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DIFFERENCE SETS AND POLYNOMIALS OF PRIME
VARIABLES

HONGZE LI AND HAO PAN

ABSTRACT. Let 9(x) be a polynomial with rational coefficients. Suppose that
1 has the positive leading coefficient and zero constant term. Let A be a set of
positive integers with the positive upper density. Then there exist x,y € A and
a prime p such that z —y = ¥ (p — 1). Furthermore, if P is a set of primes with
the positive relative upper density, then there exist x,y € P and a prime p such

that z —y = ¢¥(p —1).

1. INTRODUCTION

For a set A of positive integers, define

d(A) = limsup M

T—00
Furstenberg [9, Theorem 1.2] and Sarkézy [21] independently confirmed the fol-
lowing conjecture of Lovasz:

Theorem 1.1. Suppose that A is a set of positive integers with d(A) > 0, then
there exist x,y € A and a positive integer z such that v — y = 2>.

In fact, the 22 in Theorem [Tl can be replaced by an arbitrary integral-valued
polynomial f(z) with f(0) = 0. On the other hand, Sarkézy [22] also solved a
problem of Erdos:

Theorem 1.2. Suppose that A is a set of positive integers with d(A) > 0, then
there exist v,y € A and a prime p such that v —y =p — 1.

For the further developments of Theorems [[.1] and [.2], the readers may refer to

[24], [18], [, [10], [16], [17], [20]. In the present paper, we shall give a common

generalization of Theorems [[LT] and Define
Apw = {x: Wa +bis prime}
for 1 <b < W with (b, V) = 1.
Theorem 1.3. Let ¢ (x) be a polynomial with integral coefficients and zero constant

term. Suppose that A C Z% satisfies d(A) > 0. Then there exvist v,y € A and
z € Ny w such that x —y = ¥(z).
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Corollary 1.1. Let 1(z) be a polynomial with rational coefficients and zero con-
stant term. Suppose that A C Z* satisfies d(A) > 0. Then there exist x,y € A
and a prime p such that x —y = (p — 1).

Proof. Let W be the least common multiple of the denominators of the coefficients
of ¢. Then the coefficients of ¢*(z) = ¢»(Wz) are all integers. Then by Theorem
3] there exist z,y € A and z € Ay such that

z—y=19"(2) =v(p-1)
where p =Wz + 1. U

Quite recently, about one month after the first version of this paper was open in
the arXiv server, in [3] Bergelson and Lesigne proved that the set

{(Wi(p—1),...;¢m(p—1)) : p prime}

is an enhanced van der Corput set Z™, where 1, ...,1,, are polynomials with
integral coefficients and zero constant term. Of course, their result can be extended
to the set {(¢1(2),...,¥m(2)) : z € Apw} without any special difficulty. On the
other hand, Kamae and Mendés France [I5] proved that any van der Corput set
is also a set of l-recurrence. Hence Bergelson and Lesigne’s result also implies
our Theorem and Corollary [Tl In fact, they showed that the set {¢(p — 1) :
p prime} is not only a set of 1-recurrence, but also a set of strong 1-recurrence.
For two sets A, X of positive integers, define

_ . AN X (1,
dx(A) = limsu
x(A) = lim sup o

Let P denote the set of all primes. In [I1], Green established a Roth’s-type exten-
sion of a result of van der Corput [6] on 3-term arithmetic progressions in primes:

Let P be a set of primes with dp(P) > 0, then there exists a non-trivial 3-term
arithmetic progressions contained in P.

The key of Green’s proof is a transference principle, which transfers a subset
P C P toasubset AC Zy =Z/NZ with |A|/N > dp(P)/64, where N is a large
prime. Using Green’s ingredients, now we can show that:

Theorem 1.4. Lety(z) be a polynomial with integral coefficients and zero constant
term. Suppose that P C P satisfies dp(P) > 0. Then there ezist x,y € P and
z € Ny w such that x —y = ¥(z).

Similarly, we have

Corollary 1.2. Let 1(z) be a polynomial with rational coefficients and zero con-
stant term. Suppose that P C P satisfies dp(P) > 0. Then there ezist x,y € P
and a prime p such that x —y = (p — 1).

On the other hand, the well-known Szemerédi theorem [23] asserts that for any
set A of positive integers with d(A) > 0, there exist arbitrarily long arithmetic
progressions contained in A. In [2], Bergelson and Leibman extended Theorem [IT]
and Szemerédi’s theorem:
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Let 1 (z), ..., Ym(x) be arbitrary integral-valued polynomials with 1, (0) = --- =
Ym(0) = 0. Then for any set A of positive integers with d(A) > 0, there exist
x € A and a integer z such that v + Y1 (z),...,x + Yy (2) are all contained in A.

Recently, Tao and Ziegler [26] proved that:

Let 1 (z), . .., Ym(x) be arbitrary integral-valued polynomials with 1,(0) = --- =
Ym(0) = 0. Then for any set P of primes with dp(P) > 0, there exist z € P and
a integer z such that x + Y1 (2),...,x + ¥, (2) are all contained in P.

This is a generalization of Green and Tao’s celebrated result [12] that the primes
contain arbitrarily long arithmetic progressions. Furthermore, with the help of a
very deep result due to Green and Tao [13] on the Gowers norms [14], Frantziki-
nakis, Host and Kra [§] proved that if d(4) > 0 then A contains a 3-term arithmetic
progression with the difference p—1, where p is a prime. In fact, using the methods
of Green and Tao in [13], it is not difficult to replace A by P with dp(P) > 0 in
the result of Frantzikinakis, Host and Kra.

Motivated by the above results, here we propose two conjectures:

Conjecture 1.1. Let 11(x),. .., ¥y (x) be arbitrary polynomials with rational co-
efficients and zero constant terms. Then for any set A of positive integers with
d(A) > 0, there exist v € A and a prime p such that x4+ (p—1), ..., 2+Ynu(p—1)
are all contained in A.

Conjecture 1.2. Let y(x),..., ¥y (x) be arbitrary polynomials with rational co-
efficients and zero constant terms. Then for any set P of primes with dp(P) > 0,
there exist x € P and a prime p such that x +¢1(p—1),..., 2+ Yn(p—1) are all
contained in P.

The proofs of Theorems and [[L4] will be given in section 3 and section 4.
Throughout this paper, without the additional mentions, the constants implied by
<, > and O(-) will only depend on the degree of .

2. SOME NECESSARY LEMMAS ON EXPONENTIAL SUMS

Let T denote the torus R/Z. For any function f over Z, define f2(z) = f(z +
1) — f(z). Also, we abbreviate e2™V~1% to e(z). Let ¥(z) = ajz® + - + apx
be a polynomial with integral coefficients. In this section, we always assume that
Wi layl,. .., |ax] <logN.

Lemma 2.1. Suppose that h(zx) is an arbitrary polynomial and 0 < v < 1. Then
for any a € T

q N

> hl@)e(ad(z)) = é > ela(r)/a) Y h@)e((a = a/q)i(x)) + Ouegn(h(N)NY)

r=1 r=1

provided that |ag — a] < NV /p(N) with 1 <a < q < N”.
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Proof. Let § = o — a/q. Then by a partial summation, we have

3 h(w)e(a(x)/g)e(0v(x))
—h(V)e(OB(N)) Ex (/) — 3 (hly + De(0(y + 1)) — h(y)e(0b ) Ey(a/0).
where
Fy(a/q) =Y elat(x)/q) = g e(atb(r)/q) + O(q)
Clearly

=(h(y +1) = h(y))e
=0(h*(y)) + O(h(

This concludes that

> l@)e(atp(x) /q)e(@y(x))

N

:é Z e(a(r)/q) Z h(z)e(6y(x)) + O(QqN@/)A(N)h(N)) . O(th(N)N),
O
Define
o (7) = {(% log(Wz + b) if Wx + b is prime,
otherwise,

where ¢ is the Euler totient function.

Lemma 2.2. Suppose that h(x) is an arbitrary polynomial and B > 1. Then for

any o € T

S ha) () (2))

W) S ) a) S hael( — af@)(a)) + Osegn (h(N) NeoVI)
—¢(WQ) 1<r<gq e z=1 peRe T : ot )

(Wrtb,g)=1
provided that |aq — a| < (log N)Z /i(N) with 1 < a < q < (log N)B, where c is a

positive constant.
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Proof. Let
Fy(a/q) ZAbW z)/q)
o(W)q
= —b)/W Arava(2).
ZW e(at((r = b)/W) /q) ZW S Al
(r,q)=1 Waz+r<Wy+b
r=b (mod W)

The well-known Siegel-Walfisz theorem (cf. [7]) asserts that

1 _ Y O(ye—¢Vesy
> logp o T OWe )

p<y is prime
p=b (mod q)

provided that g < log® y, where ¢, ¢’ are positive constants. Hence

S Awl) = g + O(Wye VisWw),

:BEAT’WQ
Waqz+r<Wy+b

It follows that

Fyfafa) = 2SS () fg) + OfyeVEI2)

oWa) 52,
(Wr+b,q)=1
Let # = o — a/q. Then
N
> (@) (x)e(ar(x))
=1
N-1

=h(N)e(0¢(N))Fn(a/q) = p_(h(y + De(0v(y + 1)) — h(y)e(0¢(y))) Fy(a/q)

N

il —c’\/log N/3
:f((w(;) 1;@ e(aw(r)/Q);h(y)e(ew(y))+O(h(N)N6 Viog N /3

(Wr+b,q)=1

<
Il
—

by noting that
hy +1)e(@d(y + 1)) = h(y)e(0¥(y)) = O(h*(y)) + O(h(y)0v(y + 1)).

Lemma 2.3. For any 0 € T,

N P(N)

Y VR @ = e(8y(x)) = ) e(bx) + OBY(N)PA(N)).

rx=1 =1
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Proof. Clearly

N Y(N) N PR (z—1)-1
D i = De(0p(x) = Y e(bx) = e@v(x) > (1—e(=by))
A (x—1)—1

Lemma 2.4. For any € > 0,

N
> elav() < N1+€<% po e )

r=1
provided that |o — a/q| < 2.
Proof. We left the proof of Lemma [.4] as an exercise for the readers, since it is
just a little modification of the proof of Wely’s inequality [27, Lemma 2.4]. O

Lemma 2.5 (Hua). Suppose that (q,ay,...,a;) = 1. Then

q

> e(w(r)/q) < ¢

r=1

for any e > 0.
Proof. See [27, Theorem 7.1]. O

/

for p > k282 where ged(¢) denotes the greatest common divisor of ay, . . ., ay.

Lemma 2.6.

'da <, ged(Y)y(N)*

S 0B (@ — De(ats(z)

Proof. Notice that

i(aw)A(x — De(aarp(x)) pda =af! ’ iwA(x — De(arp(z)) pdoz
/01 r=1 ‘ /0 z=1
=a” /01 i;wA(x — De(arp(z)) pda.

So without loss of generality, we may assume that ged(y)) = 1. Let v = 1/5 and
e=2" "y — 2—’;. Let

Moy ={a €T Jag—al SN“/B(N)}, M= |J M,
1<a<g<N¥
(a,9)=1
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and m = T \ M. Clearly mes(9) < N3 /i¢(N), where mes(9) denotes the
Lebesgue measure of 1.
If @ € m, then by Lemma 2.4l we have

S 68 (@ — Defai(a))

N -1 Y

=R (N =1) ) elat(x)) = Y (WA y) — vy — 1) ) elai(x))

1 r=1

=

r=1 Y

<<ewA (N)N1+E_21_ky.

[ 1> vt = Defavia)

On the other hand, when o € 91, by Lemmas 2.1 and 23]
q Y(N)

YA @ = De(ad(x)) = é > elav(r)/q) Y el(a—a/g)x) + O (N)N).

r=1 r=1

Hence

pda L Y(N)P NPT — o(p(N)P Y.

Let L = |p/2]. Obviously

Js

So it suffices to show that

/m > = Delav(z)

N 2L

Y i@ = De(ay())| da.

r=1

R /

m

> A (@ = De(adp(x))

2L
do < h(N)*L

Now

Zm(x — De(aty(z))

N a Y(N) ol

== elav(r)/a) Y el(a—a/q)x)|  + OW(N)* 1A (N)N”).
Hence
/zm ;¢ (z = De(ay(z))| da
4 P(N) ol
— 1§a§NV /{mw - ;e(aw(r)/Q) ; e((a —a/q)z)| da
(a,q)=1



8 HONGZE LI AND HAO PAN

Clearly
P(N) 2L P(N) 2L
|1 eta-alge) das |3 ela-alge)| da
Ma,q =1 T r=1

— > 1

1<z1,...,x2r, <P(N)
@1+ T =T 41+ T

<p(N)*L
And by Lemma 2.5
1 2L ) )
S Y eawtnjg| < Y o< N ¢ 2G9 = 0,(1)
1<a<q<N¥ r=1 I<a<g<N¥ 1<q<N”
(a,9)=1 (a,q)=1
since L > (3 — €)~*. We are done. O

Lemma 2.7.

S elaw(r)/g) <. ged(w)g T,

1<r<g
(Wr+b,q)=1

Proof. Clearly

q

> elap(r)/q) =D elav(r)/q) D uld)
1<r<gq r=1 d|(Wr+b,q)
(Wr+b,q)=1

where p is the Mébius function. Note that d | (Wr +b) = (d,W) = 1 since
(W,b) = 1. Hence

Yo ead(mfa)= Y pld) Y elav(r)/g),

1<r<q dlq 1<r<q
(Wr+b,q)=1 by exists r=bg (mod d)

where 1 < by < d is the integer such that Wb, +b = 0 (mod d).

1
For those d < ¢*®+1) with b, exists, we have

q/d—1
Y. elav(r)/a) =Y ela(dr+bi)/q).

r=bg (mod d)
Write

i=1 j
k koo,
i i _
=>» dr g ) ak—it1by
=0 i— M

/1, k /. k—1 / !
:al'r _'_QQT —|—"'+ak7’—|—ak+1.



DIFFERENCE SETS AND POLYNOMIALS OF PRIME VARIABLES
Notice that

(q,d),...,a}) = (¢,d"ay, by, ... a}) < d*(q,a1,dh, ... ad,).
Also
ay = d*(ay + kaiby).

Therefore

(q,a1,d5,...,a}) = (q,a1,d* tay, ... a,) <d* g, a1, as,...,d},).

Similarly, we obtain that

k(k+1)
(q,a},....a}) <d =2 (q,ai,...,az).

Thus by Lemma 2.5,

q/d—1 1-5+%
Z e(ay(dr +b4)/q) <c(q/d,a, ..., a ( q/d - ;C))

r=0

S(Q7a,17”’7 )
<(ar,... )" d’i Bi-a- q

On the other hand, clearly

q/d—1

> clavtar +ta)/a)| < 4 < g

r=0

when d > qk(kl+1>. Thus

Y vt/

1<r<q

(Wr+b,q)=1
< Y | X dwor | X e
1 1<r<q _1 1<r<q
dlg, dﬁqk(kf’_l) r=bg (mod d) dlg, d>qk(1f+1) r=bg (mod d)
and by exists and by exists

<<ed(q)(gcd(’l7/))l_;€q - % +2(k+1) + q k(kl_H))
< gcd(z/;)ql’m“,
where d(q) is the divisor function.

Lemma 2.8. For any A >0, there is a B = B(A, k) > 0 such that,

> Nw(@)e(ay(z)) <p N(log N)™*

provided that |a — a/q| < ¢ 2 with 1 < a < q, (a,q) = 1 and (log N)? < ¢
U(N)(log N)~F

IA
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Proof. At least Vinogradov had dealt with the case ¢(z) = z¥ and W = 1 in [28].
The proof of this Lemma is very standard but too long, so we give the detailed
proof as an appendix. O

Lemma 2.9.

p

i YA = Dw(a)e(av(x))| da <, ged(@)p(N)~!

for p > k2k+2 11,

Proof. Without loss of generality, we assume that ged(¢)) = 1. Let B > 2p be a
sufficiently large integer satisfying the requirement of Lemma 2.8 for A = 2p. Let

Myy ={a €T: |ag—a| < (log N)* [p(N)}, M= U Mg
1<a<q<(log N)?B
(a7Q):1
and m = T\ I

If & € m, then there exist (log N)*# < ¢ < ¢(N)(log N)™*# and 1 < a < ¢ with
(a,q) = 1 such that |a — a/q| < ¢~%. By Lemma 2§

> wl@)e(ad(z)) <p y(logy) .

B
E

for N(log N)~*% <y < N. Therefore

Z VA (@ = D) (2)e(at(z))

N N—-1 Y

— 1) elath(@) (@) = D@2y = 1)) elar(x) Aow(z)
=1 y=1 r=1

N

Ze Dhew(@)|+ > @2y - Dyl

1<y<N(log N)™ &
Y

> ela(@) o w(z)

=1

+ ) WMy
N (log N)7%§y<N

<Y (N)(log N)~*
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Let L = [(p —1)/2], then we have

N p
/ > A a = D (a)e(ar(x)| da
! N 2L
<5 ((IV)(log N) 20y~ / S0 (e - DA (@)e(at(@))| do
Nm:1 2L
< (V)P (log N) 2 / S0 - D (@)e(at(@)| do
T r=1
Noting that
N 2L
/T S 9 — Dhw (@)e(ap(@)| do
rx=1
= Z HQ/}A —1 )\b W(SL’])
w(xl)+---+w1(§3¥ib’?§fg+---+w(x2L)
2L
<(log(WN + b))** Z HIDA(%' —1)
W(@1)+- +w1(§f3’"ﬁ§f§+ +¢(12L)J:1
< (log N)? / Z@Z) (x — De(arp(z )) da,
<N

so using Lemma we have

I

If o € M, 4, then by Lemma

pdoz < Y(N)tlog N)*

Y A = DA (z)e(an(x))

<N

p

YA = DA (z)e(an(x))

_| 60) )
_' QS(WQ) 1szrgq e(aw(r)/Q) §V¢A(x — 1)6((a — G/Q)@Z)(l‘))
(Wr+b,q)=1

+O(¥(N) (log N)=™).
In view of Lemma 2.7, letting € = (k +2)~*

S Y dwe| < X /-0,

1<a<q<(log N)B »(Wa) 1<r=q 1<q<(log N)B
(a,q)=1 (Wr+b,q)=1
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p

da

Applying Lemma 2.6l we concludes that
YA (@ = DA (@)e(ad(w))
<N

IS clan(n)/fa)

L
2 oWaq) 2=,

1<a<q<(log N)P
(a,q)=1 (Wr+b,q)=1

. /m S 9@ — De((a — a/q)())

o)
( T |4 3 el

1<a<q<(log N)B

(a,9)=1 (Wr+b,q)=1
] vt - etavi)
< (NP

p

p

do 4 O(mes(M)Y(N)?(log N)~P)

"da+ O(W(N ) (log N) )

<N

g

Lemma 2.10. Suppose that i is positive and strictly increasing on [1, N|. Let
p > Y(N) be a prime. Then

1 P
P

for p > k2k+2 11,

N

Y U = Dw()e(—ri(z)/p)

z=1

p

<, ged(Y)Y(N)* ™

Proof. We require a well-known result of Marcinkiewicz and Zygmund (cf. [I1]
Lemma 6.5]):

> f@)e(—r/p) ' <<,,p/T 1£(0)|Pd0

r=1

2.

rE€ZLyp

for arbitrary function f : Z, = Z/pZ — C, where
R P
f(0) =) f(w)e(~bz).
=1
Define

2 (z — D (2) if 2 =9(2) where 1 < 2z < N,
f) =147 | -
otherwise.
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Then
N p
SIS 68— D (2)e(—b(2)r/p)
r€ly ' 2=1
p p
=% | st-arin)
r€lpy ' =1
p p
<, /T Zl f(x)e(—20)| do
N p
= [ |00 = Dhal)e(-u()6) | do
T z=1
<, ged(¥)p(N)
where Lemma [2.9]is applied in the last inequality. U

3. PROOF oF THEOREM [ 3|
Clearly Theorem [L.3]is a consequence of the following theorem:

Theorem 3.1. Suppose that k >t > 1 are integers, ax_+1 1S a non-zero integer
and 0 < § < 1. Let (z) = aya® +aga® 1+ -+ ap_i 12t be an arbitrary polynomial
with integral coefficients and positive leading coefficient. Then for any positive
integer W, there exist N (0, W,1) and c(0, ax_s11) > 0 satisfying that

i AzeA > (6 Wttia, !
Ag{rf,lgl,n}H(x’y’Z) Ty eAze 1vw,ZL‘—y—'¢)(Z’)}| —C( ’a’k—t-i-l) ¢(W)logn
A>6n

if n > N(0,W,1).

Remark. We emphasize that in Theorem [B.] the constant ¢(d, ax_¢y1) only depends
on k,d,ax_r1. As we will see later, this fact is important in the proof of Theorem

T4

Proof. Similarly as Tao’s arguments [25] on Roth’s theorem [19], we shall make an
induction on §. Suppose that P(9) is a proposition on 0 < 6 < 1. Assume that
P(9) satisfies the following conditions:

(i) There exists 0 < dp < 1 such that P(J) holds for any dy < 4 < 1.

(ii) There exists a continuous function €(d) > 0 such that 6 + ¢(9) < 1 for any
0 <6 <dpand P(§+ €(d)) holds implies P(d) also holds.

(iii) If 0 < ¢ < 6 <1, then P(¢’) holds implies that P(d) also holds.

Then we claim that P(d) holds for any 0 < § < 1. In fact, assume on the contrary
that there exists 0 < 6 < 1 such that P(J) doesn’t hold. Let

0= limsup .
0<5<1
P(4) doesn’t hold
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From the condition (i), we know that §* < . Since 0 + €(d) is continuous, there
exists 0 < 6; < 0* such that

5"+ e(6")) — (31 + ()] < 5e(6),

ie, 0 < d < < +€(0) <1. Hence P(6; + €(d1)) holds but P(d;) doesn’t
hold by the definition of *. This is obviously leads to a contradiction with the
conditions (ii) and (iii).

Suppose that A is subset of {1,2,...,n} with |A| > on. Firstly, we shall show
that Theorem [B.1] holds for § > 3/4. Define

TWW(A) = |{(«T,y,z> STy € A,Z € Al,WVT —Yy= w(’z)}‘
Clearly
1
1 Wnta,*
AMw:1< < > L
|{Z € 1L,w = w(’z) = n/3}| = 4k (b(W) logn’
whenever n is sufficiently large (depending on the coefficients of ). And for any
1 <2< n/3,
{(z,y): 2y € Az —y =2} =[AN(z + A)
=2|A| = |[AU(z+ A)|
2-3n  4n
>

n
= 4 3 6
Hence

1 Waltha
A) > L.

rwa(4) 2 24k ¢(W)logn

Now we assume that § < 3/4. Let € = €(d,ar—++1) be a small positive real
number and @ = Q(J, ax_¢11) be a large integer to be chosen later. We shall show
that if Theorem [B.1] holds for ¢ + e, it also holds for §. Define

by(x) = P(gr)/¢" = arg""a" + -+ ap
By the induction hypothesis on § 4 ¢, for any 1 < ¢ < @
c(0+ € ap—rp1) Wq n'*x(arg" )%
2 o(Wyq) logn

i A) >
Ag{q}gg_’n}rw(l,@bq( ) >
A> (0%
provided that

n > ma%N(cSJre, Waq,v,).

1<¢<
Let A,, (b, d) denote the arithmetic progression {b,b+d,...,b+ (m —1)d}. Sup-
pose that

n > max{erlalt oD gte—1o max N(6+ e, Wq, 1)}
9>

and A C {1,2,...,n} with |A| = dn. Let m = [107%eQ'n]. Observe that
{b: z,y € A, (b,q")} < m for every pair (z,y). Let

Apg ={1+(x—0)/¢" ;2 € ANA,LD, ")} C{1,2,...,m}.
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Clearly if o',y € Ay and 2’ € Ay, satisty that o’ —y' = ¢,(2'), then
r=b+@" -1, y=b+ ' -1 €A, 2=2qe hw
and z —y = 1(z). So if there exists 1 < ¢ < @ such that
H1<b<n-mq: |Apgt| > (0 4+ €)m}| > en,

then
1
rwp(A) 2 > rwaw,(Aug)
1<b<n—mgqt
0+ € ars1) Wg mi(ag s
>en
2 o(Wq) logm
1 1 -1
>c(5 +€ ap_t11)eTF Wnltea, *
- 400Q d(W)logn
So we may assume that
H1<b<n—-—mq" : |[ANA,LD,¢")] > (§+€)m}| < en (3.1)

for each 1 < ¢ < Q. Let
M =max{r € Z: ¢Y(z) < n}.

, 1
Clearly M = n¥a; *(1+ o(1)). We shall show that

[ (gt et ) (3 026 - Dhwlletan(s) )da

— 52
rz<n z<n 2<M
is relatively small.
For 1 < ¢ < @, define

1
Moy ={as o= afal < Ja~'m'}.

Let
M=) M,

1<a<q<Q
(a,9)=1

and let m = T \ M. Let B be a sufficiently large integer. For 1 < ¢ < (log M)5,
define
M, = {a: |ag—a| < (log M)" /o(M)}.
Let
me=
1<a<q<(log M)B
(a,9)=1

and let m* = T \ 9"

Suppose that a € m. We know |ag —a| < (log M)Z /4(M) for some 1 < a < g <
(M) (log M)~P with (a,q) = 1. If « € m*, i.e., ¢ > (log M )5, then |a—a/q| < ¢
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and (log y)g < ¢Y(y)(log y)*g for any M (log M)~ 2r <y < M. So applying Lemma
and a partial summation, we have

DR = D ()e(ad(z) g v(M)(log M)~ < n(log M),

whenever B is sufficiently large.
Now suppose that ¢ < (log M), ie., a € M*. Applying Lemmas and 23]
we have

Y Az = DA (2)e(ad(2))

o) N
oy (2, 00 2 vRl el afau)
(Wr+1,g9)=1 -

+ O (M) M (log M)~*F)

w A —4B
:j((W;) 1;@ e(aw(r)/q);e((a—a/q)z)—1—0(1/1 (M) M (log M)~*%).

(Wr+1,9)=1

Since a € m, either ¢ > Q or |o — a/q| > %q_tm_l.

If ¢ > @, then in light of Lemma 2.7

Gy T o) |gn X )] < ol
(Wr+1,g)=1 (Wrt1,9)=1

And if |a — a/q| > 2¢7'm™, then

n

S el(a - afg)z)

z=1

1 —e((a—a/g)n)
1 —e(la—a/q)

< Admg'm.

Hence for « € m

3 02z = DA (2)e(adb(2)) < Crlag-i1|Q 5@ in + dmm@Q" + O(n(logn) ™).

2<M

Suppose that o € M. Let 7 = 14 — 6§ where 14(z) = 1 or 0 according whether
x € A or not. Let

S(a) = - e(ac)
and
T(a) =" 7(b)e(ab)
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Then
ZT Ze (b+ cq"))
Z " 1) Y b+ e) + Rlc)

where |R(a)| < 2m?¢'. When |ag" — ag"™| < im™,

1 —e(m(ag’ —ag"™")) ' S ™

N ¢ -1y _
|S(aq)| = |S(aq" —ag™)| ‘ 1 — e(ag' — agh1)

Hence for o € M, 4,

t

n—mgq m—1
m|T(a)] < 7[S(ag)T(@)| < 7| Y elalb+(m—=1)¢") Y 7(b+cq')| +7|R(a)].
b=1 c=0
Notice that
H1<b<n—-—mq : ze€A,bqd)} <m,

and the equality holds if 1+ (m — 1)¢" < x < n —mq'. Tt follows that

n—mgq* n— mq

m|A|>Z|AﬂA bq|—ZZlA gt () > m|A| — 2m*¢’,
z€A b=1
whence
n—mgq*

Z (AN A, (b, ¢")| — (5 + e)m)’ < enm + (2 + d)m?¢’

b=1
By the assumption (B.]), we have

> (JAN A (b, ¢))| — (6 + €)m) < en(1 — §)m.
1<b<n—mqt
|ANA, (b,q?)|>(5+€)m
It follows that
n—mgq* n—mgq*
S AN ARG @) = m < S AN An(b,g)| — (6 + )] + enm
b=1 b=1
< Y (ANAG)l - (6 +am)
1<b<n—mqt
|ANAm (b,g1)|>(6+€)m
n—mqt
+ D (AN ARb,g")] = (6 + e)m)| + enm
b=1

<denm + 4m?¢'.
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Thus for any a € IN.

n—mg* m—1
T (cv)] g% < Z e(a(b+ (m—1)q")) Z 7(b+ cq')| + 2m2qt>
b=1 c=0
- n—mqt
_E< Z I|AN A, (b, ¢")| — dm| + 2m2qt)
b=1

<4men + 6mmQ",

ie.,

Z la(z)e(az) — 6 Z e(ax)| <

It is easy to see that

2 _2 2 _2 _2
[l = 117 < [l = [yl (el + [y1)* 7 < 4lz =yl (2 +1yl*7)
for any p > 2. Let p = k283, Then

‘/( . ie(aaz)
16eni/ ( K

r)e(az)| — 6°

) (fﬁw% - 1>A1,w<z>e<aw<z>>)da

z=1
9_2
p)

n

Z e(ax)

=1

T

(2)e(ap(z))|da

By the Holder inequality,

Applying Lemma 2.9]

/M
Tz—l

Therefore

p

(2 = DArw(2)e(arp(2))| da < Colag—ap(M)"".
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M

D VA = DAw()e(ad(2)

z=1

9_2
P

n

Similarly,
Z e(ax)

LJT r=1

It is concluded that

‘/W(Zu e(ax)

1
<8CY |ap_pia|7er (577 + 627 )n?

Now we have shown that

( ZlAe o)

S(QCl‘akftJrl‘Qik(lirQ)n"i_57TmQt / <

2

1
da < CY |ak,t+1|%n2_p.

2

o

n

Z e(ax)

=1

2) (ZM:WZ - 1>M,w<z>e<aw<z))) da

z=1

_52

Z e(a

z<n

7) ) (3 026 - Dhuwletan(s) Jda

z<M
2
Z 1e(ax) Ze(aaz) )da
z<n

z<n

+52

1
+ 8CF |ap_rir|rer (577 + 62 #)n?

<4Cl|a,k t+1|Q k(k+2)5n +€5n +160 |a/k t+1|P€P§ e 2
On the other hand, we have

s

2<§3¢A<2 - 1>A17w<z>e<a¢<z>>)da

z=1

Z e(ax)

r=1

> ) 2z = DA (2)
1<ay<n
M/4T1<<M/2
T—y=1(2)

> (n = (M2 (M /4)
It follows that

/znzleeozx
T

M

(Zw - DA(Je(an(z) ) da
z(iwz - 1>A1,W<z>e<aw<z>>)da

A apr | QT OR? — €602 — 16C ap_ron|Fer 8" bn
2

k§?n? 1 -1, 2
ZW—ZlCl\ak,tH\Q K52 62 — edn? — 16C lag_ Hl\ﬂéﬂé .
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+1 . —1 1
Let € = 4=* 205 C5 ? |lap_41| "2 and
k4+1)* ¢—2k(k+2) ~k(k+2 k(k+2
Q = AW 522 oh (k) L RR2),

Therefore

|{($7y72) LY S A,Z S Al,Wax —Yy= w(z)H

YA (M) log(WM + 1)

z=1
W62 nitE ay %
> .
4R 2kp(W)  logn
This concludes our desired result. O

Finally, let us briefly discuss the bound in Theorem I3l Let Ry (0) be the least
integer n such that for any A C {1,2,...,n}, there exist z,y € A and z € Ay w
satisfying  — y = ¢(2). In our proof, we choose € = €(§) = Oy, _,(69*1V) and
Q = Q(8) = Oy, |(679W). So the iteration process § — & + €(5) will end after
Ojay_, (679 steps. Also, clearly for § > 3/4,

Ry (6) < (lar] + -+ - + [ag—o)(min{p : p € Arw})".
Notice that when the iteration process ends, W will become WQO\%%\(‘S_O’“(U) and

O\ak—t\(‘siok(l))

a; will become a;Q) . Hence we have

Ru(8) < xp(Ovway,. oy (5 Csd O,

since min{p : p € Ay} < M. In other words, if a subset A C {1,2,...,n}
satisfies |A| > Ow.a,....a,_,(n/logloglogn), then there exist z,y € A and z € Ay w
such that x — y = 1¥(z). Of course, this bound is very rough. And we believe that

it could be improved using some more refined estimations (e.g. [18], [1], [16], [17],
[20]).

4. PROOF OF THEOREM [1.4]

Write ¥(z) = a12* + apa® ' + -+ 4+ ap_r 12" where ap_iy1 # 0. Let § = dp(P).
Since dp(P) > 0, there exist infinitely many n such that
49 n
5 logn

[P Nln] =

Define
w(n) = max{w < logloglogn : n > 16W(w)N (6, W(w), Yww)) }
where N (6, W, 1)) is same as the one defined in Theorem B.Jand W(w) =[] p<w p-
p prime
Clearly lim,, o, w(n) = co. Let w = w(n) and W = W(w). Then
21 >
> logr> Y loga > —PL(PN[Ln][—ni) >

z€PN[1,n]
(z,WV)=1

- Nn.

| 9

2
z€PN[n3 ,n]
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Hence there exists 1 < b < W' with (b, W) = 1 such that

)
E logx > —~ .
x€PN[1,n] 2¢(W )
x=b (mod W?)

Let
A={(z—b)/W': x € PN[l,n], z =0 (mod W")}.

Let N be a prime in the interval (2n/W?', 4n/W']. Define Ayt n = Xpwt/N and
a =14 pwe n. Then

p(W") on 5
20 2 5N 20w 2 §

v

Let
Yw(r) = ¢(Wx)/Wt =aWish 4. 4 Qp—p 12"

Clearly 1y (2) is positive and strictly increasing for 1 < z < M, whenever W is
sufficiently large.

Below we consider A as a subset of Zy. Let M = max{z € N: ¢,y(2) < N/2}.
If 2,y € Aand 1 < z < M satisfy z — y = ¥ (z) in Zy, then we also have
T —1y = Yw(z) in Z. In fact, since 1 < z,y < N/2and 1 < z < M, it is impossible
that * —y = ¥ (z) — N in Z. For a function f : Zy — C, define

fry="Y_ fx)e(~ar/N).

TELN

Lemma 4.1 (Bourgain [4], [5] and Green [11]). Suppose that p > 2. Then

> la(r)lr < C(p),

where C(p) is a constant only depending on p.
Proof. See |11, Lemma 6.6]. O

Lemma 4.2.

2.

reZyN

S U8 — Do (Rel—tw(2r/N)| < ) arnl V7.

z=1

provided that p > k2843 where C'(p) is a constant only depending on p.

Proof. This is an immediate consequence of Lemma [ZT0 since ged(vy) < |ag_s11]-
U

Let n and € be two positive real numbers to be chosen later. Let
R={reZy: a(r)>n}

and
B={re€Zy: ||lzr/N| <eforall r € R}.



22 HONGZE LI AND HAO PAN
Define § = 15/|B| and a’ = a * 8 x 3, where
Frglx)=>Y" fyglx—y).
YEZN
Let o = k2k+3.
Lemma 4.3.

" (@(@)d(y) - alz)aly) ez — DAvww(z) < C(e27% + ne).

Z‘7yeZ]\7
1<2< M
z—y=1w(2)

Proof. 1t is not difficult to check that
Z a(x)a(y)@/)ﬁ,(z — DAww(2)

:% EZZ d(r)&<_r)<;¢$v<z - 1))\1,WW(2)€(—1/1W(,2)T/N)).

Also, it is easy to see that (f x g) = f§. Then
Yo d@d @D ww(z) = Y al@aly)e(z — DA (2)

r—y=1w(2) r—y=yw(2)
1 _ 5 M
= 2 a(rya(—r)(B(r)*B(—r)* = 1) ( ; P (z — 1))\1,ww(2)6(—¢w(z)r/N)) '

If r € R, then by the proof of Lemma 6.7 of [11], we know that
B(r)?B(—r)* — 1] < 21,
And applying Lemma with a =a=¢q =1,

D Uiz = Ddww(2) =Y Uiz — 1) + Oy (M) Me™ VM) < 24y (M),

Therefore
S a(r)a(—r) (3 B—r) — 1) ( S Uiz - 1>A1,Ww<z>e<—ww<z>r/fv>) ]
<2 3 )| S UG~ DA el (/)|

<2y, (M)|R).
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In view of Lemma EIl with p = 5/2, we have |R| < C"~%. On the other hand, by
Holder inequality;,

S ar)a(—r)F02A(—r) — 1) ( S (e 1>Alvww<z>e<—ww<z>r/fv>) '

réZR

o—1

<2sup |a(r)|e (Z |d<r>|25_f)g (Z

réR &R &R

1
Q)Q

where in the last step we apply Lemma [T with p = (20— 1)/(0 — 1) and Lemma
with p = 0. All are done. O

¢$\/(z — DAww (2)e(=vw(z)r/N)

z=1

<2 - C((20— 1)/(0 = 1)) 7% - (Jar—41]C"(0))Z N,

Lemma 4.4. If ¢l > 2loglogw/w, then |d'(z)| < 2/N for any x € Zy.

Proof. See [11, Lemma 6.3]. O
Let A'={x € Zy: d(x) > z6N"'}. Then

2 (N -4 2 Y W@ = Y a(e) 2

N 16N - -

TEZN TELN

)

0
8

whence |A’|/N > §/32. Let Ay = A N1, (N —1)/2] and
Ay ={z—(N-1)/2: z€ AN[(N+1)/2,N —1]}.

Clearly there exists i € {1, 2} such that |A}|/N > §/64. Without loss of generality,
we may assume that |A}|/N > 6/64. Applying Theorem B.], we know that

|{(ZL‘,y,Z) LY € Allaz S ALWW N [LM]’:E —Yy= ¢W(Z)}|
WW (N/2)Y & (ay Wh—) &
d(WW)log N

>c(6/64, ax—t11)

Let ¢ = 752¢(6/64, a_41). Clearly

WW (M)
(WW)logM "~

‘{(l’,y,Z) XY € AIDZ S AI,WW N [1,C/M],.T —Yy= wW(’Z)}‘ S ¢

Therefore

H('rvya Z) Ty € A/17Z S Al,WtW N (C/Ma M],Jj‘ —Yy= wW(’Z)}‘
> 0(5/64, ak,t+1) WWNPF% (alwk_t)’%
= g S(WW) log N
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It follows that

Z Uiy (z = DA (2)
z,y€eA]
1<2<M
T—y=w(2)
> 0(5/64, ak_tH) WWNIJF% (alwk*t)*% ‘ wﬁ;(CIM)Qs(WW) log M
- 8 d(WW)log N 2WW

>c(5/64, Ap_t1)c* 1

N2,

So

T, YELN
1<2<M
r—y=hw(2)

> Y d@dWYi(z — Dhww(z) — C@n? + )

mvyEZN
1<2<M
r—y=thy(2)

52 5 1
> O Ui = D (z) - O(En7E 4 )
x,ycAl

1<2<M
r—y=1w(2)

(8, ar—rs1) — C(2n5 +12).

> 2loglogw/w such that

C(ens + 7}%) < (0, ax_411)/2, whenever w is sufficiently large. Hence

Finally, we may choose n,e > 0 satisfying "

Z a(x)a(y)¢$v(z — DAww(z) > M >0

$7yeZI\7
1<2<M

r—y=1p(2)

for sufficiently large N. O

APPENDIX: EXPONENTIAL SUMS ON POLYNOMIALS OF PRIME VARIABLES

Lemma 4.5.
ZdQ < N(log N)¥~1, (4.1)

where

d(@) = |{(a,- - ax) s ar,... ax € ZF ay -+ ay = 2},

Let K = 2F-1,
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Lemma 4.6. Let ¢(x) =

25
a1x® + axx® ' + - + apx be a polynomial with real
coefficients and a; € Z*. Then

v .
Y e(a(a)) < VI (v’“ v (log 1) ( " min{V, Hak!alyuw) )
1<z<V y=1
(4.2)

for any real . In particular, if |a — a/q| < ¢2 with (a,q) = 1, then

(
i (log(a1qV)) 2%
1<z<LV

¢ \* 43
§+V+a1V’f) ) (4.3)
Proof. Define the intervals I,;(V; hq,

.. .,hj) by ]1(V, hl) = [1,V] N []_ —hl,V—hl]
and

> elay(r) < V(V—% 4 k-1)? (1 1

]j+1(V; hl, .. .,hj+1) = ]j(‘/7 hl, .. .,hj) N {l‘ DX+ hj+1 S IJ(V, hl, .. ,h])}

For j > 1, we know (cf.[27][Lemma 2.3])that

27

Y elav(x)| <@V > Ti(Vike,.o k),

1<2<V

where

In particular,

Tk,1<v; hl,...,hkfl) = Z

z€ly_1(Vihi,...,hi_1)

€<05h'1 e hk*lgk71<x; h'17 R h’k*l))u

where

gk_l(ZL‘; hl, ey hk—l) = k:!al(x + (h1 4+ 4 hk_l)/2) + (k’ — 1)!(12.
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Therefore

Z e(aklayhy - hy_q7)

1<2<V

1
)K
—V<hi,..., hi_1<V

<Vi-% (Vk—l + Z min{V, ||aklahy - - - hk—1||_1}>

==

V<hi,he 1<V
hy--hi_17#0

1
%
<y (vt Z di_1( min{V,Hak?!alyH_l})
1<y<V]’c 1
1

vk (it ( S ) ( 3 nnnUAHaMaumfﬁ)%)

1<y<VE-1 1<y<Vk-1

1
<<V”k((vk1 + V2 (log V)" 2k< 2 mm{v’Hak!alyHl})>

1<y<VE-1

x|

==

Finally, if |« — a/q| < ¢2 with (a,q) = 1, then by Lemma 2.2 of [27], we have

kla  VE—1
> min{V, [laklay| ™Y < Y min{kla VE/y, [lay) '}
1<y<Vh-1 =1
<hlayVF log(2kla VEg) (£ + 2 4 — 9.
g V  KlaVk
We are done. 0

Lemma 4.7. Suppose that ¥(z,y) = D1 jchi1 xR~ yk =it s q polynomial
with real coefficients. Suppose that a1, € ZT and a1 = 0. Then

S clavte)

1<y<V

2

1<z<U

M 1 1 q K
<UV (U W VR 4l (log(anUV) (g tt rUkvk) )

provided that |o — a/q| < ¢~ with (a,q) = 1.
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Proof. Write ¢ (x,y) = Y541 4p;(x)y* /1. Then by Holder inequality we have

2.

> clavton)

1<z<U | 1<y<v
K\ #
v (| X ctasten] )
1<z<U | 1<y<v

==

<ULV xVi% ( 3 > e(ahy - hp1ge1(z,y; ha, - . ., hk—l)))

1<z<U  |hilyeos|hig—1| SV
yE€l_1(Viha,...hg—1)

SUl—%Vl—%< Z

[Pl R —1| <V
yEl_1(Viha,..,hg—1)

> e(ahy - hy_igioa(@,ys b, hir)

1<z<U

1
KN\ x=
b)

where

gk,l(x, Y, hl, ceey hkfl)
=k (x)(y + (hy + -+ he—1)/2) + (k — 1)a(2).

Note that degn, < k — 1 since a;3 = 0. Thus applying Lemma [A.6]

K
Z €(Oéh1 - 'hkqgkfl(l’, ysha, .o, hkq))
1<ax<U
1
<UK-* (U’H +U(loglU) T ( > min{U, [la(k!)?aih - - hk_lyz”_l}) )
1<z<Uk-1

provided that hy---hi_1 # 0. So

2.

K
> elahy - hiagea(@,yiha, o b))

[Pl g —1| <V 1<2<U
y€l—1(Viha,..,hg—1)
K
<URVFL 4 e(ahy---h h h
1" kflgk71<x7y7 IR k*l))
[Py [ hie—1| SV 1<2<U

hi--hp_1#0
yElp_1(Vihi,...hi—1)

2_
<(log U)* =+ UK ~5 >, (Z mm{U,||a<k!>2auh1---hk_lyzn-l})
|| -1 [V 1<z<Uk~1
hy--hi_17#0
yelk_l(v;hl ..... hk—l)

+URTVE UYL

1
2
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Furthermore,
3
Z ( Z min{U, [|a(k")2ay 1 hy - - - hk—1y2||_1})
|h1‘ ..... ‘hk_l‘gv 1§Z§Uk71
hi-hp_1#0

yEl_1(Viha,..hy_1)

<<v’é( 3 > min{U, [la(k!) arihy - - -hk_lyzH‘l})

[Plsehie—1|SV 1<z<UF~1

1
2

hi-hg_17£0
1<y<v
<<V'§( > den(2) min{U, HOé(’f!)QGHZ”l})
1<z<Uk-1Vk
! 1
@i T anw) (T wn e y)
1<2<Uk—1Vk 1<2<Uk-1Vk
1
<VEU I (log(UV)) 5" < > min{ (k!)*a, U*V*/z, HMHI}>
1<2<(k)2a1 Uk—1VE
1
3k Wik 1ok ok (1 1 q i
<VaUi(log(UV)) + -afyUsVi(log(a11qUV))4 <5 + U + W) '
All are done. O
Lemma 4.8. Suppose that ¥(z,y) = Z1§i,j§k+1 aijxk—i-i-lyk—j—i—l is a polynomial

with real coefficients. Suppose that a1, € ZT and a1 = 0. Then

2.

U<z2U

> ettt

1<y<V/x

BN 2_2 1 1 1 :
<V (U%V—% + UTRE 4 +aff” (log(anqUV)) " we (_ ST )M )

q U aqu
(4.5)
provided that |o — a/q| < ¢~ with (a,q) = 1.
Proof. Write 1(x,y) = Zfill Vi (z)y" =1 And let
Ti1(z,Q;hy, ... hp1) = Z e(ahy - h_1ge—1(z,y; Py, ... hie—1))

yElr_1(Q;h1,...hg—1)

where

gk—l(% yihy, .., hk—l)
=kl (2)(y + (hy + -+ hy—1)/2) + (B — 1)l ().
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Then

2.

U<z2U

S ctatte)

1<y<V/zx

SUl_% ( Z (V/IE)K_k Z Ti1(x, |V/z];he, ..., hk—l))

U<a<2U |hi]yeo b1 |<V/a

bt ¥ S R V)

[P1lsens| A —1 | SV/U U<z<2U
rz<minj<;cp V/|hi|

By an induction on j, it is not difficult to prove that I;(Q1;h,.
,hj) if Q1 < Q2. Hence for any y, the set

Ij(QQ; hl, Ce

I(y;hy, ... hy) ={z: ye Li(|V/z];hy,...

is exactly an interval. Then

Z xk_Kkal(x; h17 R hk*l)

U<z<2U
1<e<ming << V/|hl

= Z Z " Fe(ahy - heagea (@, y; b, -

yelk_l(V/U;hl ..... hig_1
z€l(y;hi1,eshi—1)

By Lemma [£.6] we know that

Q2
Z wk_Ke(Oéfh o 'hk—lgk—l(xa y;hy, .o, hk—l))

r=Q1

Q2
=Q5 " Z e(ahy -+ hgagr—1(x,y; hay oo hi1))
=1

Q1—1

-y " Z e(ahy - hg—1gr—1(z,y; ha, - hi-1))
r=1

==

29

x|~

L hy) C

S he-1)).

Q2—1 X
- Z (X 4+ 1)K — X5 Z e(ahy - hy_1gr—1(x,ysha, ..o hio1))

X=Q1 =1
k2 —2k

e 9k _ E
<QRQ, K( 57+ Q3 (log Qa) 2

'<

k—1
@3

x|

> min{Qs, [[a(k)?arihy - hyayzl| 7'}
z=1
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Therefore

> > KT (s ha, . )

|R1]yees 1| <V/U U<z<2U
1§m§min1§i<k V/|hl‘

<<Vk71U27K+Uk7K+17§ Z Z (Ukl

[hal,. sl —1|SV/U 1<y<V/U
1...hk71

- < Z min{2U, ||a(k!) a1 hy - - - hk_1y2||_1})

1<2<(2U)k1

[SIE
x|~

2
JrUg(logU)lc z

)

e A (kal + Ut (logU)* 7

> > ( > min{QU,Ha(k;!)Qanhlu-hk1yzH_1}))

Al hi—1 |SV/U 1<y<V/U N 1<2<(20)k1
1-hg_17#40

N[
x|~

Also,

1

Z Z ( Z min{2U, ||a(k!)%a1 b - - 'hk—l?/zn_l}) 2

[Py [hie—1|SV/U 1<y<V/U - * 1<2<(20)k 1
hi-hg_17#0
1

<Vi U( 3 S Z min{QU, (k) 2aiihy - - ~hk1yz|!1})

il \hk SV/U 1<y<V/U 1<2<(20)k

hi 170
ok—1y/kpy—1 2
<VEUTS ( Y dea(z)min{20, ||a(k!)2a112||‘1})
z=1

1
k

«ﬂ/éUé.vu(kg(kaU)”f“( }: nnn{QUkakDQanzul})

1<z<2k-1yky -1
1
1 1 q 4
~+ =+ :
(q U anvk)

K242k

<VIEU 2 (log(VU 1))

PN

-ah Vi(log(angV))
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It follows that

>

U<z<2U

> ctavte)

1<y<V/x
<<U1 Kvl (Vk 1U2 K+U1 Kkaf (VkU 1
1.1
3k2— 2k+1 1 1 q T\ K
+ aHV (log(a11qUV)) (5 + i + auV’“) ) )

3k2—2k+1 1 1 q e
v(vkv-k U 1 uv ¢ U |
< ( » * + K? + +aif (Og(allq ) (q + U + allvk) )

==

U

From Lemma [4.§] it is easily derived that

> Y devty)

U1<z<Uz y<V/z

2_ok41 (1 1 2
<<V10g U2 (U2K V_? + Ul K2 + (1, (lOg((lanQV))Sk 4K2k+ <§ + — + q ) e

U1 auV’“
(4.6)
Lemma 4.9. Suppose that P(,y) = 3 ;i cppr @™ Ty* 7+ is a polynomial
with real coefficients and ay1, asi, . .., @11 € Z. If apioF4agxb 1+ - +agi11 #0

for each 1 < x < U, then

>

1<z<U

K§<jve<a¢<x,y>>]

1 — 1 2K
< UV (V_%U% +a3KU%(log(a*qU V)) s ( + ‘(i + %) ) (4.7)

provided that |a—a/q| < ¢~ 2 with (a,q) = 1, where a. = |a1|+|a2 |+ -+ |ars11]-

Proof. Write ¢(x,y) = Ek“ ¥;(z)y*~91. Then by Lemma LG we have

2

1<ax<U

> clav(on)

1<y<V

< ¥ v (vl sty ) (54 o))

1<ax<U

k -1 (1 1 q \ 2%
<«UV(Vh + aZ¥ Uk (log(a.qU*V)) ‘55 Srpt) )
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Lemma 4.10. Suppose that ¥(z,y) = 3 i icpia ai;z Ty FIt s polynomial
with real coefficients and ayy, as1, . .., agy11 € Z. If apoF4agxb 1+ - +agi11 #0
for each 1 < x < U, then

S| X davtn)

1<z<U ! 1<y<V/z

pop e (1 U g\
<V(og )|V ®Ux + aQKUQK (log(a.qU™V)) =2 + vt vE (4.8)

provided that |a—a/q| < q=2 with (a,q) = 1, where a, = |a11|+|a21|+- o |agsa]-

Proof. Write ¢(z,y) = Zkﬂ ( ) k=i+1 Now 1, () is a polynomial with integral
coefficients. Hence by Lemma 0l we have

Dol D elad(ay))

1<z<U ' 1<y<V/z

L

<) Vx‘l(v—;x;+|w1<x>|ﬁ<<1og<|¢1< V) o 1)2<1+ ' wl?x)Wk)M)

1<a<U

1 2 1 2K
<V(logl) (V‘%U % 4 aF< U7 (log(a.qU*V)) 2% (‘ - % * %) )

n

Lemma 4.11. Let ¢(z) = a12® 4 a1 4 apx be a polynomial with integral
coefficients and ay € Z*. Let A > 1 and B > 32k*(k? + K?)A. Suppose that
1< W,a; < (logV)? and 1 < U < VI for some § > 0. Then for any integer b
and 1 < c¢,d <W with ¢ =b (mod W), we have

3 ' S elab((ay — b))

1<z<U 1<y<V/z
z=c (mod W) y=¢ (mod W)

provided that |a — a/q| < ¢~ with (logV)? < ¢ < ¢(V)(logV)~8 and (a,q) = 1.
Proof. Let

<Lap V(logV)~ el (4.9)

U, = min{gz2, (2VF/Whq)ze U}
Apparently U, > min{(log V)B T ,U} and
U, < (q-2VF/Whq)#e < Ve,

Rewrite

> | X elavla-nm)

1<y<V/zx
(mod W) y=¢ (mod W)

(T ¢ X)) T castm-nm)

<z<Ux U.<z<U 1<y<V/z
(mod W) x=c (mod W) y=c (mod W)



DIFFERENCE SETS AND POLYNOMIALS OF PRIME VARIABLES

Clearly

S| X davte-nm)

1<a<Us 1<y<V/z
z=c (mod W) y=¢ (mod W)

:—Z Z (j(x —c)/W)

j=1 1<z<U, 1<y<V/Wz
< S| X davter+ el -nwy| o),
1<a<Us | 1<y<(V/W) /2

By Lemma [4.10],

2

1<z<Ux

S elanley + (o b)/W))'

1<y<(V/W)/=z

q

PR /1
<<V10gU*(V KWRUF + a?X UZF (log(aiqV W U,)) "5 <_+

B—(k+1)A

If U.=U, then U < (logV) 22 and

_k_ 12 1
VlOgU*<V RWRUK + a?€ UZF (log(aygV W' U.)) 7 <§+

(k 1)

<VilegU(V™ KWRUK +af (logV)

1+(k 1) +(k+2)A (2k—1)B

<45V (logV) K

Below we assume that U, < U, then (log V) e < U, < Vir and

i
=
S
08
—~
2
LS
g
=
~—
~—
[ V]
=

Vlog U, (V KWRUF + a?X U

1 1
<ViegV(V EWEUX + a2 (log V) 2 (UZKq 2% + UK V™

+(k 1) +(k+2)A (2k—1)B

< 4,8V (log V) TFK

U,
v

U,
v

33

Y. elad((@(Wy+¢) —b)/W))+0(1)

Vk

Vk

(U2Kq 3K +U2KV 3K +(10gV)

1
Wk 2%
+4 ))

Wk 25
)"

(2k2 -Hc)A (2k—1)B
kK

)
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On the other hand,
3 Y clad((oy - b)/W))'

Up<z<U 1<y<V/z
r=c (mod W) y=¢ (mod W)

> S avten+ (e )/W))
(Us—c)/W<a<(U—c)/W ' 1<y<V/(Wz+c)
y=c (mod W)
= > Y elav(zy + (ye—b)/W)) + O(V/Wa?)
(Us—c)/W<a<(U—c)/W ' 1<y<V/Wz
y=c’ (mod W)
-y S clavay + (e /W) + OW/WEL).
(Us—c)/W<a<(U—c)/W ' 1<y<V/Wz
y=c' (mod W)

Notice that

2.

(Us—c)/W<a<(U—c)/W

1
S
(Us—c)/W<a<(U—c)/W

<
spm 2
(Us—c)/W<a<(U-c)/W

Hence by Lemma [4.8]

D

(Us—c)/W<ax<(U—-c)/W

S lavten+ (e )/W))
1<y<V/Wz
y=c (mod W)

> elavlay + (ye—b)/W)) Y el —cy/W)]

1<y<V/Wz

S elanilay + (e — )W+ (y - c/>j/w>].

1<y<V/Waz

S ooy + (ye— bW+ (y - cf>j/w>]

1<y<(V/W)/z

362 —2k+1

<<VW110g(UW1)<UKV 4 UTRWR £ 0 (log V) it U*“KQWMIQ)

3kZ—2k+1+3A B

< 4,8V (log V)IJr 4K? 8k2KZ

g

Lemma 4.12. Let ¢(z) = a12® + agaz™ - -+ + apx be a polynomial with integral
coefficients and a; € Z*. Let A > 1 and B > 16k3A. Suppose that 1 < W,a; <
(log(UV))A. Let g(z) be a polynomial with the degree at most k satisfying that the
coefficient of x* in g(Wx) is an integer. Then for any integer b and 1 < c,d < W
with ¢ = b (mod W), we have

> S ela(@((zy — b)/W) + g(y)))| <ap UV (log(UV)) ioer?

1<a<U ’ 1<y<V
z=c (mod W) y=c’ (mod W)

(4.10)
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provided that |a — a/q| < ¢~ with (log V)8 < q < 4(V)(log V)8 and (a,q) = 1.

Proof. Suppose that U > (log V)%. Then by Lemma 4.7,

S| S a0+ o)

1<z<U 1<y<V
z=c (mod W) y=c’ (mod W)

w
D0 ST clalwlay — (W — /W — /W) + g(9) + iy — )/ W)

j=1 1<y<V

> ela(i(zy — (W = c)y/W —b/W) + g(y)) + j(y — ¢)/W)

1<y<v

SEDs

J=1 1<2<(U—~c)/W+1

1
IR _ el se2 ok (1 W gWk  \ 12
<V <U REWE + V7R 4 afi” (log(anqUV)) ™ 2 (5 + 3+ W) )

3k2—2k+1+(k+1)A B

<a,5UV(log(UV)) 4K? T BkK? .

Also, if U < (log V)%, then by Lemma [4.9]

Y| X dateter-n/m) )

1<a<U 1<y<V
z=c (mod W) y=c' (mod W)

<Y | X datloy— OV = W bW+ gy =W+ )

1<2<U N 1<y<(V—¢')/W+1

n? (1 kN 2K
<<UV<V KWK +a3KU2K(log(a*quV))(k . <—+g+q3;) )
q

(k— 1) +(k+2)A B
4K

<a BUV(log(UV))
U

Theorem 4.1. Let ¢(x) = a1x* + agx* 1+ + apx be a polynomial with integral
coefficients and a; € ZT. Let A > 1 and B > 64k*(k* + K?)A. Suppose that
1 < W,a; < (log N)A. Then we have

Z log(Wx + b)e(atp(z)) <ap N(logN)~ Crrs (4.11)

1<z<N
Wax+bis prime

provided that |a—a/q| < ¢~ with (log N)BT! < q < (N)(log N)"B! and (a,q) =
1.

Proof. For a proposition P, define 1p = 1 or 0 according to whether P holds. Let
F(z) = e(ay((x — b)/W))ly=p (moa w). Let V.=WN +band X = V¥ Clearly

(log V)" < (log N)P*! < ¢ <9(N)(log N)"P~1 < (V) (log V)"
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By Vaughan’s identity we have,

Z A Sl 52_537
X<zlV
where
Sy = Z Z Z A(x)F(zdz),
1<d<X 1<2<V/da<V/dz
So= > uld) > Y. A@)F(xdz),
1<d<X 1<2<V/d x<min{X,V/dz}
and

S Y ) Y A@)F(au)

X<u<V 1<d<X X<z<V/u
dlu

In fact, letting 7, = >, -4, 4<x #(d), we have
2.7 ), A@F@w= ) m ), A@F@ut ), Al
1<u<V X<z<V/u X<usV  X<z<V/u X<z<V

since ; =1 and 7, =0 for 1 < u < X. On the other hand,

Z Tu Z Az Z Z Z A(x)F(zu

1<uV X<a<V/u 1<u<V dju,1<d<X X<z<V/u
E E E A(x)F(zdz).
1<d<X 1<z<V/d X<a<V/dz

First, we compute

‘Sl‘ = Z ,u Z A Oﬂp d.ﬁL’Z - b)/W))ldxz b (mod W)’
d<X xz<V/d
= Y nd) Y elar((du—b)/W))Lazs moa w) Y Ale)
1<d<X 1<u<V/d z|u
<> 1D elar((du—b)/W))lauzp (mod w)logu
1<d<X '1<u<v/d
“dt
< du—2b = —
<3| X (e bW i o w [
1<d<X '1<u<V/d
dt
Z e(a((du —0)/W))Lau=b (mod w)|—
1<d<X t<u<V/d
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Clearly

2.

1<d<X

S e(((du — b)/W))Lauzs mo W)]

t<u<V/d

P>

1<d<min{X,V/t}

Yy ¥ > clan(au-0)/w))|

1<e<W 1<d<min{X,V/t} t<u<V/d
(e,W)=1 d=c (mod W)  wuc=b (mod W)

S e(((du — b)/W))Lauzy mo W>'

t<u<V/d

So it suffices to estimate

> > clavau- )
1<d<min{X,V/t} 1<u<t
d=c (mod W)  uc=b (mod W)

and

3 S elan((du b)/W))\.
1<d<min{X,V/t} | 1<u<V/d
d=c (mod W)  wuc=b (mod W)

Applying Lemma [£.1T],

g E e(ap((du — b)/W))‘ < V(log V') 1ex2x2.
1<d<min{X,V/t} |  1<u<V/d
d=c (mod W)  wuc=b (mod W)

B

Since

) S e(on((du- b)/W))] < xt
1<d<min{X,V/t} 1<u<t
d=c (mod W)  uc=b (mod W)

we may assume that ¢t > Vz. Then by Lemma [4.12]

> S elav((du— b)/W))‘ < V{logi) T
1<d<min{X,V/t} 1<u<t
d=c (mod W)  uc=b (mod W)
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Similarly,
1Sol = Y pld) ) > A@)e(ad((drz — b)/W))Lass=h (mod )
1<d<X 1<2<V/d 1<z<min{X,V/dz}

<D D AW

> elar((dez = b) /W) Lazazp (mod W)‘

1<d<X 1<z<X 1<2<V/dx
SO A@| Y el — b)) ms W>'
1<y<X? 1§a:‘§X 1<2<V/y
xly
<logV 30 | S e(au((yz — )W) ymmdm'
1<y<X?2 ' 1<2<V/y

<V (log V) 16k2K2

where Lemma .17 is used in the last step.
Finally, let

53 U17 U2 Z Ty Z A U — b)/W>>1muEb (mod W)
Ursu<Uz X<az<V/u

with X < U; < Uy < 2U;, where 7, = Zlgdg){mu wu(d). Clearly S3(Uy,Us) # 0
only if X < V/Uj. Since |1,| < d(u), we have

|55(Un, Us)|
1 9 %
S( Z |Tu|2) ( Z Z A aqu) TU — b)/W)) zu=b (mod W) )
U1<usUz u=U1 ' X<z<V/u

gvéaogwﬁ( DS A<x>A<y>e<a<w<<xu—b>/W>—w<<yu—b>/w>>>)2.

U1 <u<Uz X<zy<V/u
zu=b (mod W)
yu=b (mod W)

Now for 1 < ¢, < W with ¢ = b (mod W),

> Y A@)A@elal@((zu—b)/W) = v((yu —b)/W)))

Ur<u<Uz  X<z,y<V/u
u=c (mod W) g=¢’ (mod W)

y=c (mod W)
= ) A@Ay) >, e(a(P((zu —b)/W) = ¢((yu — b)/W)))
X<z,y<V/Uy Uy <u<min{U2,V/z,V/y}
z=c" (mod W) u=c (mod W)
y=c (mod W)

=2 > A@@)Ay) > e(a(y((zu —b)/W) = P((yu — b)/W)))

X<az<y<V/U Ui <u<min{U2,V/y}
z=c (mod W) u=c (mod W)
y=c’ (mod W)

+O((V/U, — X)/W).
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And
Y. A@A) > e(a(d((zu—0)/W) = ¢ ((yu —b)/W)))
X<z<y<V/Up U1 <u<min{U2,V/y}
z=c' (mod W) u=c (mod W)
y=c (mod W)
= Y A D MA@ ) ela(@((zu—b)/W) —d((yu - b)/W)))
V/Ua<y<V/Up X<x<y Ui1<u<V/y
y=c' (mod W) z=c’ (mod W) u=c (mod W)
oY Ay DY A Y ela(@((wu—b)/W) = ¥((yu = b)/W))).
X<y<V/Us X<x<y U1 <u<Us
y=c’ (mod W) z=c’ (mod W) u=c (mod W)

If V/U, < y, then by Lemma [£.12]

> Y elalw((@u—b)/W) = d((yu —b)/W)))
X<z<y U1 <u<V/y
z=c’ (mod W) wu=c (mod W)

<X+ 9)Uillog )57 + (X + )(V/y) (og(V//y) "ot
<<(X + y)(Ul + V/y)(log V)_lﬁlfKQ .
Also, if y < V/Us, then by Lemma £12]

> Y ela(@((zu—b)/W) = d((yu—b)/W)))
X<z<y U1<u<U2
z=c' (mod W)u=c (mod W)
<(X +y)Ui(log Ul)iﬁ + (X +y)Us(log U2)7ﬁ
(

<(X +9)(Ur + Up)(log V) " 1or?

Hence
Y. A@A) >, e(a(¥((xu —b)/W) = ¥((yu —b)/W)))
X<e<y<V/Up U1 <u<min{U2,V/y}
z=c (mod W) u=c (mod W)
y=c' (mod W)
<logv (S XV e X (X))
V/Ua<y<V/Uy X<y<V/U;
y=c (mod W) y=c’ (mod W)
9 B

<V2U (log V))* ek .
It follows that
Sy(Ur, Up) < Ug (log Us) ¥ (VU (log V)58 )F < V(log V)P~ 7,
and
Ss < V(log V)4732k%.
All are done. O
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40

[1]
2]

3]
[4]

HONGZE LI AND HAO PAN

REFERENCES

A. Balog, J. Pelikan, J. Pintz and E. Szemerédi, Difference sets without k-th powers, Acta
Math. Hungarica, 65(1994), 165-187.

V. Bergelson and A. Leibman, Polynomial extensions of van der Waerden’s and Szemerédi’s
theorems, J. Amer. Math. Soc., 9(1996), 725-753.

V. Bergelson and E. Lesigne, Van der Corput sets in Z%, preprint, arXiv:0710.4861.

J. Bourgain, On A(p)-subsets of squares, Israel J. Math., 67(1989), 291-311.

J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and ap-
plications to nonlinear evolution equations. 1. Schridinger equations, Geom. Funct. Anal.,
3(1993), 107-156.

J. G. van der Corput, Uber Summen von Primzahlen und Primzahlquadraten, Math. Ann.,
116(1939), 1-50.

H. Davenport, Multiplicative Number Theory, Third edition, Grad. Texts Math. 74, Springer-
Verlag, New York, 2000.

N. Frantzikinakis, B. Host and B. Kra, Multiple recurrence and convergence for sequences
related to the prime numbers, J. Reine Angew. Math., to appear.

H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arith-
metical progressions, J. d’Analyse Math., 31(1977), 204-256.

B. Green, On arithmetic structures in dense sets of integers, Duke Math. J., 114(2002),
215-238.

B. Green, Roth’s theorem in the primes, Ann. Math. (2), 161(2005), 1609-1636.

B. Green and T. Tao, The primes contain arbitrarily long arithmetic progressions, Ann.
Math., to appear.

B. Green and T. Tao, Linear Equations in Primes, Ann. Math., to appear.

T. Gowers, A new proof of Szemerédi’s theorem, Geom. Func. Anal., 11(2001), 465-588.

T. Kamae and M. Mendés France, Van der Corputs difference theorem, Isreal J. Math.,
31(1978), 335-342

J. Lucier, Intersective sets given by a polynomial, Acta Arith. 123(2006), 57-95.

J. Lucier, Difference sets and shifted primes, preprint, larXiv:0705.3749.

J. Pintz, W. L. Steiger and E. Szemerédi, On sets of natural numbers whose difference set
contains no squares, J. London Math. Soc., 37(1988), 219-231.

K. F. Roth, On certain sets of integers, J. London Math. Soc., 28(1953), 104-1009.

I. Z. Ruzsa and T. Sanders Difference sets and the primes, preprint, arXiv:0710.0644.

A. Sarkozy, On difference sets of sequences on integers I, Acta Math. Acad. Sci. Hungar-.,
31(1978), 125-149.

A. Sarkozy, On difference sets of sequences on integers I1I, Acta Math. Acad. Sci. Hungar-.,
31(1978), 355-386.

E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta
Arith., 27(1975), 299-345.

S. Srinivasan, On a result of Sdrkozy and Furstenberg, Nieuw Arch. Wiskd. (4), 3(1985),
275-280.

T. Tao, Some highlights of arithmetic combinatorics, Lecture notes 4: Roth’s theorem for
APs of length 3; Gowers’ proof of Szemeredi’s theorem for APs of length 4, available at
http://www.math.ucla.edu/tao/254a.1.03w/notes4.dvi.

T. Tao and T. Ziegler, The primes contain arbitrarily long polynomial progressions, Acta
Math., to appear.

R. C. Vaughan, The Hardy-Littlewood Method, Second edition, Cambridge University Press,
Cambridge, 1997

I.M. Vinogradov, Special Variants of the Method of Trigonometric Sums (in Russian),
Moscow: Nauka, 1976.


http://arxiv.org/abs/0710.4861
http://arxiv.org/abs/0705.3749
http://arxiv.org/abs/0710.0644

DIFFERENCE SETS AND POLYNOMIALS OF PRIME VARIABLES 41

E-mail address: 1ihz@sjtu.edu.cn
E-mail address: haopan79@yahoo.com.cn

DEPARTMENT OF MATHEMATICS, SHANGHAI JIAOTONG UNIVERSITY, SHANGHAI 200240,
PEOPLE’S REPUBLIC OF CHINA



	1. Introduction
	2. Some Necessary Lemmas on Exponential Sums 
	3. Proof of Theorem ??
	4. Proof of Theorem ??
	Appendix: Exponential Sums on Polynomials of Prime Variables
	References

