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On the second Paneitz-Branson invariant

Mohammed Benalili and Hichem Boughazi

ABSTRACT. We define the second Paneitz-Branson operator on a com-
pact Einsteinian manifold of dimension n > 5 and we give sufficient
conditions that make it attained.

1. Introduction

In 1983, Paneitz [11] discovered a conformally invariant fourth order
operator on 4-dimensional Riemannian manifolds. Branson[2] extended the
notion to Riemannian manifolds of dimension n > 5. This operator has
geometrical roots, it is associated to the notion of the Q)-curvature which can
be seen as the analogue of the scalar curvature for the conformal Laplacian.
Let (M, g) be a Riemannian manifold; the Paneitz-Branson operator reads
as

5 , (n—2)2+4

Py(u) = A%u — div (2(71—1)(71—2

where Ric, and S, denote respectively the Ricci curvature and the scalar
curvature of g and where

1 nd —4n? +16(n — 1) , 2
Q9_2(n_1)Asg+ 8(n—12n—-22 "9 (n—2)?2

4 —4
)Sg — mRZCQ> du + nTQgU

2
| Ricg|” .

4
The conformal property of the Paneitz-Branson expresses as: let g = pn-1g
be a conformal metric to g, where ¢ > 0 is smooth function on M. Then

Py(up) = SON_ng(u)
where N = %.
Observe that when (M, g) is Einstein, the Paneitz-Branson operator is
reduced to
P,y(u) = A%u + aAu + au
where
A = —divV
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and
2n(n — 1) 16n(n —1)2 9
Notice that
a? S?
1.1 — —a=—19
(L.1) TR n?(n —1)2

Let H22(M ) be the standard Sobolev space, which is the completion of the
space

c3(M) = {p € C®(M), gl < o0}

with respect to the norm

1
2 2 2\ 3
lellzo = (1AQI3+ IVl + ull3) ™

Let Gry(H2) be the k-dimensional Grassmannian manifold in H2(M) i.e.
the set of all subspaces of H3(M) of dimension k > 1.

Denote by [g] the conformal class of the metric g i.e. § € [g], § = ug
with v > 0 a smooth function on M. The minimax characterization of the
eigenvalue of order k£ > 1 of the Paneitz-Branson operator P, is given by

P,(v)d
M) = inf sup D0
VEGT(H3) veV—{0} fM Uzdvg

Similarly to the Yamabe invariant of higher order introduced by Amman
and Humbert([1]), we define the Paneitz-Branson invariant.

Definition 1. Let k € N*. The k" Paneitz-Branson invariant is defined
by
(M, g) = inf Ap(§)Vol(M, ).
gelgl

In a recent paper [I] Amman and Humbert introduced the Yamabe
invariant of high order u,(M,g), kK > 1 and studied py(M, g), mainly they
showed that contrary to the standard Yamabe invariant u, (M, g) the second
invariant p5(M, g) cannot be attained by a metric if the manifold (M, g) is
connected. To find a minimizer to uy(M,g), they enlarge the class [g] of
conformal metric to what they called the generalized conformal metric to g
ie. gelg]if g=u?"2g where u € L¥ (M) and u > 0 not indentically null
and where 2* = %

The goal of this paper is to study the second Paneitz-Branson invariant
on Einsteinian manifolds we seek for situations where this latter is attained.
Observe that to have positive solutions in case of the Yamabe invariant it
suffices to remark that for any u € HZ(M), |u| € H*(M) and |V |u|| = |Vu|
which is no longer true in the case of the Branson-Paneitz operator because
of the term [, (Au)?® dv, and also if w € H3(M), |u| is not necessary in
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H2(M). The condition(TI]) implies by (JT0] Theorem1.1) that Paneitz-
Branson operator is coercive i.e.

/ uPy(u)do, > A fully
M

where the left hand side of this inequality has to be understood in the
distribution sense and where A > 0 is a constant.
Hereafter, the space H3(M) will be endowed with the norm

ul| = </M upg(u)dugf

which is equivalent to the norm ||. ||, .

[ [l,, will denote the LP-norm with respect to the Riemannian measure
dvy.

The main results we obtain are

Theorem 1. If the compact manifold (M, g) is Einstein and of dimension
n > 12 then uy(M, g) is attained by a generalized metric.

Theorem 2. Let (M, g) be a compact Einstein manifold of positive scalar
curvature and of dimension n > 5. Assume that uy(M,g) is attained by a
generalized metric uN"2g with w € LN (M) and u > 0 not identically null.

Then there exist a nodal solution w € C**(M) (o < N —2) to the
equation Py(w) = py(M, g)u™ 2w such that |w| = u.

Our paper is organized as follows

In the first section we give some properties of the first and second eigen-
values of the Branson-Paneitz operator. In the second one we establish a
Sobolev inequality related to the second Branson-Paneitz invariant pq (M, g).
The third section is devoted to the existence of a minimizer to uy(M,g). In
the fourth section an estimation of uy(M,g) is given in terms of u; (M, g)
and of the best constant K3 in the Sobolev embedding of H2(R") in L™ (R").
In the fifth section we give a sufficient condition which assures the strong
convergence of a sequence of solutions. In the last section, we analyze situ-
ations where nodal solutions exist and by the way we deduce that pqy(M, g)
is not attained by a classical conformal metric.

Now, we quote some facts which will be of use in the sequel of this paper.

Lemma 1. ([4]) Let (M, g) be a compact Riemannian manifold of dimension
n > 5, for any € > 0 there exists a constant A(e) such that every u € H3(M)

fulfills
lullz < (K3 + €) [|Aulls + Ae) [|ull3

I'(3)

with N = 22 and Ky = w°n(n — 1)(n? — 4) o)

n—4
where I' denotes the Euler function.
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Lemma 2. ( [7])Let (S™ h) be the standard unit sphere of R"*', n > 5,
and let P be the Paneitz-Branson operator on (S™, h), then

o uP(u)d
K% = inf Jn wP(u) Uh2 '

ueC>(Sn)—{0} ~
(fSn ‘U’N d”h) "

Lemma 3. ( [7])Let (M,g) be a smooth compact n-dimensional (n > 5)
Riemannian manifold, o a positive real number, let b be a real valued func-
tions defined on M and v € H3(M) be a weak solution of

2 o?
A u+0zAu—|—zu:bu.

Ifbe LT (M), then v € L*(M) for all s > 1.

2. First and second eigenvalues for a generalized metric

Let LY (M) be the space of L¥-integrable non negative functions which
are not identically 0. Denote by Gri(H3) the set of all k-dimensional sub-
spaces (k > 1) of H2(M) which are the span of the functions uy, ..., uy if

and only if uy o U are linearly independent.

W)’ M—u; 1 (0)

Definition 2. A generalized metric conform to a metric g is of the form
g = ug with u € LY (M).

Definition 3. For any generalized metric ¢ u¥g of a Riemannian

metric g we define the eigenvalue of order k > 1 to the Branson-Paneitz
operator P, by

. Ja vPy(v)duyg
A(g) = inf sup ==
9 VeGri(H2(M)) vev—qo} [uy N ~202dyg

We need the following lemma which is first given in ([1]) for sequences in
HZ(M) but its proof remains inchanged and we reproduce it here for reason
of completness.

Lemma 4. Ifu € LY (M) and (v,) is a sequence in H3 (M) which converges
weakly to v, then

(2.1) / uN 2 |v,2n — v2‘ dvg — 0.
M

PROOF. Letting A be any real positive number, we put ugq = inf(u, A).
Then (ug)4 is a monotone sequences which converges pointwisely almost
everywhere to v, so by Lebesgue monotone convergence theorem, we get

/ (uN =2 — ug_2)%dvg — 0.
M
On the other hand, we have

/uN_2|vfn—v2|dvg§/ u%‘ﬂvfn—vz‘dvg
M M
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[ (@72 = ) (ol + ol Py,
M

Using the Holder inequality, we obtain

/uN_2|v3n—v2|dvg§AN_2/ !vfn—v2‘dvg
M M

N 5 %
(e s ) (ol bl )
M M

Taking account of the boundedness and the strong convergence of (vy,,) to v
in L?(M) we get the result. O

Proposition 1. Let g = u¥g be any generalized conformal metric to a
metric g. The equation

(2.2) Pyv =M%
has a solution of class C**(M) (0 < o < N — 2) with the constraint

/ uN_2v2dvg =1.
M

PROOF. Let (vy,) be a minimizer sequence of A\;(g ) with the constraint
Jay 7202, dvg = 1. The sequence (vy, ) is bounded in H3(M) and by passing
to a subsequences also labelled (v,), there exists v € H2(M) such that

(i) v — v weakly in HZ2(M)

(ii) vy — v strongly in L?(M)

From (i), we obtain

Joll < liminf o,
and by Lemma] we get
N-2 2 . N-2 2
/Mu vidug = nlgnoo Mu vy, dvg =1

and we derive that ||[v]|* = A (3).

Consequently v is a non trivial weak solution of the equation (2.2]).

By Lemmal3l v € L*(M) for any s > 1 and it follows that v € C**(M),
with o < N — 2. O

2.1. Positivity of solutions. Now we are going to show that the equa-
tion (2.2]) admits a positive solution.

Proposition 2. If the scalar curvature S, of the Einsteinian manifold
(M, g) is positive, the equation

(2.3) P,f = \u™ "%

has a positive solution with the constraint

(2.4) /M N2 du, = 1.
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PROOF. Let v be a solution to the equation(2.3]) and let f be the solu-
tion of the equation

Af—l—%fz‘Av%—%v‘

with a > 0. Clearly f € C**(M) (a < N — 2).
If Av+ Sv >0 (resp. Av+ v <0) we have f = v (resp. f = —v).
If it is not the case, putting w = f + v, we get
(2.5) Awi%w:‘Af—i—%f‘i(Aer%v)zO
so A(—w) £ § (—w) < 0. The maximum principle asserts that —w = v £ f
attains a maximum M > 0 then w is a constant function but this is excluded
since —a M < 0 implies that M = 0. Consequently f > |v| > 0.
Let k& > 0 be a real number such that [,, u"~2(kf)?dv, = 1, then

0 < k < 1. Now letting f: kf and taking account of the equation(2.3]) we
get
N2 2
/ ((Af) +a|Vv]] +af2> dvg — Mi(9) =
M
k2/ ((Af?+alV P +af?) do, — 2(G) =
M
2 a 2_@_2 2 | — 2 N ()
e[ ((Af+ Sf) =S ar )dvg () =

= /M <<Av + %11)2 - O‘;ﬂ +af2> dvy — M (3) =
2

- om@+ (a-5) [ (7= @)as <o

Consequently

(2.6) /M <<Af)2 +a ‘vﬂz + aP) dvg = M1 (7).
O

Proposition 3. Let u € LY (M), if v € H3(M) is a weak solution of the
equation

(2.7) Pv =\ (g)u 2w

with

(2.8) /M N 2 du, =1

then there is a weak solution w € H2(M) of the equation
(2.9) Pyw = Ny(§)u™ 2w

with the constraints

/ uN_2w2dvg = 1,/ uN_szdvg =0
M M
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where [
wPywdv

)\/ A f M g g

2(9) " Jo uN"2w2dog
and

N-2 9 N-2 N-2 N-2,,2
E=Su2w:weH5M)/uz w2z, u “vwdvg =0 and u widvg =1 .
M M

PROOF. First, we show that the set F is non empty. Let v , s € H3(M)
noncolinear such that || M ulV _2v2dvg =1, [ M ulV _282dv9 = 1. Necessarily
uw T 20 and T s 2 0. Observe that fM uN_szdvg # 1, since if it is
not the case the equality is attained in the the Holder inequality and this
possible if and only if there a real constant ¢ such that v = cs.

Putting w = av + 8s with a, 8 € R, we obtain

uN 2w = o™ 20 + pulN "2

so to get
/ uN_szdvg =a+ 5/ UN_2’USdUg =0
M M
and
/ uN_zwzdvg =1
M
we let o
h= _fM uN2vsdvg
and
1= / w72 (aw + Bs)? du,
M
=’ + B+ 2@5/ uN_zvsdvg.
M
We obtain )
N—2 2
U vsdv
o=+ fM — g
1 — [, ulN"2vsdy,
and

1

((1 — fM uN_2vsdvg) fM uN_stdvg)%'

Now we will show that w is a weak non trivial solution of the equation(2.9]).
Let (w,) be a minimizer sequence of \(g) such that

/ uN_2w3ndvg =1
M

8=+

and
/ uN_2wmvdvg =0.
M
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Then the sequences (wy,) is bounded in H2(M) and there is w € H3(M) a
weak solution of the equation(Z9). It remains to verify that [, uN"2w? =1
and also [ M ulv _2wvdvg = 0. The first equality follows from Lemmeal the

N
second one is true since the function ¢ = uN =2y € L¥-1(M). O

Proposition 4. Suppose that the solutions v and w of the equations (2.7)
and (2:9) are as in proposition@, then X2(g) = M5(9).

PROOF. The weak solution w € H2(M) of the equation
Pyw = Ay(g)u*w

is a minimizer of

wP,wdv
/ _ inf fM g g
2(9) ul;IelE fM uN=2w2dvg

where

E = {u¥w cw € HI (M) s. t. wTw %0 ,/ u™N " 2vwdv, = 0 and / u™N 2w dv, = 1} .
M M

Since ™7 v and u" 7w are linearly independent it follows that V,, =span(v, w) €
Gry(H3(M)).
Putting
f =M+ pw with (\, ) € R?> —{(0,0)}
we evaluate
_ Jar Pyt dvg
- fM uN_Zdevg

on the plane V.

We obtain
. A2 [1p vPy (V) dvg + 12 [, wPy (w) dug
M4 2
)\2 2 L~
:>\2+,U/2 1(§/)+)\2 2 2()
= \1(9) cos? 0 + Xy(g) sin? 0
with 6 € R.
On the other hand, we have

o = (4(5) ~ M(@)sin2s

and noting that

A1(9) < X5(9)
we get easily
min s(6) = A\1(g) and maxs(6) = My ().
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Consequently
wP,(w)dv
A, (3) = sup Jo WPy g
2(9) wev, fM uN=2w2dv,
v WPg(w)dvg

On the other hand the infimum of SUPwev —{0} T uN 2oy
M g

spaces of Gry(H3(M)) is attained by V, = span(v,w).
Hence

on all the sub-

Xo(9) = X2(9).
O

Proposition 5. If u € C®°(M) with uw > 0 not identically 0. Then any
weak solution of the equation

(2.10) Py = puN "2y
is of class C>*(M), n € R.

PROOF. Let u € C°(M), v > 0 and not identically 0 and v a weak
solution of the equation(ZI0). We have

(A +a)(A +b)v = pu¥ 2
with q = 2=Y02=48 and p = abveida,

2
Putting

z=(A+Dbw
we get
(A +a)z = pu¥ "%
and since v € H(M), uN=2v € H2(M) so z € H2(M). Recurrently, for

any k > 2 we obtain v € H ,% Now, classical regularity theorem allows us to
conclude that v € C*°(M). O

3. A Sobolev inequality related to u,(M,g)

The Sobolev inequality given by Lemmall which allows to avoid concen-
tration phenomena for the minimizing sequence of the first Paneitz-Branson
invaiant (M, g) is not sufficient in the case of the second Paneitz-Branson
invariant uy(M, g), we propose the following Sobolev type inequality.

Proposition 6. Let (M, g) be a Riemannian manifold of dimension n > 5.
For any € > 0 there is a constant A(e) such that, for any u € Lﬂ\!(M) and
any v € H3(M), we have

2
/ u™N " 2?dv, < <2_%(K22 +e)/ (Afu)zdvg—FA(e)/ Uzd?]g> </ uNdvg>N
M M M M

ProoF. For any € > 0, put
B(e) = A(e) K5 2(1+¢)7*
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and let

Av)?dv, + B(e v2dv
G(u,v) = fM( )fM 51\—/'_—21)(23@];\4 L </M uNdvg>

where u € LY (M) and v € H3(M) — {0} such that [, uV2v?dv, # 0.
Obviously G(u, v) is continuous on LY (M) x H3(M)—{0}. So I(u,V) =
sup,cy — {0} G(u, v) depends continuously on u € LY (M) and V € Gry(H3(M)).

We must show that A
I0,V) > 20K (14
for all u € C*°(M), v >0 and V € Gri(C>(M)).

Without lost of generality, we suppose that || M ulv _2v2dvg = 1. On the
other hand the operator

(3.1) v— Qv) = ur A2(U%U) + B(e)u> N

is a fourth order elliptic and self adjoint with respect to the inner product
in L?(M). Q has a discrete spectrum A; < Ay < ...
The corresponding eigenfunctions ¢y, ¢,, ... are smooth functions on M.

—N
Letting v; = T w; , we get

/M(Avi)2dvg + B(e) /M v?dvg =\ /M uN_2vi2dvg
with
/ uN_%ivjdvg =0.
M

Let ﬁg be the operator defined on C*°(M) by ﬁgu = Af]u + B(e)u and
let €21 and €22 be two non empty open disjoint sets in M and let v; and v
be two non trivial solutions to the equation

3.2 Pv; = AulN "2y,
(3.2) g

i = 1,2 with supports included respedtively in ©; and s, the closer sets of
Q1 and Q9 r and where A9 is the second eigenvalue of the operator () defined
above. By multiplying if necessary viand vo by constants, we assume that
[y W 20idog = [, uN " 203du, = 1.

Using the Holder inequality and the Sobolev one given in Lemmal we

get
2= / N 22 duy —I—/ N 203 du,
M M
- : -
< </ uNdvg> </ \UllNdvg> —i—(/ uNdvg> </ \Ug\Ndvg>
(951 M Qo M
-
< (/ uNdvg> K2(1+e) </ (Avy)2dv, + B(e)/ v%dvg>
o M M
1—
+ </ uNdvg> K3(1+e¢) </ (Avg)?dv, + B(e)/ v%dvg> .
Qs M M

2

2
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And since v; and vg are solutions to the equation (3.2)), we obtain

1-2 1-2
2 < K22(1 + €)X <</ uNdvg> + </ uNdUg> > .
Ql QQ

Using Holder inequality, we get

-2 1-Z
</ uNdvg> + </ uNdvg> < 2% (/ uN dvy +/ uNdvg>
o} Qo 1951 Qo

4 —13-—2
Ay = 2n(14€)7 Ky~
Letting V = span (v, v2), we obtain for any (a, 8) € R% — (0,0),

SO

Jur [(Aavy + Bua))? + Ble)(awr + Bv2)?| dv,
Ja un 2 (vt + Bug)?dug

A [ ((Av)? + B(e)v]) dvg + o [, ((Ava)? + B(e)v3) du,

B a2 [, uN=20dvg + 52 [, uN~202dv,

G(u, avi + Pug) =

= .
Then
I(u,V) = sup G(u, avy + Pua) = Ao
(a,8)€R?—(0,0)
and the proof of the proposition is achieved. O

In the particular case of the standard unit (S™,h) sphere of R, we
obtain

Proposition 7. Let (S™, h) be the unit sphere of R"™', n > 5, and let P
be the Paneitz-Branson operator on (S™, k) . For any u € LY (S™) and any
v € H2(S™), we have

2
N
/ uN 202 dy, §2_iK22/ vP(v)dvy </ uNdvh> .

PROOF. The proof is similar to that of the propostion@, by using the
Sobolev inequality given by Lemma] instead of that given by LemmadIl O

As corollary of proposition[d], we get the following Sobolev inequality on
the Euclidean space R™.

Corollary 1. Let C2°(R™) be the space of functions of classe C*° and of
compact supports on R™. For any u € Lﬂ\r[(R”) and any v € H%(R”), we

have
/ uN 202 de < _%Kg/ (Av)?dx </ uNda:>
n n M

where dx denotes the Fuclidean measure on R™.

=
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PROOF. Since R" is conformal to S™ — {p}, where p is any point of S™
and the Paneitz-Branson is a conformal invariant the corolloryll follows from
proposition[d] O

Proposition 8. If (M, g)K3 < 1, then

(M, g) = py (M, g)
PRrOOF.

Se

(M, g) = glél[fﬂ A1(g) (vol (M)

P,(v)d
— it mf duvFe®)dyy < / uwdvg>
M

weC™ (M) veC (M)—{0} [,, uN~202dv,

u>0
P,(v)d
< inf Ju vEs(©) = (M. g).

UECOO(M)_{O} (fM |'U|N d'Ug> N

The inequality in the other sense requires a variational method. Let g, =
N-—2

3

Um? g with u,, € LY (M), a minimizer sequence of p, (M, g) i.e.

i(M.g) = lim_Ma(gm) (vol(M.g))7

Considering the Yamabe functional

4
Jas 0Py (v)dvg N B
Y(u,’l)) = m / u d’l)g
M g M
with v € H3(M) — {0} and u € LY (M), we write, for any A € R*
4
P,(v)d n
Y (Au,v) = Jar 0Py (v)dvg A (/ uNdvg>
M

A2 uN—202dy,
=Y (u,v).
So, we can choose the sequence (u,,) such that [, uNdv, = 1 and there is
a subsequence of (u,,) still labelled by (u,,) converging weakly to u > 0 in
LN (M).
On the other hand, by Propositiond] for any wu,, € Lf(M) there is vy, €
H2(M) solutions of the equation

Pg(vm) = )‘l,murj\ri_zvm

/ uﬁ_zvfndvg =1.
M

Obviously (vy,) is bounded in H3(M) so there is v € H3(M) such that
vm — v weakly in H2(M), v, — v a.e. in M.
Since limy, 00 A1.m = p1(M, g), v is a weak solution of the equation

Py(v) = iy (M, g)u 2 .

with the constraint
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Now, we are going to show that v satisfies the condition

/ uN_2v2dvg =1.
M

/ uN_2vzdfug <1
M

So we have to show the inequality in the other sense, to do so, we consider

N-2 2 N-2 2 N-2 2 N-2 2
/ u " “vidu, :/ Uy, “Vp,dvg —/ (U, "V, — u” 0% duy
M M M

N-2 2 N-2 2
= —/M(um v, —ut T “v)duy.

It is obvious that

Now, since

‘u%‘%?n — u%‘z(vm — v)2‘ < C’u%_2 |Um + vl |v]

where C' is a postive constant
we get

and

SO

(3.3) /M uN "2 du, =1 — /M uly 2 (v, — v)2dvg + o(1).

where o(1) is a sequence converging to 0 as m — +oo. Using simultaneously
the Holder inequality and the Sobolev inequality given by Lemmall we get

/M U (Um = 0)Pdvg < (K3 +€) | A (vm — )3 + A(€) [[m — vll3

<53+ ([ ©nBylon) B0 vy ) +o0)
< (K340 mM.g) [ (@7, — w20, + o)
< (K22 +€) uy (M, g) <1 — / uN_2v2dvg> +o(1).
Taking account of (B.3]), we have .
/M uN20dvy > 1 — (K3 + €) g (M, g) <1 — /M uN_2v2dvg>

+o(1).
Then

(1= (K3 +€) 11 (M, 9)) /M WNPPdvg 21— 270 (K3 + €) (M, g)

+o(1).
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So if
H1 (M7 g)K22 <1
we get
/ uN_2v2dvg > 1.
M
Consequently

Ml(Mvg) > 0.
Let @ = a|v| with a > 0 and

/ﬂNdvg:aN/ devgzl
M M

fM vPy(v)dv,

M < 2 J 7 I

(M, g) < I 2oy,

_ (M, g) [,y ut2v?d,
- aN—2 fM vNduvg

< a’uy (M, g) /M u™ 23 du,

then

< (Mg) [ P,
M

The Holder inequality implies that

vt ([ ) (] )’

< (M, g).
So the equality is attained in the Holder inequality and this is possible only
if
u=-cu

with ¢ > 0 is a constant which implies that

CcC =

and
u=1u=alvl
Also
aN_2/ devg = / w202 dv, =
M M
and
av fM devg 1

5 —

a
Finally since a > 0, we get

a=1

hence
u=|v.
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That means that v is a weak solution in H2(M) to the equation
N—2
Py(v) = (M, g) v v
The condition f M N dvy = 1 implies that v is non trivial. Consequently

_ fM Py(v)du,
py (M, g) = TN duy > (M, g).

4. Existence of a minimizer to uy (M, g)

Proposition 9. If NQ(M,g)K222_% < 1, then py(M,g) is attained by a
generalized metric uN"2g, ue Lf(M)

PROOF. Let g, = ul}~2g with u,, € C*°(M) and u,, > 0 be a minimiz-

m
ing sequence of py (M, g). Since we can assume that

/ u,]\rfdfug =1
M

hrILn )\2,m - N2(M7 g)

we have

By Proposition3] there are vy, w,, € HZ(M) such that

(4.1) P(vm) = A mudy 20,
and
(4.2) P(wp,) = )\27mu,]\,fb_2wm

with the normalized conditions
(4.3) /M uly 22 dv, = /M ul 22 dv, = 1, /M ud 2o wmdv, = 0.
First, we have for any integer m > 1,

/\l,m < /\2,m-

Since, if A1, = Aomi Wy, is a minimizer of Ay ,,. On other hand taking
account of the coerciveness of the Paneitz operator P and applying the
Lax-Milgram theorem, we get easily that the first eigenvalue A1 ,, of F; is
simple, so w,, = av,, with a real a # 0. Thus by ([4.3]), we get that

/ u%‘2vfndv9 =0
M

a contradiction. The sequences (v, )m and (wy, ), are bounded in H3 (M) so
there are functions v,w € H2(M) and subsequences still denoted by (v,,)m
and (wy,)n, converging weakly to v and w, respectively, in H2(M). This
latter facts and the weak convergence of (u,,) to u in LY (M) allow us to
write in the weak sense that

(4.4) P,(v) = vuM %0
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and w
(4.5) Py(w) = pap(M, g)u™"?w

where v = lim,, A1 < po(M, g).

Now, we are going to show that v ,w fulfill respectively the conditions
S v "202dvg = [y, uN"?w?dvy = 1 and by the way v, w are not identically
null. To do so, we borrow ideas and notations from([1]). Set

Sm = {AmVm + l Wi Ay ) € B2, AL + 12y = 1, Aptyy, > >0}

S ={x+pw: (\p)€ R N2 4 % = 1}
and let W, = ApVm + Uy Wm , W = Av + pw where up to a subsequence

Obviously, we have

(4.6) / u™N "* w2 du, < lim inf/ ul w2 dvy = 1.
M m M

For the inequality in the other sense, we have

Now, since

(4.7) [ul ~2w2, — ul) (W, — )| < Cul) 2 [W,,, + W] [T

where C > 0 is some constant
we get

and

(4.8) / (ul 2wz, — uN " *w?) dvg — / Ul (W, — W) 2du,.
M M
Thus

/ uN PR du, = 1 — / Ul (W, — W)2dvg + o(1)
M M

where o(1) is a sequence which goes to 0 as m — ~+o0.
Using the Sobolev inequality given by proposition(]), and taking account
of

[l =1

we get

/M Ul 2 (@ — W) dvy < 270 (K3 + €) [|A@ — D)3 + Ale) [T — 3.
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Now by the Brezis-Lieb lemma([3]) and the fact that ||@,, — |, — 0 as
m — +00, we obtain

(4.9) /M Wb A (@ — W) 2dvy < 277 (K3 + €) (1ATll3 — 1AT]3) +o(1).
By the fact that
Wy, —w — 0 in Hg(M), g=0,1asm— +oco

we have

| AT |2 — || AT = /M (W By (W) — WP(@)) vy + o(1).

:)\Lm)\gn/ uN=2 2+>\2m,um/ uN=2w2 (M, g))\z/ uN_2v2—,u2,u2/ N=242 1 6(1)
M M M M

Taking into account of (E6l), we get

1A% — |ATIE < Mg ( [ [ uN—2w2dvg)
M M

+ (AmAn, = v(M, 9)A?) / uN720% + (Agmit, — popt®) / N=2% 4 0(1)
M

M
< po(M, g) / (N 22, — N 2m2)du, + of1).

M
Consequently
/ uN 2Ry, > 1-27 0 (K2 +€) uz(M,g)/ (2w —u™ "2 dvg+o(1)
v M
and since

/ T

M

we obtain

(1 — 27w (K3 +€) po(M, g)) / uN 202 dvy > 1-27% (K3 + €) o (M, g)+o(1).

M
So if
) _4
Kipy(M, g)2™» <1

we choose € > 0 sufficiently small and get

/ uN_2w2dvg > 1.
M

The inequality (4.9]), the Lieb-Brezis lemma ([3]) and the strong convergence
of the sequence (W, ), to W in Hq2(M) ,q=0,1, we get

i, _ _4 _ _
[~ wan, < 7% (13 ) (18T - 18TIE) + ot1)

< - (K22+6) ()\g,m/ % 22 w;,dvg — NQ(M,g)/ uN_2@2dvg>
M

M
+o(1)
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—4 2 N—2_
S 27n (K2 + 6) ()‘27777« - N2(M7 g)) Uy, wmdvg
M

+ po(M, g)/ (ul w2, — oV 2 w?) dvg} + o(1).
M

Since Agm — po(M, g) as m — +oo and

(4.10) /M (ul w2, — N 20%) dvy = /M ul =2 (w,, — w)* dvy + o(1)

we obtain
(1-277 (KE + i) [ a¥ ™ (@ — ) dvy < o(0).
M
So if \
K3up(M,g)27 7 < 1
we get
I N2 (@ — )% dvg = 0.
o Mum (w w)“dvg =0

Hence by the equality (£10]), we get

/u%_2wmdvg—>/ uN_2@2dfug.
M M

So
/ uN_2w2dvg =0
M
and since
/ uN_2v2dvg = / uN_zwzdvg =1
M M
and

N2 =1, \#0

/ uN_szdvg =0.
M

N-—2 N-—2 X .
2 v, u 2 w are linearly independent. O

it follows that

Thus the functions u

5. An estimation to py(M,g)

Mimicking which is done in [1], we establish the following lemma.
Lemma 5. If the mam’fgld (M, g) is of dimensional n > 12, then uy(M, g) <
(M, 9)F + (K32 ] "

To prove this lemma, we need the following elementary inequality.

Lemma 6. [1] For any real numbers x > 0, y > 0 and p > 2, there is a
constant C > 0 such that

(@ +y)P <aP+yP + Oty +ay?™h).
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PRrOOF. (of Lemmal?]) Let z, € M , § > 0 sufficiently small and B, (0)
the ball of center z, and of radius § and n a C'*°-function
(z) = 1 ifx e By, (0)
ME=9 0 ifz ¢ By, (26)
Put
pe=n(r’+ )2
where 7 is a bumping function, obviously ¢, € H2(M).
For any n > 6 and ¢ — 0, a calculation done in [4] leads to
(5.1) V() = K2 = €co+ O

where

Y(’U) _ fM UPQ(U)dUQ

(fM |U|Ndvg>1%
co >0

and ) ) A
_ _ 4
K2_2 _ n(n + )(n16 )(n )w;;_l.

wp—1 denotes the volume of the unit Euclidean sphere.
Consider the function

(52) Ve = CE(’IDE
with ¢ > 0 is such that | M N dvy =1 . Standard computations give

€
(5.3) Co= o€ T
with ¢, > 0.
Denote also by v a smooth positive solution of the equation

Py(v) = py (M, g0~

with ||v||y = 1. .
Put

te =Y () Vv + py (M, ) V7.
For any (), x) € R?2 — {(0,0)}, we have
/ (Ave + p10) Py(Ave + pw)dog)du,
M
= / (N0 P(ve)dvg + v P (v) + 2M\uve P(v)) do,.
M
Since [, vPy(v)dvy = puy (M, g) and [, vePy(ve)dvg =Y (ve), we get

|| e )Py v+ geo)dog = N2 (v0) + iy (M 9)
M

+2A\ gy (M, g) /M v v,

and
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/ ul 72 (Mo + ) 2dvy = )\2/ ulN 7202 dv, + 1 / ulN 22 dv,
M M M
+2)\,u/ ul " 2vvdv,
M

> )\2Y(v5)/ oNdvy + Py (M, g) / oV dv, + 2)\u/ ul "vevdo,
M M M

= \2Y (ve) + pPuqy (M, g) + 2)\u/ ulN "2vvdv,.
M

We have also

/ u "2vevdv, > pg (M, g)/ v v,
M M

so, if Ap >0
Jar(Ave + ,zw)P (Ave + pw)duy <1
[ w200 + pve)2dvy, T
In the case Ay < 0 and N — 2 € (0,1] i.e. n > 12, we have
N_o N-2
w2 = (Y(0) M2 v+ 1 (M, g) V2 0)
< Y (0ol ™2+ g (M, g)o™ 2,
Consequently

/ ulN 72 (Mo + ) 2dvy = )\2/ ulN 7202 dv, + p? / ulN 22 dv,
M M M
+2)\,u/ ul "2vevdvg > VY (ve) + pPug (M, g)
M
+2)\/LY(U€)/ N Ywdv, + 2\ gy (M, g)/ v v,
M M

> NY (ve) + piPpy (M, g) — C </ N lvdv, +/ ’UEUN_ld’Ug>
M M

where C > 0 is a constant independent of e.
Now taking account of (5.2]) and (53] we get, for any (A, u) € R? —

{(0,0)},
S (e + ,uv)P (Ave + pw)dog

Jar ud 7200 + pwe)2do,
By Lemmdf], we obtaln

/uévdvggY(vE)Z/ v dvg—i-ulMgZ/ oNdv, >
M M

+C (/ N odv, + U’UN ldvg>
M

=Y (v)% + puy (M, g)7 +C (/ v lvdv, +/ UE’UN_ldUg> .
M M

<1+0(7).
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And by the relation (5.1), we deduce that

([ i) < fmar. o)t + 0

w3
|
N
@)}
(V]
_l_
S
—~~
(@)}
w
S~—
+
)
—~
@)}
3
|
'S
S~—
[E—

3

—c.e? 4 0(e?) (

= [m (M. 9)% + (57?7 ]

where ¢ > 0 is a constant.
Hence, for any (\,u) € R — {(0,0)},

Jar(Ave + pv) Py(Ave + pw)dug N do n -
Jap e 2 (Ao + pwe)2dug v ) T

4
n

(M, 9)F + (Ky)F]" = e + O(eY)

SO

w3
Sl

1o (M, g) < [m(M,g) + (K37

w3
[E—

6. Strong convergence

Lemma 7. Suppose that ,u2K222_% < 1. Then the sequence (vp),, (resp.
(Wm),, ) of solutions of the equations({{.1]) (resp. of solutions of the equations
(4-2)) has a bounded subsequence on M.

PROOF. Let as in the section2 u,, € LY (M) and vy, w, € H3(M)
solutions respectively of the equations

(6.1) P(vy) = Al 20,
and
(6.2) P(wp,) = )\g,mu%_2wm.
Set

S = {)\mvm + Wit (A o) € R?, )\fn + ,u?n =1, Anpty, > >0 }

S={ v+ pw: (\p)€ R%, \? 4+ 12 =1}
and let Wy, = ApUm + Uy, Wm , W = AV + pw where up to a subsequence
(A pn) = (A ).
First we are going to show that the sequence (w,,),, is uniformally
bounded on the manifold M. Suppose by contradiction that (W, )y, is un-
bounded. Then, for every m there exists a point x,, € M such that

Wi (Tpy) = MAXW,, = &, = +00 as m — +o0.
zeM
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Given ¢ > 0 less than the injectivity radius of (M, g), we let w,, and uy,
be the functions defined on the Euclidean ball of center 0 and radius d¢,,,

Bo(égm)v by 1
~ _ x
Wi () = —Wp(exp,,, (7
(x) e ( (ém))
where exp,,, is the exponential map at x,,. Denote by

Gm() = (expxm)*g%)

the Riemannian metric on the ball B,(d¢,,). Clearly, if E is the Euclidean
metric, ¢, — F in C? on any compact set.

Now, since the functions v,, and w,, are solutions respectively of the
equations (6.I)) and (6.2)) then multiplying by w,, € H2(M) and integrating
over the geodesic ball exp, (B,(0§,,)), we obtain

/ T2, Gondvy,, + —- / B Advg,,
Bo(3€,,) &n J Bo(5¢,,)

+ B2,dvy,, < Ao / TN 202, v,
Sm JBo(3¢,,) Bo(06,,)
Thus the fact that |w,,| < 1 on B,(d¢,,) and standard elliptic theory lead

after passing to a subsequence to
Wy, — w  in Cp (R™).

Independently, we have, for any R > 0
[ @t [ e, (1) @hdu, +ol)
B, (RY) B, (RY) R

X

— [ e, (), + o)
B(em,RS) R

N-2
S/Mum (x)dvg + o(1).

S0 Uy, — U weakly in LY (R™)

loc

[ e, v, = [ @y < [ @,
Bo(RS) B(zm,R5) M

Now letting m — oo, we get

/ (Apw)? dx S,u2/ uN 2@ dx

and by the Sobolev inequality given by Corollarylll we obtain that

2
/ (Apw)? da < ,u22_%K22/ (Apw)? dx </ uNda;> "

< 2 AK2 / (Ap®)? da.

n
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Consequently

o K227 n > 1
which contradicts the inequalityof the hypothesis, so the sequence (w,,) is
bounded on M. O
Corollary 2. The sequence (Vp,),, (Tesp. (Wm)m Jgiven in ({.1) (resp. in
#-3)) converges strongly in LN (M).

PRrROOF. Let € > 0, the Hélder inequality leads to

1 1
3 3
/ |v, — ’U|Nd’Ug < </ o, — v|V € dvg> </ o + vV dvg> .
M M M

By the boundedness of the sequence (v, ), in M and the strong convergence
of the latter to v in LNY~¢(M), we get that v,, — v in L (M). The same is
also true for the sequence (wy,)y. O

Corollary 3. The functions W' v and utTow are linearly independent.

Indeed, since the sequence (vy,)m ( resp.(vm)m ) converges strongly to v
(resp.to w) in LY (M), we pass to the limit in the last equality in (@3] and
get [, uN "Powdvg =0

As a corollary of Lemma [7] and Corollary 2] we obtain our main result
Theorem 3. If the Einsteinian manifold (M, g) is of dimension n > 12,
then po(M, g) is attained by a generalized metric.

7. Nodals solutions
The same arguments as in the proof of Lemma3.3 [I] allow us to state.

Lemma 8. Let u € LY (M) with |u|| 5y = 1.Suppose that wy, wy € HZ(M)—
{0}, such that wy > 0, wy > 0 satisfy

(7.1) /M w1 P(wy)dvg < po(M, g) /M u™N " 2widu,

(7.2) /M waP(wa)dvg < po(M, g) /M u™N " 2widv,.

If (M — w1 (0)) N (M —wy 1 (0)) has measure 0, then there exist constants
a >0 and b > 0 such that u = aw; + bwy and the equalities in (7.1) and

73) hold.

Now we establish the existence of a nodal solution.

Theorem 4. Let v and w as in the Proposition(3) and suppose that the
scalar curvature of (M;g) is positive and uy(M,g) # 0 and attained by a
general metric g = uN"2g with u € Lf(M) Then w = |w| and in particular
the equation

N-2
(7.3) Py(w) = pa(M, g) [w]™ " w

has a nodal solution.
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PROOF. Let v and w as in the Proposition(3]). Without lost of generality,
we choose u € LY (M) with [}, uVdvy = 1, hence Ay(g) = pp(M, g). As in
the proof of Propositiond we have A\1(g) < A2(g). Suppose that the solution
of the equation(7.3)) is not nodal, by taking — w if w is non positive, we
assume that w > 0. On the other hand since the scalar curvature of (M, g)
is positive, by Proposition(2]) the equation

Py(v) = M (g)u" 2

has a positive solution and by Proposition with the constraints

/ uN_2v2dvg = / uN_zwzdvg =1
M M

/ uN_szdvg =0.
M

This latter equality implies that the set (M —v~1(0)) N (M — w~1(0)) has
measure 0. So by Lemma], we get equalities in ([7.3]), a contradiction with
the fact that \1(g) < A2(g). Consequently w is a nodal function.

Suppose that the compact manifold M splits into two non empty disjoint
domains Qjand Qg such that M = Q; UQe U F  with measure(f ) = 0. Let
v and vp be positive solutions to the equation Py(v;) = XouN~2y;, such
that v; = 0 and Av; = 0 on 0€2;, where A5 is the second eigenvalue of the
Paneitz-Branson operator P;. By Lemmal], there exist constants a > 0 and
b > 0 such that u = av; + bve. It follows that u is of class C*%(M) with
a € (0, N — 2). Observe that the nodal set u~(0) C v;*(0) Nvy ' (0) C F.

Now we follows the proof in [I]. Let h € C*°(M) with support in M —
u~1(0) and put u; = u+th. Since u is continuous and positive on the support
of h, then u; > 0 for ¢ close to 0. The same arguments as the proof in the
Proposition3.3 in [1] we obtain that |w| = u on M —u~1(0). Independently
since the nodal set u~!(0) is negligible and u, |w| are continuous, then
|w| = u on M. O

and

Corollary 4. ps(M,g) is not attained by a classical conformal metric.

Since if it is not the case, u > 0 and w such that |w| = u is not nodal.
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