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ON THE LOWER CENTRAL SERIES OF AN ASSOCIATIVE
ALGEBRA

GALYNA DOBROVOLSKA, JOHN KIM, AND XIAOGUANG MA

(with an appendix by Pavel Etingof)

ABSTRACT. For an associative algebra A, define its lower central series Lo(A) =

A, L;(A) = |A, Li—1(A)], and the corresponding quotients B;(A) = L;(A)/L;+1(A).
In this paper, we study the structure of B;(Ax) for a free algebra A,. We con-
struct a basis for B2(Ay ) and determine the structure of B3(Az) and Bs(Az2).

In the appendix, we study the structure of Ba(A) for any associative algebra

A over C.

1. INTRODUCTION

Let A be an associative algebra. Let us regard it as a Lie algebra with com-
mutator [a,b] = ab — ba. Then one can inductively define the lower central series
filtration of A: L1(A) = A, L;(A) = [A, L;_1(A)], and the corresponding quotients
Bi(A) = L;(A)/L;11(A). Tt is an interesting problem to understand the structure
of the spaces B;(A) for a given algebra A.

The study of B;(A) was initiated in the paper by B. Feigin and B. Shoikhet [FS],
who considered the case when A = A, is the free associative algebra in n generators
over C. Their main results are that B;(A,,) for ¢ > 1 are representations of the Lie
algebra W, of polynomial vector fields in n variables, and that Bs(A4,,) is isomor-
phic, as a W,-module, to the space of closed (or equivalently, exact) polynomial
differential forms on C™ of positive even degree.

The goal of this paper is to continue the study of the structure of B;(A,,), and
more generally, of B;(A) for any associative algebra A. More specifically, in Section
2 we give a new simple proof of the result of Feigin and Shoikhet on the structure
of Ba(Ay,) for n = 2,3, by constructing an explicit basis of this space. In Section 3,
we generalize this basis to the case n > 3, and use it to determine the structure of
the space Ba(AL), where AZ is the quotient of A,, by the relations z]** = 0, where
m; are positive integers. In Sections 4,5 we obtain some information about the
structure of B,,(A42) as a Wa-module. In Section 6 we determine the structures
of B3(As) and By(As), thus confirming conjectures from [FS]. Finally, in the
appendix, the structure of B2(A) is studied for any associative algebra A over

C.

2. THE STRUCTURE OF B3 AND Bs3o

2.1. Some notations. Let A,, be the free algebra over C in n generators x1, ..., .
Let m1,...,m, be positive integers, and R be the set of relations ;" = 0, ¢ =
1,...,n. Let AR = A, /(R). From now on, we denote B;(A,) by By, and B;(AEF)
by BE,.
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Let each generator x; have degree 1. We say that w € B, ; has multidegree
(i1,...,1in) if every xs occurs i, times in every monomial of w. The set of all
multidegree i = (i1,...,%,) elements in B, is denoted by B, x[i]. Note that
not all w € B, will have a multi-degree. However, monomials and brackets of
monomials in By, ;, will have a multi-degree. Let [ = ¢; + --- 4+ 4,, and call [ the
degree of w. We denote B,, i[l] to be the set of all degree [ elements in By, k.

2.2. Basis for By [l]. In this section, we find a basis for Bs sl].

Proposition 2.1. For | > 2, the | — 1 elements [xll,xl{l] fori=1,...,1—1
constitute a spanning set for Ba oll].

Proof. First note that every element of By 2[l] can be expressed as a linear combi-
nation of the brackets [a,z1] and [b, z2], where a and b are monomials with degree
no less than 1. To see this, consider an arbitrary bracket of monomials in Bg 5[l].
This bracket may be written as [P, g1g2 - - - ¢n], where n > 2 and ¢; represents either
Ir1 Or I2o.

Then we have

(P12 an] = [Pq1 - Gn—1, 0] + [P -+ Gn—2: Gn—1] + -+ [@2 - @ P, 1]

As every element of Bj »[l] is a linear combination of such brackets of monomials,
and each bracket of monomials is a sum of brackets of the desired form, every
element of Bs 5[] is a linear combination of brackets of the desired form.

Consider [a,z1]. Write a = z¥a;, where a; begins with 2o or is equal to 1.

Then we have [a;,z¥"!] = Z;C:O [2¥ 7 ay27, 21]. Notice that all the terms in the
summation are equivalent in Bs »[l] because we can cyclically permute either term
of the bracket. So [z¥a;,z1] = k%rl[al,x’fﬂ].

If ay is not 1, then a; can be written as z5'x{as, where as begins with xo or is
equal to 1. So by the same argument as above,

far, #41] = [ aaa, 28] = [alaaad, o] = ——fapal, a1

Continuing this process will eventually transfer all powers of z; to the right side
of the bracket, showing that [a,z1] is a constant multiple of [x5 %, 23] = —[a}, 25 ]
for some ¢ from 1 to [ — 1.

A similar argument shows that [b, 5] is a constant multiple of [z}, z57"]. Re-
calling that every element of Bz 3[l] is a linear combination of brackets of the form

[a,z1] and [b, z2], the proposition is proved. O

Theorem 2.1. Forl > 2, the [—1 elements of the form [xzi,xl{i] fori=1,...,1—1
constitute a basis for By s[l], so for anyi,j > 1, Bas[(i,j)] = C- [2%,27].

Proof. We will show that dim Bs2[l] > I — 1. Since we have already found [ — 1
generators for Bg 5[l], we conclude that dim Bj »[l] must be equal to I — 1, and thus
the spanning set we found must be a basis for Bs 2[l].

We claim that [z}7!, z5] is non-zero, i.e. [#17!, zo] is not in [[As, A, As]. Note
that [[Az, As], A3] is spanned by elements of the form [[mq,ms], ms], where my,
ma, and mg3 are monomials in As, and the only brackets of this form which contain
either z' ™ xy or zox ™" are either of the form [[z}, zo], 27177 or [[x2, 2], 2i 7177

—[[#%, x2], 21717, In these brackets, the coefficients of =\ *zy and zoz!™' are



ON THE LOWER CENTRAL SERIES 3

always equal. Therefore, no linear combination of these brackets can give opposite
signs on 2\ g and wo2! 7!, asin (#1771, 25]. Hence, [#!7, 2] is not in [[Ag, As], Aa).

Consider the Lie algebra gl(2,C). Then it has an action on Bs 2[!] since it has a
natural action on the generators {z1,22}. By direct computation, we can see that
[2)71, 2] is a highest weight vector for gl(2,C) with weight (I — 1,1). From the
representation theory of gl(2,C), it follows that this vector generates an (I — 1)-
dimensional irreducible representation of gl(2, C) contained in Bs 2[l].

Hence, dim By 2[l] > | — 1, and the conclusion follows from the argument given
in the beginning of the proof. O

2.3. The n = 3 Case.

Proposition 2.2. Forl > 2, the I — 1 non-zero elements of the form [JJ? ;v?,x?]
and [z x, 2] for i1 + 2 + i3 =1 constitute a spanning set for Bs[l].

Proof. By a similar argument as before, every element of B3 2 can be expressed as
a linear combination of the brackets [a, z1], [b, z2], and [c, 23], where a, b, and ¢ are
monomials with degree no less than 1.

Consider [a,z1]. This may be written as a constant multiple of a bracket of the
form [lel ,a1], where a; is a product of only x2’s and z3’s. We then write [lel ,ai] as
the sum of [a; 2% !, 1] with brackets of the form [z} d;, x2] and [z} da, 3], where
d; and ds are products of only z2’s and x3’s.

We can write (28 dy, xo] = ky[2 2l 2] and (2 dy, x3] = kolzt x2, 22). Noting
that [a;2% ", 2] is a constant multiple of [z%', a1], we may now solve for [z%', a1],
realizing it as a linear combination of [z 2%, 2] and [%' 2%, #%]. Therefore [a, z1]
is a linear combination of [z4' 2%, 2%] and [z} z22, ).

By performing a similar analysis on [b, 23] and [c, 23], we find that every element
of B can be expressed as a linear combination of [z} %, 2], [z} 2%, 2], and
[z 22, %], Noting that [0 2%, 28] + [¢} 22, 2% ] + [2h 22, 28] = 0, we have that
every element of B3 o can be expressed as a linear combination of [z]'z5, x5] and

[y 25, 25 =

By using a similar method to the two variable case, we can consider the gl(3,C)
action and find that the element [xll_l,;vz] (which we showed to be nonzero when
considering the two variable case) is a highest weight vector of weight (n — 1,1, 0).
It then follows from the representation theory of gl(3,C) that this vector generates
a representation of dimension [? — 1, and hence the dimension of Bj»[l] is at least
12 — 1. Combining with Proposition we have

Theorem 2.2. For any i = (i1,i2,i3) € (Z=0)?, [z 2%, 2%] and [z 25, 22] con-
stitute a basis for Bsoli].

Remark 2.1. The proof of Proposition Il mimics the manipulation of 1-forms done
by Feigin and Shoikhet [FS], except in the language of brackets.

Theorems 2.1 and can be obtained from Theorems 1.3 and 1.4 in [ES], re-
spectively. But here we have given new direct proofs of these theorems without
using the results of [FS]. We have not been able to generalize these proofs to the
case n > 4.
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3. THE STRUCTURE OF B, 2 FOR GENERAL n

3.1. The Main Theorem about B, 2. Let P, be the set of all permutations of
1,2,...,n which have the form (2,3)%2(3,4)% ... (n — 1,n)% 1, where (i, j) is the
permutation of ¢ and j, and 6; = 0 or 1. From now on, let i = (i1,...,4,) € (Zso)".

Theorem 3.1. The basis elements for B, s[i] are the 2"~2 brackets given by

i Ip(n— ip(n
[xp?(ll)) o 'x;(il—ll;’x;((n))] forp € Pn.
In particular, we have

dim B,, 5[i] = 2" 2.

Remark 3.1. Note that if some i is zero then a basis of B, »]i] is given by Theorem
Bl for a smaller number of variables. Thus, Theorem [B.] provides a basis of B,, 2[l]
for any [, and thus a homogeneous basis of By, 2. An interesting property of this
basis is that it consists of elements whose monomials are non-redundant (i.e. every
letter occurs only once in some power).

The proof of Theorem [B1]is given in the next three subsections.

3.2. The Feigin-Shoikhet Isomorphism. We will use the isomorphism in [FS]
between By, » and Q5" ¥ (C"), the closed even differential forms with positive de-
gree, to prove the main theorem. Recall ¢,, is a homomorphism of algebras:

On 2 Ay — QV(CT),
which takes z; € A, to z; € Q°(C") and
On(Ti25) = 25 * x5 = ;iwy + dr; Adzxj.
Feigin and Shoikhet proved that ¢, induces an isomorphism

n t B — QIH(CM).

closed

Now let w € QP(C™) be a p-form. We say that w has multidegree i if every z,
occurs i, times in every monomial of w. Define QP(C™)[i] to be the space of all
forms of multidegree i.

The main theorem is then a consequence of the following two lemmas:

Lemma 3.1. dim Q&™F(C")[i] = 2"~2.

closed

Lemma 3.2. The 2"~ 2 brackets described in the main theorem are linearly inde-
pendent.

3.3. Proof of Lemma [B.Il We first prove a more basic lemma, from which
Lemma [3.7] will follow.

Lemma 3.3. dim Qfloscd((cn)[i] - (Z: i) '

Proof. By the Poincaré Lemma, the De Rham differential defines an isomorphism
d: QP (C)[i]/ Q8 La(CM[] = QB0 (CM)].

closed
Hence, if D(p) := dim QF,___,(C™)[i], we have the recurrence relation:

closed

D(p) = (p " 1> — D(p—1), and D(0) = 0.
—1
A simple inductive argument shows D(p) = (n 1>, as desired. O
p—
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Lemma B now follows from a simple combinatorial identity:

. even n n - n—1 n—
dlm choseér (C Z dlm choscd (C )[ ] = Z <2k _ 1) =2 2'
k=1 k=1

3.4. Proof of Lemma We begin by computing the image under the map ¢,
of the brackets with the form given in the statement of the main theorem.

Lemma 3.4. We have

;i : i ; d:Ek
Gn(a] .oxp) =aft .oy g /\zk—
Sc{l,...,n} kesS
|S| even

where the indices in the wedge product are in increasing order.

Proof. We prove this by induction. For n = 1, we have ¢n(:1clf) = :Elf, as desired.
Assume the lemma is true for n. Then

. , . _ , dxy, ,
71 7An«#l Z tn+1 __ 11 7 - Tn+1
(bn(xl ] ) (bn( o nn)*xn-i-l =%y T, E : 1k T >|<‘/I‘.n—i-l .
Sc{l,...,n} k€S
|S| even

Note that in the expansion of the last expression, the sum of the 2/-forms comes
from d[(2] — 2)-forms] A dz;"}} + 2I-forms Az;"'}. The first term gives all 2i-forms
which contain dz,i1, whereas the second term gives all 2/-forms which do not
contain dz,11. Together, all possible 2[-forms appear in the expansion. These
forms correspond to the subsets S of {1,...,n + 1} with exactly 2! elements. It
is not hard to see that the coefficients of these forms are precisely the ones in the
lemma. (|

By direct computation, we have:

Corollary 3.1. Let wg(z1,...,2,) = 227 - xin N\ indt L for S C {1,...,n}.
Then for iy,...,1, > 0, we have

et oyl = Y ws@n,w),
neSc{1,...,n}
|S| even

where the indices in the wedge product are in increasing order.

Notice that for p € P,, we have

o[z, Zp(l) D)) = > €(S,p) ws(Tp(1)s- - Tp(n))s
p(n)leésic{lv"'vn}

where €(S,p) = £1, depending on the choice of S and p.
Denote ws(xp(1); - - - Tpn)) DY w%. We are now ready to prove Lemma

Proof of lemmal32 We proceed by induction on the number of variables. It is easy
to see that the lemma is true for n = 2, 3 from the results in Section 2l Assume the
lemma is true up to n > 3. We now prove the lemma for n + 1 variables.

Let P!, be the set of permutations which contain (n,n +1) (i.e., with 6, = 1),
and P? 11 be its complement in P, ;1. Then we have P, 1 = PnJrl U P
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By applying the isomorphism ¢,, 1, it is enough to show that the 2"~! forms:

wP = Z €(S,p) wh

p(n+1)eSc{l,...,n+1}
|S| even

are linearly independent.

For any p € P! 11, the components of w” which do not contain dz, 1 are precisely
the forms in the n variable case which appear in w? , where p’o (n,n+1) = p. Hence,
the w? for p € P} 41 are linearly independent.

Furthermore, since every form which appears in w% for p € pP? 11 contains dz, 1,
we only need to show that the forms w? with p € P2 1 are linearly independent.

Let S ={S c{l,...,n+1}|l,n+1 € S and |S| is even}. For any p € P2 |,

Z €(S, p)w? is a linear combination of even forms containing dxy A dap4q1. It is
ses
enough to show that these sums are linearly independent.

It suffices to prove the invertibility of the 2"~2 x 2”2 matrix where each row
represents a bracket p € P2, each column represents a form S € S, and whose
entries are the ¢(S,p)’s. For the rows, we choose the order recursively, beginning
with the identity permutation. Given the first 2¥ elements, the next 2* elements
are given by composition with (k4 2,k + 3).

For the columns, we will represent the form dx;, A ---Adx;, by the ordered m-
tuple (ji1,...,7m). We again choose the order recursively, beginning with (1,n+ 1).
Given the first 2¢ columns, the next 2* columns are given by appending k +2,k+3
to the first 2°~! columns and by replacing k+2 with k43 in the next 25~ columns.

We prove the invertibility of this matrix by induction on n. When n = 3, the

matrix is given by < b

1 -1
n > 3.
Divide the matrix into equal fourths. Call the submatrices oy, Bn, Yn, 0n. Note
that «, is the matrix for the n variable case. Now further divide each of these

submatrices into four more equal quadrants. Call them all, al? oa?1 22 etc.
1,1

In the case of a,, we have alt = o, 1, ab? = B,_1, > = v,_1, 2% = §,_1.

Because changing the position of n in the permutation has no effect on the sign
of the forms which do not contain n, we have a,, = 7y, (and -1 = Y—1). We
also have alt = 811 and al? = 312 because the permutations in those rows leave
n—1 and n fixed. By similar analysis of the permutations, we can show the matrix
has the form:

2n72

), which is clearly invertible. Assume it is true for

On—1 ﬂnfl Qp—1 ﬂnfl

( Qo ﬂn ) _ On—1 57171 * ﬂnfl
Tn 571 o Qp—1 ﬂnfl —Qp—1 ﬂnfl
Ap—1 611—1 * 571—1

Subtracting the last 27~3 rows from the first 27~3 rows gives

Qn—1 ﬂnfl Qp—1 ﬂnfl
Qn—1 5717 1 * ﬂnfl
0 0 20,1 0

0 0 * ﬁn—l - 571—1



ON THE LOWER CENTRAL SERIES 7

It remains to show that a,, an_1, and 5,1 — 6,1 are invertible. «, and o, _1
are invertible by the induction hypothesis. We see that £,_1 — d,_1 is invertible
by subtracting the last half of the rows from the first half in the invertible matrix

_ Qp—1 Bn— 1
o = 5 .
Op—1 n—1

3.5. Finite order case.
Theorem 3.2. For anyi= (i1,...,in) € (Zs0)",

BR [i] = 0 if is > mg for some s;
n,2 By 2li] ifis <ms for all s.

Proof. 1t is clear that if iy < mg for all s then the relations have no effect, so the
statement of the theorem holds. Now assume that for some s, iy > ms. Then
the images in Bf)2 of all the basis elements from Theorem [B.1] are zero. But these
elements must span Bfﬂ[i], which implies that this space is zero, as desired. O

Remark 3.2. In this proof it is important that the basis elements involve only
non-redundant monomials, see remark [3.11

4. THE STRUCTURES OF Bj p,[r, 1] AND Bag ,[r, 2]

Let W, be the Lie algebra of polynomial vector fields on C™. In [FS], Feigin and
Shoikhet described an action of W,, on By, j.

From now on, let A = Ay be the free algebra generated by =,y and L; = L;(A).
We denote by L;[r, s] (and Ba n,|[r, s]) the space of elements of L; (and Bs,,) with
multi-degree (r, s), that is, consisting of monomials having r copies of z and s copies
of y. The purpose of this section is to compute the bases of By ,,[r, 1] and Ba ,[r, 2]
which will help us to find the W-module structures of By 3 and Bs 4, and obtain
some information about the structure of Bj,, for general m in the subsequent
sections.

Define ad,b = [a,b]. Then we introduce the following elements:

0, = oty ond oty
bg? = ad oad,(y').

Notice that bglj)k is an element in L;y;43[i +j + k, ! + 1], and bglg is an element

in L;yo[i+ 7,1]. For simplicity, when [ = 1, we denote bz(.)lj{k by b; ;.1 and bg}} by b;.;.
4.1. Structure of By ,,[r,1].

Theorem 4.1. For m > 2 we have:

O, r<m-— 2;
B2,m[r7 1] - { C- bm727T,m+2, rZ>m-— L.

First we prove two lemmas.

Lemma 4.1. Forr > 1 and s > 0, the linear map % o Ag[r,s] = Ag[r —1,5] is
surjective.
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Proof. We do induction on s. For s = 0 the statement is obviously true. Now
suppose s > 0. Every monomial in As[r — 1, s] has the form myz®, where 0 < a <
r—1 and m is a monomial in As[r—a—1,s—1]. By the induction hypothesis there
exists a polynomial p such that %p =m.

Now we show by induction on a that there exists a polynomial ¢ such that
%q = myz®*. If a = 0, put ¢ = py. Suppose a > 0, then by the induction
hypothesis there exists a polynomial f in As|r,s] such that % f = pyxz® . Then
q = pyx® — af will be a solution. O

Lemma 4.2. The kernel of the map % 2 Alr 1) = Alr = 1,1] is C- by_1.1.

Proof. By Lemma 1], dimker 2 = dim A[r, 1] — dim A[r — 1,1] = (r +1) —r = 1.
The element b,_; 1 is in the kernel of %, and it is non-zero. Thus the lemma is
proved. (I

Now we can prove the theorem.

Proof of Theorem[{.1] We first prove that for m < r + 1 the element b,,—2 y—m+2
spans Ba ,[r, 1]. We do this by induction on r. For r = 1, [z, y] spans Ba2[1,1].
Now suppose r > 1. The statement is true for m = r+1 obviously. Suppose m < r.
For any w € Bgn,[r, 1], we have %w € By m|r — 1,1]. By induction hypothesis

%w = ¢cbpm—2,r—m+1 for some constant c¢. Let p = bm—2,r—m+2. By Lemma

r—m+42
42 we have w — p € ker % C L,4q. Since m <r, w =p € By ,,. So the statement
is proved by induction.

Therefore we have dim B ,[r,1] < 1 for m < r + 1, and dim By ,[r, 1] =
0 for m > r+ 1. Since Y ., <, 1 dim By ,[r, 1] = dim Az[r,1] = 7 + 1 and

dim Bg 1[r, 1] = 1, we have dim By ,,,[r, 1] = 1 for m < r + 1. O
4.2. Structure of By ,,[r,2].

Theorem 4.2. For m > 2 we have:

m—1 m<r+1;

dmBanlr2 = { V) 0200

A basis of Bam|r,2] for m <r+1 is given by the m — 1 elements

(2)
m—2,r—m-+2*

bijr—mts fori+j=m—3, and b
Before starting the proof we will prove several lemmas.
Lemma 4.3. The set S, = {b; j1li+j=r—1,j is even } is a basis of L, 2[r,2].

Proof. At first, we prove elements in S, are independent by induction on r. For
r = 1 the claim is obvious. Assume it is true for » — 1. If r is even, then these
elements have the form [z, b; j 1] where i+j = r—2 and j is even. These elements are
independent by the induction hypothesis because Y o j[z, bij1] = [z, o jbi 1]
has the leading monomial xm where m is the leading monomial of > «; ;b; j1.

If r is odd, by a similar argument as the even case, we only need to show that
the element by ,—1 1 is independent from the others. Since it is the only element
which has the monomial 2yx"y, the conjectured basis elements are independent by
induction.
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Now we show that elements in S, span L,is[r,2]. It is enough to show that
bo,r—1,1 with even r is in [z, L,41]. Applying Jacobi identity repeatedly, we obtain

borta = (lahad oo fos].d) + 5, Losa
= .. .=y, x],.. ] 2], [x,...[z,y]..]] + [z, Lrt1],

where the last element has equal number i of copies of x in the first and the second
major brackets. But this element is zero, so the original element bg,_11 is in
[z, Lr11]. O

Lemma 4.4. The set S, = S, U{b; qoli+j =1r—2}U {bfi)l’l} is a basis of
Lyy1[r,2]. In particular, the set S| — S, is a basis of By yy1[r,2].

Proof. At first, we prove by induction on r that the elements in S, are independent.
When r =1, it is easy to see. Now suppose r > 1.

If r is even, all the elements in S except the element by ,_22 will have the
form [z,b] where b is in S]._; which is the basis of L.[r — 1,2]. As in the proof of
Lemma 3] we only need to show bg,_22 is independent from the others. Since
its leading monomial is 2yz"y, which is not found in the others, the elements in S/,
are independent.

If  is odd, the elements in S/ are [z,b] where b € S|._;, and two other elements
bo,r—2,2, bo,r—1,1. We observe that by ,—1,1 has a leading monomial 2yz"y which no
other elements in S, have, therefore by ,_11 is independent from them.

Now let r = 2¢ + 1. By direct computation, we have

bor—22 = (20— Dayz® + (2% + 3i)22y2z® 1y + Ozya® yz 4 - -,
bir—32 = 2ryx?t + (—2i + 2)x2yx2i’1y + 0zyz® lyz 4+ -,
bor_31 = Ozyz® +22%yz*ly — doyx® lyx + ...

Since these monomials are not present in the other elements of S/, we have that the
element by ,_2 2 is independent from the other elements. Therefore by induction all
the elements of S). are independent.

Now we show that S/, is a spanning set by induction on r. For r = 1 the statement
is true. Assuming the statement for r — 1, we obtain that [z, L,.[r — 1, 2]] is spanned
by elements [z,b] for b € S/._,. Since the space [y, L,[r, 1]] is spanned by by ,_1,1 we
only need to show that [22,bg _3 1] is in the spanning space of S.. By repeatedly
applying Jacobi identity, we have:

[$2, b0=7“*3-,1] = [[$2,y], [Ia s [Ia y] - ]] + [yv LT[Tv 1]]
= [ll=*,9), 2], [, - [z, 9] - D) + [, Lol = 1,2]] + [y, Lo [, 1])
= ...=[..[z%y],2],.. ), 2], y] + [x, L.[r — 1,2]] + [y, L.[r, 1]].

So the set S!. spans L,;1[r, 2] and we proved the lemma. O

Lemma 4.5. The linear map 2 : As[r,2] — As[r — 1,2] has the property
0
ker — N [A, A] C Lyy1[r, 2].
o9 [A, A] € Lyya[r, 2]
Proof. From Lemma and 4l it follows that

r+1
2

dim Bz y41[r, 2] = r,dim Bg y42[r,2] = | 1.
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We have the induced linear map %|BQYH1[T7Q] : By p41[r, 2] = Bz r41[r — 1, 2] which
is surjective because a%bm,g =2b; j1. So
1
= dim By 1 [r,2] — dim By fr = 1,2 = 7 — [ 2] = LT; I
Also 2 maps Bz ,42[r,2] to zero, so dim(ker & N Ly41[r,2]) = 2| =5 |
If ris odd, 2| =8| = r+1, so ker & C L,4q[r,2]. If r is even, 2| 25| = r.
In this case we consider the induced map |p, (9 : Ba2,1[r, 2] = Baa[r — 1,2].

dim ker 9 |Bz,r+1 [r,2]

These spaces are the spaces of cyclic words, so dim ker % |By 1 [r,2) = dim By 1[r, 2] —

dim By 1[r — 1,2] = [ZEL] — [5] = 1 if r is even. So for even r, a one-dimensional

subspace of ker 8% lies in By ;. Therefore ker 8% N[A, Al C Ly41][r, 2]. O
Now we prove Theorem

Proof of Theorem[{-3 Let us prove that any element w of Ba,,[r,2] is a linear
combination of the conjectured basis elements. We do induction on 7.
If r = 1, both [z, y?] and [y, [x, y]] are basis elements. If r > 1, we have %w which

has degree r—1 in . So by induction hypothesis a%w = Ei+j:m—3 0 i 5 r—mt2+

(2) _ Qi o p(2)
abm72,rfm+l' Put p = ZH—j:m_g T,migbi,j,r7m+3 + r7m+2bm72,7“7m+2’ then

Z(w—p) =0 Sow—pekerZN[A A C L4y by LemmaHl Sow = p
in Ly/Lmt+1 (m < r), and p is a combination of basis elements. Therefore the
required elements span Bz ,[r, 2] and dim By ., <m —1 (2 <m < 7).

We know that dim By 1 = VTH], dim By ;40 = LT—JQAJ and dim By, < m —1

(2 < m < r). But these numbers have to sum to dim As[r,2] = %, S0

dim By, = m—1 (2 <m <r) and the found spanning elements actually form a
basis for Bg [, 2]. O

5. THE MULTIPLICITIES OF F(, 1) AND F(,2) IN By

We consider the W,-modules on which the FEuler vector field
e=>1, ‘Tia%i is semisimple with finite-dimensional eigenspaces and has its eigen-
values bounded from below. Let W2 be the subalgebra of W, of vector fields
vanishing at the origin.

Let Fp = Homy o) (U(Wy), Fp) be the irreducible W,,-module coinduced from
a gl(n, C)-module Fp where D is a Young diagram having more than one column.
(For reference about modules Fp see [FE] or [F]; for reference about Schur modules
Fp see [Full). Let (p, k), where p > k are positive integers, denote a two-row Young
diagram with p boxes in the first row and k£ boxes in the second row.

In this section we prove

Theorem 5.1. For m > 3, the Wa-module By, has in its Jordan-Holder series
one copy of the module F(p,_11), LmT*QJ copies of Fm—1,2), and LmT*gJ copies of
Fim—2,2)- The rest of the irreducible Wa-modules in the Jordan-Hélder series of

B3y, are of the form Fo.k) where k > 3.

Proof. 1f By, contains a module F{,y, then dim F,[r,0] = 1 which contradicts
dim By ,[r, 0] = 0. Similarly, Ba ,, cannot contain the module of exact one-forms.
Therefore all the irreducible Ws-modules contained in Bs ., are of the form Fio.k)
where k > 1.
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At first, we find the multiplicities of the modules F,, 1) in Ba . Notice that for
modules F, ) where k > 2, we have F(, 1[r, 1] = 0. We also have

0, r<p—1

dim Fp 1)[r, 1] = { 1, r>p.

Comparing this to Theorem E.Il we obtain that B ,, has one copy of F(,;,—1,1) and
none of the other modules F, 1) where p # m — 1.

Now let us find the multiplicities of the modules F(p,2) in Ba . For modules
Fip,k) Where k> 3 we have F(, 1y[r,2] = 0. We notice that

. _J 0, r<p-—-1
dnn]-"(pyg)[r, 2] = { 1 r>p. (1)
We also have
0, r<m-—3;
dim Fp_ipy[r,2] =49 1, r=m—2;
2, r>m-—1
By Theorem .2l we have
0, r<m—3;
dim By y,[r, 2] — dim Fp,—1,1y[1, 2] = Lm2_3j, r=m—2;
m—-—3, r>m-—1

From formula (), we have that By, has |Z52] copies of F(y,_22) and | 22|
copies of F(,,_19), which together with the module F(,,_; 1) account for the di-
mensions of By ,[r,2]. Finally, we remark that there may be some copies of the
modules F, ) with k > 3 in Bz, which we cannot detect with the help of the
structures of Bg ,[r, 1] and B n[r, 2]. O

We make the statement of this theorem more precise with the following

Proposition 5.1. The module F(,,,_1,1) is the last term of the Jordan-Holder series
of Ba,m, i.e. there is a projection map Bz m — F(m—1,1)-

Proof. For m > 4, consider the subspaces M; := [A,[A,...[La, Lym—i—2]...]/Lm+1
(0 <i<m—4) of By They are Wa-submodules of Bs ,, because Wy acts on
Bs,m by derivations. So the quotient space Da y, := Ly, /(Lipy1+ Mo+ -+ Mp—4)
is a Wa-module.

We claim that Da ,, is isomorphic to F(,,_1,1) as a Wa-module. Take an element
[p1, P25 - - - [Pm=1,Pm] - -] of D2 . By the relations in Bg 3, we can assume that py,
is either = or y. We notice that modulo M; we can interchange the polynomials p; 1
and p; 42 in the expression [p1, [p2, . . . [Pm—1,Pm] - - .]. By such permutations, we can
make p; either x or y. Similarly, using the relations in B 3 and permutations, we
can make each of the elements ps, ps3, ..., pm—2 either x or y. Moreover, using per-
mutations, we can order pi,...,pm—2sothat p1,...,pr =z and pgy1,...,Pm—2 =1y
for some 0 < k <m — 2.

For the elements of D ,,, we introduce the notation cq 45 ; := ad‘;oadgoadmi (y9).
From the previous considerations, we obtain that Dj ,,[l] is spanned by the elements
Caym—a—2,il—m—i+2, where 0 <a <m —2and 1 <7 <[—-m — 1. The number of
these spanning elements of Dy, is (m —1)(I —m —1).



12 GALYNA DOBROVOLSKA, JOHN KIM, AND XIAOGUANG MA

In particular, Ds ,,[m] is spanned by the m — 1 elements e; = ¢;—1,m—i—1,1.1,

where 1 <7 <m — 1. We notice that in D5 ,, we have
9 -1

Y € = ; ad? ' oady (i j1mi111) = (i —1)ci—om_i11 = (i —1)ei1.
We notice that e; is not zero in A since it has a leading monomial xy™ ! with
coefficient (—1)™~2 # 0. We also notice that e; has multi-degree (1,m — 1) in L,,
and Ly, 41[m] = M;[m] = 0 for 0 < i < m — 4. Tt follows that e; is not zero in the
quotient space Ds .

From this we derive that ej,es,...,e,—1 are independent in Ds ., because for
1 <k<m-—1if ax # 0 we have
0
(y%)k_l(z aiei + ager) = ager # 0 (2)
i<k
Therefore ey, ..., e,—1 form a basis of Dy ,,.

Now we show that the Ws-module Ds ,, is irreducible. Suppose it is not . Then
it has a Wa-submodule S. Because Dy ,,, starts in degree (eigenvalue of the Euler
operator) m, S has to start in degree at least m. We notice that the irreducible
modules in the Jordan-Hélder series of Dj ., which start in degree m have the sum
of their dimensions in degree m equal to m — 1 = dimDs,,[m]. Therefore the
sum of their dimensions in a degree I > m will be (m — 1)(I — m + 1). But we
already showed that dimDs ,, (] < (m —1)(I—m +1). Therefore all the irreducible
modules in the Jordan-Hélder series of Ds ,,, start in degree m. But the equality
(@) shows that Ds ., [m] belongs to a single Wa-submodule of D3, generated by e;.
Therefore Dy ,, is isomorphic to an irreducible Ws-module, which starts in degree
m and has dimension m — 1 in this degree. So this module is Fp where D = (p, k)
with p+k=m and p —k =m — 2. This is F(,—_1,1)- ([l

6. THE STRUCTURES OF By 3 AND DBj 4

In this section we find the Ws-module structures of B3 and By 4. We will
use characters of Ws-modules which are formal power series in letters s,t. The
character of a Wa-module M will be given by char M = Y dim M[a, b]s®t®, where
MTa,b] denotes the subspace of elements of M with weights a,b of the operators

First we compute the characters of the irreducible modules F, ,,) for Young
diagrams (n,m).

Proposition 6.1. The character of F(nm) is given by

" mtn—m+tn—m—ls+._.+sn—m

har F, ) = 5™t
caar Fnm) = 8 I-s(1-1

Proof. This is true since to form an element of F(, ,,)[a,b] we have firstly to
use m copies of z and m copies of y to produce the part (dz A dy)®™; this ac-
counts for the multiple s™¢™ in the character formula. Next we have to choose
0 < i < n—m copies of x and n — m — ¢ copies of y to produce the symmetric
part (dz)"- (dy)" ™" of the tensor part of an element of F(,, ,,,)|a, b]; this accounts
for the sum "™ 4+ ¢"~™~ls 4 ... 4+ s""™ in the numerator of the character for-
mula. Lastly, we have to add a polynomial part to our element by multiplying it




ON THE LOWER CENTRAL SERIES 13

by s*~™~% and t*~"*%; this is accounted for by the multiples 2~ = >°,. s’ and

ﬁ =Y ,5ot" in the character formula. 0

By multiplying char F(,,,) by (1 —s)(1 —t), we obtain a polynomial with a
leading monomial s™¢". Since all these polynomials for different diagrams (n,m)
have different leading monomials, they are independent. Therefore the characters
of different F, ,,) are linearly independent.

Theorem 6.1. The Wa-module Bg 3 is isomorphic to F2 1)

Proof. From the results about Bso we know that [A[A, A]A, A] C Lj. Since
[C, L] = 0 we have that Bs 3 is a quotient of (S(C?)/C) ® Bz2. By definition
we have that S(C?) is isomorphic to Fg,0). By the results of [F'S] we also have that
Bs 2 is isomorphic to F(1,1). So Ba 3 is a quotient of (F(g,0)/C) @ F(1,1). Therefore
the irreducible modules in the Jordan-Hoélder series of Bs 3 will be found among
the irreducible modules contained in the module (F,0)/C) ® F(1,1). To find them,
we compute the character of the last module:

char (Fo,0)/C) @ F1,1y
_ 1 _1) st
(I-s)1—-1) (18-
— Zst(s’“ + s )

— char F(q 4
2 (I—s)(1—1) -y
= Zchar Fp,1) — char Fq 1) = Zchar Fp1)-
p>1 p22

But we know from Theorem [B.1] that the only copy of F, 1) in Ba3z is Fa 1)
Therefore Bs 3 is isomorphic to F(3 1).
O

Theorem 6.2. The Wa-module Bs 4 has in its Jordan-Holder series only two ir-
reducible Wa-modules, F(3,1) and F(32) and each with multiplicity 1.

Proof. From the results about B2, we know that [A[A, A]A, A] C Ls. Since
[C, L3] = 0 we have that By 4 is a quotient of (S(C?)/C) ® Ba3.

Since S(C?) is isomorphic to F(0,0) and from Theorem [6.T, we know that By 4 is
a quotient of (F(g,0)/C) ® F(a,1). Therefore the irreducible modules in the Jordan-
Hélder series of B4 will be found among the irreducible modules contained in
(F0,0)/C) ® F(2,1)- By a similar computation to the one in the proof of Theorem

6.1 we have
char (F0,0)/C) ® Fiz1) = Zchar Fip1) + Z char F, o).

p=>3 p>2

But we know from Theorem [5.1] that the only copy of F{; 1) in B 4 is F(3,1) and
the only copy of F(; 2y is F(32). Therefore, the Jordan-Holder series of the module
By 4 contains exactly two irreducible Wa-modules F(3 1) and F (3 2)-

O

Now we show that Bs 4 is not a direct sum of the modules F(3 1) and F3 ) in
its Jordan-Holder series.
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Proposition 6.2. The Wy-module B3 4 is isomorphic to a nontrivial extension of
F3,2) by Fz1)-

Proof. For a Wa-module M, we denote by M[k| the weight space of M for weight
k of the Euler vector field in two variables. Notice that Bs 4 has a Wa-submodule
Ca.4 = [[A2, As], [A2, As]]/Ls. The lowest weight of Ca 4 is 5 and the lowest weight
vectors are a[[z?, y], [z, y]] + b[[z, y?], [z, y]]. Therefore Cs 4 is isomorphic to Fs 2).
Since we have dim F3 5)[4] = 2, it follows that [[z*,y], [z, y]] and [[z, y?], [z, y]] form
a basis of C34[4]. From Theorem it follows that the Wa-module Bg 4/C5 4 is
isomorphic to F(31). So we have an exact sequence of Wa-modules

0— ]:(372) — 3274 — .7:(311) — 0.

We will now show that this sequence does not split. Since the diagram (3,2) has
5 cells, dim F39y[4] = 0. Then if we had By 4 = F(31) @ F(32), the entire space
B 4[4] would belong to the copy of F(3 1) in Bs 4 which we denote by F. Notice
that [z, [z, [z, y]]], [z, [y, [z, y]ll; [y, [y, [z, y]] are in By 4[4], so

= =3y% 5o o ol = 2 o o o) + 200 o o)

isin F.
By using Jacobi identity and relations in Bs 3, we have:

4f%mmuﬂn= 3, [z, [ 2]]],
_‘Tzaﬁy[yv [yv [w,y]]] = [[!T, y]? [$2,y]] - 2[3/7 [1‘27 [x,y]]],
2ay e o fooll] = [l ) + 2o, b 1]+ 3l o o, 92))

Adding them up, we obtain s = 4[[x,y|, [z?,y]] which is a nonzero element in
By 4. Since s belongs to F'N Cy 4, we have that F'N 54 # 0 which contradicts our
assumption that B4 = F © C2,4. So as a Wa-module, By 4 is isomorphic to a
nontrivial extension of F(32) by F(3 1) O

To completely characterize B 4 as a Wa-module, we prove
Proposition 6.3. All the nontrivial extensions of F(32) by F(3,1) are isomorphic.

Proof. Firstly we construct such a nontrivial extension abstractly. We have the
Lie algebra W, of polynomial vector fields on V*, where V. = C". We denote
by W0 the subalgebra of W, of vector fields vanishing at the origin. For every
Young diagram D, we have a corresponding representation Fpp of gl(n,C), and a
corresponding representation of W2 in which linear vector fields aij:via%j act as
matrices (a;;) and higher-order vector fields act by zero. Suppose that D, E are
two Young diagrams such that if we align their left upper corners the set-theoretic
difference F — D is equal to one box (an example of such a pair of diagrams is
E = (3,2), D = (3,1)). It is known that in this case there exists a nonzero
homomorphism Fp ® V' — Fg, which is unique up to scaling.

We construct a representation Y of W0 as follows. As a vector space Y :=
Fp @ Fg. Linear vector fields which correspond to gl(n,C) act on Y as in the
direct sum of the representations Fip, Fg of gl(n,C). Cubic and higher vector fields
act by zero. It remains to describe how quadratic vector fields act. They form a
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space S2V ® V*, which has a unique invariant projection to V. So we can define an
action of S2V ® V* on Fp @ Fg by using this projection and the map Fp®V — Fg
(this action will map the subspace Fp to Fg and the subspace Fg to 0).

Now we define the representation Fy := Homy o) (U(Wy),Y). Then we have
an exact sequence

0—=Fg—+Fy —Fp—D0.

From now on, let us fix the Young diagrams D = (3,1), E = (3,2) and the corre-
sponding representations Y, Fy of WY and Wa.
Now we prove that any Ws-module M for which there is a short exact sequence

0— .7:(312) — M — .7:(311) —0

which does not split is isomorphic to Fy. Suppose we have such a module M.
We have M[4] = Fi3q) and M[5] = F(39) ® F(3,1) ® V, which is isomorphic to
Fi32)(1) ® (F(3,2)(2) ® F(4,1)) (the 1 and 2 in parentheses denote the first and the
second copy). So as sl(2, C)-modules, M[4] = Vo and M[5] =2 V1(1) & (V1(2) @ Vs)
where the subscripts denote the highest weights. Now we have the degree 1 part
W(1] (quadratic vector fields) of W := Ws acting from MI[5]* to M[4]*. As an
5[(2, C)-module, we have a decomposition W[1] = V4 @ V5. Let us pick a nonzero
element f in (V1(1) @ V1(2))* C MI[5]* of weight 1 which is killed by the lowest
vector (of weight —3) of V3 C W1]. This is a scalar linear equation, so f exists (and
is unique up to a scalar since the above equation is nontrivial). It generates a copy
of Vi inside M[5]*, which we call N. Moreover, since the extension is nontrivial,
W(1] acts nontrivially on N. Thus, N+ @& M[> 6] C M is a W{-submodule, and
the quotient module M/(N+ @ M[> 6]) = N* @ M|4] is isomorphic to Y.
Therefore we have a natural Ws-homomorphism M — Fy, which is an isomor-
phism in degrees 4 and 5. Hence it is an isomorphism (as there are only 2 terms in
the Jordan-Holder series of M). The proposition is proved. ([
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7. APPENDIX: B3(A) FOR A GENERAL ASSOCIATIVE ALGEBRA A

by Pavel Etingof

The goal of this appendix is to generalize some of the results of Feigin and
Shoikhet [ES] to the case of any associative algebra.

7.1. The algebra R(A). Let A be an associative algebra over C. Let D(A) =
A @ A, regarded as a supervector space, where the first copy of A is even and the
second one is odd. For a € A, let us denote the elements (a,0), (0,a) of D(A) by
ZTq,Eq, TESPECtively.

Define the supercommutative algebra R(A) to be the quotient of the symmetric
algebra SD(A) by the relations

TaTh — Tab + fafb =0
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and
:Eagb + gaxb - gab =0.
This is a DG algebra, with dz, = &,,d¢, = 0.

It is clear that the quotient of R(A) by the ideal I generated by the odd ele-
ments is A,p, the abelianization of A. Thus R(A) is a certain super-extension of the
abelianization of A. More precisely, let 2(Aa1,) be the DG algebra of Kahler differ-
ential forms for the abelianization A, of A. It is defined by the same generators
as R(A) but with defining relations

TqTy — Tap = 0

and
$a§b + gaxb - gab =0

with dx, = &4, d€, = 0. Thus, denoting by grR(A) the associated graded algebra of
R(A) under the filtration by powers of I, we obtain that there is a natural surjective
homomorphism 7 : Q(A.p) — grR(A). It is not always an isomorphism.

Definition 7.1. We will say that A is pseudosmooth if A,y is a regular finitely
generated algebra (i.e. Spec(A,p) is a smooth affine algebraic variety X), and 7 is
an isomorphism.

Proposition 7.1. A is pseudosmooth if and only if R(A) is isomorphic, as a
DG algebra, to the algebra QUX) of regular differential forms on a smooth affine
algebraic variety X .

Proof. Suppose that R(A) = Q(X). Then A, = Q(X)/(dQUX)) = Ox, and g
is clearly an isomorphism. Conversely, if A, = Ox for smooth X and 7 is an
isomorphism then the projection R(A) — A,y splits, and this splitting uniquely
extends to an isomorphism of DG algebras Q(X) — R(A). O

7.2. The Fedosov products. For any DG algebra S introduce the Fedosov prod-
uct on S by

frg=f g+ (=1)laf-dg,

and the inverse Fedosov product by
fog=f-g—(=1)Vldf - dg,

and let S, S, be the algebra S equipped with the Fedosov product, respectively
the inverse Fedosov product.

Obviously, the operations of passing to the Fedosov and inverse Fedosov product
in a differential algebra are inverse to each other, hence the terminology.

7.3. The universal property. It turns out that the algebra R(A) has the follow-
ing universal property.

Proposition 7.2. For any supercommutative DG algebra S, one has a natural
isomorphism Hompg(R(A), S) — Hom(A, S.o), where Sy is the even part of Si.

Proof. Tt is clear that any homomorphism f : R(A) — S is determined by the
elements y, = f(z,), and the elements y, define a homomorphism if and only if
they satisfy the equations y, * yp — yap = 0. This implies the statement. ]
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7.4. Relation with noncommutative differential forms. In fact, the alge-
bra R(A) can be obtained from noncommutative differential forms on A ([CQJ).

Namely, let Qc(A) = A ® T(A) denote the DG algebra of noncommutative differ-
ential forms on A (here A = A/C); it is the span of formal expressions agda; - - - day,.

Proposition 7.3. The algebra R(A) is naturally isomorphic to the abelianization
(in the supersense) of the DG algebra Qye(A)s.

Proof. Tt suffices to show that if S is a supercommutative DG algebra,
then HOng(R(A), S) = HOmpg(QnC(A)o, S)

But HOmpg(QnC(A)o, S) = HOng(QnC(A), S*) = HOmpg(A, S*O), and the
result follows from the universal property of R(A). O

7.5. Description of R(A) using a presentation of A. Let V be a vector space.
Then SV ® AV is naturally a differential algebra (the De Rham complex of V*).
Suppose that A =TV/(L), where L C TV is a set of relations.

Let g : TV — (SV ® AV )4 be the homomorphism defined by the condition that
glv)=ve SV iorveV.

Proposition 7.4. We have R(A) = (SV @ AV)/(g(L) Udg(L)).
In particular, we see that R(TV) = SV @ AV.
Proof. We have
Hom(A, S.0) = {f € Hompa(SV @ AV, S) : f(g(L)) =0},
which implies the desired statement by Proposition (|
7.6. The quotient of A by triple commutators.

Proposition 7.5. We have a natural isomorphism of algebras
¢ AJA[[A, A]l, A]JA — R(A)o.

Proof. We have a natural homomorphism ¢ given by ¢(a) = x,. Let us show that
it is an isomorphism. As shown in [FS], ¢ is an isomorphism for A = TV. On
the other hand, A/A[[A, A], A]A is the quotient of TV/TV[[TV,TV],TV|TV by
the additional relations L. Thus, it suffices to show that R(A).q is obtained from
(SV ® AV),o by imposing additional relations g(L). These relations clearly hold,
so we need to show that there is no others.

Thus, by Proposition[7.4], we need to show that in the algebra (SV®AV ).o/(g(L)),
we have a - g(b) = 0 and ¢-dg(b) = 0 for all b € L, a € (SV ® AV)p and
cE (SV ® /\V)l.

The first equality follows since a - g(b) = %(a * g(b) + g(b) * a). To prove
the second equality, note that since ¢ is odd, we have ¢ = > ¢; - dv;, hence
c-dg(b) =>"¢; - dv; - dg(b), and dv - dg(b) = %(v x g(b) — g(b) xv) = 0. O

Proposition 7.6. The map ¢ of Proposition [7.0 maps [A, A] onto the image of d
Proof. Tt is shown in [FS] that if A = F is a free algebra then the statement holds.
This implies that it holds for any associative algebra. (Il

Let gr(A) be the associated graded Lie algebra of A with respect to its lower
central series filtration. Let Z(A) = A[[A, A, AJA/([A, A] N A[[A, 4], A]A). Thus,
Z(A) C Bi(A).
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Proposition 7.7. (i) Z(A) is central in the Lie algebra gr(A).
(ii) The space B1(A)/Z(A) is isomorphic, via ¢, to R(A)g/R(A)gxt.

Proof. Part (i) follows from Lemma 2.2.1 of [FS] (this lemma is proved in [FS| for
the free algebra but applies without changes to any associative algebra). Part (ii)
follows from Proposition O

7.7. The first cyclic homology. Let A be an associative algebra, and W(A) be
the subspace of A2A spanned by the elements

abAc+beANa+caAb.

We have a natural map [,] : A2A/W(A) — [A, A] given by a A b — [a,b]. Recall
[Lo] that the first cyclic homology HC;(A) C A2A/W (A) is the kernel of this map.
Define the map ¢ : A2A/W(A) — R(A);/R(A)$¥2t by the formula

((aAb) = d(a) - $(b).
It is easy to see that this map is well defined. Moreover, if v € HC7(A) then ((u)

closed. Thus, we obtain a map ¢ : HC;(A) — H°(R(A)). Denote by Y (A) the
image of this map.

7.8. Pseudoregular DG algebras. Let S be a commutative DG algebra. Let
S" = §/8%act, Define the linear map 6 : A2Sy — S} by the formula §(a,b) = da - b.
This is skew-symmetric because da - b+ db - a = d(ab). It is clear that the kernel
ker # contains the elements

k(a,b,c):=abANc+bcAa+calb,

where a, b, c € Sy, and the elements a Ab where a is exact. Denote the span of these
two types of elements by E.

Let us say that Sy is pseudoregular if S; = SpdSp (implying that 6 is surjective),
and ker = F.

7.9. Pseudoregularity of the De Rham DG algebra of a smooth variety.
Let X be a smooth affine algebraic variety over C. Denote by Ox the algebra of
regular functions on X, and by Q(X) the DG algebra of regular differential forms
on X.

Theorem 7.1. The algebra S := Q(X) is pseudoregular.

Remark 7.1. This was proved in [FS] in the special case when X is the affine space
cn.

Proof. Tt is obvious that S; = SydSy. We need to show that 6 identifies A2Sy/E
with S7. To do so, write k(a, b, ¢) in the form

k(a,b,c) =abANc—aAbc—DbA ca.

From this we see that modulo the span of E, any element of A%2S; can be reduced
to an element of Ox ® Sy (where Ox is viewed as the subspace of 0-forms in the
space Sy of even forms).

Furthermore, by modding out by &k(a,b,c¢) we factor out a subspace of
Ox ® Sy which is spanned by ab ® g — a ® bg — b ® ga, a,b € Ox, g € Sp.
The corresponding quotient space is the Hochschild homology H H; (Ox, Sp). Since
So is a projective module over Ox (as X is smooth), we have HH;(Ox,Sy) =
HH,(Ox,0x)®0y So, which by the Hochschild-Kostant-Rosenberg theorem ([Lo])
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equals Q' (X) ®o, So. In fact, the relevant projection Ox ®@¢ Sy — QH(X) ®o So
is simply given by the formula a ® g — da ® g.
Further, for any a,b,c € Ox, f € Sy we have, modulo E:

aANdb-dc-f=a-db-deNf=-b-da-dcNf=—-bAda-dc- f,

which proves that in fact, modulo E, the space Q'(X) ®0, So gets projected onto
its quotient space S7, and the resulting projection map Ox ®c Sy — 57 is given by
a®g — da-g. Moreover, it is clear that we project further down to S] = Sy /5¢*<t,
because the space of exact elements of S; is spanned by elements of the form da A f,
where f is an exact element of Sy and a € Oy, and such an element is the image
of a A f, which belongs to E. The theorem is proved. O

7.10. The structure of B2(A) for pseudosmooth algebras. The main result
of the appendix is the following theorem.

Theorem 7.2. Let A be a pseudosmooth algebra. Then

(i) B2(A) is naturally isomorphic to R(A)}/Y (A); in particular, if R(A) has no
odd cohomology, then Ba(A) = R(A)§*°*.

(ii) ([A, ANA[[A, A], A]A)/[[A, A], A] is naturally isomorphic to H°44(R(A))/Y (A).

(1it) In terms of the identification of (i) and Proposition[7.0/(ii), the bracket map
N2(B1(A)/Z(A)) — Ba(A) is given by the formula a Nb — da - b.

Proof. According to [ES], proof of Lemma 1.2, we have an exact sequence
<= HCy(A) = N2(A/][A, A])/(ab A c+be Aa+caAb) — [A, A]/[[A, A], A] — 0.
By Proposition [Z.7), this implies that we have an exact sequence

o= HOL(A) = A2(R(A)L)/(ab A c+be Aa+canb) — [A A]/][A, A], A] — 0.
Since A is pseudosmooth, by Proposition [Z.1] the middle term has the form

A2QL (X)) (a Abe+D A ca+ c A ab),

where X is the spectrum of A,p,. By Theorem [T} this equals Qoqa(X)/Q53(X).
Clearly, the space HC(A) maps onto Y (A) C Qoqa(X)/Q3¢4(X). This implies

the first and third statements. The second statement follows from the first one and
Proposition O

Remark 7.2. In the special case when A is a free algebra, Theorem is proved
in [ES]. In this case, one has [A, A] N A[[A, A], A]A = [[A, A], A]. However, in
general this equality does not have to hold. For example, let A be the algebra
generated by two elements z,y with the only relation xy = 1. Then it is easy to
show that HC1(A) = 0 (see e.g. [EG], Section 5.4), and R(A) = Q(X), where
X is the curve defined by the equation zy = 1 in the plane (i.e X = C*). This
algebra is commutative (even with the s-product), since X is 1-dimensional. Thus,
AJAJ[A, A], A]A is commutative, and hence [4, A] C A[[A, A], A]A. However, it
follows from Theorem[T2that the space [A, A]/[[A, 4], A] is 1-dimensional. In fact,
one may check that it is spanned by the element [x,y].

7.11. A sufficient condition of pseudosmoothness.

Proposition 7.8. Let f1,..., fm € A, be a set of elements, such that their images
fiveoos fm in Clay, ..., x,] form a regular sequence defining a smooth complete
intersection X in C™ (of codimension m). Then the algebra A :== A, /(f1,..., fm)
is pseudosmooth, and R(A) is isomorphic to Q(X).



20 GALYNA DOBROVOLSKA, JOHN KIM, AND XIAOGUANG MA

Proof. We have A, = Ox, and because of the complete intersection condition,
7 is an isomorphism. Thus A is pseudosmooth, and by Proposition [[1 R(A)
isomorphic to Q(X). O

7.12. Examples. The above results allow one to compute B2(A) for specific alge-
bras A.

Proposition 7.9. Suppose that L C SV C TV. Then g(L) = L C SV, and hence
R(A) is naturally isomorphic to the algebra of Kahler differential forms Q(Aap). In
particular, if Aap is regular then A is pseudosmooth.

Proof. Obvious. O

Example 7.1. Let A be the free algebra in three generators z,y, z modulo the
relation z2 + y2 + 22 = 1 (noncommutative 2-sphere). Let us compute the space
Bs(A) as a representation of SO(3) acting on this algebra. From Proposition [[.9]
we find that A is pseudosmooth, and R(A) is the algebra of polynomial differential
forms on the usual commutative quadric Q. In this case, we have no odd cohomol-
ogy, so by Theorem [[2] By(A) is the space of exact 2-forms. The space of exact
2-forms is a subspace of codimension 1 in the space of all 2-forms, since H?(Q) is
1-dimensional. The space of all 2-forms is isomorphic to the space of functions as
an SO(3)-module, since there is an invariant symplectic form on the quadric (the
area form). Now, we have

Fn(Q)=Vo o Ve @ Vi@ -,
where V; is the (2 + 1)-dimensional representation of SO(3). Thus,
By(A) =V d Vi@

Let us now consider more general examples. As before, assume that L. C SV,
and suppose that A = TV/(L) is a pseudosmooth algebra (i.e., A,p is regular), such
that R(A) has no odd cohomology. Suppose further that L is fixed by a reductive
subgroup G C GL(V), such that R(A) is a direct sum of irreducible representations
of G with finite multiplicities. In this case, one can define the character-valued
Hilbert series F(z), F(z), H(z) of the graded representations R(A), R(A)****, and
the cohomology H(A) of R(A). Then we have the equations

2(F—FE—H)=E,
which implies that
z(F— H)
1+2z
This formula is useful because often F' and H are known explicitly.

E= 3)

Example 7.2. Let g be a simple Lie algebra with root system R and Weyl group
W, and let G the corresponding simply connected group. Let r be the rank of G,
P1,...,pr be homogeneous generators of the ring (Sg)¢, and d; = deg(p;). Let b;
be generic complex numbers, and let A(g,b) be the quotient of the tensor algebra
Tg by the relations p; = b;. Note that the algebra from Example [[.1] is the special
case of A(g,b) for g = sl(2).

Let us calculate the decomposition of the space Ba(A) into irreducible represen-
tations of G. We have Ba(A) = @yenr @) Nv ® V, where Ny = Homg (V, Ba(A)).
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By formula (@]), we have
1
dim Ny = 5 (Bv(1) + Ev(-1)),

with -

By(2) = 7 (Fv(2) — Hv(2)),
where Fyy and Hy are contributions of V' into F' and H, respectively. It remains
to find Fy (z) and Hy (2).

By Proposition [C.9] we find that R(A) is the algebra of polynomial differential
forms on G/H, where H is a maximal torus in G. Thus we have Hy (z) = 0 unless
vV =C,

T 2d; 1

He(z) =[] =

b 22 -1
is the Poincaré polynomial of G/H, and

Fy(z) = Z 27 dim Hompg (V, A (g/h)),
j=0

where h = LieH. More explicitly,

Fy(2) = C.T(xv- - J](1+2¢2)),
acR
where yy« is the character of V*, and C.T. means the constant term.
In the case g = 5[(2), this recovers the answer from Example [T.1]

Corollary 7.1. Let v(R) be the number of subsets of R with zero sum. Then
1
dim By(A)¢ = Z(V(R) — [W)).

Proof. 1t is easy to show that Fg(—1) = He(—1) = |W/|, and F{(—1) = H{(-1) =
—|R||W|/2, thus Ec(—1) = 0. So dim By(A)% = 1Fc(1) = 1(Fc(1) — He(1)). But
we have Hc(1) = |W|, and Fr(1) = v(R). The corollary follows. O

For example, dim Ba(A)% is 0 for g = sl(2), 1 for g = s1(3), and 32 for g = s[(4).

Example 7.3. Let P € C{xz,y) be a noncommutative polynomial in two variables
z,y, and P be the abelianization of P (i.e., the image of P in the polynomial
algebra C[z,y]). Denote by Ap the algebra C(z,y)/(P). Assume that the curve
Xp given by the equation P(z,y) = 0 is smooth. Then A = Ap is pseudosmooth,
and thus Theorem applies to A. Moreover, since Xp is a curve, the algebra
AJA[[A, A], A]A is commutative, and hence [A, A] C A[[4, 4], A]JA. Thus By(A4) =
([A, AlNA[[A, A AJA)/[[A, A] A] = H'(Xp)/Y (A).

The space Y (A) actually depends on P, not only on P. For example, assume
that the leading term of P is generic. In this case, by the results [EG], HC;(A) = 0,
and hence Ba(A) = H'(Xp). The same holds if the leading term of P is, say zPyq.
Thus, for example, if P = 2%y — 1 then Ba(A) = H!(C*) = C. On the other hand,
if P = xyz — 1 then in A we have xy = xyazyr = yz, so A = Clxz,y]/(yz* = 1), and
Bs(A) =0 (thus, Y(A) is 1-dimensional in this case).

Let us do two concrete examples.

1. P is a generic polynomial of degree d. In this case the curve X = Xp
has genus (d — 1)(d — 2)/2 and d points at infinity. So its Euler characteristic is
X =2—(d—1)(d—2)—d = —d(d—2), and hence dim By(A) = dim H*(X) = (d—1)2.
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2. Let P(z,y) = Q(z)y™ — 1, where @ is a monic polynomial of degree n with
roots of multiplicities pi,...,p,. In this case the curve X = Xp is the Riemann
surface of the function y = Q(z)*/™. The number of components of this curve is
the greatest common divisor d of p; and m. Also, the curve is a regular covering of
the line without r points of degree m. Therefore, the Euler characteristic of X is
m(1 —r), and thus dim Ba(A) = dim HY(X) = m(r — 1) + d.

Let P be a generic nonhomogeneous noncommutative polynomial of degree d in
n > 1 variables. Let A = A,,/(P).

Proposition 7.10. dim([A, A] N A[[A, 4], A]A)/[[A, A], A] is (d —1)™ if n is even,
and 0 if n is odd.

Proof. Let P be the abelianization of P, and X be the hypersurface defined by the
equation P = 0 in C*. Then by Theorem and the results of [EG]|, the space
([A, A] N A[[A, A], AJA)/[[A, A], A] is isomorphic to the odd cohomology H°44(X).

Since X is generic, it is obtained by removing of a smooth projective hypersurface
of degree d and dimension n—2 from one of degree d and dimension n—1. Therefore,
by the Lefschetz hyperplane section theorem, X has cohomology only in degrees 0
and n — 1. This implies the result in the case of odd n. If n is even, the dimension
of the odd cohomology is 1 — x, where x is the Euler characteristic of X. So it
remains to find x.

The computation of x is well known, but we give it for the reader’s convenience.
We may assume that X is the hypersurface X (d,n) defined by the equation

x‘{l—|—-~-—|—:zrfll:1.

Then by forgetting x,, we get a degree d surjective map X (d,n) — C"~! which
branches along X (d,n — 1) (where there is 1 instead of d preimages). Thus if
x(d,n) denotes the Euler characteristic of X (d, n), then we have

x(d,n)=d—(d—1)x(d,n—1).

Since x(d,1) = d, we get by induction x(d,n) =1 — (1 — d)". Hence the dimension
in question is (d — 1)", as desired. O
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