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DEFORMATIONS OF BORDER BASES

MARTIN KREUZER AND LORENZO ROBBIANO

Abstract. Border bases have recently attracted a lot of attention. Here we
study the problem of generalizing one of the main tools of Gröbner basis the-
ory, namely the flat deformation to the leading term ideal, to the border basis
setting. After showing that the straightforward approach based on the defor-
mation to the degree form ideal works only under additional hypotheses, we
introduce border basis schemes and universal border basis families. With their
help the problem can be rephrased as the search for a certain rational curve on
a border basis scheme. We construct the system of generators of the vanishing
ideal of the border basis scheme in different ways and study the question of
how to minimalize it. For homogeneous ideals, we also introduce a homoge-
neous border basis scheme and prove that it is an affine space in certain cases.
In these cases it is then easy to write down the desired deformations explicitly.

1. Introduction

Let I be a zero-dimensional ideal in a polynomial ring P = K[x1, . . . , xn] over
a field K , and let O = {t1, . . . , tµ} be an order ideal, i.e. a finite set of power
products in P which is closed under taking divisors. An O -border basis of I is
a set of polynomials G = {g1, . . . , gν} of the form gj = bj −

∑µ
i=1 cjiti , where

{b1, . . . , bν} is the border ∂O = (x1O ∪ · · · ∪ xnO) \ O of O and cji ∈ K , such
that I is generated by G and O is a K -vector space basis of P/I . In recent years
border bases have received considerable attention (see for instance [13], [14], [15],
[20], and [22]). This is due to several reasons.

(1) Border bases generalize Gröbner bases: if one takes for O the complement of a
leading term ideal of I with respect to some term ordering σ , the correspond-
ing border basis contains the reduced σ -Gröbner basis of I .

(2) Border bases are more suitable for dealing with computations arising from real
world problems. They are more stable with respect to small variations in the
coefficients of the polynomials generating I and permit symbolic computations
with polynomial systems having approximate coefficients (see for instance [1],
[8], and [22]).

(3) Border bases are in general much more numerous than reduced Gröbner bases.
For instance, if the given ideal I is invariant under the action of a group
of symmetries, it is sometimes possible to find a border basis having these
symmetries, but not a Gröbner basis.

The starting point for this paper is our attempt to generalize one of the funda-
mental results of Gröbner basis theory to the border basis setting, namely the fact
that there exists a flat deformation from I to its leading term ideal LTσ(I). More
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precisely, we are looking at the following result. (Here and in the following we use
the notation introduced in [16] and [17].)

Given a term ordering σ , the ring P can be graded by a row of positive integers
W = (w1 · · · wn), i.e. by letting degW (xi) = wi , such that the leading term ideal
LTσ(I) equals the degree form ideal DFW (I). Using a homogenizing indeterminate
x0 and the grading of P = K[x0, . . . , xn] given by W = (1 w1 · · · wn), the
canonical K -algebra homomorphism Φ : K[x0] −→ P/Ihom satisfies

(1) The ring P/Ihom is a free K[x0] -module.
(2) There are isomorphisms of K -algebras P/(Ihom + (x0)) ∼= P/DFW (I) and

P/(Ihom + (x0 − c)) ∼= P/I for every c ∈ K \ {0} .

We express this by saying that there is a flat deformation from I to DFW (I),
and thus to LTσ(I). In geometric jargon, we can say that, in the Hilbert scheme
parametrizing affine schemes of length dimK(P/I), the affine scheme defined by I
is connected to the scheme defined by DFW (I) via a rational curve parametrized
by x0 . Thus the starting point for this paper is the question whether there exists
a flat deformation from a zero-dimensional ideal I given by an O -border basis
G = {g1, . . . , gν} as above to its border term ideal BTO = (b1, . . . , bν).

The direct approach taken in Section 2 is to try to imitate Gröbner basis theory
and to use the flat deformation to the degree form ideal we just recalled. Unfortu-
nately, this approach does not succeed in all cases, but only under the additional
assumption that O has a maxdegW border, i.e. that no term in O has a larger
degree than a term in the border ∂O .

Therefore it is necessary to dig deeper into the problem and find other ways of
constructing the desired flat deformations. In Section 3 we take a step back and
view the task from a more global perspective. All zero-dimensional ideals having an
O -border basis can be parametrized by a scheme BO which we call the O -border
basis scheme. Using the condition that the generic multiplication matrices have
to commute, we give explicit equations defining BO in a suitable affine space (see
Definition 3.1).

A moduli space such as the border basis scheme usually comes together with
a universal family: this is a morphism from BO to another scheme whose fibers
are precisely the schemes defined by the ideals having an O -border basis. The
fundamental result about this universal border basis family is that it is flat. In
fact, in Theorem 3.4 we give an elementary, explicit proof that O is a basis for
the entire family, viewed as a module over the coordinate ring of the border basis
scheme. Hence the construction of the desired flat deformation of an ideal to its
border term ideal is equivalent to finding suitable rational curves on the border
basis scheme (see Corollay 3.5).

To examine the border basis scheme further, we have a more detailed look at
the system of generators of its vanishing ideal in Section 4. The technique of
lifting neighbor syzygies (introduced in [13] and [22], and independently in [10])
provides us with a different way of constructing a system of generators of I(BO) (see
Proposition 4.1). Using suitable examples, including the well-known Example 4.2 of
a singularity on a Hilbert scheme, we disprove several claims in [22] with respect to
the possibility of removing redundant generators from this system. On the positive
side, in Proposition 4.5 we provide a criterion for eliminating some unnecessary
generators.
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The final Section 5 introduces the homogeneous border basis scheme Bhom
O . It

parametrizes all homogeneous zero-dimensional ideals having an O -border basis
and is obtained from the border basis scheme by intersecting it with a suitable
linear space. Our main result about Bhom

O is that it is an affine space (and not
only isomorphic to an affine space) if O has a maxdegW border (see Theorem 5.3).
This theorem is a nice tool which can be employed to produce good deformations
(see Example 5.4) and to recreate the construction of reducible Hilbert schemes
(see Example 5.6).

Here we close this introduction by pointing out that all computations were done
using the computer algebra system CoCoA(see [3]) and that even great artists can
be too pessimistic at times.

Deformations simply do not exist.

(Pablo Picasso)

2. Deformation to the Border Form Ideal

One of the fundamental results of Gröbner basis theory is that there exists a
flat deformation of a polynomial ideal to its leading term ideal. This deformation
is achieved by taking a Gröbner basis of the ideal, viewing it as a Macaulay ba-
sis with respect to a suitably chosen N-grading, homogenizing it, and letting the
homogenizing indeterminate tend to zero. An analogous fact for border bases of
zero-dimensional polynomial ideals is not known in general. In this section we shall
prove some partial results in this direction.

In the following we let K be a field, P = K[x1, . . . , xn] a polynomial ring, and
I ⊂ P a zero-dimensional ideal. Recall that an order ideal O is a finite set of
terms in Tn = {xα1

1 · · ·xαn
n | αi ≥ 0} such that all divisors of a term in O are also

contained in O . The set ∂O = (x1O ∪ · · · ∪ xnO) \ O is called the border of O .
By repeating this construction, we define the higher borders ∂iO for i ≥ 1 and we
let ∂0O = O . The number indO(t) = min{i ≥ 0 | t ∈ ∂iO} is called the O -index
of a term t ∈ Tn .

Definition 2.1. Let O = {t1, . . . , tµ} be an order ideal and ∂O = {b1, . . . , bν} its
border.

a) A set of polynomials G = {g1, . . . , gν} ⊆ I is called an O -border prebasis of I
if it is of the form gj = bj −

∑µ
i=1 aijti with aij ∈ K .

b) An O -border prebasis of I is called an O -border basis of I if P = I ⊕ 〈O〉K .
c) For a polynomial f = c1u1+ · · ·+csus 6= 0 with ci ∈ K \{0} and ui ∈ Tn , the

polynomial BFO(f) =
∑

{i|indO(ui)max.} ciui is called the border form of f .

d) The ideal BFO(I) = (BFO(f) | f ∈ I \ {0}) is called the border form ideal
of I .

e) The monomial ideal generated by ∂O is called the border term ideal of O and
is denoted by BTO .

Notice that if I has an O -border basis, its border from ideal is BFO(I) = BTO .
Thus our goal is to use a border basis of I to deform the ideal to its border
form ideal. If the order ideal is of the form Oσ(I) = Tn \ LTσ(I) for some term
ordering σ , the Gröbner deformation can be used as follows.

Proposition 2.2. Let σ be a term ordering, let G = {g1, . . . , gν} be the Oσ(I)-
border basis of I , and let bi the border term in the support of gi for i = 1, . . . , ν .
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a) There exist weights W = (w1, . . . , wn) ∈ (N+)
n such that bj = DFW (gj)

and G is a Macaulay basis of I with respect to the grading given by W .
b) Let P = K[x0, . . . , xn] be graded by W = (1, w1, . . . , wn) . Then the ring

P/Ihom = P/(ghom1 , . . . , ghomν ) is a graded free K[x0]-module.

In particular, we have a flat family K[x0] −→ P/Ihom whose general fiber is iso-
morphic to P/I ∼= P/(Ihom + (x0 − 1)) , where I = (g1, . . . , gν) , and whose special
fiber is isomorphic to P/BTOσ(I)

∼= P/(Ihom + (x0)) .

Proof. The first claim in a) follows from [5], Prop. 15.16. The second claim in a) is
then a consequence of [17], Props. 6.4.18 and 4.2.15. The remaining claims follow
from a) and [17], Thm. 4.3.22 and Prop. 4.3.23. �

For more general order ideals O , i.e. for order ideals which are not necessarily
of the form Oσ(I), one strategy is to deform a given O -border basis of I first to
a border basis of the degree form ideal DFW (I) of I with respect to a suitably
chosen grading. A border basis of DFW (I) is always homogeneous, as the following
lemma shows.

Lemma 2.3. Let P be graded by a matrix W ∈ Matm,n(Z) , let O be an order
ideal, and let I ⊂ P be a homogeneous ideal which has an O -border basis. Then
this O -border basis of I consists of homogeneous polynomials.

Proof. Let O = {t1, . . . , tµ} , let bj ∈ ∂O , and let gj = bj −
∑µ

i=1 cijti be the
corresponding border basis element, where cij ∈ K . If we restrict the sum to those
indices i for which degW (ti) = degW (bj), we obtain a homogeneous element of I
of the form g̃i = bj −

∑
k ciktk . Now the uniqueness of the O -border basis of I

(cf. [17], 6.4.17) implies gi = g̃i . �

As for our idea to deform a border basis of I to a homogeneous border basis
of DFW (I), we have the following result.

Theorem 2.4. (Deformation to the Degree Form Ideal)
Let W = (w1, . . . , wn) ∈ Mat1,n(N+) be a row of positive integers, let P be graded
by W , and let I ⊂ P be a zero-dimensional ideal. Then the following conditions
are equivalent.

a) The ideal I has an O -border basis, say G = {g1, . . . , gν} , and we have bj ∈
Supp(DFW (gj)) for j = 1, . . . , ν .

b) The degree form ideal DFW (I) has an O -border basis.

If these conditions are satisfied, the O -border basis of DFW (I) is DFW (G) =
{DFW (g1), . . . ,DFW (gs)} and there is a flat family K[x0] −→ P/Ihom whose gen-
eral fiber is isomorphic to P/I , where I = (g1, . . . , gν) , and whose special fiber is
isomorphic to P/DFW (I) , where DFW (I) = (DFW (g1), . . . ,DFW (gν)) .

Proof. First we show that a) implies b). Since G is an O -border basis of I and since
bj ∈ Supp(LFW (gj)) for j = 1, . . . , ν , the set DFW (G) = {DFW (g1), . . . ,DFW (gν)}
is an O -border prebasis of the ideal J = (DFW (g1), . . . ,DFW (gν)). By the Border
Division Algorithm (see [17], Prop. 6.4.11), the residue classes of the elements of O
generate the K -vector space P/J . Together with J ⊆ DFW (I), this shows

#O = dimK(P/I) = dimK(P/DFW (I)) ≤ dimK(P/J) ≤ #O.

Therefore we get J = DFW (I) and the residue classes of the elements of O are a
K -basis of P/DFW (I). From this the claim follows immediately.
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Now we prove that b) implies a). Let σ be a term ordering on Tn which is
compatible with the grading defined by W , and let H = {h1, . . . , hν} be the Oσ(I)-
border basis of I . For the purposes of this proof, we may consider O and Oσ(I)
as deg-ordered tuples (see [17], 4.5.4).

The fact the H is a σ -Gröbner basis of I implies by [17], 4.2.15 that H is a
Macaulay basis of I with respect to the grading given by W . Then [17], 4.3.19
shows that Ihom is generated by {hhom

1 , . . . , hhom
ν } , and by [17], 4.3.22 the ring

P/Ihom is a graded free K[x0] -module, where K[x0] is graded by deg(x0) = 1 and
P = K[x0, . . . , xn] is graded by W = (1, w1, . . . , wn). More precisely, the proof

of [17], 4.3.22 shows that the residue classes Oσ(I) form a homogeneous K[x0] -
basis of this graded free module. Since the residue classes O are homogeneous
elements in P/Ihom , we can write O = A · Oσ(I) with a homogeneous matrix
A ∈ Matν(K[x0]) (see [17], 4.7.1 and 4.7.3).

By the hypothesis, DFW (I) has an O -border basis. Thus the residue classes
of the elements of O are a homogeneous K -basis of P/DFW (I). Since also the
residue classes of the elements of Oσ(I) are a homogeneous K -basis of this ring,
the degree tuples of O and of Oσ(I) are identical. Therefore the matrix A is a
block matrix of the form

A =




A11 A12 · · · A1q

0
. . .

. . .
...

...
. . .

. . . Aq−1 q

0 · · · 0 Aqq




with square matrices Aii having constant entries. Hence we have det(A) ∈ K ,
and the fact that the transformation matrix A|x0 7→0 between the two homogeneous
bases of P/DFW (I) is invertible implies det(A) 6= 0. Altogether, it follows that O
is a homogeneous K[x0] -basis of P/Ihom , too. In particular, the residue classes
of O form a K -basis of P/I ∼= P/(Ihom+(x0−1)), i.e. the ideal I has an O -border
basis.

For every j ∈ {1, . . . , ν} , we have a representation bj =
∑µ

i=1 fijti + hj with
homogeneous polynomials fij ∈ K[x0] of degree degW (bj)− degW (ti) and with a
homogeneous polynomial hj ∈ Ihom of degree degW (bj). Setting x0 7→ 1 in this
representation, we find gj = bj−

∑µ

i=1 fij(1) ti ∈ I . It follows that these polynomi-
als form the O -border basis of I . By construction, we have bj ∈ Supp(DFW (gj)).

The first additional claim is a consequence of the observation that DFW (G) is an
O -border prebasis of DFW (I) and of [17], Prop. 6.4.17. To construct the desired
flat family, we use the fact that G is a Macaulay basis of I by what we have just
shown and conclude from [17], 4.3.19 that Ihom = (ghom1 , . . . , ghomν ). From this the
claim follows. �

Let us look at an example for this proposition.

Example 2.5. Consider the ideal I = (−2x2 + xy − y2 − 1, 8y3 + 10x + 9y)
in the polynomial ring P = Q[x, y] . The degree form ideal of I with respect
to the standard grading, i.e. the grading defined by W = (1 1), is DFW (I) =
(−2x2 + xy − y2, y3). We want to use the order ideal O = {1, x, x2, x3, y, y2}
whose border is given by ∂O = {xy, y3, xy2, x2y, x3y, x4} .
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It is easy to check that DFW (I) has an O -border basis, namely H = {h1, . . . , h6}
with h1 = xy − 2x2 − y2 , h2 = y3 , h3 = xy2 + 4x3 , h4 = x2y + 2x3 , h5 = x3y ,
and h6 = x4 . Therefore the proposition says that I has an O -border basis G =
{g1, . . . , g6} , and that hi = DFW (gi) for i = 1, . . . , 6. Indeed, if we compute this
border basis we find that it is given by g1 = xy− 2x2 − y2 − 1, g2 = y3 + 5

4x+
9
8y ,

g3 = xy2 +4x3 + 3
4x− 1

8y , g4 = x2y+ 2x3 − 1
4x− 1

8y , g5 = x3y− 1
2x

2 − 1
8y

2 − 3
32 ,

and g6 = x4 − 1
64 .

An easy modification of this example shows that the converse implication is not
true without the hypothesis bj ∈ Supp(DFW (gj)), i.e. that an O -border basis of I
does not necessarily deform to an O -border basis of DFW (I).

Example 2.6. Consider the ideal I = (x2y, x3 − 1
2xy, xy

2, y3) in P = Q[x, y] .

With respect to the standard grading, we have DFW (I) = (x3, x2y, xy2, y3). The
ideal DFW (I) does not have an O -border basis for O = {1, x, x2, x3, y, y2} . How-
ever, the ideal I has the O -border basis G = {g1, . . . , g6} , where g1 = xy − 2x3 ,
g2 = y3 , g3 = xy2 , g4 = x2y , g5 = x3y , and g6 = x4 .

The main reason why the last example exists is that one of the terms in O has
a larger degree than the term xy in the border of O . This suggests the following
notion.

Definition 2.7. Let P be graded by a matrix W ∈ Mat1,n(N+). The order
ideal O is said to have a maxdegW border if degW (bj) ≥ degW (ti) for i = 1, . . . , µ
and j = 1, . . . , ν . In other words, no term in O is allowed to have a degree larger
than any term in the border.

Note that this condition is violated in Example 2.6. By choosing suitable weights,
many order ideals can be seen to have a maxdegW border.

Example 2.8. Let a ≥ 1, and let O = {1, x1, x
2
1, . . . , x

a
1} ⊂ Tn . Then O has a

maxdegW border with respect to the grading given by W = (1 a · · · a).

One consequence of an order ideal having a maxdegW border is that bj ∈
Supp(LFW (gj)) for j = 1, . . . , ν and every O -border prebasis G = {g1, . . . , gν} .
Thus the proposition applies in particular to order ideals having a maxdegW bor-
der. Let us end this section with an example for this part of the proposition.

Example 2.9. Let O = {1, x, x2, y, y2} ⊂ T2 . Then we have O = T2
≤2 \ {xy} , i.e.

the order ideal O has a maxdegW border with respect to the standard grading.
Consider the ideal I = (x2 + xy − 1

2y
2 − x − 1

2y, y
3 − y, xy2 − xy) which is

the vanishing ideal of the point set X = {(0, 0), (0,−1), (1, 0), (1, 1), (−1, 1)} if
char(K) 6= 2. We have ∂O = {b1, b2, b3, b4, b5} with b1 = x3 , b2 = x2y , b3 =
xy , b4 = xy2 , and b5 = y3 . The ideal I has an O -border basis, namely G =
{g1, g2, g3, g4, g5} with g1 = x3−x , g2 = x2y− 1

2y
2− 1

2y , g3 = xy+x2− 1
2y

2−x− 1
2y ,

g4 = xy2 + x2 − 1
2y

2 − x− 1
2y , and g5 = y3 − y .
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The order ideal O is not of the form O = Oσ(I) for any term ordering σ . Using
the proposition, we deform the border basis elements in G to their degree forms.
Thus the ideal DFW (I) = (x3, x2y, xy + x2 − 1

2y
2, xy2, y3) is a flat deformation

of I and these five polynomials are an O -border basis of DFW (I). The task
of deforming the homogeneous ideal DFW (I) further to the border term ideal
BTO = (x3, x2y, xy, xy2, y3) will be considered in Example 5.4.

3. The Border Basis Scheme

Let O = {t1, . . . , tµ} be an order ideal in Tn , and let ∂O = {b1, . . . , bν} be
its border. In this section we define a moduli space for all zero-dimensional ideals
having an O -border basis, and we use rational curves on this scheme to construct
flat deformations of border bases.

Definition 3.1. Let {cij | 1 ≤ i ≤ µ, 1 ≤ j ≤ ν} be a set of further indeterminates.

a) The generic O -border prebasis is the set of polynomials G = {g1, . . . , gν}
in K[x1, . . . , xn, c11, . . . , cµν ] given by

gj = bj −

µ∑

i=1

cijti

b) For k = 1, . . . , n , let Ak ∈ Matµ(K[cij ]) be the kth formal multiplication
matrix associated to G (cf. [17], Def. 6.4.29). It is also called the kth generic
multiplication matrix with respect to O .

c) The affine scheme BO ⊆ Aµν defined by the ideal I(BO) generated by the
entries of the matrices AkAℓ − AℓAk with 1 ≤ k < ℓ ≤ n is called the
O -border basis scheme.

d) The coordinate ring K[c11, . . . , cµν ]/I(BO) of the scheme BO will be denoted
by BO .

By [17], Thm. 6.4.30, a point (αij) ∈ Kµν yields a border basis σ(G) when we
apply the substitution σ(cij) = αij to G if and only if σ(Ak)σ(Aℓ) = σ(Aℓ)σ(Ak)
for 1 ≤ k < ℓ ≤ n . Therefore the K -rational points of BO are in 1–1 correspon-
dence with the O -border bases of zero-dimensional ideals in P , and thus with all
zero-dimensional ideals having an O -border basis.

Remark 3.2. (Properties of Border Basis Schemes)
Currently, not much seems to be known about border basis schemes. For instance,
it is not clear which of them are connected, reduced or irreducible. Here we collect
some basic observations.

a) By definition, the ideal I(BO) is generated by polynomials of degree two.
b) The scheme BO can be embedded as an open affine subscheme of the Hilbert

scheme parametrizing subschemes of An of length µ (see [19], Section 18.4).
c) There is an irreducible component of BO of dimension nµ which is the closure

of the set of radical ideals having an O -border basis.
d) The dimension of BO is claimed to be nµ in [22], Prop. 8.13. Example 5.6

shows that A. Iarrobino’s example of a high-dimensional component of the
Hilbert scheme yields a counterexample to this claim. It follows that the
border basis scheme is in general not irreducible.

e) For every term ordering σ , there is a subset of BO which parametrized all
ideals I such that O = Oσ(I). These subsets have turned out to be useful for
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studying the Hilbert scheme parametrizing subschemes of An of length µ (see
for instance [4] and [21]).

f) In the case n = 2 more precise information is available: for instance, it is
known that BO is reduced, irreducible and smooth of dimension 2µ (see [7],
[9] and [19], Ch. 18).

As usual, a moduli space such as the border basis scheme comes together with
a universal family. In the present setting it is defined as follows.

Definition 3.3. Let G = {g1, . . . , gν} ⊂ K[x1, . . . , xn, c11, . . . , cµν ] with gj =
bj −

∑µ

i=1 cijti for j = 1, . . . , ν be the generic O -border prebasis. The ring
K[x1, . . . , xn, c11, . . . , cµν ]/(I(BO) + (g1, . . . , gν)) will be denoted by UO . Then
the natural homomorphism of K -algebras

Φ : BO −→ UO
∼= BO[x1, . . . , xn]/(g1, . . . , gν)

is called the universal O -border basis family.

The fibers of the universal O -border basis family are precisely the quotient rings
P/I for which I is a zero-dimensional ideal which has an O -border basis. The
special fiber, i.e. the fiber corresponding to (c11, . . . , cµν), is the ring P/BTO . It
is the only fiber in the family which is defined by a monomial ideal. Although it
is known that the universal family is free with basis O (see [6] or [10]), we believe
that the following proof which generalizes the method in [20] is very elementary
and conceptually simple.

Theorem 3.4. (The Universal Border Basis Family)
Let Φ : BO −→ UO be the universal O -border basis family. Then the residue classes
of the elements of O are a BO -module basis of UO . In particular, the map Φ is a
flat homomorphism.

Proof. First we prove that the residue classes O are a system of generators of
the BO -module UO

∼= BO[x1, . . . , xn]/(G) where G = {g1, . . . , gν} is the generic
O -border prebasis. In order to show that the map ω : Bν

O −→ UO defined by
ei 7→ t̄i is surjective, we may extend the base field and hence assume that K is
algebraically closed. By the local-global principle and the lemma of Nakayama, it
suffices to show that the induced map

ω̄ : (BO)m/m(BO)m −→ (BO)m[x1, . . . , xn]/((G) +m(BO)m[x1, . . . , xn])

is surjective for every maximal ideal m = (cij − αij)i,j in BO . In other words, we
need to show that the map ω becomes surjective if we substitute values αij ∈ K
for the indeterminates cij and if these values have the property that the maximal
ideal (cij − αij)i,j contains I(BO). Thus the claim follows from the fact that G
becomes an O -border basis after such a substitution, since its associated formal
multiplication matrices commute.

Now we show that O is BO -linearly independent. We consider the free BO -
submodule M =

⊕µ
i=1 BO ti of BO[x1, . . . , xn] and proceed in the following man-

ner.

(1) We equip M with a suitable BO[x1, . . . , xn] -module structure.
(2) We show that this BO[x1, . . . , xn] -module is cyclic and construct a surjec-

tive BO[x1, . . . , xn] -linear map Θ : BO[x1, . . . , xn] −→ M which maps ti
to ti .

(3) We prove that the kernel of Θ is precisely (G).
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Altogether, it follows that Θ induces a map Θ : BO[x1, . . . , xn]/(G) −→ M
which is an isomorphism of BO -modules and maps t̄i to ti . Thus O = {t̄1, . . . , t̄µ}
is a BO -basis of UO , as claimed.

To do Step 1, we let Aj be the image of the generic multiplication matrix in
Matµ(BO). Then we define

a ∗

µ∑

i=1

aiti = (t1, . . . , tµ) · a Iµ · (a1, . . . , aµ)
tr =

µ∑

i=1

a ai ti(1)

xj ∗

µ∑

i=1

aiti = (t1, . . . , tµ) · Aj · (a1, . . . , aµ)
tr(2)

for a, a1, . . . , aµ ∈ BO and j = 1, . . . , n . Using this definition, the equalities

(3) xkxj ∗

µ∑

i=1

aiti = xk ∗ (xj ∗

µ∑

i=1

aiti) = (t1, . . . , tµ) · AkAj · (a1, . . . , aµ)
tr

and the fact that the matrices Aj commute show that this definition equips M
with the structure of a BO[x1, . . . , xn] -module. By using induction, we get

(4) f ∗

µ∑

i=1

aiti = (t1, . . . , tµ) · f(A1, . . . ,An) · (a1, . . . , aµ)
tr

for every f ∈ BO[x1, . . . , xn] and all a1, . . . , aµ ∈ BO .
For Step 2, we assume w.l.o.g. that t1 = 1. Using induction on deg(ti), we want

to show that ti ∗ t1 = ti for i = 1, . . . , µ . The case ti = 1 follows from (1). For
the induction step, we write ti = xktℓ and using (2), (3) and (4) we calculate

ti ∗ t1 = xk ∗ (tℓ ∗ t1) = xk ∗ tℓ = (t1, . . . , tµ) · Ak · e
tr
ℓ = (t1, . . . , tµ) · e

tr
i = ti

It follows that M is a cyclic BO[x1, . . . , xn] -module generated by t1 . Thus we
obtain a surjective BO[x1, . . . , xn] -linear map Θ : BO[x1, . . . , xn] −→ M which
is defined by f 7→ f ∗ t1 . We have just shown that Θ satisfies Θ(ti) = ti for
i = 1, . . . , µ .

Finally, to prove Step 3, we want to show that Θ(gj) = 0 for j = 1, . . . , ν . We

write bj = xktℓ and calculate Θ(gi) = g1 ∗ t1 = (t1, . . . , tµ) · gj(A1, . . . ,An) · e
tr
1 . In

particular, we get

gj(A1, . . . ,An) · e
tr
1 = bj(A1, . . . ,An) · e

tr
1 −

µ∑
i=1

cij ti(A1, . . . ,An) · e
tr
1

= Ak · tℓ(A1, . . . ,An) · e
tr
1 −

µ∑
i=1

cij e
tr
i = Ak · e

tr
ℓ −

µ∑
i=1

cij e
tr
i

=
µ∑

i=1

cij e
tr
i −

µ∑
i=1

cij e
tr
i = 0

We have checked that Θ(gj) = 0 for j = 1, . . . , ν . Consequently, the map Θ

induces a BO -linear map Θ : BO[x1, . . . , xn]/(G) −→ M . We know already that O
generates the left-hand side and O is a BO -basis of the right-hand side. Hence the
surjective map Θ is also injective. �

In the remainder of this section we recall the connection between flat deforma-
tions over K[z] of border bases and rational curves on the border basis scheme.
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A rational curve on the O -border basis scheme corresponds to a K -algebra ho-
momorphism Ψ : BO −→ K[z] of the corresponding affine coordinate rings. If we
restrict the universal family of O -border bases to this rational curve, we obtain the
following flat deformation of border bases.

Corollary 3.5. Let z be a new indeterminate, and let Ψ : BO −→ K[z] be a
homomorphism of K -algebras. By applying the base change Ψ to the universal
family Φ , we get a homomorphism of K[z]-algebras

ΦK[z] = Φ⊗BO
K[z] : K[z] −→ UO ⊗BO

K[z]

Then the residue classes of the elements of O form a K[z]-module basis of the
right-hand side. In particular, the map ΦK[z] defines a flat family.

This corollary can be used to construct flat deformations over K[z] of border
bases. Suppose the maximal ideal Ψ−1(z − 1) corresponds to a given O -border
basis and the maximal ideal Ψ−1(z) is the ideal (c11, . . . , cµν) which corresponds to
the border term ideal (b1, . . . , bν). In other words, suppose that the rational curve
connects a given point to the point (0, . . . , 0) which corresponds to the border term
ideal. Then the map ΦK[z] defines a flat family over K[z] whose generic fiber P/I
is defined by the ideal I generated by the given O -border basis and whose special
fiber P/(b1, . . . , bν) is defined by the border term ideal.

Another application of the theorem is the following criterion for checking the
flatness of a family of border bases.

Corollary 3.6. (Flatness Criterion for Families of Border Bases)

Let z be a new indeterminate, let P̃ = K[z][x1, . . . , xn] , and let gj = bj −∑µ
i=1 aij(z)ti ∈ P̃ be polynomials with coefficients aij(z) ∈ K[z] . Let Ĩ be the

ideal in P̃ generated by G = {g1, . . . , gν} and assume that the formal multiplica-
tion matrices Ak ∈ Matµ(K[z]) of G are pairwise commuting.

a) For every c ∈ K , the set {g1|z 7→c, . . . , gν |z 7→c} is an O -border basis of the

ideal Ic = Ĩ|z 7→c .
b) The canonical K -algebra homomorphism

φ : K[z] −→ K[z][x1, . . . , xn]/Ĩ

defines a flat family. More precisely, the residue classes of the elements of O

are a K[z]-basis of K[z][x1, . . . , xn]/Ĩ .

Proof. First we show a). For every c ∈ K , the matrices Ak|z 7→c are the multiplica-
tion matrices of G|z 7→c . Thus the claim follows from [17], 6.4.30. Next we prove b).
Since the matrices Ak commute, the map BO −→ K[z] defined by cij 7→ aij(z) is a
well-defined homomorphism of K -algebras. Hence it suffices to apply the preceding
corollary. �

Remark 3.7. If K is infinite, the hypothesis that the formal multiplication ma-
trices Ak commute can be replaced by the assumption that the matrices Ak|z 7→c

commute for every c ∈ K . This follows from the fact that a polynomial f ∈ K[z]
is zero if and only if f(c) = 0 for all c ∈ K .

Let us have a look at one particular border basis scheme in detail.
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Example 3.8. Consider the case n = 2 and O = {1, x, y, xy} . The border of O is
∂O = {y2, x2, xy2, x2y} , so that in our terminology we have µ = 4, ν = 4, t1 = 1,
t2 = x , t3 = y , t4 = xy , b1 = y2 , b2 = x2 , b3 = xy2 , and b4 = x2y .

The generic multiplication matrices are

Ax =




0 c1 2 0 c1 4

1 c2 2 0 c2 4

0 c3 2 0 c3 4

0 c4 2 1 c4 4


 and Ay =




0 0 c1 1 c1 3

0 0 c2 1 c2 3

1 0 c3 1 c3 3

0 1 c4 1 c4 3




When we compute the ideal generated by the entries of AxAy − AyAx and
simplify its system of generators, we see that the ideal I(BO) is generated by

{c23c41c42 − c21c42c43 + c21c44 + c11 − c23, −c21c32 − c34c41 + c33,
c34c41c42 − c32c41c44 + c32c43 + c12 − c34, −c21c32 − c23c42 + c24,
−c23c32c41 + c21c32c43 − c21c34 + c13, c21c42 + c41c44 + c31 − c43,
−c21c34c42 + c21c32c44 − c23c32 + c14, c32c41 + c42c43 + c22 − c44}

Thus there are eight free indeterminates, namely c21 , c23 , c32 , c34 , c41 , c42 ,
c43 , and c44 , while the remaining indeterminates depend on the free ones by the
polynomial expressions above. From this we conclude that the border basis scheme
BO is an affine cell of the corresponding Hilbert scheme, i.e. an open subset which
is isomorphic to an affine space. (This result is in agreement with [9], Thm. 7.4.1,
but not with [19], Example 18.6.)

Its coordinate ring is explicitly represented by the isomorphism

BO
∼−→ K[c21, c23, c32, c34, c41, c42, c43, c44]

given by

c11 7−→ −c23c41c42 + c21c42c43 − c21c44 + c23
c12 7−→ −c34c41c42 + c32c41c44 − c32c43 + c34
c13 7−→ c23c32c41 − c21c32c43 + c21c34
c14 7−→ c21c34c42 − c21c32c44 + c23c32
c22 7−→ −c32c41 − c42c43 + c44
c24 7−→ c21c32 + c23c42
c31 7−→ −c21c42 − c41c44 + c43
c33 7−→ c21c32 + c34c41

Hence we have UO
∼= K[x, y, c21, c23, c32, c34, c41, c42, c43, c44]/(g̃1, g̃2, g̃3, g̃4) where

g̃1 = y2 − (−c23c41c42 + c21c42c43 − c21c44 + c23)

−c21x− (−c21c42 − c41c44 + c43)y − c41xy,

g̃2 = x2 − (−c34c41c42 + c32c41c44 − c32c43 + c34)

−(−c32c41 − c42c43 + c44)x − c32y − c42xy,

g̃3 = xy2 − (c23c32c41 − c21c32c43 + c21c34)

−c23x− (c21c32 + c34c41)y − c43xy,

g̃4 = x2y − (c21c34c42 − c21c32c44 + c23c32)

−(c21c32 + c23c42)x− c34y − c44xy,

The ideal (g̃1, g̃2, g̃3, g̃4) is the defining ideal of the family of all subschemes of
length four of the affine plane which have the property that their coordinate ring
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admits O as a vector space basis. Since the border basis scheme is isomorphic to
an affine space in this case, we can connect every point to the point corresponding
to (x2, y2) by a rational curve. Therefore every ideal in the family can be deformed
by a flat deformation to the monomial ideal (x2, y2). Algebraically, it suffices to
substitute each free indeterminate cij with zcij where z is a new indeterminate.
We get the K -algebra homomorphism

ΦK[z] : K[z] −→ K[x, y, z, c21, c23, c32, c34, c41, c42, c43, c44]/(g1, g2, g3, g4)

where

g1 = y2 − (−z3c23c41c42 + z3c21c42c43 − z2c21c44 + zc23)

−zc21x− (−z2c21c42 − z2c41c44 + zc43)y − zc41xy,

g2 = x2 − (−z3c34c41c42 + z3c32c41c44 − z2c32c43 + zc34)

−(−z2c32c41 − z2c42c43 + zc44)x− zc32y − zc42xy,

g3 = xy2 − (z3c23c32c41 − z3c21c32c43 + z2c21c34)

−zc23x− (z2c21c32 + z2c34c41)y − zc43xy,

g4 = x2y − (z3c21c34c42 − z3c21c32c44 + z2c23c32)

−(z2c21c32 + z2c23c42)x− zc34y − zc44xy,

By Corollary 3.5, this homomorphism is flat. For every point on the border basis
scheme, it connects the corresponding ideal to BTO = (y2, x2, xy2, x2y) = (x2, y2).

The next example shows that natural families of ideals can lead us out of the
affine open subset BO of the Hilbert scheme.

Example 3.9. Using K = R and P = R[x, y] , we consider the family of reduced
zero-dimensional schemes Xa = {(a, 2), (0, 1), (0, 0), (1, 0)} ⊂ R2 with a ∈ R .

...............................
...............

.

.....

.....

.....................

................

x

y

• •
•

• (a,2)· · ·

For σ = DegRevLex, the reduced σ -Gröbner basis of the vanishing ideal Ia ⊂ P
of Xa is

G′
a = {x2 + 1

2 a(1 − a)y2 − x− 1
2 a(1− a) y, xy − ay2 + ay, y3 − 3y2 + 2y}

and thus we have Oσ(Ia) = {1, x, y, y2} . We may extend G′
a to an Oσ(Ia)-border

basis of Ia and get

Ga = G′
a ∪ {xy2 − 2ay2 + 2ay}

The residue classes of the elements of Oσ(I) are a vector space basis of P/Ia for
every a ∈ R . We let I = (x2 + 1

2 z(1− z)y2 − x− 1
2 z(1− z)y, xy − zy2 + zy, y3 −

3y2 + 2y, xy2 − 2zy2 + 2zy) ⊂ P [z] . Then the natural map R[z] −→ P [z]/I is a
flat homomorphism whose fibers are the rings P/Ia . Thus the point corresponding
to Ga on the border basis scheme BOσ(Ia) is connected to the point representing G0

via a rational curve.
Now we consider the order ideal O = {1, x, y, xy} . For a 6= 0, the set Xa is a

complete intersection of type (2, 2). Its vanishing ideal Ia has an O -border basis,
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namely

Ha = {y2 − 1
a
xy − y, xy2 − 2xy, x2y − axy, x2 + 1

2 (1− a)xy − x}

However, for a = 0, the ideal I0 has no O -border basis because xy ∈ I0 . One of
the coefficients in Ha tends to ∞ as a −→ 0. This happens since the scheme BO

is not complete.

4. Defining Equations for the Border Basis Scheme

The defining equations for the border basis scheme can be constructed in dif-
ferent ways. One construction is given by imposing the commutativity law to the
multiplication matrices, as we have seen in the preceding section. Another con-
struction was given in [10], and a different but related one in [13] and [22]. After
describing this alternative construction, we use it to get rid of as many generators
of the vanishing ideal of BO as possible and examine some claims in [22] in this
regard.

Let O = {t1, . . . , tµ} be an order ideal and ∂O = {b1, . . . , bν} its border. In [13],
Def. 17, two terms bi, bj ∈ ∂O are called next-door neighbors if bi = xkbj for
some k ∈ {1, . . . , n} and across-the street neighbors if xkbi = xℓbj for some k, ℓ ∈
{1, . . . , n} . In addition to these notions we shall say that across-the-street neighbors
bi, bj with xkbi = xℓbj are across-the-corner neighbors of there exists a term bm ∈
∂O such that bi = xℓbm and bj = xkbm .

In [22], Def. 8.5, the graph whose vertices are the border terms and whose edges
are given by the neighbor relation is called the border web of O . The Buchberger
criterion for border bases (see [13], Prop. 18 and [22], Thm. 8.11) says that an O -
border prebasis {g1, . . . , gν} with gj = bj−

∑µ
i=1 aijti and aij ∈ K is an O -border

basis if and only if the S-polynomials S(gi, gj) reduce to zero using G for all (i, j)
such that bi and bj are neighbors. This characterization can be used to construct
the equations defining the border basis scheme in an alternative way.

Proposition 4.1. (Lifting Neighbor Syzygies)
Let G = {g1, . . . , gν} be the generic O -border prebasis, where gj = bj−

∑µ
i=1 cijti ∈

K[x1, . . . , xn, c11, . . . , cµν ] , let A1, . . . ,An ∈ Matµ(K[cij ]) be the generic multipli-
cation matrices with respect to O , and let cj = (c1j , . . . , cµj)

tr ∈ Matµ,1(K[cij ])
for j = 1, . . . , ν . Consider the following sets of polynomials in K[c11, . . . , cµν ] :

(1) If bi, bj ∈ ∂O are next-door neighbors with bi = xkbj , let ND(i, j) be the
set of polynomial entries of ci −Akcj .

(2) If bi, bj ∈ ∂O are across-the-street neighbors with xkbi = xℓbj , let AS(i, j)
be the set of polynomial entries of Akci −Aℓcj .

Then the following claims hold true.

a) The union of all sets ND(i, j) and all sets AS(i, j) contains the set of the
nontrivial entries of the commutators AkAℓ −AℓAk with 1 ≤ k < ℓ ≤ n .

b) If one removes from this union all sets AS(i, j) such that bi, bj are across-
the-corner neighbors, one gets precisely the set of the nontrivial entries of the
commutators AkAℓ −AℓAk with 1 ≤ k < ℓ ≤ n . In particular, the remaining
union generates the vanishing ideal I(BO) of the O -border basis scheme.

c) The polynomials in the sets AS(i, j) corresponding to across-the-corner neigh-
bors bi, bj are contained in I(BO) .
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Proof. First we prove a) and b). The S-polynomials gi−xkgj resp. xkgi−xℓgj are
K[cij ] -linear combinations of terms in O∪ ∂O . We want to find representations of
these polynomials as K[cij ] -linear combinations of elements of O only. Since we
have bi − xkbj = 0 resp. xkbi − xℓbj = 0, we have to represent (−

∑µ

m=1 cmitm)−
xk (−

∑µ

m=1 cmjtm) resp. xk (−
∑µ

m=1 cmitm)− xℓ (−
∑µ

m=1 cmjtm) using O . By
the definition of the generic multiplication matrices, these representations are given
by (t1, . . . , tµ) · (ci−Akcj) resp. (t1, . . . , tµ) · (Akci−Aℓcj). The coefficients of the
terms ti in these representations are precisely the polynomials in ND(i, j) resp. in
AS(i, j).

Now we consider the polynomials in the sets ND(i, j) and in the sets AS(i, j) for
which bi, bj are not across-the-corner neighbors. The fact that these polynomials
are exactly the nontrivial entries of the commutators AkAℓ − AℓAk was checked
in [13], Section 4 resp. [22], Prop. 8.10.

It remains to show c). Let bi = xℓbm and bj = xkbm . By what we have shown
so far, the polynomials which are the components of ci − Aℓcm and cj − Akcm
are contained in I(BO). Moreover, the polynomial entries of AkAℓ − AℓAk are
in I(BO). Therefore also the components of

Akci −Aℓcj = Ak(ci −Aℓcm) + (AkAℓ −AℓAk)cm −Aℓ(cj −Akcm)

are contained in I(BO). These components are exactly the polynomials in AS(i, j).
�

Another way of phrasing this proposition is to say that, for G to be a bor-
der basis, the neighbor syzygies ei − xkej resp. xkei − xℓej of the border tuple
(b1, . . . , bν) have to lift to syzygies of (g1, . . . , gν) and that the defining equations
of O are precisely the equations expressing the existence of these liftings (see [13],
Ex. 23). Now it is a well-known phenomenon in Gröbner basis theory that it suffices
to lift a minimal set of generators of the syzygy module of the leading terms (see
for instance [16], Prop. 2.3.10). In [22], Props. 8.14 and 8.15, an attempt was made
to use a similar idea for removing unnecessary generators of I(BO). However, the
claims made there are not correct in general, as the following examples show.

The first example has surfaced in a number of different contexts, see the pa-
pers [12], [18] and the references therein.

Example 4.2. Let us consider P = K[x, y, z] and O = {1, x, y, z} . The border
∂O = {b1, . . . , b6} with b1 = x2 , b2 = xy , b3 = xz , b4 = y2 , b5 = yz , and b6 = z2

has a very simple border web consisting of nine across-the-street neighbors:

• • •

• •

•

x2 y2

z2

xy

xz yz

......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
........................................................................................................

..........................................................
......
......
......
......
......
......
......
....

These across-the-street neighbors yield 9 · 4 = 36 quadratic equations for I(BO)
in K[c11, . . . , c46] . Contrary to the claim in [22], Prop. 8.15, the equations for the
neighbor pair (x2, xy) are not contained in the ideal generated by the remaining
32 equations. In fact, in agreement with Proposition 4.5, it turns out that the four
equations corresponding to the pair (xy, xz) are contained in the ideal generated
by the eight equations corresponding to the two pairs (xy, yz) and (xz, yz) (see
Example 4.7).
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In order to see whether the ideal I(BO) is a complete intersection (as claimed
in [22], p. 297), we examine its generators more closely. If we define a grading
by letting degW (c1j) = 2 for j = 1, . . . , 6 and degW (cij) = 1 for i > 1, the
36 generators are homogeneous with respect to the grading given by W . Every
minimal system of generators of the ideal I(BO) consists of 21 polynomials, while
its height is 12. Hence it is very far from being a complete intersection.

The indeterminates c11, . . . , c16 corresponding to the constant coefficients of the
generic border basis form the linear parts of six of the 21 minimal generators and
do not divide any of the other terms. We may eliminate them and obtain an ideal J
in Q = K[c21, . . . , c46] which has (after interreduction) 15 homogeneous quadratic
generators. Geometrically speaking, there is a projection to an 18-dimensional
affine space which maps the border basis scheme isomorphically to a homogeneous
subscheme of A18 . In fact, it is known that this scheme is an affine cone with
3-dimensional vertex over the Grassmannian Grass(2, 6) ⊂ P14 .

The ideal J is prime and the ring Q/J is Gorenstein with Hilbert series (1 +
6z+6z2+1)/(1− z)12 . The minimal number of generators of J is 15. The border
basis scheme is irreducible and has the expected dimension, namely 12.

Also the lifting of trivial syzygies fails in the border basis scheme setting, as our
next example shows (see also Example 3.8).

Example 4.3. Let P = K[x, y] and O = {1, x, y, xy} . Then the border of O is
∂O = {x2, y2, x2y, xy2} . It has two next-door neighbors (x2, x2y), (y2, xy2) and
one across-the-street neighbor (x2y, xy2). If one includes the “trivial syzygy pair”
(x2, y2), there is one loop in the border web:

•

•

••

x2

y2

x2y

xy2...................................................................................................................................................

.............
.............

.............
.............

.............

The neighbor pairs yield four equations each for the defining ideal of BO . Con-
trary to a claim in [22], p. 297, one cannot drop one of these sets of four polynomials
without changing the ideal. Thus the lifting of a “trivial” syzygy cannot be used
to remove defining equations for the border basis scheme.

Interestingly, in the case at hand, the ideal I(BO) is indeed a complete intersec-
tion: there exists a subset of 8 of the 12 equations which generates I(BO) minimally
and dim(K[c11, . . . , c44]/I(BO)) = 8. But the unnecessary generators are spread
around the blocks coming from the neighbor pairs.

Our next example shows how one can sometimes get rid of some generators
of I(BO) using part c) of the proposition.

Example 4.4. Consider P = K[x, y] and O = {1, x, y, x2, y2} . Then we have
∂O = {b1, . . . , b5} with b1 = y3 , b2 = xy2 , b3 = xy , b4 = x2y , and b5 = x3 , two
next-door neighbors (xy, xy2) and (xy, x2y), two proper across-the-street neighbors
(y3, xy2) and (x2y, x3), and one pair of across-the-corner neighbors (xy2, x2y).
Thus the border web of O looks as follows.
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•

••

•

•

x3

y3

x2y

xy2

xy

................................................................................................................................................................................................................

..............................................................

Using part c) of the proposition, we know that I(BO) is generated by AS(1, 2),
AS(4, 5), ND(2, 3), and ND(3, 4). In fact, using CoCoA, we may check that none
of these sets can be removed without changing the ideal.

On the positive side, the following proposition allows us to remove at least a few
polynomials from the system of generators of I(BO) given in Proposition 4.1.

Proposition 4.5. (Removing Redundant Generators of I(BO))
Let O = {t1, . . . , tµ} be an order ideal with border ∂O = {b1, . . . , bν} , and let H
be a system of generators of I(BO) .

a) Suppose that there exist i, j, k ∈ {1, . . . , ν} and ℓ,m ∈ {1, . . . , n} such that
bk = xℓbi = xmbj . If the sets AS(i, j) , ND(i, k) and ND(j, k) are contained
in H and one removes one of these sets, the remaining polynomials still gen-
erate I(BO) .

b) Suppose that there exist i, j, k ∈ {1, . . . , ν} and α, β, γ ∈ {1, . . . , n} such that
xαbi = xβbj = xγbk . If the sets AS(i, j) , AS(i, k) and AS(j, k) are con-
tained in H and one removes one of these sets, the remaining polynomials
still generate I(BO) .

Proof. Let A1 . . . ,An be the generic multiplication matrices with respect to O ,
and let cj = (c1j , . . . , cµj)

tr ∈ Matµ,1(K[cij ]) for j = 1, . . . , ν .
First we show a). The polynomials in AS(i, j) are the components of Aℓ · ci −

Am · cj , the polynomials in ND(i, k) are the components of ck −Aℓ · ci , and the
polynomials in ND(j, k) are the components of ck−Am ·cj . Thus the claim follows
from

(Aℓ · ci −Am · cj) + (ck −Aℓ · ci)− (ck −Am · cj) = 0

To show b), we argue similarly. The polynomials in AS(i, j) are the components
of Aα ·ci−Aβ ·cj , the polynomials in AS(i, k) are the components of Aα ·ci−Aγ ·ck ,
and the polynomials in AS(j, k) are the components of Aβ · cj −Aγ · ck . �

Let us illustrate the application of this proposition with a couple of examples.

Example 4.6. Let P = K[x, y, z] and O = [1, x, y, z, xy] . Then we have ∂O =
{b1, . . . , b8} with b1 = z2 , b2 = yz , b3 = xz , b4 = y2 , b5 = x2 , b6 = xyz ,
b7 = xy2 , and b8 = x2y . There are four next-door neighbors (yz, xyz), (xz, xyz),
y2, xy2), (x2, x2y) and eight across-the-street neighbors (yz, z2), (xz, z2), (xz, yz),
(y2, yz), (x2, xz), (xy2, xyz), (x2y, xyz), and (x2y, xy2). This yields the border
web
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where we have marked next-door neighbors by arrows. Since we have xb2 = yb3 =
b6 , we can use part a) of the proposition and remove one of the sets AS(2, 3),
ND(2, 6), or ND(3, 6) from the system of generators of I(BO). Although there are
many further “loops” in the remaining part of the border web, we may use CoCoA
to check that no other set ND(i, j) or AS(i, j) can be removed without changing
the generated ideal.

Using the second part of the proposition, we can remove some generators of I(BO)
in Example 4.2.

Example 4.7. Consider P = K[x, y, z] and O = {1, x, y, z} with the border web
explained in Example 4.2. Then the border terms b2 = xy , b3 = xz and b5 = yz
satisfy zb2 = yb3 = xb5 . Therefore one of the sets AS(2, 3), AS(2, 5), or AS(3, 5)
can be removed from the system of generators of I(BO) without changing the ideal.
As already explained in Example 4.2, none of the remaining sets AS(i, j) can be
removed thereafter.

5. The Homogeneous Border Basis Scheme

Let P = K[x1, . . . , xn] be graded by W = (w1 · · · wn) ∈ Mat1,n(N+), let
O = {t1, . . . , tµ} be an order ideal, and let ∂O = {b1, . . . , bν} be its border. If we
restrict our attention to zero-dimensional ideals I ⊂ P which have an O -border
basis and are homogeneous with respect to the grading given by W, we obtain the
following subscheme of the border basis scheme.

Definition 5.1. Let {cij | 1 ≤ i ≤ µ, 1 ≤ j ≤ ν} be a set of further indeterminates.

a) The generic homogeneous O -border prebasis is defined to be the set of polyno-
mials G = {g1, . . . , gν} in the ring K[x1, . . . , xn, c11, . . . , cµν ] where

gj = bj −
∑

{i∈{1,...,µ}|degW (ti)=degW (bj)}

cijti

for j = 1, . . . , ν .
b) For k = 1, . . . , n , let Ak ∈ Matµ(K[cij ]) be the kth formal multiplication

matrix associated to G . It is also called the kth generic homogeneous multi-
plication matrix with respect to O .

c) The affine scheme Bhom
O ⊆ Aµν defined by the ideal I(Bhom

O ) generated by
the entries of the matrices AkAℓ − AℓAk with 1 ≤ k < ℓ ≤ n is called the
homogeneous O -border basis scheme.

Clearly, the homogeneous border basis scheme is the intersection of BO with the
linear space Z(cij | degW (ti) 6= degW (bj)).
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Remark 5.2. Let us equip K[x1, . . . , xn, c11, . . . , cµν ] with the grading defined by

the matrix W for which degW (cij) = 0 and degW (xi) = wi .

a) The matrix Ak is a homogeneous matrix in the sense of [17], Def. 4.7.1, with
respect to the degree pair given by (degW (t1), . . . , degW (tµ)) for the rows and
(degW (xkt1), . . . , degW (xktµ)) for the columns.

b) As explained in [17], p. 118, we can add a vector d ∈ Zµ to a degree pair
and still have a degree pair for the same homogeneous matrix. Thus the
matrix Aℓ also has the degree pair given by (degW (xkt1), . . . , degW (xktµ))
for the rows and (degW (xkxℓt1), . . . , degW (xkxℓtµ)) for the columns. In this
way we see that both AkAℓ and AℓAk are homogeneous matrices with re-
spect to the degree pair given by (degW (t1), . . . , degW (tµ)) for the rows and
(degW (xkeℓt1), . . . , degW (xkxℓtµ)) for the columns. Consequently, also the
commutator AkAℓ −AℓAk is a homogeneous matrix with respect to this de-
gree pair.

In order to deform a homogeneous ideal having an O -border basis to its border
form ideal, we may try to construct a suitable rational curve inside the homogeneous
border basis scheme. If O has a maxdegW border (see Definition 2.7), this plan
can be carried out as follows.

Theorem 5.3. (Homogeneous Maxdeg Border Bases)
Suppose that the order ideal O has a maxdegW border.

a) The generic homogeneous multiplication matrices commute.
b) Let d = max{degW (t1), . . . , degW (tµ)} , let r = #{t ∈ O | degW (t) = d} , and

let s = #{t ∈ ∂O | degW (t) = d} . Then the homogeneous border basis scheme
Bhom
O is an affine space of dimension r s .

c) If I ⊂ P is a homogeneous ideal which has an O -border basis G = {g1, . . . , gν} ,
then there exists a flat family K[z] −→ K[z][x1, . . . , xn]/J such that O is a
K[z]-basis of the right-hand side, such that J |z 7→1

∼= I , and such that J |z 7→0
∼=

(b1, . . . , bν) . In fact, the ideal J may be defined by writing gj = bj−
∑µ

i=1 cijti
and replacing cij ∈ K by cij z ∈ K[z] for all i, j .

Proof. To prove claim a), we examine the entry at position (α, β) of a product
AkAℓ . Let Ak = (aij) and Aℓ = (a′ij). We want to examine the element∑µ

γ=1 aαγa
′
γβ . If a′γβ 6= 0, the term tγ is contained in the support of the rep-

resentation of xℓ tβ in terms of the basis O . Since (g1, . . . , gν) is a homogeneous
ideal with respect to the grading on K[x1, . . . , xn, c11, . . . , cµν ] defined by the ma-

trix W for which degW (cij) = 0 and degW (xi) = degW (xi) = wi , we have the
relations degW (tγ) = degW (xℓtβ) > degW (tβ). For the same reason, if aαγ 6= 0 we
have the relations degW (tα) = degW (xktγ) > degW (tγ). We deduce the inequality
degW (tα) > degW (xℓtβ). Hence the assumption that O has a maxdegW border
implies xℓtβ /∈ ∂O . We conclude that xℓtβ ∈ O , tγ = xℓtβ , and hence a′γβ = 1.

Therefore, in order to get aαγa
′
γβ 6= 0 in the sum above, we need to have a′γβ = 1

and tγ = xℓtβ . In particular, this condition fixes γ .
If the surviving summand aαγ of

∑µ

γ=1 aαγa
′
γβ is not zero, there are two pos-

sibilities. Either we have tα = xktγ and thus aαγ = 1, or we have xktγ = bj ,
tα ∈ Supp(bj − gj), and hence aαγ = cαj . In the first case, we have tα = xkxℓtβ .
In the second case, we have xkxℓtβ = bj and tα ∈ Supp(bj − gj). Now it is clear
that if we examine the product AℓAk , we get the same conditions. Therefore we
conclude that AkAℓ = AℓAk .
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Next we show b). The entries of the commutators AkAℓ−AℓAk are the defining
equations of the scheme Bhom

O in the affine subspace Z(cij | degW (ti) 6= degW (bj))
of Aµν . By a), these commutators are all zero. The number r s is precisely the
dimension of this affine subspace.

To show c), it now suffices to connect the given point in this affine space by a
line to the origin and to apply Corollary 3.5. �

If an ideal I has an O -border basis and O has a maxdegW border for some
grading given by a matrix W ∈ Mat1,n(N+), we can combine the two flat families
of Theorem 2.4 and part c) of the theorem above. As an illustration, we continue
the discussion of Example 2.9.

Example 5.4. Let I be the ideal I = (x2 + xy − 1
2y

2 − x− 1
2y, y

3 − y, xy2 − xy)

in K[x, y] , where char(K) 6= 2, and let O = {1, x, x2, y, y2} ⊂ T2 . Using the
fact that O has a maxdegW border with respect to the standard grading, we have
already deformed I to DFW (I) = (x3, x2y, xy + x2 − 1

2y
2, xy2, y3).

Now we apply the theorem. We equip the summands x2 and y2 in the third
polynomial with a factor z and get J = (x3, x2y, xy+ zx2− 1

2zy
2, xy2, y3). As we

now let z −→ 0, we get the border form ideal of I . This is a flat deformation by
part c) of the theorem. We can also directly check that the multiplication matrices

Ax =




0 0 0 0 0
1 0 0 0 0
0 1 0 −z 0
0 0 0 0 0
0 0 0 1

2z 0




and Ay =




0 0 0 0 0
0 0 0 0 0
0 −z 0 0 0
1 0 0 0 0
0 1

2z 0 1 0




commute as elements of Mat5(K[z]) .

Notice that, at least following the approach taken here, it is not possible to
connect I to BTO using just one irreducible rational curve on the border basis
scheme. The next example shows that the maxdeg border property is indispensable
for the theorem to hold.

Example 5.5. The order ideal O = {1, x, y, x2, xy, y2, x2y, xy2, x2y2} ⊆ T2 . does
not have a maxdegW border with respect to any grading given by a matrix W ∈
Mat1,2(N+). The generic homogeneous O -border basis is G = {g1, . . . , g6} with
g1 = y3 − c71x

2y − c81xy
2 , g2 = x3 − c72x

2y − c82xy
2 , g3 = xy3 − c93x

2y2 ,
g4 = x3y − c94x

2y2 , g5 = x2y3 , and g6 = x3y2 .
For the defining ideal of Bhom

O , we find (c82c93 + c72 − c94, c71c94 + c81 − c93).
Hence Bhom

O is not a 2-dimensional affine space (as would be the case if the theorem
were applicable), but isomorphic to a 4-dimensional affine space via the projection
to Z(c72, c81).

Another consequence of the theorem is that the homogeneous border basis scheme
can have a dimension which is higher than nµ , the natural generalization of the
dimension of BO for n = 2 (see Remark 3.2).

Example 5.6. (Iarrobino) In the paper [11] Iarrobino proves that Hilbert schemes
need not be irreducible (see also [19], Theorem 18.32). In particular, he produces
an example which can easily be explained using homogeneous border basis schemes.
Let O be an order ideal in T3 consisting of all terms of degree ≤ 6 and 18 terms
of degree seven. The we have d = 7 and r = s = 18 in part b) of the theorem.
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Hence Bhom
O is isomorphic to an affine space of dimension 324. In particular, it

follows that dim(BO) ≥ 324. On the other hand, the irreducible component of BO

containing the points corresponding to reduced ideals has dimension 3·µ = 3·102 =
306.

In the maxdeg border case, we can also compare the dimension of Bhom
O to

the dimension of the zero fiber Z , i.e. the dimension of the subscheme of BO

parametrizing schemes supported at the origin. Since Bhom
O is contained in Z ,

the preceding example implies that the dimension of Z can be larger than nµ , the
dimension of the irreducible component of BO containing the points corresponding
to reduced ideals. For n = 2, a more precise estimate is available.

Example 5.7. Let n = 2. Then the dimension of Z is µ − 1 by [2]. If O has a
maxdeg border then the theorem yields s = d+1−r and dim(Bhom

O ) = r(d+1−r) ≤

(d+1
2 )2 . This agrees with Bhom

O ⊆ Z since (d+1
2 )2 ≤ d(d+1)

2 + r − 1 = µ− 1.

Let us end this section with an example application of Theorem 5.3.

Example 5.8. In [19], Example 18.9, the authors consider the ideal I = (x2 −xy,
y2 − xy, x2y, xy2) in the ring C[x, y] . It has a border basis with respect to the
order ideal O = {1, x, y, xy} , i.e. it corresponds to a point in BO . It is clear that
no matter which term ordering σ one chooses, it is not possible to get Oσ(I) = O ,
since x2 >σ xy implies xy >σ y2 , and therefore xy /∈ Oσ(I). The consequence
is that if one wants to connect I to a monomial ideal in the Hilbert scheme, the
deformation to LTσ(I) with respect to any term ordering σ leads to a monomial
ideal which is not (x2, y2), i.e. not in BO .

On the other hand, by Example 3.8, we know that it is possible to deform the
ideal I to (x2, y2). But we can do even better: since the ideal I is homogeneous, it
belongs to the family parametrized by the homogeneous border basis scheme Bhom

O

which is an affine space by Theorem 5.3. The full family of homogeneous ideals
is (x2 − zaxy, y2 − zbxy, x2y, xy2). Putting a = b = 1, we get the desired flat
deformation Φ : K[z] −→ C[x, y, z]/(x2 − zxy, y2 − zxy, x2y, xy2).
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