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Abstract

This paper is devoted to the complete classification of space curves under affine
transformations in the view of Cartan’s theorem. Spivak has introduced the method
but has not found the invariants. Furthermore, for the first time, we propound a
necessary and sufficient condition for the invariants. Then, we study the shapes of
space curves with constant curvatures in detail and suggest their applications in
physics, computer vision and image processing.
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1 Introduction

Classification of curves has a significant place in geometry, physics, mechanics, com-
puter vision and image processing. In geometrical sense, a plane curve with constant
curvature, up to special affine transformations may be either an ellipse, a parabola
or a hyperbola [I4]. This classification will be obtained by the concept of invariants.
Geometry of curves in spaces with dimension > 3 has studied with geometers such as
Guggenheimer [5], Spivak [14] and etc. The aim was finding the invariants of curves
under transformations. On the other hand, in [I4], study of space curves in the view
of Cartan’s theorem was started but has not completed yet.

This paper can be viewed as a continuation of the work [14], where the authors began
the classification of space curves up to special affine transformations. We determine all

of differential invariants and our method is different from the method of Guggenheimer
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and other existing methods. Also, for the first time, we prove a necessary and sufficient
condition for the invariants in order that complete the classification. Moreover, we
classify the shapes of space curves of constant curvatures which has a wide variety of
applications in physics, computer vision and image processing. The general form of

these shapes are exist in [5], but here we try to discuss them in more details.

In physics, classification of curves up to affine transformations has a special position
in the study of rigid motions. Suppose we have a particle moving in 3D space and that
we want to describe the trajectory of this particle. Especially, each curve in a three
dimensional space could be imagined as a trajectory of a particle with a specified mass in
the view of an observer. By classification of curves we can, in fact, obtain conservation

laws.

Computer vision deals with image understanding at various levels. At the low level,
it addresses issues such us planar shape recognition and analysis. Some results on dif-
ferential invariants associated to space curves are relevant to space object recognition
under different views and partial occlusion. The evolution of space shapes under curva-
ture controlled diffusion have applications in geometric shape decomposition, smooth-
ing, and analysis, as well as in other image processing applications (see, e.g. [8, 9])
and similar to recent results for planer shapes. For instance, there are some important
applications of moving frames method in use of the differential invariant signatures [12].
In [1L 2] there exist some applications to the problem of object recognition and symme-
try. Also, joint differential invariants has been proposed as noise-resistant alternatives
to differential invariant signatures in computer vision [3]. Practical applications of the
derived shapes in the latest section are related to invariant signatures, object recogni-
tions, and symmetry of 3D shapes via the generalization of them from 2D shapes to
3D ones.

In the next section, we state some preliminaries about Maurer-Cartan forms and a

way of classification of maps with the notable role of Maurer-Cartan forms and Cartan’s

theorem. In section three, classification of space curves in R® under the action of



affine transformations is discussed. Finally, in the last section, we study the shapes of
space curves with constant curvatures and propose some applications of these shapes

in physics, computer vision and image processing.

2 Maurer-Cartan form

Let G C GL(n,R) be a matrix Lie group with Lie algebra £ and P : G — Mat(n X n)
be a matrix-valued function which embeds G into Mat(n x n), the vector space of
n x n matrices with real entries. Its differential is dPp : TG — TppyMat(n x n) =~

Mat(n x n).

Definition 2.1 The 1-form wp = {P(B)}~! - dPp of G is called the Maurer-Cartan
form. It is often written w = P~! . dP. The Maurer-Cartan form is in fact the unique
left invariant £—valued 1-form on G such that wiq : T1¢G — L is the identity map.
The Maurer-Cartan form w satisfies in Maurer-Cartan equation dw = —w A w. The
Maurer-Cartan form is the key to classifying maps into homogeneous spaces of G. This

process needs to the following theorem (for a proof we refer the reader to [6]):

Theorem 2.2 (Cartan) Let G be a matriz Lie group with Lie algebra £ and Maurer-
Cartan form w. Let M be a manifold on which there exists a L—wvalued I1-form ¢
satisfying d¢p = —p N\ ¢. Then for any point x € M there exist a neighborhood U of x
and a map f: U — G such that f*w = ¢. Moreover, Any two such maps f1, fo must
satisfy f1 = Lp o fy for some fired B € G (Lp is the left action of B on G).

Corollary 2.3 Given maps fi, fa : M — G, then f{w = f5w, that is, this pull-back

is invariant, if and only if fi = Lp o fa for some fixred B € G.

In Theorem 2.2, if M is connected and simply-connected, then the desired map

f may be extended to all of M [I5]. We suppose that G be the special linear group
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SL(3,R) as a Lie group and we denote its Lie algebra with sl(3, R). This Lie group is

not simply-connected, so our achievements are local.

Definition 2.4 An affine transformation of the Euclidean space R? is the composi-
tion of a translation in R? among with an element of the general linear group GL(3, R)).
An affine transformation is called special or unimodular, if its matrix part is an element
of SL(3,R). The group of special affine transformations is the connected coefficient,

closed subgroup of the Lie group of affine transformations.

The following section is devoted to the study of the properties of space curves’
invariants under the action of volume—preserving affine transformations, i.e., the special
affine group. The number of essential parameters (dimension of the Lie algebra) is 11.
The natural assumption of differentiability is C°.

In the next section, by defining the new curve . instead of a considered regular
smooth curve ¢, we will see that the classification of curves in R3 and in the viewpoint
of Theorem 3.1 is equivalent to the ones in SL(3,R). Thus we find the Maurer-Cartan
form of SL(3,R) and then its pull-back via the matrix—valued curve a.. In fact, a. s
play the role of f; s in Corollary 2.3. This tends to a complete set of invariants of
a. as 1-forms on R. The derived invariants in a corresponding manner determines
curves of SL(3,R). Finally in Theorem 3.3, we find that these invariants also provide
a necessary and sufficient condition for specifying curves in R? when we supposed the

action of special affine group SL(3, R) on R3.

3 Classification of space curves

In the present section, we achieve the invariants of a space curve up to special affine
transformations. From Theorem 2.2, two curves in R3 are equivalent under special
affine transformations, if they differ with a left action introduced by an element of

SL(3,R) and then a translation.



Let ¢ : [a,b] — R? be a curve in three dimensional space which we call the space

curve, be of class C° and
det(d, ", ") #0, (1)

for any point of the domain, that is, we assume that ¢/, ¢’ and ¢’’’ are linear independent.

" depends to ¢ and ¢’ for some interval [a,b], then we

Otherwise, if for example, ¢
can simply observe that the curve ¢ will sit in R?, which is not our main topic of
investigation. Moreover, we can assume that det(c’,¢”,¢”) > 0 for being avoid writing
the absolute value in calculations.

For the curve ¢, we consider a new curve, namely a.(t) : [a,b] — SL(3,R), defined

by

ac(t) := {det(c', ¢, ¢")}1/3

which is well defined on the domain of ¢ into the special linear group SL(3,R). We
can study the new curve in respect to special affine transformations, i.e. the action
of special affine transformations on first, second and third differentiations of c. If we
assume that A is a three dimensional special affine transformation, then we have the
unique representation A = 7oB which B is an element of SL(3, R) and 7 is a translation

in R3. If two curves ¢ and ¢ be the same up to an A, ¢ = A o ¢, then we have
Z—=DBo C/’ ' —Bo C//’ " — Bod".
Also from det B = 1 we obtain

det(¢,&",&") = det(Bod,Bocd’,Bocd”)=det(Bo(d,, "))

= det(d,”, ).

and so we conclude that az(t) = B o a.(t) and oz = Lp o a,, where Lp is the left

translation for B € SL(3,R).



6 Mathematical Sciences Vol. x, No. x (200x)

This condition is also necessary because when ¢ and ¢ are two space curves in which

az = Lp o a, for an element B € SL(3,R), then we can write

a; = {det(é/, 51/7 E///)}—l/3 (5/7 5//, E///)
_ {det(B ° (c',c",c”/))}_l/?’B o (6/70//70///)

_ {det(C/,C//,C///)}_l/g Bo (C/,C//,C///).

Thus & = B o ¢ and there is a translation 7 such that A = 70 B and ¢ = A o ¢ where

A is a three dimensional affine transformation. Therefore we have

Theorem 3.1. Let ¢ and ¢ are two space curves. ¢ and ¢ are the same with respect
to special affine transformations, i.e. ¢ = Aoc when A =70 B for translation 7 in R3
and B € SL(3,R) if and only if az = Lp o o where Lp is a left translation generated
by B.

From Cartan’s theorem, a necessary and sufficient condition for az = Lpoa, (B €
SL(3,R)) is that for any left invariant 1-form w’ on SL(3, R) we have a%(w?) = o (w?).
It is equivalent to af(w) = aj(w) for natural sl(3, R)-valued 1-form w = P~1.dP for
matrix-valued function P which embeds SL(3,R) into Mat3 x 3, the vector space of
3 x 3 matrices with real entries, and w is the Maurer-Cartan form.

We must compute o (P~1.dP) which is invariant under special affine transforma-
tions. Its entries are in fact invariant functions of space curves. It is a 3 x 3 matrix

form which arrays are multiplications of dt (1-forms on [a, b]).

1

Since a}(P~1-dP) = a; ! da,, so we calculate the matrix o o/, and then multiply

it by dt to have a(P~! - dP). we have

ac—l _ det(c/, C//, C///)1/3‘ (6/7 C//, C///)—l

ey — sy gl =y Ay — el
_ /oI IN—2/3 /o /o /o N/ /o N/
= det(c, ", ") chly — eyl — iy e — iy

chely — iy chcchcld e — by



which ¢ = (¢q, o, gg)T as a column matrix be the vector representation of curve c. We

also have

[det(c/, C//, C///)]/ — det(c//, C//, C///) + det(c/, C///, C///) + det(c/, C//, C////)

_ det(c’,c",c””).

Thus we see that

/! /1 /111 / /! /1!

c, ¢ cf G a g
o 1o m—1/3 noom _1 ! M43 Lot A
a, =det(c, ", ") ey Yy 3 det(c’, ", ") 12 6 &

After some computations, finally we find that a_ ! -/, is in the following multiple of dt

dOt(C,,C”,C””) dCt(C”,C”/,C””)
T 3det(c,c,") 0 det(c/,c",c"")
1 . dCt(CI,CN7CIIII) _dCt8CI7CIII,CNN)
3det(c/,c”,c") det(c’,c”,c")
0 1 2det(c’,c”,c””)

3det(c/,c, ")

Clearly, the trace of the last matrix is zero and entries of a(P~! - dP) and therefore
entries of the above matrix, are invariants of the group action.
Therefore according to Theorem 3.1, two space curves ¢, ¢ : [a,b] — R3 are the same

under special affine transformations if we have

det(c/, ", ™) det(&,c", ")

det(c, ¢, ") det(&,&",c")
det(c”, ", ") det(c",d”, ")
det(c/, ", ") det(&,¢",e")

det(c/, ", ") det(d,c”, ")
det(c, ", ") det(e,c",c") "

We may use of a proper parametrization o : [a,b] — [0,!] such that the parameterized

curve 7 = co o ! satisfies in condition det(vy'(s),7"(s),7y”(w)) = 0 and then entries

over the principal diagonal of ozi‘y(P_l - dP) be zero. But this determinant is in fact
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the differentiation of det(y'(s),7”(s),7”(s)) and for being zero it is sufficient that we
assume det(y'(s),7”(s),7”(s)) = 1. On the other hand, we have

¢ = (yoo) =0 (4 o0)
c// — (0/)2 . (,Y// o 0,) + 0_// . (,_Y/ o 0,)
c/// — (0/)3 . (,Y/// o O') + 30_/0_// i (,_Y// o O') + O,/// i (,_Y/ o O').

Thus we conclude that

det(d, ", ") = det(o’- (' 00), (¢")? - (4" 00)+ 0" (¥ 00),
(@ (1"00) +3 50" (' o) 4" (o 0 )
det(o' - (1 00), (0" - (1" 0 ), (0" - (4" 0 )

= (0")% - det(v 00,9 00 v" 00)

)

/\6

= (o),

The last expression specifies o, namely the special affine arc length, is defined as follows
t 1/6
o= /a [det(c'(u), " (u), c'"(u))} du.
So o is a natural parameter under the action of special affine transformations, that
is, when c is parameterized by o then for each special affine transformation A, A oc is
also parameterized by the same o. Furthermore, every curve parameterized by o up to

special affine transformations is introduced with the following invariants

/l/l)

x1 = det(”, ", "), x2 = det(c, ", "). (2)

We call x1 and xs the first and the second special affine curvatures resp. Thus finally

we have
00 xa
E(PLdP)=| 1 0 —xp |do
01 0



Theorem 3.2 Every space curve of class C satisfying in condition (1) under the
action of special (unimodular) affine transformations is determined by its natural equa-
tions x1 = x1(0) and x2 = x2(0) of the first and second special affine curvatures (2)

as functions (invariants) of the special affine arc length.

Theorem 3.3 Two space curves c, ¢ : [a,b] — R? of class C® which satisfy in condition

@) are special affine equivalent if and only if xX§ = x§ and x5 = X5.

Proof: The first side of the theorem is trivial with respect to above descriptions. For

the other side, we assume that ¢, ¢ are curves of class C° satisfying (resp.) in
det(d, ", ") > 0, det(¢,2",d") > 0, (3)

that is, they are not plane curves. Also we suppose that functions x; and xs are the
same for these curves.

By changing the parameter to the natural parameter o (mentioned above), we
obtain new curves v and ¥ resp., that determinant (3] will be equal to 1. We prove
that v and % are special affine equivalent and so there is a special affine transformation
A sech that ¥ = A o~. Then we have ¢ = A o ¢ and the proof is complete.

At first, we replace the curve v with 6 := 7(v) properly, in which case that §
intersects 4 where 7 is a translation defined by translating one point of v to one point
of 4. We correspond ty € [a, b] to the intersection of § and 7, thus §(tg) = J(to). One can
find a unique element B of the general linear group GL(3,R) such that maps the frame
{0'(t0), 0" (tg), 8" (to)} to the frame {¥'(to), 7" (to),7"(to)}. So we have B o §'(ty) =
7 (to), Bod"(tg) =7"(to), and Bod"(tg) = 7" (tp). B is also an element of the special

linear group SL(3,R); since we have

det(v/(to),7" (to),y" (to)) = det(d'(to),d"(to), 8" (to)) and

det(&'(to), 0" (t0), 8" (to)) = det(B o (¥(to),7"(t0), 7" (t0))),

and thus det(B) = 1. If we prove that  := BoJ is equal to J on [a, b], then by choosing

A = 7 o B, there will remain nothing for proof.
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For curves n and 4 we have (resp.)

00 xf
(77/’ 77//’ ,’7///)/ — (77/’ 77//’ ,’7///) 1 0 _Xg and
0 1 0
00 ]
A" = @A 10 X3
0 1 0

Since x1 and x2 remain unchanged under special affine transformations, so we have
X7 =x] = X? and x4 = x5 = X;Y, therefore, we conclude that 1 and 74 are solutions of
ordinary differential equation Y 4+ 2 Y” — x1 Y/ = 0 where Y depends to t. Because

of the same initial conditions

n(to) = Bod(to) = F(to), 1 (to) = B o ' (to) = 7' (to),

1" (to) = Bod"(to) =7"(to), n"(ty=Bod"(to) =7"(to),

and the generalization of the existence and uniqueness theorem of solutions, we have

17 =7 in a neighborhood of y that can be extended to the whole [a, b]. &

Corollary 3.4 The number of invariants of special affine transformation group acting

on R? is two which is the same with another results provided by other methods such as

[/,

The generalization of the affine classification of curves in an arbitrary finite dimen-
sional space has been discussed in [I0] and a complete set of invariants with a necessary
and sufficient condition of them for classifying curves up to affine transformations has

been derived.
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4 Geometric interpretations applied to physics and com-

puter vision

In the present section, the geometric interpretation of the first and the second special
affine curvatures and their applications in physics and computer vision is discussed.
Since every curve parameterized with special affine arc length o and with constant first
and second affine curvatures y; and yo fulfilled in relation o/.(c) = a.(0).(b), for some
b € s1(3,R) via the right action of the Lie algebra. In fact, we assumed that the action
of the Lie group be the left action [II]. Whereof, Maurer-Cartan matrix of SL(3,R) is
00 xi
a base for Lie algebra sl(3,R) and one can write o/,(0) = ae(0). | 1 0 —xo |- By
01 0
00 xa
solving this first order equation, we obtain «a.(o) = exp (a. 1 0 —xo ) that, for

01 0
different values of x1 and s it has a different forms which we divide these forms in the

following cases:

I. The case x; = x2 = 0.

1 00
In this case, the curve is in the form a.(o) = o 1 0 |. It is clear that the

152 51

2
first column of this matrix is ¢/(c') and so we have ¢(0) = K + (0, £ 0%, % 0®) for some

constant K € R3, that its image is analogous to the image of twisted cubic [4]. Also
the image is similar to the Neil or semi-cubical parabola’s graph [7]. The projection of
this space curve in the direction of z—axis is a parabola in plane. This space curve is
the simplest curve in R? under special affine transformations. Its figure is a translation

of Figure [I}(a) by constant K.
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Theorem 4.1 Space curves with zero special affine curvatures are in the form of

twisted cubic probably with some translations.

Figure 1: (a) x1 =x2=0. (b) x1 =0,x2 > 0.

II. The case xy; =0 and x, > 0.

In this case, we have

1 0 0
ac(o) = \/% sin(y/xz2 o) cos(y/x2 ) —/X2sin(y/x20)
—é (cos(y/x20) —1) \/% sin(y/x2 o) cos(y/X20)

So we obtain ¢(o) = K + (a, —é cos(/X20), _Xz;\/ﬁ sin(y/x20) + é) for K € R3.
The image of this curve is a translation of Figure [IH(b) by constant K. Its projection

in the direction of z—axis is similar to the graph of function cos(o).

I11. The case x; =0 and y, < 0.

If we use |x2| = —x2 to be the absolute value of 2, in the same way as the previous

cases, we find that

1 0 0
ac(o)= \/‘1)(—2‘ sinh(y/[x2] o) cosh(v/Ix2lo)  v/Ixz[sinh(y/]x2]0)
ﬁ {cosh(/|x2| o) — 1} \/ﬁ sinh(y/]x2] o) cosh(y/]x2] o)
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o 1 1 . g .
Thus ¢(o) = K + (a, ] cosh(v/|x2| o), RN sinh (/| x2| o) \xz\) where K is an

element of R3. Its image is drown in Figure 2(a) probably after a translation. Its

z—axis projection is similar to the graph of the function cosh(o).

Figure 2: (a) x1 =0,x2 < 0. (b) x1 > 0,x2 = 0.

IV. The case x; > 0 and x, = 0.

Under these conditions, the a.(o) is

2M+iR ~LABWBN+M-R)  LM(VBN-M+R)

35 (VBN M+ R) 2M+ 1R L (VBN+M—R)

1
~5as (VBN M=R) (V3N -M+R) §M+ 3R

1 1

where
M = exp(—%x}/ga) cos(@x}/ga), R = exp(x%/ga)
1/3 V3.1/3

N = exp(—%xl o) sin(%52x7""0).

Therefore with above conditions, we can write

1 1 1
c(o) = K + <—1/3 (VBN—M+R), —5 (—V3N—M+R), —(2M+R)>
3x1 3X1 3x1

for some K € R3. Its figure is similar to Figure 2(b).
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V. The case x; < 0 and y, = 0.

Such as case ITI, with use of |x2| = —x2, the conditions of this case lead to the form of
ac(o):

MR Al (VENAM-R) (VAN 4 M- R)
L =(V/3N+M—R) ZM+1iR Za*W3N-M+R) |,

55 (VBN=M+R)  5-trs(V3N+M—R) ZM+iR

M = exp(3xa]30) cos(Lxa|¥ o), R=exp(—|xi|"30)
N = —exp(3xa|30) sin( L |xa|Y% o).
And so we have the following curve

1
3lxa|1/3

ﬁ(\/@N—MJrR) _—1)2M+R))

V3N+M—R), ,
( ) 3
for some K € R3. Tts shape is similar to Figure B-(a).

c(a):K—l—(

Figure 3: x1 < 0,x2 =0.

VI. The case i, x2 # 0.

In this case, relations are not as simple as previous cases. a.(o) in this general case, is

B Biz B
in the following form a.(c) = | By Bgy Bsg | where for 1 < 4,5 < 3 the entries
B3 B3y Bss

B;; for brevity are given in Appendix at the end of the paper.
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Thus the relation ¢/ (o) = (B11, B21, B31) signifies the curve ¢(o) by integrating of
the coefficients with respect to o. Therefore we obtain c¢(o) = K + (T'1,72,73) when
K is an element of R3 and 7} s are in the forms of variables which are indicated in
Appendix.

For different values of constants 1, x2 # 0, there exist various curves and c(o) is
a translation, contraction or extraction of a curve in the form of these cases. Thus we

have different figures that each of which is similar to one of the shapes given in Figure

H (a)~(d).

Figure 4: (a) x1,x2 > 0. (b) x1,x2 <0. (¢) x1 <0< x2. (d) x1 >0 > x2.

Corollary 4.2 In general, every solution of a. : R — SL(3,R) is provided by multi-
plying a special linear transformation and a translation from an acquired curve in above
cases. In fact, the geometrical sense of above curves can be explained as follows:

Each curve has two branches. The values of the first and second special affine cur-
vatures determine “rotation quantities” of the branches that by ascending (descending
resp.) the values, each branch’s bend will increase (decrease resp.). Accordingly, the

definitions of x1 and x2 have geometric interpretations as the usual terminology of cur-
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vatures.

In the case of constant y; and xs, by using Theorem 3.3, we can classify space
curves in these cases via special affine transformations and as a result we have the

following theorem:

Theorem 4.3 Each curve of class C° in R? satisfied in condition (1) with constant
affine curvatures x1 and xo, up to special affine transformations, is the trajectory of a

one—parameter subgroup of special (unimodular) affine transformations, that is, a curve

of cases I-VI.

Finally we give two applications of the classification of space curves by the action

of special affine transformations and Theorem 4.3:

Corollary 4.4 In the physical sense, we may assume that each space curve X :
[a,b] — R3 is the trajectory of a particle with a specified mass m” in R and in the view
of an observer, that is influenced under the effect of a force F. By the action of special
affine transformations, particle’s path has two conservation laws: (X" x X")-X"" and
(X! < X"). X" that are, the first and the second special affine curvatures. Therefore, by
multiplying constant m3 to theses invariants, we find conservation laws as (F x F')-F”
and (P x F')-F" where P = m - v is the momentum of the particle. If these invariants
of the trajectory are constant, then the shape of the motion is similar to one of the six

cases mentioned in the above theorem.

The derived invariants in above, may have important applications in astronomy,
fluid mechanics, quantum, general relativity and etc. A reason for this importance is
that in these areas we deal with the motion of a space particle and it may be of our

interest to investigate for symmetry properties and invariants of the particle under rigid
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motions.

Corollary 4.5 In computer vision and image processing, we may suppose that each
space curve is one of the characteristic curves on a 3-dimensional object, that are fea-
sible minimum segment curves that completely signify the object in the viewpoint of
an observer. Also, if by an effect provided by (orientation-preserving) rotations and
translations in R® we change the position of a picture without any change in charac-
teristic lines, then these cur es will be equivalent under special affine transformation.
If a characteristic line has constant affine curvatures x1 and xo, then it will be similar

to one of the cases of curves mentioned in Theorem 4.3.

For instance, these image invariants provide the most prominent application fields
in 3D medical imagery, including MRI, ultrasound and CT data, in object recognition,

symmetry and differential invariant signatures of 3D shapes [8, [0} 12].

Appendix

In case VI of section 4, entries B;j (1 <1,j < 3) are

1
B = +{A(720” x1x2 = 81" 2 xo — 14cpxs — 19233 — 129617

A
+8¢1"° X3) + B(13.85640646 "% X3 + 12.470765820 ¢;'* x1 x»

+13.85640646 ¢! 3 ¢, XQ) T D( — 8332 T2y x1 — 6482

—96 x5 — 7261/3><1 X2 — 86}/302X2)},

_ 1 1 2/3 2/3 1/3 9
Bgl = —ng = —; Blg = Z{A( — 1861 X1 — 201 C2 +24Cl X2)
+B(41.56921940 ¢ X3 + 31.176874540¢7 % x1 + 3.464101616¢; ¢, )
+D( =246 33 +18¢7 x1 +26/% ) },
1
By = By = K{A( - & =126 x2) + B~ 1.732050808 ¢,/

+20.7846097 ¢ x2) + D( el + 126 x2) }.
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Bogy = B33 = %{A(U% X% + 144 ¢ x1 + 4c§/3 X% + 36 c}/g X1 X2
413 g yo + 192 Xg) n B(62.353831080 e x1x2
+69.28203232 2/ ¢y yo — 69.28203232 ¢2/* 2) + D(72 X1
+96 x5 + 648 X7 — 3601/ X1X2 — M4cl/ c2 X2 — 401/ X%)},

-1
Fyy = —{A(10801"x +24¢1°x3 - 661 xaxa — 261 Peaxe + 1267

C2X1)
+B(10.39230485cl/ X1x2 + 3.464101616&/ 3oy + 187.0614873
et X2 4 41.5692194¢° x3 + 20.7846097¢}/ cle) + D(6c1/ Y1X2

—2461/3 3 5+ 261/ CcaX2 — 1261/ CaX1 — 10861/3 2)},

Which in the above relations we assumed that

c1 =108 x1 + 12(1/12x3 + 81 x2),
co =1/12x3 + 813,

23 2/3
- 12X1 + 12X1
A=exp(—0. 08333333333117/3 &) cos (0. 1443375673T o),
1
23 23
12 12
B=exp(—0. 08333333333117/3Xl o) sin (0. 1443375673% o),
¢y ¢y
23
—12x;
1
D = exp (0. 166666666717/3 o),

A=(Cf/3X2—9C}/3X1—C}/ e —12x3)( +12x2).

Also T; s are in the following forms

2 1 3 2/3
T = % = {A(5882xxa + 86413 — 2401/°x3 — 817 ¥ + 48exx
—2401/ XlX% + 64862){%){2 — 3Oc1/ c2xg — 901/ CQX% — 2c§/3c2xg

—270c}/ 3><1x§) 1 B( 41.56921939¢1/ X3 + 140.2961154¢2/%

+41.56921939¢7 3 1x3 — 467.6537182¢1* \2x2 + 15.58845727¢2/ czxf
—51.96152424c1"% coy% + 3.46101616¢2 @X;’) + D(432X1 XA+ 24eoyd

816233 4+ 2916x3xa + 24615 + 2472 x1x3 + 27061 3
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+324coxx2 + 201/ coxs + 9 01/3 e Xt + 3001/302)(1)(%) },
-1
T, = N {A(864cl/3X1X2 + 21661/ C2X1X2 + 162(31/3 2+ 1801/ C2X1)

—B(3367.1067714c1/ 2y — 374.1229746¢2" cox1 xa

+280.59223086¢,° x3 + 311769145446, exx1 ) — D (162613

—1801/ CaX1 — 21661/ C2X1X2) }7
—144 s, »
Ty = o {A(1260°x3 - 324ead — 4323108 — 24eand — 201637 + 97

xxE 4 B + 16201/ 2y + 18¢1/3 62X1X2) T B(zo 78460970¢1

— 15.58845727¢2/% y1x % — 1.732050808¢2% ¢3x 2 + 280.5922309¢1/°
'x%xg + 31.1769145461/ 62X1X2) — D(12cl/3x2 — ch/ XlX% — C1/ CQX%

1/3 1/3
—162c1"x2x2 — 162e2x% — 216x1 Y5 — 12c9x3 — 1458x% — 18¢)/ 62X1X2) }

In the latter relations, A, B, D, ¢; and ¢y are the same with relations mentioned in

above and
A = [9c /3X1 + o — cl/ x2 +1233]9¢ x1 + et e + P + 1243
References

[1] E. CavaBl, P.J. OLVER, C. SHAKIBAN, A. TANNENBAUM, and S. HAKER, Differ-

ential and numerically invariant signature curves applied to object recognition, Int.

J. Computer Vision 26 (1998) 107-135.

[2] E. CaLABI, P.J. OLVER, and A. TANNENBAUM, Affine geometry, curve flows, and

invariant numerical approzimations, Adv. in Math. 124 (1996) 154-196.

[3] S. CARLSsON, R. MOHR, T. MooNs, L. MorIN, C. ROTHWELL, M. VAN DIEST,
L. GooL, F. VEILLON, and A. ZISSERMAN, Semi-local projective invariants for the

recognition of smooth lane curves, Int. J. Computer Vision 19 (1996) 211-236.



20 Mathematical Sciences Vol. x, No. x (200x)

[4] A. GRAY, Modern Differential Geometry of Curves and Surfaces, CRC Presr, Boca
Raton, Florida, 1993.

[5] H. GUGGENHEIMER, Differential Geometry, Dover Publ., New York, 1977.

[6] T.A. IvEy and J.M. LANDSBERG, Cartan for Beginners: Differential Geometry

via Moving Frames and Exterior Differential Systems, A.M.S., 2003.

[7] W. KUHNEL, Differential Geometry, Curves—Surfaces—Manifolds, 2nd edition,
translated by B. Hunt, A.M.S., 2006.

[8] M. MORTARA and G. PATANE, Affine-Invariant Skeleton of 3D Shapes, Proceedings
of the Shape Modeling International (SMI’02), (2002) 245-252.

[9] T. MAaTsuyaMA, X. Wu, T. TAkAI and S. NOBUHARA, Real-time 3D shape re-
construction, dynamic 3D mesh deformation, and high fidelity visualization for 8D

video, Computer Vision and Image Understanding 96 (2004), 393434.

[10] M. NADJAFIKHAH and A. MAHDIPOUR SH., Affine classification of n-curves,

Balkan J. Geom. Appl., Vol. 13, No. 2 (2008) 66-73.

[11] P.J. OLVER, Equivalence, invariants, and symmetry, Cambridge Univ. Press,

Cambridge, 1995.

[12] P.J. OLVER, Moving frames — in geometry, algebra, computer vision, and numer-
ical analysis, London Math. Soc. Lecture Note Series, Vol. 684, Cambridge University
Press, Cambridge (2001) 267-297.

[13] B. O’NEILL, Elementary Differential Geometry, Academic Press, London—New
York, 1966.

[14] M. Spivak, A Comprehensive Introduction to Differential Geometry, Vo,. I, Pub-
lish or Perish, Wilmington, Delaware, 1979.



21

[15] F. WARNER, Foundations of differentiable manifols and Lie groups, Springer,
Heidelberg—New York, 1983. 7



	Introduction
	Maurer-Cartan form
	Classification of space curves
	Geometric interpretations applied to physics and computer vision

