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Abstract

We have two constructions of the level-(0, 1) irreducible representation
of the quantum toroidal algebra of type A. One is due to Nakajima and
Varagnolo-Vasserot. They constructed the representation on the direct
sum of the equivariant K-groups of the quiver varieties of type A. The
other is due to Saito-Takemura-Uglov and Varagnolo-Vasserot. They con-
structed the representation on the g-deformed Fock space introduced by
Kashiwara-Miwa-Stern.

In this paper we give an explicit isomorphism between these two con-
structions. For this purpose we construct simultaneous eigenvectors on
the g-Fock space using nonsymmetric Macdonald polynomials. Then the
isomorphism is given by corresponding these vectors to the torus fixed
points on the quiver varieties.
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1 Introduction

Geometry of quiver varieties, introduced by Nakajima, involves rich math-
ematical structures.

One of the most notable result is Nakajima’s construction of representations
of quantum loop algebras ([13]) : the direct sum of torus equivariant K-groups
of the quiver varieties is endowed with a structure of a representation of the
quantum affinization Ug(Lg) of the corresponding Kac-Moody algebra g. The
resulting representation is what we call an [-highest weight representation, that
is to say, a "highest weight representation” with respect to the triangular de-
composition of the quantum loop algebra.

Let us concentrate our attention on quiver varieties of affine type. They
appear in gauge theory as framed moduli spaces of instantons on ALE spaces,
which originally motivated Nakajima to introduce quiver varieties. They also
have interesting connections with some areas in mathematics such as the theory
of McKay correspondence and the representation theory of symplectic reflection
algebras (see [7] and [6] for example). In this point of view, more careful study
about the actions of the quantum toroidal algebras, quantum affinizations of the
affine Kac-Moody algebras, on the equivariant K-groups seems to be important.

Schur-Weyl duality is an equivalence between certain categories of represen-
tations of gl; and of &,,. Varagnolo-Vasserot show that there exists an anal-
ogous duality between the quantum toroidal algebra of type A and a certain
double affinization of the Hecke algebra of type A, called the toroidal Hecke
algebra ([19]). The toroidal Hecke algebra has a remarkable representation
called Dunkl-Cherednik representation. Applying Schur-Weyl duality for Dunkl-
Cherednik representation, Saito-Takemura-Uglov and Varagnolo-Vasserot con-
struct the representation of the quantum toroidal algebra ([15], [20]). The un-
derlying space is so called the g-Fock space ([g]).

There are much fewer things known about representations of quantum toroidal
algebras than of quantum affine algebras. Now, at least, we have two construc-
tions of the representation of the quantum toroidal algebra of type A. In this
paper we give an explicit isomorphism between these two constructions. We
hope it will be helpful for further analyses of the representation, such as study
of canonical bases of the representations.

We can describe the representation on the equivariant K-groups in a combi-
natorial manner using the localization theorem ([22]). In particular, the torus
fixed points correspond to simultaneous eigenvectors for the action of a certain
subalgebra of the quantum toroidal algebra. Our strategy is to construct simul-
taneous eigenvectors on the g-Fock space. The isomorphism will be given by
corresponding these vectors to the torus fixed points. For the construction of
simultaneous eigenvectors, nonsymmetric Macdonald polynomials plays
a crucial role, where nonsymmetric Macdonald polynomials are simultaneous
eigenvectors for Dunkl-Cherednik operators ([5], [I1], [14]),



Takemura-Uglov described the irreducible decomposition of the g-Fock space
as the representation of a certain subalgebra of the quantum toroidal algebra,
which is isomorphic to the quantum affine algebra ([I7]). They also showed that
each irreducible components are isomorphic to tensor products of fundamental
representations. For this purpose they introduced specific vectors of the g-Fock
space using nonsymmetric Macdonald polynomials (see Remark [6.2.2)).

In this paper we introduce new vectors. We also use nonsymmetric Macdon-
ald polynomials, but an additional operation is required (see [E.2.1]). They are
simultaneous eigenvectors and the main subject of this paper. These simulta-
neous eigenvectors allow us a combinatorial description of the representation on
the g-Fock space and we can see this coincides with the combinatorial descrip-
tion of the representation on the equivariant K-groups.

In [2I] and [I6], the action of the Hall algebra of the cyclic quiver on the
g-Fock space is studied. The Hall algebra of the cyclic quiver is realized us-
ing perverse sheaves on the space of representations of the quiver by Lusztig
([9]). Nakajima’s construction of quiver varieties and representations on their
K-groups are, philosophically, parallel to Lusztig’s construction. We could ex-
pect this observation gives conceptual interpretation of the isomorphism con-
structed in this paper. In particular, this isomorphism would help us to study of
canonical bases of the K-groups of quiver varieties (see [I0] and [23], for quiver
varieties of finite type).

In §3]— g8l we are mainly occupied with review of, and arrangement for our
use of, the results of [22], [19]. [15] and [20]. In §6l we construct the simultaneous
eigenvectors and in §7] we exhibit the isomorphism.
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2 Preliminaries

2.1 Quantum toroidal algebra
2.1.1
In this paper we usually take R = C(s'/2,t'/2) as the coefficient field. We set

p=1t, q= 51/2t1/27 r = g~ 1/241/2

2.1.2

Let us define the quantum toroidal algebra U (sl sr) (I > 2). This is an
R-algebra generated by €., fin, KljE and hfm (iel,ne€Z, méeZsp). The
relations are expressed using the formal series

ei(2) = einz " fi(2) =) finz ",

ne”Z nez



m>0

as follows :

KZ_OK;O = K;OKZ_O =1,
(K5 (2), K (w)] = [Kf (2), K[ (w)] =0,

(K (2),¢5(w)] = [K;(2), f(w)] =0 (j #d,i£1),
(rz —q ') K (2)eire(w) = (roq 2 —w)ee (W) K (2) (e = £1),
(z = Pw) K (2)es(w) = (%2 — w)ei(w) K (2),
(r=2 — qu)KE(2) fire (W) = (r2qz — w) fiye W)KER) (e = £1),
(w) = (2 = g *w) fi(w) K7 (),

~ 0i6(z/w)
q—q!

req "z —w)eie(w)ei(z) (e = £1),

(K (w) - K7 (2)),

2

(w) = (
(w) = (¢*2 — w)ei(w)ei(2),
(rfz — qu) fi(2) fire(w) = (rfqz — w) fire (W) fi(2) (e = £1),
(w) = (¢7%2 —w) fi(w) fi(2),
(w)

—+ eiil(w)ei(zl)ei(@)} =+ {Zl <> ZQ} = 0,
{fi(z1) fi(z2) fiz1(w) — (q+ ¢~ ") fi(21) fiz1 (w) fi(22)
+ fixr1(w) fi(21) fi(z2)} + {z1 > 22} =0,
where §(Z) =3 ., 2"

Remark. The quantum toroidal algebra in [22] is “twisted” in their words,
which may or may not be isomorphic to ours. See Remark[3.2.2 for the relation
between these two algebras.

2.1.3

The horizontal subalgebra U7(12 )/(ﬁ[l) is the subalgebra of UZ (sl tor) gener-
ated by e; 0, fio and K (i € I). This is isomorphic to U;(ﬁ[l) ®R.

The vertical subalgebra Ug)l(gll) is the subalgebra of U (sl; o) gener-
ated by €, fin, K, and h, (i # 0,1 € Z, m € Zso). Define &7, fin, Kt
and h:i:l by

ei(2) =Y einz " = ei(r ),
nez

Filz) =" finz " = firT),

nez

Kf(z) = K exp (i(q —q Y %nz?m) = KE(rHiz).

m>0



They satisfy the relations in Drinfeld new realization of U, (sl;), and so Ug )/(g[l)
is also isomorphic to U, (sh) ® R.

2.2 Notations for Young diagrams
2.2.1

Let IT denote the set of all Young diagrams. We identify a Young diagram with
a subset of (Z>0)?. A node is an element of (Zx>0)?.

The content of a node (z,y) is the number 2 —y. A node is called an i-node
if its content equals to ¢ modulo I. For A € II let d;(\) denote the number of
i-nodes in A and set d(A\) = (d;(\))i=0,...1-1 € 7. We define the order > on the
set of nodes according to their contents.

For A € II a node (x,y) is called addable if (z,y) ¢ X and (x —1,y), (x,y —
1) € A\. A node (z,y) is called removable if (z,y) € XA and (z+1,y), (x,y+1) ¢
A. Let Ay ; (resp. Ry ;) denote the set of all addable (removable) i-nodes of A.

A hook is a pair ((zn,ynr), (,y:)) such that (zp,yn — 1), (x4, 9:) € A and
(Zh,yn), (xt + 1,y¢) ¢ X\. The hook length of a hook ((xp,yn), (z+,y:)) is the
number —zp +yn + T+ —y:. A hook is called an I-hook if its length is a multiple
of I.

2.2.2

A Maya diagram with charge ¢ is an infinite decreasing sequence of integers
k = (k1, ko, ...) such that k, = —a + ¢ for sufficiently large a. A Maya diagram
with charge ¢ can be identified with a Young diagram

A= [ (@-10-1).
a€Zxo
1<b<kq+a—c
Let II. denote the set of all Maya diagrams with charge ¢. Then IT and II, are
bijective.

2.2.3

We sometimes identify a Maya diagram k = (k1, ko, .. .) with the subset {k1, ko, . ..
of Z.

If ke —1 ¢ k (a € Zsg), then a node (a — 1,k, + a — ¢ — 1) is a removable
node. Its content equals to ¢ — k,. If ko +1 ¢ k (a € Zsg), then a node
(a — 1,kq + a — ¢) is an addable node. Its content equals to ¢ — k, — 1.

Note that {(a,b) | @ € k,b ¢ k,a > b} is a finite set. Such a pair (a,b)
corresponds to a hook in term of Young diagram. Its hook length is a — b.

3 K-theory of quiver varieties

In this section we review the representation of UZ (s1.0r) on the equivariant
K-groups of the quiver varieties of type A.

A quiver variety, introduced by Nakajima, is a certain moduli space of rep-
resentations of a quiver. He also introduced a certain subvariety of the prod-
uct of two quiver varieties called the Hecke correspondence. Using the Hecke



correspondence we can construct an action of the quantum affinization of the
Kac-Moody algebras on the torus equivariant K-groups of the quiver varieties

([3)).

By the localization theorem, localized equivariant K-groups have bases in-
dexed by fixed points. The fixed points of the quiver varieties of type A are
indexed by Young diagrams. The action of the quantum toroidal algebra can
be written in terms of Young diagrams ([22], see Theorem [3.2.3).

Nakajima’s definition of quiver varieties involves parameters v and w, where
w corresponds to the [-highest weight of the representation. In this paper we
work on the case w = (1,0, ...,0) only, in other words, we deal with the level 1
representation only.

We do not take the original definition of quiver varieties but another equiv-
alent one, which works only for the case w = (1,0,...,0).

We use d instead of v.

3.1 Quiver varieties
3.1.1
Let ((CQ)[n] denote the Hilbert scheme of n points on C? :

((C2)[n] ={J idgal Clz,y] | dim Clz,y]/J = n},

and Sym™C? denote the n-th symmetric product of C? :

Sym"C? = {Z aip;i | ai € Zso, Zai =n, p; € CQ}

Let m denote the Hilbert-Chow morphism :

T ((CQ)[n] — Sym™C?
J — suppClz,y]/J.
We regard Z/IZ as the subgroup of SU(2). The action of Z/IZ on C? induces
the action of Z/IZ on Sym"C? and ((C2)[n] so that 7 is Z/lZ-equivariant. Let
(Sym"(CQ)Z/lZ and (((CQ)["])Z/IZ denote the sets of the fixed points.

Note that for J € (((CQ)["])Z/ZZ, Clz,y]/J has a canonical Z/IZ-module
structure. For d = (dy,...,d;_1) € Z! such that > d; = n we define the quiver
variety 9(d) by

i = {r (@) [amctnirr= @gt).

where C;) is the 1-dimensional Z/IZ-module with weight i.
We set

1
leadctd-i-do, Ko =n — K1l

where C' is the Cartan matrix of type A;_1. Then we have dim M(d) = 2k
([12]). Let ¢ € Z/IZ be a generator of Z/IZ. We define the closed subvariety

My (d) = < 2 [0] +ij (i) + -+ ¢ 'pi]) € (Sym"C) ™" | p; e 2



of (Sym"(CQ)Z/lZ. Then we have 7(9M(d)) C Mo(d) (in fact we can check
7(M(d)) = Mo(d)).
For d, d’ € Z! such that d; < d. for all i, we have the inclusion given by

gﬁo(d) — mo(dl)
X — X + K3 [0],

where k3 = > (d; — d;). We set

m= [ Mm@, M= J Mo(d),
dez! dez!

and
3= x M.
Mo
Note that we introduce 9y just only for terminological reason. We work on 9t
and 3, of which connected components are finite dimensional.

3.1.2

The natural 7' = (C*)?-action on C? induces a T-action on 9. The T-fixed

points of M are indexed by II. For A € II the corresponding ideal Jy € ((C2 (degA]

is the ideal generated by {z%y® | (a,b) ¢ A}. Then {[z%y*] € C[z,]/J | (a,b) €
A} forms a basis of Clz,y]/J.
For ¢ € Z/I7Z we have ( - [2%y°] = (*~°[2%9°]. So Jx € M(d(N)).
For (s,t) € T we have (s,t) - [2%y°] = s%°[z%9®]. So C - [2%y"] = s%tb €
R(T) = Z[s*,t*], where R(T) is the representation ring of 7' and we identify
the coordinate functions of T' with the generators of R(T"). Thus for a node
X = (a,b), we set = st € R(T).

3.2 Representation on K-theory of quiver varieties
3.2.1

Let e; denote the i-th coordinate vector in Z!. For d € Z! we define the subva-
riety of 3 by

Bz(d) = {(Jl,JQ) €3 | Ji € gﬁ(d), Joy € gﬁ(d+ez), J1D JQ}

This is called the Hecke correspondence.
Let p. denote the projection from 3 to the e-th factor (¢ = 1,2) and ¢.
denote its restriction to B;(d) C 3. We define the tautological bundle £ on

Bi(d) by ¢s0/q;

3.2.2

For a T-equivariant vector bundle B on X, let detB denote its determinant,
A8 denote its i-th wedge product, and set A.B = Y. (—2)" A" B. These
operators can be extended to operators on K¥(X). For a Z/lZ-module M we
set Mi = HomZ/lZ((C(i),M).
We set
H=(-1+s+t—st)0+WecK (M.



We define an action of Uk (sl;,40r) on K (907) = KT(9M) @ R by

einl@) = e (d)pr, (po'w @ (£)"H@) v € KE(M(d +ey)).
fin(z) = c;‘(d) P2, (pl* (x® det(s_lt_lﬁi) ® 2") T € K%(Dﬁ(d)),
K (2)(@) = ¢ (d)ef (d) (A (st = 1)51) T x € K5 (M(d)),

where the index T (resp. ) means the expansion as a formal power series in
27! (resp. z) and
C; (d) — (71)d1 S(?difdi+1+1)/2t(f?di71+2difdi+1+l)/2

¢f (d) = (—1)"dimrtdimdips g=dioa/2ydiza/2) ,
hi(d) = di—y — 2d; + diy1.

Remark. We slightly modify the actions in [22)]. In fact we have

€in = (,1)di+1S(di+1+1)/2t(fdi+1+1)/QQ__

i,n’
fin= (71)di+15*di+1/2tdi—l/2Q"‘F
s in
+ —di_14dit141) /2, (di1—dir1+1)/2 o+
Kf(z) = s 1+dit1+1)/24(di-1—=dit1+1)/ 0F(2).
Here the operators on right hand side are defined in 3.3 of [22], where we should
replace their symbols q, t, k, s with our symbols t, s, i, n.

Substitute this to theorem 2 in [22] and the definition of quantum toroidal
algebra in [22], we can verify €; n, fin and Kli(z) satisfy the relation in[2.1l.

3.2.3

Let i) denote the inclusion {J)} = 99t and 1, denote the generator of KT ({Jy}).
We set by =iy, (1) € KT (9M).
By the localization theorem

K%L (M) ~ @5 Rba.
A€l

Theorem. ([22] lemma 8) For A € II such that d(\) = d we have

cin(by) = (= /2712y 37

XERy;

X H ((st)_l/Q* — (St)l/Q*) b/\\X‘|a

ReR\ x,i

X" T (0@ - 0 E)

AGA}Mi

fi,n(b/\) — (_Sl/2t—1/2)—di,1 Z ln H (St* _ *)

XeAx; A€A\ux,i

* * -1
X H ( *) bAUX]a

ReRy;
+

PRETRTRI I o g Gk IEE CORCA y B I CO N

i * *
A€Ay z—1 RERy ; z—1

where (s“tb)* =579~ for s7t* € R(T).




4 Schur-Weyl duality

In this section we review Schur-Weyl duality. .
One can construct representations of the quantum affine algebra U, (sl;) from

representations of the affine Hecke algebra Hy (2], see 13). In this construc-
tion the action is given originally in terms of Chevalley generators. One can
rewrite the action in terms of Drinfeld generators ([19], see Theorem FT.7]).
Further, Schur-Weyl duality in [2] can be extended to get representations
of the quantum toroidal algebra U (s(;,40r) from representations of the toroidal
Hecke algebra Hy. This is done by extending the action of U,; (f:[l) to Uz (501 tor)

using the rotation automorphism of the Dynkin diagram of type A ([VV1], see

Theorem [£2.2).

4.1 Schur-Weyl duality for affine algebras
4.1.1

The finite Hecke algebra Hpy is the R-algebra generated by T, %! (a =
1,..., N — 1) with relations :
LT, '=T. 'T.=1,
(To + 1)(Tu — ¢*) =0,
ToTo1Te = Tap1ToTar1,
T, Ty, =TT, (|a — b| > 1).

The affine Hecke algebra Hy is the R-algebra generated by T, %! (a =

1,....,N—-1), X, *! (a=1,...,N) with relations :
.7, ' =17,7'T, =1,
(T, +1)(T, — ¢*) =0,
TaTa+1Ta = Ta+1TaTa+1;
T, Ty =TT, (|a—b| > 1),
XXy = Xp Xy,
TaXaTa - q2Xa+1;
XTI, =T, Xy (b#a,a+1).
4.1.2

Let V = R! with a basis {vo,...,v_1}. We define T e End(V#®2) by

Y q21}i1 & iy if iy = i,
T(vi, ®viy) =  qUi, ® V4, if iy < g,
qU;, @ Vi, + (q2 — 1)’()1'1 ® Uiy if 44 > io.

Then we have a left action of Hy on V®¥ defined by

T, — T, =1%"1gTg1®N-e"1



4.1.3

Let M be aright H y-module. We define the following operators on M ®g,, VY

N
ei(m®uv) = Zngi,U ® (K{')*l .. (KZ_1)71E37i71 v,
a=1

N
fz-(m (%) fU) = ZmX;&,o ® E(ilfl,inl_i_l o KIZV v,
a=1

him®@v) =m® K{ - Kk v.

Here b = 19" @ E" @ 19" °| where E'J € End(V) is the matrix unit with
respect to the basis vo,...,v_; and K! = gB B
a left U} (sl;)-action on M @u, VOV ([2]).

. These operators give

4.1.4

An isomorphism between the algebras defined by Chevalley generators and by
Drinfeld new realization is given in [I].
For j = (ji,...,4in) € {0,...,1 — 1}V let vj denote vj, ® - @ vj, € VOV,
For 1 < a,b < N we define

ToTor1--To-1 a<b,
Ta,b = 1 a = b,
Ta_lTa_Q s Tb a>b.

Theorem. ([19] Theorem 3.3) Assume j is an non-decreasing sequence. We
put n; =8{a | jo =i} and n; = Z:,:l ng . Let us write j = [ng,n1,...].

Form®v; € M @u, VOV the actions of Drinfeld generators of U;(ﬁA[l) are
described as follows :

—_—

ei(z)(m @ vj) = ¢'""m Z Lo a+1 |0 (ql_iYﬁHHZ) ® V-,

a=n;—1+1
o Mi—1
fi)mev) =g 7m0 Y0 Taney | 6(d7Va2) @ vy
a=n;—2+1
Ef(z)mavy)=m [[ 6F (¢7Yaz) [ 0% (¢ 2) @ v,
Ja=i—1 =i

where j— =[...,ni1+1Ln;—1,..],jr =[..,nic1—L,n;+1,...] and 0,,(2) =
q"z—1
z—q™m

10



4.2 Schur-Weyl duality for toroidal algebras
4.2.1

The toroidal Hecke algebra Hy is the R-algebra generated by T,*! (a =
1,...,N—1), X, (a=1,...,N), Y, *! (a =1,...,N) with relations :
T.T, 7 =T, ' Ta =1,
(To + 1)(Tu — ¢*) = 0,
ToTo1Te = Top1ToTat1,
T.Ty =TyTa (Ja—10b] > 1),
XoXp = Xp X,
ToXaTo = ¢° Xat,
XoT, =T, Xy (b#a,a+1),
YoY, = V1Yo,
T, Y T, =q Yo,
YT, =T.Y, (b#a,a+1),
XoY1 = pY1 X,
XV XY = ¢ TR,
where Xg=X;--- X

N-
Let Hg\}) (resp. HE\QI)) denote the subalgebra generated by {7,%'} and {Y,}
(resp. {T,*'} and {X,}). They are isomorphic to Hy.

4.2.2

Let M be a right Hy-module. Regarding M as a right Hg\})—module we have
the action of U}(sl;) on M @, V®N by B3l
We define an operator p on M ®@g, V&V by

[ 60,i
pMm@vy, @+ @uiy) =mX;"" - XNy @021 @ @iy 1.

Lemma. ([19] Proposition 3.4) We set Xi(z) = X;(r'=iz) (X = e, f,KT).
Then we have
Xi1(2)=p toXi (g r 1 2)op

Theorem. (/19] Theorem 3.5) The action of U, (sl,) @R ~ Ug)/(gll) on M Qm,
VON can be extended to an action of Uk (slitor) so that the actions of Xy
(X =e, f, KT) are are given by

Xo(z) = p o (g 2) 0 p

5 Representation on the g-Fock space

In this section we review the action of Uj (sl 40r) on the g-Fock space fol-
lowing [15] and [20].

As a g-analogue of the permutation representation , R[zf, cee z]j\[[] has a right
H y-module structure. We define the g-wedge space by R[zf, cee zﬁ]@HN VoN,

11



This is the g-analogue of the classical wedge space @V (z)/@Ker(id+0;), where
o; is the generator of Gy.

We define the g-Fock space taking ”limit” of the g-wedge space. In other
words the g-Fock space is the g-analogue of the classical semi-infinite wedge
space.

It is known the right Hy-module structure on R[z, ..., 23] can be extended
to a right H y-module structure called Dunkl-Cherednik representation. By
Schur-Weyl duality described in [£2.2] we have an action of Uy (sl t0r) on the
g-wedge space. This can be naturally lifted to an action on the g-Fock space.

5.1 The g-Fock space

Here we review the definition of the q-Fock space. The reader can refer to [§]
for detail.

5.1.1
For 1 <a < b < N let us define an operator g, on R[zlil, ceey zﬁl] by
-1
qd "Za — qZp
Gab = ai(aab - 1) + q,
Za — %b

where o, is the operator defined by the permutation of variables z, and zy.
Then we have a right action of Hy on R[zfl, e ,zﬁl] defined by

P 2
T,— T, = (q - 1) —4Ya,a+1-

5.1.2
Let V(2) = R[zF] ® V. We define

AV (2) = RIZEY, ... 25 @l VEN
N-1 » v
=@"V(z)/ Y Im (Ta ®lyen — lppan o1 ® Ta) .
a=1

This is called the g-wedge space.

5.1.3

We write up, = 2™ Q@u; for k = j—I(m+1). Let ug, A--- Aug, denote the image
of up, ® -+ ® ug, for the quotient map. We say ug, A --- A ug, is normally
ordered if k, > k; for a < b.

For N = 2 we can verify that if k = k' then

Up N\ Uy = —Ugr N\ U,
and if k <k’ and k— k' =i (1 <i<1—1) then
Ug N\ U = —qUg’ A\ Uk+(q2 — 1)(uk’—i A\ Uk+i
— QUi AUkt QU A Ui — )

where the summation continues as long as the wedge is normally ordered.
The set of all normally ordered wedges forms a basis of ANV (2).
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5.1.4
For ¢ € Z and 0 < N < N’ we define

N N — N’
(k1,...,kn) — (k1i,...,kn,—N+c—1,...,—N'+¢).

For k = (k1,...,kn) € ZN let us write ux = Uk, A+ ANug,. We can check the
well-definedness of the map

ANV(z) — AVV(z)
Uk — UL?VN/(k).

We write v . for this map as well.

5.1.5

We define
F(c) = ling NV (z), F=EPF(),

LN,N/ CEZL

and (% ., by the canonical map from ANV (2) to F(c). F (resp. F(c)) is called
the g-Fock space (with charge ¢). An element of F (resp. F(c)) is called a
semi-infinite wedge (with charge c).

Let k = (kq, ka2, ...) be a Maya diagram with charge ¢ (we use k both for an
element of Z" and for an infinite sequence of integers by abuse of notations),
then ux = ug, A uk, A--- is a semi-infinite wedge with charge c¢. Note that
{uk | k € II.} forms a basis of F(c).

5.2 Representation on the g-Fock space

5.2.1
Let us consider the following operators on R[zf, ce zﬁ] :
YN =gt Gaat1 9y NOaNP 010010 Oa—1.afa-1a (a € {L,...,N})
where pP« is the difference operator given by
pPef(21, .. 2y 2N) = f(21, -, DZay - 2N), [ E R[zfd,...,zﬁl].

The operator Y,I(N) is called Dunkl-Cherednik operator. Then the action of

Hy defined in BI2 can be extended to the action of Hy by

p
To—Ta, Xir— 2a, Yor— ¢ Ny,

This is called Dunkl-Cherednik representation ([3], [4], [5]).
By the Schur-Weyl duality explained in[.2.2] we have an action of Ug (sl;,t0r)
on ANV (2) = Rl ... 25 @m,, VOV,

13



5.2.2

For k € Z" we define m € Z" and j € {0,...,1 — 1} by ky = j, — l(mg + 1).

Note that 2™ ® vj = ux. We identify k € Z with the pair (m,j). Let m¢ =

(m1,...,my) € ZV denote the sequence obtained from k¢ = (¢ — a)1<qa<n-
Let M X,Tl denote the set of all m such that

e m is non-decreasing with no more than [ elements of any given value, and

e m, > m¢ for all @ and Y (mg, —m&) = .

For m € M we define
J(m) ={je{0,...,1 =1} | ju < jp for a < b such that m, =my}.

We define
Vi'= @ P RucAVV(a).

meM] €T (m)
V2SN
We can check this is invariant under the U7(21 ) (sl;)-action.
We can see that for o, 8 € Z such that al+c > vl and 8 > « the restriction

c,y __,c . c,Y s Y
LalJrc,ﬁlJrc - Lal+c,ﬁl+c|V£l’10 . ValJrc VﬂlJrc

is an isomorphism as vector spaces.

~ . ASN
Theorem. ([T7] Proposition 6) 1}, . 5, is an isomorphism as U7(z1) (sl;)-modules.

5.2.3
For k € II¢ we set degk = " (m, —m¢). Note that this is well-defined. We set

For a € Z such that al 4+ ¢ > 7l the restriction

Gy —_ ,C . Cy
Lal+e,00 = Lal+c,oo|V;l’jrc : ValJrc F(C)V

is an isomorphism as vector space. By Theorem [(.2.2] we can extend the
!~
Ug) (sl;)-action to F(c),, and so to F(c).

5.2.4

We define
PN N — N
(kl,...,kN) — (klfl,...,kal).

We write py as well for the map ANV (z) — ANV (2) given by uk — u, )
We can see this is compatible with the construction of p in
We also define

Poo : Hc — Hcfl
(kl,kQ,...) — (klfl,kgfl,...).
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and poo: F(c) = F(ec—1).
For 0 < N < N’ < oo we have

LN O PN = PN O U -
Thus the action of Uk (sl;.t0r) on ANV (2) can be extended to F so that

Xo(2) = pxd o Xi(qg 11 2) 0 poe (X =6, f, KF).

6 Simultaneous eigenvectors

In this section we construct simultaneous eigenvectors for the actions of
Kii(z)’s on the g-Fock space, which are the main subjects of this paper.

In §6.1] we review nonsymmetric Macdonald polynomials ([5], [T1], [14]). For
m € ZV, nonsymmetric Macdonald polynomial ®™ € C[z{,...,2%] is a si-
multaneous eigenvector of Dunkl-Cherednik operators. The transition matrix
between monomials and nonsymmetric Macdonald polynomials is upper trian-
gular with respect to the Bruhat order on Z". The actions of the finite Hecke
algebra generators T, on nonsymmetric Macdonald polynomials can be simply
described (see Proposition [6.1.4).

For k = (ky > --- > kn) we define a vector Uk = om g v; in the g-
wedge space (Definition B.2.2), where m and j are given by ” renumbering” of

(k1,...,kn) so that j is non-decreasing (6.2.1). It follows immediately from

Theorem EET4 that UX is a simultaneous eigenvector for the actions of K;*(2)’s
(i #0). We can check

e the eigenvalues are multiplicity free (Proposition [6.2.5]), and

e the transition matrix between normally ordered wedges and {UX} is upper
triangular (Proposition [B.2.3)), in particular {¥UX} forms a basis of the g-
wedge space.

So the vector WX is characterized in term of the actions of K(z)’s (i # 0)
(Corollary [62.5). Further, using them we can verify

e Uk is also a simultaneous eigenvector for K (z) (Corollary 62.6), and
e Uk can be lifted to the q-Fock space (Definition [E.2.5).

We can see the eigenvalues coincide with the eigenvalues of the torus fixed points
in the representation on the equivariant K-groups of the quiver varieties.

6.1 Nonsymmetric Macdonald polynomials
6.1.1

Let us define the Bruhat order. This is the partial order on Z" given by the
transitive closure of the following two relations :
For x = (x1,...,on5) € ZN

o If 1 <i<j<N andz; > x; then x > 0;;x, and
e 1<i<j<Nandax —x; >1then 0;;x > x + e; — e; where e; is the

i-th coordinate vector.
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6.1.2

For x € Z" let o denote the unique element of &y satisfying the following
conditions :

o if ox(a) < ox(a’) then 5 (q) > o, (ar), and
e if a <@ and 7, () = To, (o) then ox(a) < ox(a’).
6.1.3
We can see that R[ziE!, ..., 2E!] has the basis {®™(2) | m € ZN} such that
o PM(z) = 2"+ L ,c(mmn)z®  (Je(m,n) € R),
o 0M(2)Y™M = ¢ (m)®™(2), where (,(m) = peg2rm(@=N=1,

®™(z) is called nonsymmetric Macdonald polynomial ([5], [11], [I4]).

6.1.4
Proposition. (see [18] §1.5)

( ) Jlrl) m(z) — %qﬁa (2)  (mq > Mmay1),
P
V(=) To = § (o) (Ma = Mart1),
( zq Tl) (I)m(z) — (I)Uam(Z) (ma < ma-i—l)a
where ogm = (..., Maq1,Mq,...) and T = ngl;l’r)l)

6.2 Simultaneous eigenvectors and its properties
6.2.1

For 0 € G we define 6 € Sy by 6(a) = N —o(a) + 1.
Fork e Z¥ ={k € ZN | k1 > --- > ky} wedefinem = (m ,...,m y) € ZV
and j=(j,,---.J,) €{0,...,0 =1} by

m, = Mgi@a), J, = J&a)
Note that
e m is non-decreasing, and if a < b, m, = my then j, > jp,

e j is non-decreasing, and if a < b, Jo= 1, then m, > m,,

—1 —~

® 7; =0Om.

Example. Fork = (5,3,1,—6,—7,—8,—9, —10) we have

In the following figure,
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e cnumerate the bozxes from lower rows to upper rows and from right to left
in a row, then (jo, mq) is the coordinate of the a-th box, and

e cnumerate the boxes from left columns to right columns and from the top
to the bottom in a column, then (ia,ma) is the coordinate of the a-th box.

v [zof [-of [=8]) [=7) [
0 -5 -4 -3 -2 -1

—2 6 7 8 9

We define a partial order < on Zi\_f by

k'ak < j=jand m' < m.

6.2.2
Definition. For k € ZY we define ¥k = o™ vj € AV (2).

Remark. Takemura-Uglov introduced vectors @™ @v; € ANV (2) in [17], which
are different from ours.

Proposition. U¥ is a simultaneous eigenvector for the actions of Kli(z) s (i €
{1,...,1—1}).
Proof. Tt follows from Theorem [£.1.4] and the definition of &2 in [6.1.3] O

6.2.3
For k € Zf we define

e(k) =t{(a,0) [ a <b,0m(a) > om(b)}.

Proposition.
U = (—q)*Mue + Y ek, K)ue  (Fe(k,kK) € R).
k'ak
Proof. By the definition of nonsymmetric Macdonald polynomials in [6.1.3]
PR vy =22 Qv;+ Z c(m, m")z™ © vi (Je(m,m’) € R).
m’<m

On the other hand by the relation in [(.1.2] we can verify

2™ @ vy =(—q) "™ D7 ) @ v —

+ Z Cl(m/, m//)zz;/;(m//) ® Vo () (ﬂcl(m/, m”) c R)

m'/ <m’

and c(m, j) = (k). Then the statement follows. O
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We define
zy ., ={keZy |me MY}

Note that if k € Zfﬂ and k’ <k, then k' € Zfﬂ.
Corollary. If N > ~l, then {U¥ | k € ZY .} is a basis of V7.

6.2.4

For k € Zi{tc (al + ¢ > ~1), let A denote the Young diagram corresponding to
Lgl-l-c,oo(k) € HC'

Proposition. Fori=1,...,l —1 we have
K (2)(¥%) =
+
11 (st)"/2[A]" =12 — (st) /2 11 (s) PR — ()2 )

* *
A€AyN; tmetz -1 RER\; tmemtz =1

Proof. By Theorem EI4 and the defining relations K (z) = K (rl=iz), it is
sufficient to show

pm H ch (ql—i—i-lrl—iyaz) ]._.[ 9%1 (ql—i—lrl—iy;)z)

Ja=i—1 Go=i
+

= II (st)'/2[A]"t=c2 — (st) /2 I1 () 2Rtz = (D)2 ) o
A€AyN; *t_cz -1 RER ; *t_cz -1

First we have
Pmyl=itlyloiy =it =i 1N pma gom(a)=N—1gm
— Sam(a)—N-‘rl/Qta'g(a)—N—i-i-l(ma-‘rl)-i-l/Q(I)m
_ 0 (@+3/24=5 " (@) —ko+1/2pm.
Pmyl=i=lpl-iy, — om(D)=N=1/2pom(6)=N=iti(mp+1)-1/2pm
T 0+1/24=5 (D) =k /2 gym
We classify the elements of {a | j, =i — 1} U {b| j» =i} into three types :
(1) @ and b such that m, = mp, jo =1 — 1, jp =1,
(2) a such that j, =i —1 and (mg,i) ¢ k, and
(3) bsuch that j, = ¢ and (mp,i — 1) ¢ k.
In the case of type (1), we have 63 '(a) — 1 =637 (b), ko + 1 = ky. Thus
pmyl=ipl-icly, _ gmgl-i=2,l-i-1ly

and so
(I)mol (qlfiYarlfiflz) 971 (qlf’ifQ}/brlfile) — pm.
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In the case of type (2), the node A = (53" (a) 1,5} ' (a) +kq —c) is an addable
t-node. We have

omp, (qlfiyarlfiflz) — 0, (S,gjfl(a)w/ztﬂ?j*l(a)fka+1/2z) pm
— 0, (51/2t_c+1/2*z) pm
st)V2[A] ~1/2

— om.

.t Cz—l

In the case of type (3), the node R = (537" (b) — 1,655 '(b) + kp —c— 1) is a
removable i-node. We have

omg, (ql7i72Yb,rl7’L'flz) — 0, (S,g;jfl(b)+1/2t7€j*1(b)fkb+l/22) pm
— 0, (s’l/Qt’c’l/Q*z) pm

)71/2*t7cz _ (st)1/2
[R]"t—cz—1

Thus the claim follows. O

m

6.2.5

Propositi(?n. Ifk k' € Zﬁ‘_{if (al 4 ¢ > ~l) and the eigenvalues of K (z) for
K and UX' coincide for all i € {1,...,1 -1}, thenk =k’

Proof. The coincidence of the eigenvalues of Kzi(z) implies

II o'l ez = (st)=2 T (st) 2Btz — (st)!/?

A€A, ,; RER,
H *t_cz -1 H *t_cz -1
AEA)\/,,L- RER)\/,,L-
H *t_cz -1 H *t_cz -1
A€A, ,; RER ;
X H (st)/2[A]"t <= —1/2 H (st)V2[R]"t~¢2 — (st)/2,
AEA)\/,.L- RER)\/,,L-

Since |{(s,t) | s —t =n} N (AxURy)| < 1 for any n € Z, we have

H (st V24" ¢ 1/2)

A€Ax

% H ( 1/2. =¢2 — (st 1/2)

ReRy;

£0
z:tC

for any X € Ay; U R);. So we have X € Ay ; U Ry, and it follows that
AxiURy; = Ay i URy ;.

It is easy to see the set U#O (Ax; U Ry ;) determines A. So the claim follows.

O
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Corollary. If X € ANV(z) is a simultaneous eigenvector for the actions of
KE(z)s (ie{l,...,1-1}) and

X = (- uc+ > c(K)uw  (Fe(k') €R),
k/<k

forke Z?‘rlj;c (ol + ¢ > ~l), then X = Uk,

Proof. 1t follows from Corollary [6.2.3] and the previous proposition. O

6.2.6

Proposition. For k € Ziljc (al + ¢ > ~l), U¥ is a simultaneous eigenvector

for the actions of K (2)’s (i €{0,...,1—1}).

Proof. By definition K;*(z)’s commute with each other. Notice that a matrix
which commutes with a diagonal matrix with diagonal elements different from
each other is diagonal. It follows from Proposition [6.2.2] Corollary and
Prﬁposition that WX is also a simultaneous eigenvector for the action of
K§(2). O

6.2.7

Proposition. Fork € Zfrlfff (al + ¢ > ~l), we have

p(qfs(k)\l/k) — q*E(P(k))\I]P(k).

Proof. By Lemma 2.2l and Theorem 2.2 p(¥¥) is also a simultaneous eigen-
vector of K (z)’s (i € {0,...,1 — 1}). Note that

pla=MW ) = plu) + Y el K )p(uic)
k/'<k

= Up(k) + Z C(k’ kl)Up(k’)
k’<k

and p preserves the order <. Then the statement follows from Corollary [6.2.5]
O

Corollary. For k € Zil;c (al + ¢ > 7l), the eigenvalue of WX for Ké':(z) 18

given by the same formula as in Proposition [6.2.4)
6.2.8

For > o we write simply ¢ 5 for 05, . 5.
Lemma. Fork e Z‘j‘_{? (ad + ¢ > ~l), we have

L€ ﬁ(q—e(k)\l,k) _ q—E(Léyﬂ(k))lI/Léyﬂ(k).

a#
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Proof. By Theorem .22 ¢ ¢ ﬁ(\Ilk) € AFeV(2) is also a simultaneous eigen-
vector. Note that

1S plq W) =18 s(md) + Y ek Kl s(ue)  (Fe(k, k') € R)

k/ak
= Ubé’ﬁ(k) + Z C(k, kl)ubé’ﬁ(k/),
k'<k
and ¢ 5 preserves the order <. The claim follows from Corollary [6.2.5] (I

This lemma assures us of the well-definedness for the following definition :
Definition. For a Young diagram )\, take k € Zil;c (al 4+ ¢ > ~1) such that

LgH_cm(k) € I, corresponds to \. We define

T)=.° (=M™ uk) € F(e).

al4c,00

7 Isomorphism

In this section we construct an isomorphism between the equivariant K-
groups of the quiver varieties and the g-Fock space.

First we express the actions of e;.,,’s on WX, which can be done completely in
terms of Young diagrams (Theorem [[.T.2]). This is basically due to Proposition
[6.T4] although we need the residue theorem and a little complicated induction.

After suitable renormalizations, we arrive at the isomorphism.

7.1 Formula for the representation on the g-Fock space
7.1.1

We will give a formula for the action of e;, on UK. For this the following
proposition is essential ;

Proposition. (1) Formy < ---<mpy and j1 < jo =--- = jn we have

N N N
m Vi — 7Cb(m> + q2<¢l (m) m(a) Vs
(0] (Z Ta,l) o2y J Z < H Cb(m) _ <a(m) ) P ® J

a=1 a=1 \b=a-+1

where m(a) = (ma,ml,...,n/z\a,...).
(2) Formi < -~ <my_1,my=mq (1<a<N)andj =ja =" =jn
we have
q)m®Vj:0

(38) For k such that my < -+ < my_1, Mg < My < Mgy1 and j1 = jo =
-+ = jn we have

pm Rvj = < 1:[ _Cb(n) + qQ%a(n)> (I)E®Vj

b=a-+1 gb(n) - Ca Il)

where M = (..., Mg, MN, Mat1,---)-
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Proof. If j, = jo+1 and mg > mgy1 we have
v
PO @ vj = O™ @ T,v; by @EL2)
P
=0™T, ® Vj

_(=*+1)
oz —1

2 2
m r—9q ql'*l oom
) ®Vj—( (z)(1)2 )<I> M @v; by [GI14).

where o,m = (..., Mgt1,Mq,...) and x = %ﬁ:ﬁ Thus

_ 2
(I)m ® VJ — Ca+1(m) + q g‘l(m) (ba'am ® VJ
CaJrl(m) —Ca (m)
The statement of (3) follows this.
If jo = jat1 and mq = Mgy then = cz%ﬁ:;) = ¢?. Thus we have
O™ @ vi = 3™ @ T,v; by @12
P
=0T, ® Vj
2
— 1
= CTt Ugm gy, by (L)
=-PM® Vi,

and so ®™ ® v; = 0. This shows (2).
We will prove (1) by induction for N. Assume the statement is true for
N’ < N. Then

N N
om (Z Ta,l) ®VJ = om <<Z Ta,2> Tl + 1) ®VJ

a=1 a=2
N N
mm+f@mv =0F.
— Z H O™IT) + ™| ® vj,
a= <b_a+1 Gb (k) — Ca(k)
where I;I_E;) =m(a) = (my,mg, ma, ... M, .. .). Here we use the assumption

of induction. Although the situations are not exactly same, commutativity of
v v
Ty with T, (a > 3) allows us a parallel argument.
Further we have
(—¢*+1)
z—1

o™, @ vy = o™ g v; — 71 g v,

(= +1) <1 (m) + ¢*Ca(m)
ga( ) =G 1_[2 (m) — (o (m)

We can see the coefficients of m(a) (a > 2) coincide with required ones. For the
coeflicient of m we need to check

P ® vj — (I)m(a) X vj.

a=2

N
HCb *QQ() :Z (Q+1Clm HCb *QCa() 1
U (k) C(m (k)
This follows the next lemma. O
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Lemma.

N N
Z *q2+1HiEb*q2!Ea _ 1—[!76(1*(]2 1
1 —1 o Tb—Ta ot Ty — 1

Proof. Apply the residue theorem for a rational function

1

N 2
_ To —q°Z
f(Z)_Z(Z—l)al;[l Tq— 2

7.1.2

Theorem.

i —(st)"2[X]" + (st)V2[A]
X€ERN i AEAy i N

A>X

o GO g
RER)\\X’,; _

R>X

= Y @@y | e e

X€AN; Aeﬁ;(x,z‘ -
<
o H f(st)71/2*+(st)l/2* PAUX
RER)\ ) * _ * C 9
R<X

K;t(z)(lllg) _ H (St)l/Qit—cZ _ (Sﬁ)_l/Q (St)_l/Q*t—cz B (St)1/2
AEAN; t7ez—1 RERy; t=¢z—1

Proof. The formulas for K:*(z)’s are nothing but Proposition .24 and Corol-
lary We will check for e; ,,’s.
For a,be {1,..., N} we put

g 'G(m) — 9Ca(m)

J@.0) = "7 () — Cu(m)

Then we have
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2
1—n; Fm l—i 1—i\ 1
E:E q Ui § : Ta7'ﬁi—1+1 (q Yﬁi,1+17d ) ®Vif
a=n;—1+1

— 1-n; i B b pm(a) l_iYﬁ_ I—i\—™ B
[T q a:f§+1 <b_1;]-":_1 Qf(a )) (q i1 1T ) ®V~l

wEm 1T (tc)"<f[ —Qf(a,b)> om0 vy

a=n;—1+1 b=a+1

b=a+1 b=a’+1
(m,,i—1)¢k
g Mi—1
nt (a)—n; (a c " m(a
= Y nmi(elx) ( 11 f(a,b>> ( 11 f(b,a)> o2 g vy,
ni—1<a<<n; b=a+1 b=a’+1
(m ,,i—1)¢k
where
b m(a) = (---7mﬁi;maamﬁi+1a'"7m/\aa"')7
A
m(a) = (..., Mgy M, Mgry gy, Mgy -,
e X, = (657" (a) = 1,65 (a) + ka — c) denote the top node on the a-th

line of A, and

e n (a)=n;—ad,n;(a)=a—n;— 1.

Since e(m, j) — e(m(a), j~) = n;_;(a) — n; (a) we have

> (tC)n< H f(a,b)> ( 1:[ f(b,a)> q*aﬂﬁi’)@@@%j_

ni—1<a<<n; b=a+1 b=a’'+1
(m ,,i—1)¢k

As in the proof of Proposition [6.2.4] we can arrange the right hand side of the
above equation by classify the element of {a+1,...,7;}U{d’+1,...,7;,_1} into
three types, and finally we get

,(St)71/2* + (St)l/z*
X]" - [

n
en(@)= > (¢IX) | 11
XeERN; AEA;{,Z
>

—(s) VPR + (0P | pax

H *7* c

R€R>\\X7i
R>X
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7.2 Normalizations
7.2.1
Definition. For \ € II we define

N(\) = H (Srhfzttyh*yt _ 1) ,
where the product runs over all l-hooks ((zn,yn), (xt,yt))-

We can easily verify the following lemma :

Lemma. If X is a removable i-node of \, then we have

Ny NoNx) = ] (A -1) ] (+X@" -1)

A€Ay; A€Ay;
A<X A>X

* -1 -1
11 (st —1) 11 (*—1) .
RER}MZ' RER}MZ'
R<X R>X

Remark. From geometrical point of view, N(X) is derived from the Kozsul
complex of the unstable manifold , with respect to a specific C*-action, on which
points converge to the fixed point \.

7.2.2

For p € II we will define M (u) € R inductively. First we set M (#) = 1. Let
Y = (a,b) be the most right node of the top row of u. Then we set

M(p) =M(p\Y) (5*1/2t1/2)di—1(u) [7]°=0
X H ((st)—1/2) H ((St)_l/Q*)_

AeAu,i RGR”\YJ
ALY RY

Lemma. If X is a removable i-node of \ € 11, then we have
di—1()
M) = M(A\X) (5—1/2151/2) '

< 11 (eom7) 11

A€Ax; A€AxN i

A<X A>X
< I1 (eomy) T O
ReER)\x,i ReER)\x,i
R<X R>X

Proof. We divide X into A; and A, by the vertical line on the right of X.

o

Al Ar
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Let us write p < A if we can get p from A by successive removing the nodes
on the top of the most right line of diagrams. Take p € II such that A\, < p < A.
Let Y be the node on the top of the most right line of p.

Then we can verify

M (p\X)
u\Y M( u\ XU Y))

_ (5_1/2t1/2) 0-1= ((st)_l/Q*)é(jEi) ((st)_1/2)_6(JE)
X ((st)—l/Qt)a(jEH) ((st)—ms) P=D
= (3_1/2151/2)5(]-713) 5051’*1)*25(j5i)+5(j2i+1)_

So we have
M(A\X)
)\l M(M\X)

_ (871/2151/2) 11O s e On) =20 O bas ()

Let j denote the content of the node on the bottom of the most left line be j of
Ar. Note that we have §(b=0) =4(j =) and

[ AN il = [Bx, il = cica(Ar) = 20i(Ar) + @iga (Ar) +6(5 = ).
Finally we have
M)
M(A\X)
- (571/2,51/2)“1'*1“” ] -1 A2 +ass ()
% (571/2151/2)111-,1(&) 6(b50) H ((st)’l/Q) H ((St)ﬂ/z*)

AEA)\Z,-; RERAL\X,-L
A<X R<X

:(5—1/2151/2)‘1“1(”IAM,i\f\RM,il H ((St)—l/z) H ((St)_l/Q*),

AEAN RER\\x,i
A<X R<X

So the claim follows. O

7.3 DMain theorem

Now we arrive at the main theorem ;

Theorem. K% (9M) and F(0) is isomorphic as representations of Uk (sl1 tor)-
The isomorphism is given by

N(A)by — M(N)T}.

Proof. This follows from Theorem[B.2.3] Theorem[Z.T.2] Lemma[Z.2.Tland Lmma
2.2 [l
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