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SYMMETRIZED CUT-JOIN EQUATION OF MARINO-VAFA FORMULA

LIN CHEN

ABSTRACT. In this note, we symmetrized the cut-join equation from the proof of Marino-Vafa formula.
One can derive more recursion formulas of Hodge integrals out of this polynomial equations. We also
give some applications.

1. INTRODUCTION

The Marino-Vafa formula(Liu-Liu-Zhou’s theorem, cf [14]) gives a close formula for certain Hodge
integrals with three A classes. Onme of its specialization is the famous ESLV formula[3]. By apply-
ing a transcendental changing of variable, Goulden,Jackson and Vainshtein get a symmetrized cut-join
equation[5], which is a polynomial identities with Hodge integral numbers with one A class as coefficients.
Comparing the lowest degree terms, Goulen, Jackson and Vakil[6] were able to give a short proof of A4
conjecture,which was first proved by Okounkov and Pandharipande[4]. On the other hand, by using the
result of [6], Chen, Li and Liu [I] gave a short proof of Witten conjecture Kontsevich theorem.

In this paper, we study another transcendental changing of variable formula, apply it to the Marino-
Vafa formula itself, and get a symmetrized cut-join equation, which is again a polynomial identity, but
with Hodge integrals with three A classes as coefficients. We expect more Hodge integrals can be computed
from our symmetrized cut-join equation. As an example, we illustrate how to get the Witten conjecture
Kontsevich theorem from our newly derived symmetrized cut-join equation.

We study the new transcendental change of variable formula in section 2, which is essentially some
calculus based on Formal Lagrange Inversion Theorem. In section 3, we symmetrize the cut-join equation
satisfied by the generating series of Hodge integral studied in [14]. Applied the change of variable formula
developed in section 2 to the symmetrized cut-join equation in section 3, we derived a polynomial cut-join
equation, which is the theorem 3 in section 4, and this is the main result of this paper. We illustrate
some application of our result in section 5.

2. PRELIMINARY

We first quote a result from the standard text book on combinatorics. For a proof and more about
this theorem, we refer the book Enumerative Combinatorics by Richard Stanley[18].

Theorem 1. Formal Lagrange Inversion Theorem: Let F[x] = j:(’f a;x' € xK[[z]] where a; # 0 and

K is a field of characteristic 0. Let k,n € Z,then
x

(1) nfe" )P @) = ke )

)" = kM)

Where F~Y(z) denote the formal inverse function of F(x) and [x"]F(x) is the coefficient of ™ in the
formal power series F(x).

In particular, take £ = 1, we have
(2.2) nfa" P (@) = [0 F ()"

The inverse function of z(1 — )™ will play a crucial role in this paper. Take F(z) = 2(1 — )" in the
above theorem for some fixed complex number 7, then
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Let w(z) denote F~1(x). We will study some basic properties of this function in this section. The formal
Lagrange inversion theorem gives the unique formal power series solution of the equation

(2.5) w@)(1l-—wx) ==z

(2.6) w(z) = Z a=0 nT+a)x"

One can compute the derivative

(2.7) rw(z) = %
Let y = ﬁ, we have
(2.8) (14 7)aw’ = (1 —w)(ﬁ ~1)
and
(2.9) (1+7) 2w’ (1+T)w+1—(1+T)(1—w)=Ty—7'+(1+7')w
0
1+ 7' o 0 (nt+a) ,
(2.10) y=1+( Z x

For a formal power series f(x), if we change the variable to w, and then to y, we have the following
relations:

df l—w  df
r—=-—@uw—
dr 1—-(14+7w dw

yr+1
T+ 1

il

(2.11) py

=y(y — 1)(

3. SYMMETRIZATION

In [14], they studied the generating function C = 3" -, -, CIN* 7" where

.pH

d+n
I D S e an al W+a) Ty(r)

utal W Jw e (U= i)

_ V=T (r (14 )t Jf Nl H Ha 1 (Wit +a)

dz1 pkd,l(p)=n

n! —1)!
P12 =1

3g—3
> > [ eI I
k=0 by+bat-+bp=3g—3+n—k Man

_139-3

:_% 3 3 < 7oy T, TH(T) >H¢bi(5>)

k=0 b1+ba+--+b,=39g—3+n—k
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Here we denote

B) = 3 v, e ) s s e Ty (it a)
m m | m

_ |
= ( 1)! T m!

for infinitely many formal variables P = {p1,p2, -} and
Ly(r) = AJ (DA (T)Ay (=7 — 1)

This apparently complicated generating function naturally appeared when one computes the open
Gromov-Witten invariants of local Calabi-Yau, cf[7]. Motivated by the duality between topological string
theory and Chern-Simon theory, Marino-Vafa formula gives a closed expression of the above generating
function C in terms of some combinatorial data associated to representations of symmetric groups. In
their proof of the Marino-Vafa formula, Liu-Liu-Zhou show that the generating function C satisfies a
cut-join equation.

aC /-1 o0%C ac oC oc
3.1 — = 1JPiti =——=— + 1JPi+j=—=— + (1 + J)PiP;
oy or =7 2P G, P g Gy, (PR
In this section we will symmetrize this cut-join equation and make a transcendental change of the
variable, so that the resulting symmetrized cut-join equation become a polynomial one.
Define the symmetrization operator

EnPa = (v _1)7717'0“ Z Igzl) o 'Ig?n)

ocES,
forn > 1if l(a) = n with a = (a1, -+ , ), and 0 otherwise.
We have
(rL+ 7)) .
(3.2) =00 = T Z Z < Tp, - "TanS(T) > Z H(bbi (To(i))
k=0 bi+bz+--+b,=3g—3+n—k oES, i=1
where
[, (mr+a) , 1 d .,
) i.m Vo — 1
(3.3 mz Maco 7 20) i = e iy 1)

Let C denote the change of variable from x to y, one has the following relation

1.d
YT + )—C
T+1dy

Cx% =y(y — 1)(

Apply to ¢;(z) for i > 0, we get

@ =) = - D)

Clearly, this is a polynomial in the new variable y of degree 2i + 1.

Set Zteramlp = =Zp,, ,

The following three lemmas are from the section 4 of [5]. However, one should be careful that in our
case there are some extra coefficients appear due to our definition of the symmetrized operator. We
ignore the proof, which one can find in [5].

(3.4) Coi(z) =C

Lemma 3.1. Let a and 8 be partitions with l(a) =k and I(8) = m. Then

2 paps = Y (E4pa)(E%ps)
(4B)

where the sum is over all ordered partitions (A,B) of {1,--- ,m + k} with |A| =k and |B| =
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Lemma 3.2. Let o be a partition I(«) = m, and let 1 <1 < m, then

(9 « (e
g e Pa =V Hz%nﬂw v
Tl o€ESm
- -1 aq (%
= > ae [[V-T" (=V=Tzi)* ]
0€ESm i=1
—(i+1 i—{1.- ml— 0 e’
VT izt -0 P
i>1 bi

Lemma 3.3. Let « be a partition with l(o) = m+1 and 1 <1< m, then

9 9 _q

- mA1 Z /—— (i+7+2) LIl mA = {Lmt1
Ila_iC[Ierl }pa|xm+1 =x; — l {1, = b

-
7,521 8})18

axrn-i—l

Now we apply the operator Z{1™} to the cut-joint equation to get a symmetrized one. Notice that
=il m} commutes with taking derivative with respect to 7, the left hand side gives

(1} _ 0

0
={1,---,m} _ 2g9—2+m ~ ={1,-- ,m} g
or = o= =22 o7 = Cin)

-
920

Next we study the effect of Z{1>™} on the right hand side. By lemma 3.3,

=hemh Y pigi Jaa op; Z S VAT e m 0*Pa

[ -
i,5>1 I=114,j>1 Op;Op;
/[ 9 ={1,---,m
= le xm+1ax—m+1:‘{L ) +1}p0‘|1m+1:$z
={1m) Z i i Z)\zq 2+m+1 Z Zlmip, ”8 (=
i>1 ’ 8p8 i>1 ’ Opidp;
65> 65>
m 8 ,m
-V Z/\Qg o +1le Tm+1 ox i Jrl}Cm-i-1|90m+1:551
g=0 m+1
Let I(a) = k and I(8) = m — k + 1, and so we have
Opa O 0 0
gltomd §° Pa 9P5 Z Y (VET) U g g e m =) Pa ), OPs
E Pi+jij (i5—)05-)
i1 Opi Op; 1=11i,5>1 opi " Op;
U (i+1) e Bpa G+1) j—_p.0pP
VTS S (S VAT A e (5 T s OB
I=1 (A,B) i>1 =1 Pj

-V _12 Z (ml%:Au{l}Pa)(iﬂla—m:BU{l}Pﬂ)
I=1 (A.B)

0 _q... 0 _ m
:\/—_1@1@71(51718—301:{1’ ’k}pa)(Ila—m:{l’kH’ ™ pg)
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oc (9C
2l Y 7 pigjijn o

i,j=>1

66‘]1 8692
_ Z Z )\291 2+k )\292 24+ (m—k+1) E -,m} Z PH—]U m—k+1
op; Opj

91,9220 1<k<m 7,521

= Z Z \291+292— 3+m\/_@k 1(x18i k}cql)( 83 ={1k+1- ,m}cqzikJrl)
1

g1, 9220 1<k<m

m ap (i+5+2) P ..m a
glhemh 30+ 9) PP 2 >, Do VAT T e st m i )

i,75>1 1<i<k<mi,j>1

Z Z\/_ (r+2) CCkCUl—CUliCk.E{l)...)m}_{[,k}rapa

T — X
1<I<k<m r>1

VA I P R e O

X
1<I#£k<m

8p1+]

op:

= —92v/-16, -z gll3dmiy
r1 — X2 6,@1
=i }ZH'ijpJa 72/\% 3+me{l, }ZH'ijpJa -1
1,521 g=0 i,5>1 Pi+j
Z 293+ 9 {134 .m}
= 2\/_)\9 m @1 = m C‘q 1
T, — T2 8171 m-
g=0
Collecting all these terms, the following theorem is proved.
Theorem 2. The symmetrized cut-join equation of Marino-Vafa formula is
S zzim O o mieg
or m
g=0
0 0
2q+m ={1,. ,m+1} g
Z/\ Z (9&61 S Tm+1 (9£Cm+1u Cm+1)|zm+1:$z
q>0 =
1 2g1+2g2+m—2 9 kY9 9 Y ={1,k+1,--- ;m} g2
= Z Z A Or_ 1(331% CIM)(z1 15 -8t C% )
91,9220 1<k<m ! !
0
)\2g+m 2@ _5{1,374---,771}69
+ Z Tr1 — T2 T 6,@1 m—1
Comparing the coefficients of \2972+™ we get
) 1 )
Z ={lmog =il mt1} pg-1 _
or m 2 Tm+1 6$m+1 m+1)|$m+1—zl
1 J _ Y m—a
4 Z Z Op_1 561— k}ck)( (%1 — =L+, }651 1)

O\ g1<k<m

L2 9 ={1,3,4- »,m}c(]

- T =
Tr1 — T2 8$1

+ 6,




6 LIN CHEN

4. CHANGING OF VARIABLE

Now we want to make a change of the variable for the equation we obtained in the last section. We
first deal with the right hand side. As in [5], to obtain a polynomial expression in the variable y;, one
has to combined all the unstable terms, which are logarithm transcendental.

In the second term, combined the unstable terms a =0, k=1anda=g, k=m

- 0 0

— ={}c0 — ={1,2,--;m} g
;(Il o (@ o )
and recall that (3.2)

(41) E{I}Clo ,_,{Z}Z \/—d-i—lHa 1(dT+a) - Z 11— \0T T a) dT+a) ) .I_ld

(d—-1)! d
0 o dT +a) y— 1 w;
4.2 —2=te) = a= 0 d— _ =
(42) (xl(’“)xl) ! Z K T+1 1—(7+ 1w
since :Ca% = 1_(1;:’1)w wa— Bw (2.11), we find the unique expression of
(4.3) xliE{l}C? =In(1 —w)
8:171

The unstable terms a =0, k =2 and a =g, k = m — 1 gives

0 _ 9 _113.m
O (a1 5 —ENCY) (21 5 —EU S I )

T T
and
20200 = o(rr1) Y Y Ha . /era)
>t M T2 o 2
__T+1 Z Ml H2 HH ,uﬂ'—i—a)

T u1>1,u2>1“1+“2i 12

0 0

(4.4) (x1— + IQ—)E{LQ}CS =—7(1+1)- bk’

[1— (74 Dwi][l = (7 + 1)wo)
One can verify that

=002 = (T2 (1 — wy) + In(1 — ws))

1 — T2
is the unique solution, and so
xliE{LQ} _ _ wl(l —wl) + I + TW1
O0x1 (w—wa)I=(7+Nw1) a1—22 1—(T+ 1w
w TW x
_ 1 2 )+ 1
w1 — W2 1—(T+1)w1 xT1 — T2

Remember we have w(l — w)™ = x, w depends on the parameter 7. Taking partial derivative to 7, we
find

Oow 1—(1+1)w
— ————— 4+ In(l-w)=0
or  w(l—-w) +in(l - w)
Move the terms involve In(1—wy) to the left the symmetrized cut-join equation, since fix w,0y(w, 7) /0T =
y2w, we have
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d — w0 d
i —={tmlpog _ = . 2 =t mipgy = = oEilmicg o Y (Wm
{dT Cm — 87' awl Cm} dT Cm(yl(w177—)7 7y (w 77—)77—)
0 | O\ v {1 m
= (7 + Do st ORI ()
=1

Theorem 3. After the transcendental changing of variables to y, the symmetrized generating series
C={LmC9 (yy, - ym,T) is a polynomial of the variables y;’s of total degree 6g — 6 + 3m, and satisfy
the following cut-joint equation:

(a% " lf; yz(Tz/:L—ll) ' a%)CE{L'”’m}C%(yl, Y T)
- % éyl(yl - 1)(y7l-T++11)8iyl Y1 (Ymi1 — 1)(97”:1_:1—’_ 1 8yi+1 c=t )m+l}c%qn_+ll|ym+1:yl
-1 Ol — DA ezt B
1<a<g—11<k<m
(- DA Lot mers )
- lé@kl(yl (y1 — 1)(%)% st ke (y1 (1 — 1)(%)%CE{I’HLM’m}cg@—kﬂ)

Y1 — Y2 T+1 "0y

2
+ ®1y1 (11 —D(y2—1) (le +1, 0 CE{LB"H’W}C&Zz—l

5. APPLICATIONS

This cut-join equation is a generalization of the symmetrized cut-join equation of [6]. In their equation,
only Hodge integrals with at most one A class show up, while in ours equation, Hodge integrals have up to
three A classes. This is not surprising, since their starting point ESLV formula, as Liu-Liu-Zhou showed
[14] and [I5], is the large 7 limit of Marino-Vafa formula. Thus we expect taking large 7 limit of our
symmetrized cut-join equation, one should be able to recover the equation of [5].

To illustrate the application of our symmetrized cut-join equation, we make a similar derivation of the
Witten conjecture (Kontevich Theorem) as in [I]. We don’t regard this as a new proof.

Both of the two sides are polynomials of m variables y1,- -, ym, of total degree 6g — 5 + 3m. We
compare this leading term. Recall Ty (1) = Ay (1)Ay (7)A} (=7 — 1), and only its constant (—)9[r(7 + 1)
has contribution in the leading degree term. Denote F; the operator sending a formal power series to its
degree d part.

F69—6+3WCE{17”V ;m}cgl(y:b o Ym, 7—)
m
ez N <7y, > [ (20— Dy
b+ +bpm=3g—3+m =1

7_2
=)

1+7

Where in the above equation, we adopt the following abbreviation and the genus g is determined by
the restriction j; + - 4+ jn +d = 3g — 3 + n if the degree of w is d.

(5.1) < Ty oo Tjaw >i= /m 1/){1 ceeapdng,

g,n

For the left hand side, only the derivatives of y; have contributions:



LIN CHEN
5 ulyp—1) 0
Feq— m a_ a. :{l,vvv,m}cg s Ty Ymy
6g—5+3m {5 + RS yz) (Y1 Y T)
_ 1 i 2iF C:{lwwm}cg( 7)
_T+1 Y 6yl 6g—6+3m “~— m\Y1, y Yms
=1
_( 1)9 1( 72 29 2+mz Z < Ty Ty >~(2bz+1)”y2bl+2 ﬁ (2b 1)”y2b i+1
1+71 1—|—T 1 T o 44
I=1 bi+-+bm=3g—3+m i=1,i#l
Now go to the right hand side, after applying the operator the Fgy_543m, the first term becomes
1 ( 1)_(] ! T2 2g—24+m
Rt RO VD> ST T >
=1 b1+ +bmi41=3g—5+m
(2bl + 1)”(2bm+1 + 1)”y2bl+2bm+1+6 H (2b 1)”y2b i+1
i=1,i#l

and the second term becomes.
(_1)!]71 ( T2
20+7) ' 1+7

)2g72+m

Z Z 67@—1[ Z < Tbys 5 Top = (2b1 + 1)"y2b1+3 H )”y%”_l]
1<a<g—11<ksm bi+--+bp=3a—3+k =2

’ [ Z < Toy Thy1s """ 5 Tl (2b/ + 1)”be e H (2bz - 1)”y2bi+1]
b} +brt1+-+bm=3(g—a—1)+(m+1—k) i=k+1

The third term basically is the same as the second, except that the summation range is fixing a = 0
and k varies from 3 to m.

(-po—t

( )2g—2+m
1+7 1471
k
ST ool S < > (26 DI T (2b - Dy
3<ksm by+--+br=k—3 1=2
N > < Ty T s To > (205 + DT T (26 — 1)l ]
By +bg g1+ +bm=3(g—1)+(m+1—k)

i=k+1

Together with the second term, these gave all the stable cut contributions, and we combine them in
the sequel.

The fourth term is
Lt

2g—2+m®
(+—) 1 E < Toys Togs " 5 Thy, >
2 14+7 ‘147 m
b1+bz+-+bym=3g—4+m
2b1+4 2b1+4 m

(261 + Dliyrya (2 ) T] (26 — 1)1ty
Y1—Y2 s
Collect all these, and comparing the coefficients of beZJr2 I 1,il yfb i1 we get the Dijkgraaf-Verlinde-

Verlinde formula, which is equivalent to Witten conjecture. See also [I] and [9] for more detail

For other more interesting applications, one may take other special values of 7, or consider other degree

in terms in theorem 3. For example, the lowest and the next lowest degree terms of theorem 3 may give

some relations for Hodge integrals fﬂ 1/1{1 oo hdn Ay Ag_1Ag—3, which may be interesting.
o g !
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