 7;(z) of the form £21/% 437 ) ¢, 2"/* where ¢ is
a primitive k-th root of unity. Substituting the solutions 7;(z) into the Appell relation, we
get k linear equations for @Q;(2) :

¢(0)% To¢(70)" Bo(ro) o T p(mo)e Qo(z) (7o)
p(71)% T16(r1)™ me(r)r e T () Q1(2) _ V(r)
O(Te-1)® Tho1d(Te—1) T B(me1)?? o T (o) Qr-1(2) W (7k-1)

13



The k x k matrix on the left is non-singular. Indeed, the lowest power of z occurring
in its determinant is z*=1/2 and that power has coefficient equal to the Vandermonde
determinant det[¢*]o<; j<k—1. Thus, we can solve the system of linear equations and obtain

Qj(z) as rational functions in 79(2),71(2),...,Tk—1(2). Since the series 7;(2) are algebraic,
the functions Q;(z) and the sum Qo(z*) + 2Q1(2%) + - -+ + 2F71Qp_1(2*), which equals
Y one o ln2™, are also algebraic. O

The algebraicity of the generating function for (a,b)-paths with an ultimately periodic
boundary follows from the previous theorem.

Corollary 4.3 Let s be a ultimately periodic right boundary having height k satisfying the
slope condition for (a,b)-paths. Then the ordinary generating function

Z SP,(a,b,0;s)z"
n=0

1s algebraic. In addition, if the initial segment has length r, then the section generating
functions

o
Z SP gk jtr(a,b,0;55)21, 7j=0,1,2,...,k—1,

q=r

are algebraic.

Proof. Suppose that the boundary s is the concatenation a,a,_1 + s’, where a is the

initial segment ag,...,a,_1, and s’ is a periodic boundary. Then the Appell relation for s
is

r—1 ' 00

> SPi(a, b, o5 a)t [(1=t) F(1)] %+t [(1—t) F(£)] 1 Y SPpy,(a,b,0; )" (1) F(1)] = 1,
1=0 n=0

where F(t) is the series defined in Lemma[3.4l By Theorem [L.2] the partial generating func-
tion 7 SPy4r(a,b,0;5)2" as well as the analogous section generating functions are alge-
braic. Since the full generating function > >° ; SP,(a,b, 0; s) can be obtained by multiplying
the partial generating function by z" and adding the polynomial ZZ:_Ol SP;(a,b,0;a)z", the
full generating function is algebraic. O

Corollary [43] includes the case of lattice paths. Just set ¢ = 0. Thus, we have proved
Theorem [T.11

As observe earlier, when ~ is a rational number, the boundary [n/v] 4 1 is periodic
and hence, the generating functions > 2 LP,([n/v] + 1)z" is algebraic. What can be
said about the generating functions » 2 LP,([n/v] + 1)z when ~ is an algebraic or
transcendental number?

14



5 The tennis ball problem revisited

The proof of Theorem [£.2] provides a recipe for calculating explicitly the ordinary generating
functions. We show how this might be done with a concrete example. Let s be the ultimately
periodic boundary

k times k times k times

LI+l 0+ 1,20+1,..., 20+ 1,30 +1,....3l+ 1,...

of height k and width I. The generating function Qo(z) = »-2, LPgk+1(s)z for this bound-
ary and ordinary lattice paths yields a solution to the generalized tennis ball problem (posed
in [4, 10] and solved in [I1]). We note that there are other choices of boundary, such as

k times k times k times
" " "

I +1,. 0 +1,20+1,...,20+ 1,3 +1,....,3l+1,...

that would solve the problem.
Separating the length-1 initial segment from the periodic part, we have the Appell
relation

k—1
1=t +> Qi) (1 -ty =1,
j=0
where z = t*(1 —t)! and Q;(z) = D oo LP14grtj(8)29. Let 7, for 0 <m < k —1, be the k
solutions of the equation z = t*(1 — t)! that are fractional power series with zero constant
term. Using the relation (1 — 7,,)! = z/7% we obtain the system of linear equations

z(1— T())Tol_k z(1— 7'0)7'02_k z(1— To)Tg’_k o z2(1—19) Qo(2) To
z(1— Tl)Tll_k z(1— 7'1)7'12_k z(1— Tl)Tf’_k e z2(1=mp) Q1(z) B sl
21— 7)) 2P 20— )T2TF 2(1 =) Tih o 21— 7my) Qr-1(2) Th—1

We will now solve the system using Cramer’s rule. To do this, we need to compute two
determinants. First, the determinant of the k£ x k matrix on the left equals

1 7 Tg 7'(])“_1

kk_l Lk 1 n 7'12 Tf_l
z HT]- (1 —75)det :
j=0 :

2 -1

1 1 75,4 Tp_1



Hence, by the formula for the Vandermonde determinant, this determinant equals

k—1
zkHle_k(l—Tj) H (15 — ).
j=0 0<i<j<k—1

To compute, say, Qo(z), also need the determinant

T0 z(1— To)Tg_k z(1— To)Tg’_k o z(1 =)
al z(1 —7'1)7'12_k z(1 —7'1)7'13_k e z(=m)
det
T 21— me )Tt 2 —me )Ty e 2(1 - )

This determinant equals

k—1
Ty k—2
k—1 T 1 k—2
Tl ... ’7_
k-1 2—k T—m1 1
z H 71— 75) det :
0 :
J kal 9
k—1 -
j 1 7 Th_1
Lemma 5.1
7'071 1 k—2
T k—2 . .
i I Ty k41 Hogz’<j§k—1(7'y —7i)
det =(-1) .
. . Hk—l(l )
: j=0L —Tj
Th1 k=2
=71 Th=1 0 Tre1

The evaluation of the determinant can be done in many ways, for example, as a special
case of Theorem (Cauchy+) in [5] or Theorem 25 in [7], or by the theory of alternants and
symmetric functions, as described in [I3, Chap. 11]. We include a brief proof here for the
convenience of the reader.

Proof. Expanding the determinant along the first column, we conclude that it equals
the sum

N
—_

k=1

(—1)j+1—1 - . (i — 7i) -
J o<i<i’<k-1
ii! £

<
Il
=)
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We will obtain this sum in a different way. From the following expansion of a singular

matrix along the first column,

g b T .- 7'(?_1
k b T ... Tf_l
0 = det S :
I
1 1 1 1
k—1
= gt I @-w]Ja-= |+ T -7
j=0 0<i<i/ <k—1 i#£j 0<i<j<k—1
i,il £
s . k—1
we conclude, on dividing both sides by ] j:O(l 7;), that
k k—1
k+1 H0§i<jgk—1(7j —Ti)

-1
TS
P E— [ w-m) = (1) k1
L=7 0<i<i/ <k—1 Hj:(](l —7)
il #j

<.
Il
o

Using Cramer’s rule and Lemma [5.1] we obtain, after some cancellations,

G =R 10)
Qo(z) = z 1 —]Tj(z)'

j=0

Thus, we have the following theorem, derived earlier in [I1].

Theorem 5.2 Let s be the ultimately periodic boundary in the tennis ball poblem. Then

ZLqu+l(§)2q — ( ) T](Z) ,
=0 z i—0 1 Tj(Z)

=

Te—1(2) are the k fractional power series solutions in z'/* with zero

where 10(2),71(2), ...,
— ).

constant term to the equation z = tk(l

Our formula appears to be different from the one given in [I1, Theorem 1]. The formula

. k
:7]] 1—11)]

in that paper is

17



where wq(2),ws(2),...,wi(z) are the k fractional power series solutions of the equation
(w — 1)F — zw**! = 0. We can reorder the solutions so that w;_; = 1/(1 — 7;). Thus, the
two formulas are equivalent.

As was done in [11], an explicit formula can be obtained when k& = [. The solution to
the equation y = t(1 —t) that does not have constant term is the power series H(y), where

Hy)=i1-1-dy)=y—2+....

Observing that the equation z = t*(1—1)* can be formally rewritten as to z'/% = t(1—t), we
conclude that H(z'/%), H(&2'/F), H(€22Y/F), ... H(¢*121/F) are k fractional power series
solutions to z = t*(1 — #)¥ with zero constant term. Since

Hy) 1-VI—Ty 1-yT— Ty
[—H(y) 1+vi-ay %

we obtain the the following theorem.

—1,

Corollary 5.3 Let s be the tennis ball boundary with k = 1. Then

S o DM e
> LPyg(s)2 — [[cE:" -,
q=0 Jj=0

where

1—+v1—-4y
Cly) = —L =,
Y
the generating function for the Catalan numbers, and & = 2™/,

When k = [ = 2, Corollary 53] specializes (after simple manipulations) to formulas given
earlier in [10] and [II]. The simple form of the generating function suggests that after all,
there may be an elementary combinatorial solution to the tennis ball problem, at least in
the case k = 1.

We can also find formulas for @,,,(z) when m > 1. These generating functions involve
more complicated symmetric functions in 79(2), 71(2), ..., 7k—1(2). For example, when k =
=2,

Qi) = - -1
T 0+ it )+ v1-%)

= 3422z + 21122 4 23062° + 232702* + 33844425 + - .
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We remark that the boundaries in the tennis ball problem do not satisfy the slope
condition for (a,b)-paths when a > 1. There are complicated solutions to the analogs of the
tennis ball problem for for (1, b)-paths.

6 Explicit formulas for (1,b)-paths

As remarked earlier, (1, 1)-paths with the boundary 1,2,3,... are in bijection with Schrorder
paths, which have been studied in [I] and [12]. In this section, we derive explicit formulas
for (1, b)-paths with the arithmetic-progression boundary c¢,c + d,c+ 2d, ... , where ¢ and
d are positive integers.

We use the Appell relation

> SP,(1,b, 03¢+ id)
n=0

(1=t (Lt
1+ otb S\ 1-t
derived in Section 3. When b = d = 1, then we can solve the quadratic equation z(1+ot) =

t(1 — t) explicitly. Choosing the right solution and observing that (1 + ot)/(1 —t) = t/z,
we obtain

00 (&
1—0z— /(1 —02)2 — 422
ZSPn(l, lyo;c+1)2" = [ 0z~ (1~ 0%) : ] )
E— 2z
n=0
When ¢ = 1, this formula is given in [I], p. 44]. We note that the general case (with arbitrary
¢) is derivable by an easy combinatorial argument from the case ¢ = 1. In principle, one can
also obtain explicit formulas when d = 2 or 3 using formulas for solving cubic and quartic

equations.

For general b, ¢, and d, we can obtain explicit formulas for the diagonal-step enumerator
using the Lagrange inversion formula. This formula says that

d [(1+at’\T /140t
nSP,(1,b,0;¢c +id) = [t"_l]a [( 1+_Ut ) ] < 1+_Ut > ;

where [t"!] abbreviates “the coefficient of t"~! in the series”. The series on the right side

1S
(1 _|_O.tb)c+nd—l
(1 _ t)c+nd+1 :

c(1+bot’™ 4 (o0 — bo)t?)
Using the binomial theorem, we obtain

SPn(la b7 o;c+ Zd) = % [Tn,n—l(a) + O-an,n—b—i-l(O-) + J(l - b)Tn,n—b(J)] )
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where T}, (o) is the polynomial (with parameters b, c,d) defined by

x b\c+nd—1
1 t
E:Tnm(a)tm:( +ot) .
) (1 _ t)c—l—nd-‘,—l

m=0
Explicitly,
[m/b] ‘
c+nd—1\[(c+nd+m—>bj\
Tml®) = 2 < j >< m = bj )"]‘
j=0

In particular, when b = 1, we obtain

SP, (11,0 ¢ + id) — c(o+1) —|—nd—1 +(n+1)d—j—-1 o
— (n—1)—1j

[y

.

7 Parking functions

Parking functions are rearrangements of lattice paths. An s-parking function of length
n is a sequence (zg,Z1,...,Tn—1) of non-negative integers such that its rearrangement
(x(o),a:(l), . ,x(n_l)) into a non-decreasing sequence satisfies the inequalities: iy < Si
that is, the non-decreasing rearrangement is an s-lattice path. In this section, we briefly
describe analogs of our results for parking functions. We shall freely use results from [9)].

Let P, (s) be the number of s-parking functions of length n. Then the following Appell
relation holds [9 Section 3]:
1= Z P(

—snt

Theorem 7.1 Let s be a ultimately periodic Tight boundary. Then the exponential gener-

ating function
[o¢]
B
n=0

is algebraic over the extension field C(z)(T), obtained by adding to the field of complex
rational functions C(z) the set T = {19(2),71(2),...,7k—1(2)} of the k solutions to the
equation z = t*e~ ! that are fractional power series in z'/*

Proof. The argument in the proof of Theorem can be recycled. The only thing we
need to check that is that y,, = e~™(%) is algebraic over C(z)(T"), but this follows since
Y = 2/ Th- O

20



8 Paths not taken

The methods in this paper can be applied to other kinds of paths (and objects related to
paths). For example, one can consider (a/k,b/k)-paths with fractional diagonal steps, that
is, paths with F, N, and (a/k,b/k) steps, where a and b are non-negative integers and k
is a positive integer such that the greatest common divisor of a,b,k is 1. When a = b =1
and k = 2, then (a/k,b/k)-paths to (n,n) with boundary 1,2,3,... are in bijection with
Motzkin paths from (0,0) to (2n,2n) as defined in [16, Ex. 6.38c, p. 238]. The theory
extends naturally to such paths.

It is easy to find boundaries for which the generating function > LP,(s)z™ is non-
algebraic. By [16, Chapter 6], an algebraic power seris is D-finite and the coefficients of a
D-finite power series satisfy a polynomial recursion. As LP,(s) is an increasing sequence of
positive integers, there is a polynomial P(n) such that

LP,(s) < P(n)P(n—1)--- P2)P(1)

if Y LP,(s)z" is D-finite. Thus, if s is a sequence which increases sufficiently rapidly, then
the generating function ) | LP,,(s)z" is not D-finite, and hence, not algebraic. However, the
finer details are elusive. For example, we do not have an explicit example of a boundary
with a non-algebraic but D-finite generating function, although it is reasonable to conjecture
that one exists. It is also unknown whether there are boundaries s which are not ultimately
periodic with an algebraic generating function »_ LP,(s)z". To conclude with a concrete
problem, is the generating function for LP,(1,2,2,3,3,3,4,4,4,4,...), where there are one
1, two 2’s, three 3’s, and, in general, n n’s in the boundary, algebraic or D-finite?

Acknowledgement. We thank Marc Noy for many insightful discussions. Lemma
B4l was found by trial and error with the help of MAPLE, the package EKHAD in [15], and the
On-line encyclopedia of integer sequences. We thank Christian Krattenthaler for directing
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References

1. J. Bonin, L. Shapiro, R. Simion, Some g¢-analogues of the Schréder numbers arising
from combinatorial statistics on lattice paths, J. Statist. Plann. Inference, 34 (1993)
35-55.

21



10.

11.

12.

13.

14.

15.
16.

17.

1. Gessel, A probabilistic method for lattice path enumeration, J. Statist. Plann. Infer-
ence, 14 (1986) 49-58.

. HW. Gould, Some generalizations of Vandermonde’s convolution, Amer. Math.

Monthly, 63 (1956) 84-91.

. R.P. Grimaldi, J.G. Moser, The Catalan numbers and a tennis ball problem, Congr.

Numer. 125 (1997) 65-71.

. G.N. Han, C. Krattenthaler, Rectangular Scott-type permanents, Sém. Lothar. Combin.

43 (1999), Art. B43g.

. A.G. Konheim, B. Weiss, An occupancy discipline and applications, SIAM J. Appl.

Math. 14(1966) 1266-1274.

. C. Krattenthaler, Advanced determinant calculus: a complement, Linear Algebra Appl.

411 (2005), 68-166.

. J.P.S. Kung, X. Sun, C. Yan, Two-boundary lattice paths and parking functions, Adv.

Appl. Math., to appear.

. J.P.S. Kung, C. Yan, Gonc¢arov polynomials and parking functions, J. Combin. Theory

Ser. A, 102(2003), 16-37.

D. Merlini, R. Sprugnoli, M.C. Verri, The tennis ball problem, J. Combin. Theory Ser.
A 99 (2002) 307-344.

A. de Mier, M. Noy, A solution to the tennis ball problem, Theoret. Comput. Sci. 346
(2005) 254-264.

S.G. Mohanty, Lattice Path Counting and Applications, Academic Press, New York,
1979.

T. Muir, W.H. Metzler, A treatise on the theory of determinants, revised edition, Long-
mans, London, 1933; reprinted, Dover, New York, 1960.

H. Niederhausen, Sheffer polynomials for computing exact Kolmogorov-Smirnov and
Rényi type distributions, Ann. Statist. 9 (1981), 923-944.

M. Petkovsek, H. S. Wilf, D. Zeilberger, A = B, A K Peters, Wellesley MA, 1996.

R.P. Stanley, Enumerative Combinatorics, Volume 2. Cambridge University Press, Cam-
bridge, 1999.

U. Tamm, Lattice paths not touching a given boundary, J. Statist. Plann. Inference,
105 (2002) 433-448.

22



	Paths in the plane
	Combinatorial decomposition
	Recursions and Appell relations
	Periodicity implies algebraicity
	The tennis ball problem revisited
	Explicit formulas for (1,b)-paths
	Parking functions
	Paths not taken

