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ON LIFTINGS OF LOCAL TORUS ACTIONS TO FIBER
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Dedicated to Professor Akio Hattori on his seventy seventh birthday.

ABSTRACT. In [8] we introduced the notion of a local torus actions modeled on
the standard representation (we call it a local torus action for simplicity), which
is a generalization of a locally standard torus action. In this note we define a
lifting of a local torus action to a principal torus bundle, and show that there
is an obstruction class for the existence of liftings in the first cohomology of
the fundamental group of the orbit space with coefficients in a certain module.

1. INTRODUCTION

Let G be a compact Lie group acting on a connected manifold X and 7p: P — X
a principal torus bundle on X. We denote the group of homeomorphisms of X
by Homeo(X) and identify the G-action on X with the homomorphism ¢: G —
Homeo(X). We also denote the group of bundle isomorphisms of P onto itself
by Isom(P). Let ¢: Isom(P) — Homeo(X) be the obvious projection. We put
Isomg(P) := ¢ 1 (¢(G)) and Aut(P) := kerq. Then there is an exact sequence of
groups

1 — Aut(P) — Isomg(P) & ¢(G).

A G-action ¢: G — Isomg (P) on P as bundle isomorphisms which satisfies qop = ¢
is called a lifting of ¢. It often comes into question whether P admits a lifting of
the G-action ¢ on X or not. In [6], Stewart proved that P admits a lifting if
G is simply connected and semi-simple. Hattori-Yoshida also proved in [5] that P
admits a lifting if and only if the Chern class of P lies in the image of the equivariant
cohomology group. For more details, consult [5].

In [8], as a generalization of locally standard torus actions and also an underlying
structure of locally toric Lagrangian fibrations, we introduced the notion of a local
torus action modeled on the standard representation and proved the classification
theorem for them. We also investigated their topology. The content of [§] is a
refinement of the work [7] and the talk by the author in International Conference
on Toric Topology. In this note we discuss the lifting problem of local torus actions
modeled on the standard representation in principal torus bundles. One of the mo-
tivation of this work is to generalize several works on the geometric quantization of
symplectic toric manifolds to the case of locally toric Lagrangian fibrations. First
we recall the definition of a local torus action modeled on the standard represen-
tation. Let S! be the unit circle in C and T := (S1)" the n-dimensional compact
torus. T™ acts on the n-dimensional complex vector space C™ by coordinatewise
complex multiplication. This action is called the standard representation of T™.
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Definition 1.1. Let X be a paracompact Hausdorff space. A weakly standard C"
(0 < r < o0) atlas of X is an atlas {(UX, X )}aea which satisfies the following
properties
(1) for each a, =X is a homeomorphism from UZX to an open set of C" invariant
under the standard representation of T,
(2) for each nonempty overlap Uo)fﬁ =UXN UBX ,
(a) X (U O)fﬁ) and goé((U O)fﬁ) are also invariant under the standard repre-
sentation of 7" and
(b) there exists an automorphism p,s of T™ as a Lie group such that the
overlap map ¢, := ¢ o (3 )~ " is pap-equivariant C” diffeomorphic
with respect to the restrictions of the standard representation of T to
o (U3s) and o5 (UL;). (The latter means that o5 (u - 2) = pag(u) -
@fﬁ( z) foru e T andzEgaﬁ(U )-)

Two weakly standard C" atlases {(UZX, pX)}aea and {(Vﬁx,wg)}ﬂeg of X?" are
equivalent if on each nonempty overlap UX NV;¥, there exists an automorphism p of
T™ such that pX o (’L/Jﬂ )~1is p-equivariant C” diffeomorphic. We call an equivalence
class of weakly standard C” atlases a C" local T™-action on X?" modeled on the
standard representation and denote it by T.

In the rest of this note, we called it a C" local T"-action on X, or more simply,
a local T"-action on X if there are no confusions.

Next we define a lifting of a local torus action to a principal torus bundle. Let
(X,T) be a 2n-dimensional manifold X equipped with a local T™-action 7 and
7p: P — X a principal T%-bundle on X. As we showed in [§], we can define the
orbit space Bx and the orbit map ux: X — Bx for (X, 7T) and the obstruction
class in order that the local T"-action on X is induced by a global T"™-action
lies in the first Cech cohomology H'(Bx;Aut(T™)) of Bx with coefficients in
the group Aut(T™) of group automorphisms of T™. See Section 2] for more de-
tails. Since H'(Bx; Aut(7T™)) is identified with the moduli space of representations
of the fundamental group 71 (Bx) of Bx to Aut(T"), by fixing a representative
p: m1(Bx) — Aut(T™) corresponding to the obstruction class, the fiber product
X = {(bx) € Bx x X: 7(b) = px(z)} of ux: X — Bx and the universal
covering 7: B;(/ — Bx of Bx admits a global T™-action ¢p: T™ — Homeo(7* X).
Moreover, by the construction, 7*X is equipped with a natural m; (Bx)-action
¢r, : T (Bx) — Homeo(7* X) and these actions form an action of the semidirect
product T™ X, m1(Bx) of T™ and m;(Bx) with respect to p on 7*X. For the ex-
plicit descrlptlon of the action of the semidirect product, see Section B We put
G:=T"x,m(Bx). Let n5: P — 7 X be the pullback ofrp: P—- X ton*X. P

also admits a natural lifting ¢, : 1 (Bx) — Isomg(P) of ¢, .

Definition 1.2. A lifting of the local T™-action 7 on X to P is a lifting b T™ —
Isomg (P) of ¢r such that

(1.1) or(p(a)(u)) 0 6, (a) = 6, (a) © dr(u)
for any (u,a) € G.

In Proposition [1] we shall give an equivalent description of a lifting of 7 to
P in terms of a sufficiently small weakly standard atlas {(UX, pX)}oeca and the
T"-actions on X (UX)s.

For the existence of liftings of ¢ which do not necessarily satisfy the condition
(CT), Hattori-Yoshida gave the necessary and sufficient condition in [5]. See also

Theorem We assume the existence of liftings of ¢r which do not necessarily
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satisfy the condition (II)). Then the purpose of this note is to prove the following
theorem. See Theorem for a precise statement.

Theorem. There is an obstruction class in the first cohomology of the fundamental
group m(Bx) of Bx with coefficients in a certain 71 (Bx)-module in order that
wp: P — X admits a lifting of the local T™-action T on X.

This paper is organized as follows. In the next section, we recall the orbit space
of a local torus action and the obstruction class in order that the local torus action
is induced by a global torus action. We also give examples of a local torus action.
In Section Bl we explain that the fiber product of the orbit map of a local torus
action and the universal covering of the orbit space admits a global torus action.
We also describe the global torus action explicitly when a representation of 7 (Bx)
to Aut(T™) corresponding to the obstruction class is given. Finally, in Section [
we discuss the lifting problem of local torus actions in principal torus bundles and
prove the above theorem.

Throughout this paper we employ the vector notation in order to represent ele-
ments of C™, namely, z = (z1,...,2,) € C". The similar notation is also used for
" = (SH", R", etc.

The author is thankful to the organizers of International Conference on Toric
Topology for their hospitality. The author is also thankful for the helpful comments
of the referee.

2. THE ORBIT SPACES AND THE OBSTRUCTION TO A GLOBAL TORUS ACTION

Let (X, T) be a 2n-dimensional manifold X equipped with a C" local T"-action
T. First we recall the orbit space Bx of the local T™-action 7 on X. The orbit
space C™/T™ of the standard representation of 7™ is endowed with the natural
stratification whose k-dimensional stratum consists of k-dimensional orbits. Let
R” be the standard n-dimensional positive cone

RY = {€= (&1, 6) ER™: G 200 =1,...,n}.

It also has a natural stratification with respect to the number of coordinates &;
which are equal to zero. We define the map puc»: C* — R} by

pen(2) = (I, lzal)

for z = (21,...,2,) € C™. Tt is invariant under the standard representation of 7"
and induces a homeomorphism from C"/T™ to R’} which preserves stratifications.

Let {(UX,»X)}aca be a maximal weakly standard atlas of X which belongs
to T. We endow each quotient space X (UX)/T™ with the quotient topology in-
duced from the topology of X (UZX) by the natural projection m,: ¢X (UX) —
eX(UX)/T™. By the property (2) for each overlap Uo)fﬁ, gogfﬂ induces a home-
omorphism from gaé((Uo)fﬁ)/T” to gagf(Uo)fﬂ)/T”. We define two elements b, €
P (UF)/T™ and bg € i (UF)/T™ to be equivalent if by € @ (U2;)/T", b €
goé((U O)fﬁ) /T™ and the map induced by gpfﬁ sends bg to by. It is an equivalence
relation on the disjoint union [[, (¢X (UX)/T™). We call the quotient space of
1., (¢ (UF)/T™) by the equivalence relation together with a quotient topology
the orbit space of the local T™-action 7 on X and denote it by Bx. It is easy to see
that By is a Hausdorff space and {¢X (UX)/T"}ne is an open covering of Bx.
By the construction of By, the map [], 7o 0 @3 : [1, U — 11, (v3 (US)/T™)
induces the map from X to Bx. We call it the orbit map of the local T™-action
T on X and denote it by pux: X — Bx. Note that by the construction, it is a
continuous open map.
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Proposition 2.1. Bx is endowed with a structure of an n-dimensional topological
manifold with corners. This means that Bx has a system of coordinate neighbor-
hoods modeled on open subsets of R} so that overlap maps are homeomorphisms
which preserve the natural stratifications induced from the one of R'}. See [2, Sec-
tion 6] for a topological manifold with corners.

Proof. We put UZ := oX(UX)/T™. The restriction of ucn to ¢X (UX) induces

[e3

the homeomorphism from U to the open subset pcn (X (UZ)) of R%, which is

(e
denoted by ¢Z. By the construction, on each overlap U fﬁ =U8NnU E , the overlap
map pls = o o (pF) 7" pen(wF (U)) — pen @y (UZs)) preserves the natural
stratifications of pucn (cpgf(Uo)fﬁ)) and ucn(gpg(U(ffﬂ)). Thus, {(UZ, pB)}oca is the
desired atlas. 0

Remark 2.2. The atlas {(UZ, ¢©B)},c4 of Bx constructed in the proof of Proposi-
tion 21 has following properties
(1) for each o, UX = px' (UB), X (UX) = puci(0B(UB)) and the following
diagram commutes

X
_ Yo _
X o (UL — (Wl UZ)e  cn

Bx o UP—="=pBWUP) < R},

(2) the restriction of {(UZ, ¢B)},e 4 to the interior By \ dBx of Bx is a C"
atlas of Bx \ 0Bx.

We give some examples.

Example 2.3 (Locally standard torus actions). Let T™ act smoothly on a 2n-
dimensional smooth manifold X. A standard coordinate neighborhood of X consists
of a triple (U, p, ¢), where U is a T™-invariant open set of X, p is an automorphism
of T™ and ¢ is a p-equivariant diffeomorphism from U to some T"-invariant open
subset in C". The action of 7™ on X is said to be locally standard if every point
in X lies in some standard coordinate neighborhood. See [3] [I] for more details.
(A typical example of locally standard torus actions is a nonsingular toric variety.)
The atlas which consists of standard coordinate neighborhoods is weakly standard.
Hence, a locally standard T"™-action induces a local T™-action on X.

Note that not all local torus actions are induced by locally standard torus actions.
For example, a nontrivial T™-bundle on an n-dimensional closed manifold whose
structure group is Aut(7™) is equipped with a local T"-action which is not induced
by any locally standard T"™-action. In general, for any C" local T™-action 7 on
a 2n-dimensional manifold X, we take a weakly standard atlas {(UX,»pX)}aca
belonging to T. We put U := {UB},c 4. It is easy to see that the automorphisms
pap of T™ in the property (2) of Definition [T] form a Cech one-cocycle {pas} on
U with values in Aut(T™).

Proposition 2.4. A C" local T™-action on X is induced by some C" locally stan-
dard T"-action if and only if {pas} and the trivial Cech one-cocycle are of the
same equivalence class in the first Cech cohomology set H'(Bx; Aut(T™)), where
the trivial Cech one-cocycle is the one whose values on all open set are equal to the
identity map of T™.

For the proof, see [8].

Remark 2.5. It is well known that there is a one-to-one correspondence between
HY(Bx; Aut(T™)) and the moduli space of representations of w1 (Bx) to Aut(T™").
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Example 2.6. We can construct an example of local torus actions which does not
come from any locally standard torus fibrations in the following way. Let X be the
quotient space of the space

{(&u,2) ER* X T? x C*: & = |z |*, & + |22)* = 1}
by the T?-action defined by
v- (f,U,Z) = (6) (’U/l;U/QUIU;l)av_l : Z) .

There is a T?-action on X which is induced by the multiplication to the second
factor of R? x T? x C2. The orbit space of this action is naturally identified with
B :=Rx [0, 1] and the orbit map is induced by the first projection of R? x T2 x C2.
Define the right action of Z on X by

[5) U, Z] n= [(El - n(§2 + 1)?62)5 p—n(u)’ Z]

for (¢,0,2) € X and n € Z, where p"(u) := (u1,u; "us). It is easy to see that the
Z-action on X is well-defined, and the Z-action and the 7T2-action on X satisfies
the following condition

(U ’ [f,u,z]) ‘= p—n(v) : ([f,u,z] n)

f_or v € T? and n € Z. Moreover, the Z-action on X descends to the action of Z on
B which is defined by

(2.1) §-n= (& —n(2+1),8&).

We denote by X, B the quotient spaces X /Z, B/Z, respectively. We also denote
by p: X — B the map induced by the orbit map of the T™-action on X. Then, it
is easy to see that X is equipped with a local T?-action whose orbit space is B and
the orbit map is u.

Example 2.7 (Locally toric Lagrangian fibrations [4]). One of the important ex-
amples is a locally toric Lagrangian fibration. Let (X,w) be a 2n-dimensional
symplectic manifold and B an n-dimensional smooth manifold with corners. A
map u: X — B is called a locally toric Lagrangian fibration if for each point
b € B, there exists a coordinate neighborhood (U, »?) of b modeled on R? and
there exists a symplectomorphism X : (u=2(U),w) — (uga (9P (U)),wen) such
that pcn 0 X = P o u. A locally toric Lagrangian fibration is endowed with
a smooth local T™-action. See [§], for more details.

3. UNTWISTING LOCAL TORUS ACTIONS

Let (X, T) be a 2n-dimensional manifold X equipped with a local T"-action T,
{(UX, pX)} aea a weakly standard atlas of X belonging to T, and {(UZ, 05)}aca
the atlas of Bx induced by {(UX,pX)}aeca which satisfies the properties of Re-
mark Let 7: B;(/ — Bx be the universal covgr\iyg of Bx. It is obvious that
the fiber product 7*X of ux: X — Bx and m: Bx — Bx admits a local T"-
action whose orbit space is Bx. For more details, see [§, Example 3.14]. Since
By is simply connected, by Proposition 2.4l and Remark 23] this local T"-action
comes from a locally standard T"-action. Moreover, by the construction, 7*X is
equipped with the natural action of 71 (Bx) and these two actions form an action
of the semidirect product of T™ and 71 (Bx ). The aim of this section is to give the
explicit description of this action .

By replacing {UB} by its refinement if necessary, we may assume that for each
a, there exists a local trivialization ¢Z: 7=3(UZ) — UB x 71 (Bx) of 7: Bx — Bx
as a principal 71 (Bx)-bundle. On each nonempty overlap Ufﬁ, we denote the
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transition function with respect to these local trivializations by ans. Note that a.g
is locally constant since 1 (Byx) is discrete.

As we described before, the automorphisms p,s of T in the property (2) of
Definition [T] form a Cech cohomology class [{pas}] € H'(Bx;Aut(T")). We take
a representative p: w1 (Bx) — Aut(T™) of the equivalence class of representations
corresponding to [{pag}]. Note that p is unique up to the conjugation of Aut(7").
Then, for each « there exists an automorphism p, € Aut(7™) such that p,g =
paop(aaﬁ)oplg1 on each nonempty overlap Ufﬁ. Let T x ,m (Bx) be the semidirect
product of T™ and 7 (Bx ) with respect to p, namely, 7" 3,7 (Bx) is the Cartesian
product of T™ and 71 (Bx) as a set with the product

(u1,a1)(u2, az) = (u1p(a1)(uz), araz).

Let (u,a) be an element of T x, 71 (Bx) and (b, x) an element of 7*X. Suppose
that b lies in 7= (UB) and ¢ (b) = (n(b), as). We put

(31 (wa)sy (ba) = (ba ! (9X) " (pao plana™ ) (u) - o3 (2)))

Lemma 3.1. 31 does not depend on the choice of local trivializations and defines
the action of T™ X, m (Bx) on m*X.

Proof. Suppose that b also lies in 7~ (UF) for another U} and gog (b) = (n(b), ap).
By using aq = aapag and pag = pa © p(aes) o pgl,

(¢a) ™ (pa 0 placa™)(u) - g5 (2))

= (¢5) 7" o (pap) ™" (pa 0 plaapaga™)(u) - 35 0 ¢ ()

= (95)7" (P2h 0 pa 0 plaas) 0 plaga™ () - ¢ ()

= (¢3) " (ps 0 plaga™")(u) - 5 (2)).

This implies that (3] does not depend on the choice of local trivializations. Next,
we check that (B.I) defines an action. For (uy,a1), (u2,a2) € T" x, m(Bx) and

(b,x) € 7* X satisfying b € 7~ H(UP) and ¢Z(b) = (n(b), an),
(u1,a1) - ((U2aa2) - (b, 90))
= (us,a1) - (b az", (9X) 7 (pa o plaaaz ) (u2) - ¢ (@) )
= (b 0307, (62) " (pa © plaaaz ar ) (un)pa © plaaaz ) (u2) - 9 (2)))
(b (a1a2) ™, (0X) ™ (pa © plaa(mraz) ™) (wrplar) (uz) - ¢ (1))
= (u1p(a1)(uz), araz) -, (b, ).
This proves the lemma. O

Note that the orbit space (7*X)/T" x, m1(Bx) is naturally identified with Bx.

Let p': m(Bx) — Aut(T™) be another representative of the equivalence class
of representations corresponding to [{pas}]. Then, there exists an automorphism
f € Aut(T™) such that o' = fopo f~1. f defines the group isomorphism f: 7™ x,
m1(Bx) = T" x, 71(Bx) by f(u,a) := (f(u),a). Then we can check the following
proposition.

Proposition 3.2. For any (u,a) € T" x, 71 (Bx) and (b,x) € 7*X,
(’U,, a’) P (l;v :C) - ?(ua a‘) P’ (Ba :L')



ON LIFTINGS OF LOCAL TORUS ACTIONS TO FIBER BUNDLES 7

4. AN OBSTRUCTION THEORY

In this section we give an obstruction class for the existence of a lifting when a
local torus action on a manifold and a principal torus bundle on it are given. We
assume that manifolds, maps, and local T™-actions are of class C° unless otherwise
stated.

Let (X,T) be a 2n-dimensional manifold X equipped with a local T™-action
T and 7: E; — Bx the universal covering of Bx. We fix a representative
p: m1(Bx) — Aut(T™) of the equivalence class of representations corresponding
to [{pas}] and denote T™ x, m(Bx) by G. Then, G acts on #*X by (BI)). In the
rest of this paper we omit the subscript , of the G-action on 7*X in (BI)).

Suppose that 7p: P — X is a principal T*-bundle on X. Then the pullback
Tp: P = 1*X of mp: P — X to 7* X can be written by

P ={(b,q) € Bx x P: m(b) = px o 7p(q)}.

P admits a natural lifting ¢r, : m (Bx) — Isomg(P) of the natural 71 (Bx )-action
Or,: M (Bx) — Homeo(7* X) on 7* X which is written by

O (a)(B) := (b-a™",p)

for p = (b,p) € P and a € m(Bx). We also represent the T"-action on 7* X as the
subgroup of G by ¢p: T™ — Homeo(n* X).

Pr0p051t10n 4 1. Let {(UX, 0X)}aea be a weakly standard atlas of X belonging to
T and {(UB, 05)}oeu the atlas of Bx induced by {(UX, 0X)}aeca which satisfies
the propertzes of Remark 221 We assume that for each «, there exists a local trivial-
ization B : 7= Y(UB) = UB x7(Bx) of : Bx — Bx. Then P admits a lifting of
the local T™-action T on X if and only if there exists a family {( Py, o, X ) }aca of
triples, where for each o, (P, qba, ©P) consists of a principal T*-bundle wp, : Py —
OX(UX) equipped with a lifting Go: T" — Isompn (P.) of the T™-action ¢o: T™ —

Homeo(pX (UX)) on ¢X (UX) obtained as the restriction of the standard represen-

tation of T™ and a bundle isomorphism gof P|U§ — P, which covers ¢X such that
on each nonempty overlap UZX, B ‘Paﬂ =¢Po (cpg)*l: P3|<P§(Ufg) — Pa|w§(U§ﬁ) is

Pap-equivariant with respect to the liftings.

Proof. If there exists such a family {(Pa, ¢q, goa )}aca, then we can define a lifting
of ¢ as follows. For u € T™ and (b,p) € P where b € 7~ YUP) and B (b) =
(m(b), an), we define a lifting ¢z : T™ — Isomg(P) of ¢7 by

or()(,p) = (b, (%) (Balpa © plaa) @) (L (1))

We can show that it is well-defined by the same way as in the proof of Lemma [311
It is also easy to check that ¢ satisfies ().

Conversely, suppose that P admits a lifting ¢ of ¢ which satisfies (CI). We
put Py = Plyx, ma = X omp: Py — X (UX), and ! := id for each a.

For any point p € P,, (((pf)’l(,ux OWp(p),e),p) is an element of 7*P, where
e is the unit element of m1(Bx). Then, the following equation defines a lifting
bo: T — Isomp(Py) of ¢o: T™ — Homeo(px (UX))

[e3%

b1 (02 () () (ux o e (p) ), p) = ((0) ™ (1x 0 wp(p), ), alw)(0))
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By using (L) and pag = pa © p(aag) © pgl on UfB, for any p € P|U§B’

/~
—

= brlaz}) 0 br(plaas) o p5 () ((95) 7 (1x 0 wp(p), ), p)
= bra25) 0 60" © pas(w) ((5) " (ux o 7r(p),€),p)
Fr.(028) ((2) 7 (x 0 7P (1), €), Balpas (w)(p) )
(8 px © 70 (P), Ga)s Ba(pas () (7))

(@) (ux 0 7p(p),€), Balpas(w)())

This implies that ¢ 5 18 pap-equivariant, namely,

905,6 © GBB (u) = an (/)aﬂ(u)) © <P§B-
This proves the proposition. O

Example 4.2. We consider Example In this case, the universal covering of B
is B and the pullback of X to B is naturally identified with X. The fundamental
group 71 (B) is isomorphic to Z and the deck transformation is given by (21I). Under
the identification 71 (B) = Z, the representation of m1(B) to Aut(T?) is given by
assigning the element p™(v) € T? to n € 71(B) and v € T?, which is also denoted
by p: m1(B) — Aut(T?). Then, the T?-action and the right Z-action on X form
an action ¢: G — Homeo(X) of the semidirect product G = T2 x, m(B) which is
written by

¢(v,n)([€ u, 2]) = v+ ([§,u, 2] - (=n)) = [(&1 + n(€2 + 1), &), p" (u)o, 2]

for (v,n) € G and [¢,u,z2] € X.
Let m5: P — X be a principal circle bundle which is defined by the quotient
space

P:={(6,u,2) R xT?> x C?: & = |z1>, & + | 22> = 1} xp2 S*
by the T?-action
v (&u,z,t) = («E, (w1, ugvivy t), vt Z,’Ugt) )
We fix an element s € S* and define the lifting ¢: G — Isomg(ls) of ¢ to P by

S(v,n)([6u, 2, 1)) = (&1 + (& + 1), &), p" ()0, 2, v15"1]

for (v,n) € G and [§,u,z2,t] € P. Tt is easy to see that ¢ is well-defined. In
particular, the composition of the natural homomorphism s: 71 (B) — G defined
by s(n) := (1,n) and ¢ defines a m; (B)-action on P. We denote by P the quotient
space of this m;(B)-action. By the construction, 7: P — X descends to the

principal circle bundle 7p: P — X which admits a lifting of the local T2-action on
X defined in Example



ON LIFTINGS OF LOCAL TORUS ACTIONS TO FIBER BUNDLES 9

In the rest of this note, let us investigate when P admits a lifting of the local T"-
action 7 on X. For the existence of a lifting of ¢, which does not necessarily satisfy
the condition (LI]), Hattori-Yoshida gave the necessary and sufficient condition in
[5] which is described as follows. Let (7*X)pn be the Borel construction ET™ X 4,
m* X with respect to the T™-action ¢ on 7*X. We denote by r: ET" x n* X —
ET" Xy, m*X and pry: ET™ x %X — m*X the natural projections. Since ET™ is
contractible, the induced homomorphism pry: H?(7*X;Z") — H*(ET"x7* X; Z")
is an isomorphism.

Theorem 4.3 ([5]). 75: P — 7 X admits a lifting of the T"-action ¢ on 7 X

if and only if the Chern class c¢1(P ) lies in the image of pry 1o *: H2(ET™ X4,
T X5 Z") — H*(n* X Z20).

Next, we assume that 75: P — 7* X satisfies the condition in Theorem and
investigate when P admits a 1ifting of ¢ which satisfies (I]:[I) We fix a lifting
qu ™ — Isomg( P) of ¢ to P. Then T™ acts on Aut(P) by the conjugation
dp'(u) o fodr(u) for u € T™ and f € Aut(P P). Note that the group Aut(P)
is canonically isomorphic to the group C(7*X,T*) of all continuous maps from
7*X to T*. The isomorphism is given by assigning to each f € Aut(P) the map
7 € C(7* X, T*) which is determined uniquely by the equation

f(B) =p-7(7p (D))
For more details, consult [5]. Through the isomorphism from Aut(P) to C(x* X, T*),
T™ also acts on C(7*X,T*) by 7%(%) := 7(¢7(u)(Z)). In general, if K is a group
and M is a topological right K-module, then we can define the cochain complex
C*(K; M) of continuous cochains of K with values in M as follows. That is,
C%(K; M) is the abelian group of all continuous maps from the gth Cartesian prod-
uct K9 of K into M and the coboundary §: C4(K; M) — Cit1(K; M) is defined
by
q

do(ut,. .., ugs1) =0 (U2, ..., Ugs1) + Z(—l)iU(Ul, e Uiy e, Ugl)
i=1
+ (=) o (ug, ..y ug) - Ugs-

Let C*(T™; C(7* X, T*)) be the cochain complex with values in the right T™-module
C(m*X,T*). m1(Bx) also acts on C*(T™; C(7* X, T*)) from the right by

(U : a’)(ula : "uqa‘%) = a(p(a)(ul), s 7p(a)(uq)5¢ﬂ'1 (a)(‘i‘))
for a € m(Bx), o0 € C{(T™;C(r* X, T*)), u1,...,uq € T" and 7 € 7 X.

Lemma 4.4. The 711 (Bx)-action on C*(T™; C(7* X, T*)) commutes with the cobound-
ary operators 9.

Proof. It can be checked by using the equation ¢r(p(a)(u))odn, (a) = ¢r, (a)odr(u)
for any @ € m(Bx) and u € T™. O

Since ¢r(u)~" o b, (a) 1 0 r(p(a) (1)) © dr, (@) lies in Aut(P) for any u € T
and a € m (Bx), the equation

(4.1) or(w) " 0§y (a) 7" 0 G1(p(a)(w) © Gr, (a)(B) = B - 0@, u, w5 (P))

)
determines the unique one-cochain ¢ € Cl(m(Bx); C*(T™;C(m*X,T*))). Tt is
easy to see that o takes a value in Z*(T™; C(* X, T*)).

Lemma 4.5. o is a cocycle.
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Proof. For ay,as € m(Bx), wu € T™, and p € P with 5(p) = 7,
p-(d0)(a1,az,u, T)
= 6y (a2) 7" 0 dr(p(az)(w)) ™" 0 dry (a1) " 0 dr(p(aras) () © dr, (a1) © P, (a2)
© oy (a1a2) ™" 0 Gr(p(araz)(u)) ™" o b, (ar1az) © dr(u)
0 ¢r(u) " 0 dr, (az) ™" 0 Gr(p(as)(w)) © Gr, (a2)(P)
=p.
This proves the lemma. (I

Then o defines a cohomology class in H!(m (Bx); ZH(T™; C(7* X, T*))). It is
easy to see that the cohomology class does not depend on the choice of liftings. We
denote it by o(P).

Theorem 4.6. Under the assumption of Theorem 3], the vanishing of o(P) is the
necessary and sufficient condition in order that mp: P — X admits a lifting of the
local T™-action T on X.

Proof. 1f there is a lifting ¢ : T™ — Isome(P) of ¢ which satisfies (L), then the
equation

(4.2) & () () = or(w)(P) - 7(u, ¥)
for wu € T™ and p € P with 75(p) = & defines a unique group one-cocycle 7 €

ZY(T™; C(x* X, T*)). By @), @2), and (L) for ¢, we can obtain the following

equation

(4.3) o(a,u, ) = 7(u, 2)7(p(a)(u), o, (a)(2)) !

for a € m(Bx), u € T™, and & € 7*X. This implies that o(P) vanishes.
Conversely, suppose that o(P) vanishes and 7 € Z1(T™; C(7* X, T*)) is an ele-

ment which satisfies (3). Then, we define the map ¢/,: T" — Isomg(P) by
07 (w)(p) = dr(u)(B) - (u, Z)

for u € T™ and p € P with 75(p) = Z. It is easy to see that @' is a homomorphism
and in fact, is a lifting of the local T"-action 7 on X to P. This proves the
theorem. O

Remark 4.7. For a general principal bundle whose structure group is not necessarily
Tk, a lifting of a local torus action can be also defined by Definition [L2, and
Theorem holds without modifications not only for principal T*-bundles but
also for principal bundles with any abelian structure groups provided that liftings
of local torus actions to the principal bundles exist.
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