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THE STRUCTURES OF STANDARD (g, K)-MODULES OF SL(3,R).

TADASHI MIYAZAKI

ABSTRACT. We describe explicitly the structures of standard (g, K)-modules of SL(3,R).

1. INTRODUCTION

As far as we know, for some ‘small’ semisimple Lie groups G, the (g, K)-module structures
of standard representations are completely described. For example, the description of them for
SL(2,R) is found in standard textbooks, and there are rather complete results for some groups
of real rank 1, e.g. SU(n,1) in [1] and Spin(1,2n) in [6]. However, for Lie groups of higher
rank, there are few references as far as the author knows. It seems to be difficult to describe the
whole (g, K)-module structures even for standard representations of classical groups of higher
rank, since their K-types are not multiplicity free. In the papers [4] and [5], the (g, K)-module
structures of some standard representations of Sp(2, R) are described by T. Oda. In the former
paper [3], we extend the result for principal series representations of Sp(3,R). The method
in these papers is applicable to study of standard representations of another groups. In this
paper, we use this method to study standard (g, K)-modules of SL(3,R).

Before describing the case of SL(3,R), let us explain the problem in a more precise form
for a general real semisimple Lie group G with its Lie algebra g. Fix a maximal compact
subgroup K of G. Since any standard (g, K)-modules are realized as subspaces of L?(K) as
K-modules, we investigate the K-module structure of standard (g, K')-modules by the Peter-
Weyl’s theorem. In order to describe the action of g or gc = g®Rr C, it suffices to investigate the
action of p or pc, because of the Cartan decomposition g = €@ p. Therefore, the investigation
of the action of p or pc is essential to give the description of the (g, K)-module structure of a
standard representation. To study the action of pc, we compute the linear map I';; defined
as follows. Let (m, H;) be a standard representation of G with its subspace H, g of K-finite
vectors. For a K-type (7,V;) of m, and a nonzero K-homomorphism n: V\ — H i, we define
a linear map 7: pc ®c VA = Hr g by X @ v +— X - n(v). Then 7 is a K-homomorphism with
pc endowed with the adjoint action Ad of K. Let V; ®c pc ~ @,c; V be the decomposition
into a direct sum of irreducible K-modules and ¢; an injective K-homomorphism from V., to
V: ®@c pc for each i. We define a linear map I';;: Homg (V;, Hr k) — Homg (V;,, Hy i) by
1+ 7o t;. These linear maps I';; (i € I) characterize the action of pc. Our purpose of this
paper is to give explicit expressions of ¢; and I';; when 7 is a P-principal series representation
of G = SL(3,R) for each standard parabolic subgroup P of G. As a result, we obtain infinite
number of ’contiguous relations’, a kind of system of differential-difference relations among
vectors in H,[7] and H.[r;]. Here H.[r] is T-isotypic component of H,. These are described
in Proposition 2] Theorem and

As an application, we can utilize the contiguous relations to obtain the explicit formulae
of some spherical functions. In the paper [2], H. Manabe, T. Ishii and T. Oda give the
explicit formulae of Whittaker functions of principal series representations of SL(3,R) to
solve the holonomic system of differential equations characterizing those functions, which is
derived from the Capelli elements and the contiguous relations around minimal K-type. We
can obtain the holonomic systems characterizing Whittaker functions of generalized principal
series representations of SL(3,R) from the result of this paper. We hope that this interesting

possibility will be considered in future work. On the other hand, if we have the explicit formula
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of Whittaker function with a certain K-type, then we can give those with another K-type by
using contiguous relations.

We give the contents of this paper. In Section 2] we recall the classical case SL(2, R) shortly.
In Section B we recall the structure of SL(3,R) and define a standard representations obtained
by a parabolic induction with respect to the standard parabolic subgroups. In Section [ we
introduce the standard basis of a finite dimensional irreducible representation of K and give
explicit expressions of ¢;: V;, = V. ®cpc. In Section bl we introduce the general setting of this
paper and give matrix representations of I';; for principal series representations in Theorem
In Section 6] we give the matrix representations of I';; for generalized principal series
representations in Theorem In Section [7, we give explicit expressions of the action of pc
in Proposition
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2. THE STANDARD (g, K)-MODULES OF SL(2,R)
We start with a short review of the most classical case, i.e. the case of the group SL(2,R).

2.1. The principal series representations of SL(2,R). We denote by Z, R and C the ring
of rational integers, the real number field and the complex number field, respectively. Let Z>q
be the set of non-negative integers, 1,, be the unit matrix in the space M, (R) of real matrices
of size n and O, , be the zero matrix of size m x n. We denote by d;; the Kronecker delta, i.e.

s L i=]
71 0, otherwise.
For a Lie algebra [, we denote by [c = [®gr C the complexification of [.
We put

G' = SL(2,R), M’ = {m = diag(e,e ') | e € {£1}}, A" = {a(r) = diag(r,v ) | r € R},

v {3 ren). s fum (5 ) cn).

—sint cost
Let g/, ¢, o’ and v’ be Lie algebras of G, K’, A’ and N’, respectively.
For v € C and a character o of M’, the principal series representation T(v,o) Of G’ is defined
as the right regular representation of G’ on the space H (v,0) Which is the completion of

oo _f g v (namx) = r"to(m)f(z)
Ho) = {f' G = Csmooth | ¢ neN,a=a(r)e A, meM, 6 zeG

with respect to the norm
1918 = [ 17y
K/

The restriction map rg:: H, 5 2 f = flxr € L?(K') is an injective K’-homomorphism when
L?(K") is endowed with right regular action of K’. Then the image of rx is the following
subspace of L?(K'):

L%M,J)(K/) = {f e L*(K") | f(mz) = o(m)f(z) for a.e. m € M', z € K'}.
We have an irreducible decomposition of the K’-module L?(K'):
L2(K/) = @C : >~<p7
pEZ

where Xp,: K' 3 kg eV 1Pt € CX,
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Therefore we have an isomorphism

—

Dz C-Xpr i o(~12)

Let x, € H(,,») be an inverse image of X, by this isomorphism.
Now we take a basis {w, x4, x_} of g'c defined by

(53 ()

Here we note that

L,
H(MU) — L%M’,a)(K/) =

dc=tcope ¥c=C-w, pc=C-z,0C-z_.

is a complexification of a Cartan decomposition g’ = & @ p’ with respect to a Cartan involution
g > X — —tX € g’ where !X means transpose of X.
Since w € ¥, we see that

(2.1) Ty (W)X = V=Tpxy

from direct computation. Here we denote the differential of 7, ,) again by 7(, . The action
of p'c is given in the following proposition.

Proposition 2.1. 7, o) (7+)xp = (¥ + 1 £ p)xpta-

Proof. By the relations
[w,zy] = 2V —1zy,
we have
(2.2) T(w,0) (W) (T(,0) (T£)Xp) = V—1(p £ 2)(T(1,0) (T£) Xp)-
Here [-, -] is the bracket product. From the equations (2.1)) and (2.2]), we see that 7, o) (7+)x) €

C - Xp+2-
The elements 24 of p’c have the following expressions according to Iwasawa decomposition

g/C — n/C @ Cl/C @ E/C:
ry=+2V-1E + H Fv-1w
01 > € n'c and H' = diag(l,—1) € d’c. From this expression and the

00
definition of the space H(, ), we have the value of 7, ;) (7+)xp at 12 = kg € K’ as follows:

T(v,0) (x:t)Xp(12) =+ 2\/__17T(u,o) (E/)X;D(12) + T(v,0) (H/)Xp(12) + \/__171-(1/,0) (w)Xp(12)
=0+ (v+1) FV—1(v/—1p)
=v+1=+£p.

where F/ = <

Since xp+2(12) = 1, we obtain 7, oy (7+)Xxp = (v + 1 £ p)xp+2- O
From this proposition, we obtain the following.

Proposition 2.2. (i) Let k be an integer such that k > 2. If v =k — 1 and o(—1) = (—1)*,
there is an injective homomorphism from Df: to m(,,q). Here D,‘: and D, are discrete series
representations of SL(2,R) with the Blattner parameter k and —k € Z, respectively. Moreover
the quotient (g, K')-modules 7, ) /(D;" ® D},) is of dimension k — 1.
(i) Let k be an integer such that k > 2. If v = —k + 1 and o(—1) = (=1)*, the (k — 1)-
dimensional subspace Fy_o of H(, ) generated by

{xplp=—-k+2, —k+4, - k—2}

is G'-invariant and 1is isomorphic to the symmetric tensor representation of degree k — 2.
Moreover the quotient 7, 5/ Fy—2 is isomorphic to Dlj ® D, .
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(i) If v = 0 and o(l2) = —1, T(, ) s a direct sum of two irreducible representations, called
limit of discrete series representations.
(iv) If (v, 0) is not in the cases of (i), (ii) and (i), 7(, ) is irreducible.

We are going to show the analogue of Proposition 21l for SL(3,R) in Theorem and

3. PRELIMINARIES

3.1. Groups and algebras. Let G be the special linear group SL(3,R) of degree three and
g be its Lie algebra. We define a Cartan involution 6 of G by G > g +— ‘g~! € G. Here g~!
means the inverse of g. Then a maximal compact subgroup of G is given by

K={g9€G|0(g) =g}t=50(3).

If we denote the differential of § again by 6, then we have §(X) = —'X for X € g. Let ¢
and p be the +1 and the —1 eigenspaces of 6 in g, respectively, that is,

t={Xecg|'X=-X}=50(3), p={Xecg|'X =X}

Then ¢ is the Lie algebra of K and g has the Cartan decomposition g = £ & p.

Put ag = {diag(t1,t2,t3) | t; € R (1 < i < 3), t1+to+t3 = 0}. Then qp is a maximal abelian
subalgebra of p. For each 1 <i < 3, we define a linear form e; on ag by ag > diag(ty,te,t3) —
ti € C. The set ¥ of the restricted roots for (ag, g) is given by ¥ = X(ag,g9) = {e; —¢; | 1 <
i # j < 3}, and the subset 1 = {¢; —¢; | 1 < i < j < 3} forms a positive root system. For
each a € ¥, we denote the restricted root space by g, and choose a restricted root vector E,
in g, as follows:

010 001 000
Eeey=| 000 |, Eye=[000], E,e=[001],
00 0 00 0 000

and E_, ="'E, for a € ©1. If we put ng = @a€2+ ga, then g has an Iwasawa decomposition
g=n1npDdayd et Also we have G = NgApK, where Ny = exp(ng) and Ay = exp(ayp).
The group G has three non-trivial standard parabolic subgroups Py, P, P with

Py =

* k >k
* eG,, b= * ok eG,, b=
* k k

S O *
S ¥ ¥
o O ¥

S ¥ ¥
S ¥ ¥

*
*x | €
k

Let nq, ny be subalgebras of ny defined by 11 = ge,—cy ® Gey—es, N2 = Gej—e3 D Jeg—ey- We take
a basis {Hy, Ha} of ag defined by

10 0 00 0
H=(00 0 [, Hy=(01 0 [,
00 -1 00 —1

and set HY = 2H, — Ho, H® = H, + Hy. we define subalgebras ay, as of ag by a1 =
R-HW, ay =R - H®. We specify Langland decompositions of P; = N;A; M; (0<i<2) by

My = {diag(e1,e2,€162) | & € {£1} (1 <i < 2)},
. det(h)_l 0172
weg(fon %)
M,y = h 02,1 h € SLE(2,R) Ay = exp(az), N2 = exp(na)

2 0172 det(h)_l ) ) 2 2)s 2 2)-

Here SL*(2,R) = {g € GL(2,R) | det(g) = £1}. For i = 1,2, let m; be a Lie algebra of M;.

h e SL:I:(Q,R)} s Al = exp(al), Nl = exp(nl),
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3.2. Definition of the P;-principal series representations of GG. For 0 < ¢ < 2, in order

to define the P;-principal series representation of G, we prepare the data (v;, ;) as follows.
For vy € Homg(ag, C), we define a coordinate (vo1,v02) € C? by vo; = vo(H;) (i =

1,2). Then the half sum py = % (Za62+ a> = e1 — ez of the positive roots has coordinate

(P01, p0,2) = (2,1). We define a quasicharacter e”: Ay — C* by
e”(a) = a}""ay™?, a = diag(a1,az,a3) € Ay.
We fix a character oo of Mp. oy is realized by (¢ 1,002) € {0,1}%2 such that
oo(diag(e1, e0,6182)) = €] e5”?,  e1,62 € {£1}.

For each i = 1,2, we identify v; € Homg (a;, C) with a complex number v;(H®) € C. Let
pi (i = 1,2) be the half sums of positive roots whose root spaces are contained in n;, i.e.
p1 = %(261 —eg —e3), p2 = %(el + e2 — 2e3). Then both p; and po are identified with 3. We
identify M; (i = 1,2) with SL*(2, R) by natural isomorphisms m;: SL*(2,R) — M; (i = 1,2)
defined by

ma = (O G = (ol i) GesERR).

Then we fix a discrete series representation o; = Dy = Indgéaé’j{) (D) of M; ~ SL*(2,R)

where D,j is a discrete series representation of SL(2, R) with the Blattner parameter k > 2.
Definition 3.1. For 0 < < 2, we define the P;-principal series representation 7, ,,) of G
by

F(Viya'i) = Indgl(lNz X eVi+pi & Ui)a

i.e. (0, is the right regular representation of G on the space H,, ,,) which is the completion
of

o _Jo. f(nama) = " *Pi(a)oi(m) f (x)
H(Vi,ffi) - {f' G — Vo, smooth ‘ for ne N;, a€ A;, me M;, € G

with respect to the norm
1912 = [ 7@ a.
K

Here V, is a representation space of o; and || - [|5, is its norm.

4. REPRESENTATIONS OF K = SO(3)

4.1. The spinor covering. To describe the finite dimensional representations of SO(3), the
simplest way seems to be the one utilizing the double covering ¢: SU(2) = Spin(3) — SO(3).
We use the following realization of the double covering ¢, which is introduced in [2].

The Hamilton quaternion algebra H is realized in My(C) by

H:{< o 2>6M2(C)

Then SU(2) is the subgroup of the multiplicative group consisting of quaternions with reduced
norm 1, i.e. SU(2) ={z € H|detz =1}. Let P ={xz € H | trz = 0} be the 3-dimensional
real Euclidean space consisting of pure quaternions. Then for each z € SU(2), the map
P>p— ax-p-2~! € P preserve the Euclidean norm p — det p and the orientation, hence we
have the homomorphism

a,bGC}.

0: SU(2) — SO(P, det) ~ SO(3),
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which is surjective, since the range is a connected group. The kernel of this homomorphism is
given by {#+12}. An explicit expression of the covering map ¢ is given by

PP+ —rt—s*  —2(ps—qr) 2(pr + gs)
o(z) = 2(ps +qr) p? — ¢ +r?—s? —2(pg — rs)
—2(pr — qs) 2(pq + rs) - —r?+s°
. p+v—-1lg r++—1s
forx_(—r—i—\/—_ls p— /=g e SU(2) (p,q,7m,s € R).

By the derivation dp: su(2) — s0(3) of ¢, the standard generators:

am (5 0) (00 e ()

are mapped to —2Ko3, 2K13, —2K79 with

respectively.

4.2. Representations of SU(2). The set of equivalence classes of the finite dimensional con-
tinuous representations of SU(2) is exhausted by the symmetric tensor product 7; (I € Z>)
of the representation SU(2) > g+ (v g-v) € GL(C?). We use the following realizations of
those which are introduced in [2].

Let V; be the subspace consisting of degree | homogeneous polynomials of two variables x, y

in the polynomial ring C[z,y]. For g € SU(2) with g~ ! = < _aB 2 > and f(z,y) € V| we set

n(9)f(x,y) = f(azx + by, —bz + ay).
Passing to the Lie algebra su(2), the derivation of 7;, denoted by same symbol, is described
as follows by using the standard basis {v;, = 2¥y"~* | 0 < k <1} and the standard generators
{u1,u2,us}. Namely we have

Tl(H)’Uk :(l — 2k)vk, TI(E)’Uk = — k?)k_l, Tl(F)Uk :(k — Z)Uk—i—l'

Here {E, H, F} is sly-triple defined by
1 1
H=—vV-1lu, E= §(u2 —V—1lug), F = —§(u2 + vV —1lus) € su(2)c =sl(2,C).

The condition that 7; defines a representation of SO(3) by passing to the quotient with
respect to ¢: SU(2) — SO(3) is that 7(—12) = (—=1)! = 1, i.e. I is even. For [ € Zsq, we
denote the irreducible representation of SO(3) induced from (1o, Vo;) again by (797, V).

4.3. The adjoint representation of K on pc. It is known that pc becomes a K-module
via the adjoint action of K. Concerning this, we have the following lemma.
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Lemma 4.1. Let {w; | 0 < j < 4} be the standard basis of (14,Vy) and {X; |0 < j < 4} be a
basis of pc defined as follows:

0 0 0 ) 0 =1 1
Xo=(0 1 -1, Xi=—g | Vv-1T 0 0],
0 —\/—1 -1 1 0 0
L2 . 0 =1 -1
Xo=-4| 0 —1 Xs=—5| V=T 0 o0 |,
0 -1 0 0
0 0 0
X=l0 1 V=1
0 V=1 -1

Then via the unique isomorphism Vy and pc as K-modules we have the identification w; =
X; (0<5<4).

Proof. By direct computation, we have the following table of the adjoint actions of the basis
{dp(F), de(H), dp(F)} of €c on the basis {X; | 0 < j < 4} of pc.

Xo X Xo X3 Xy
d(p(H) 4X0 2X1 0 —2X3 —4X4
d(,D(E) 0 —X() —2X1 —3X2 —4X3
d(p(F) —4X1 —3X2 —2X3 —1X4 0
TABLE. The adjoint actions of €c on the basis {X; | 0 < j < 4} of pc.

Comparing the actions in the above table with the actions in Subsection 1.2l we have the
assertion. ([l

4.4. Clebsch-Gordan coefficients for the representations of s[(2,C) with respect to
standard basis. In the later sections, we need irreducible decomposition of the tensor product
V ®c pc as K-modules for each K-type (7,V) of T(v;,0;)- From the previous arguments, it
suffices to consider the irreducible decomposition of V; @ Vj as sl(2, C) = su(2)c-modules for
arbitrary non-negative integer [.

Generically, the tensor product V;®c V4 has five irreducible components V4, Viio, Vi, Vi_g
and V;_4. Here some components may vanish. We give an explicit expression of a nonzero
5[(2, C)-homomorphism from each irreducible component to V; ®c Vj as follows.

Proposition 4.2. Let {v,(gl) | 0 < k < I} be the standard basis of V| for | € Z>o. We put

v,gl) =0 when k<0 ork > 1.
If Viiom-component of Vi ®c V4 does not vanish, then we define linear maps Iém: Vitom —
Viee Vi (—2<m <2) by

4
1+2m 1
Iém(vi(f i )) = ZA[I,zm;k,i] ’Ul(c—3-2—m—i X w;.
i=0

Here the coefficients Ay omik,i) = a(l,2m; k,4)/d(l,2m) are defined by following formulae.
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Formula 1: The coefficients of I4 Viea = Vi ®c Vy are given as follows:
a(l,4;k,0) =(1+4—-k)(+3-Kk)({+2—-k)({I+1-k),

a(l, 43k, 1) =41 +4— k)1 +3 = k)(I +2 — k)k,
a(l,4;k,2) =6(1+4 — k)1 +3 — k)k(k — 1),
a(l, 4k, 3) =4(1 + 4 — k)k(k — 1)(k — 2),
a(l,4;k,4) =k(k — 1)(k — 2)(k — 3),

d(l,4) =(1+4){1+3)(1+2)(I+1).
Formula 2: The coefficients of IL: Vi o — Vi ®c Vi are given as follows:
a(l,2;k,0) =(1+2-k)(+1-k)(—-k), a(l,2;k1)=—(1+2-k)(I+1—-k)(—4k),
a(l,2;k,2) ==3(1+2-k)(I—-2k+2)k, a(l,2;k,3) =— (3l — 4k + 8)k(k — 1),

a(l,2;k,4) = — k(k —1)(k —2), d(il,2) =(+2)(I+ 1)I.
Formula 3: The coefficients of I(l): Vi = Vi ®c Vi are given as follows:
a(l,0;k,0) =(1—-k)(I—-1—k), a(l,0;k,1) =—=2(l — k)(Il — 2k — 1),
a(l,0;k,2) =(1% — 6kl + 6% — 1), a(l,0; k,3) =2(1 — 2k + 1)k,
a(l,0;k,4) =k(k — 1), d(1,0) =l(l - 1).
Formula 4: The coefficients of 11_2: Vi_o = Vi ®c Vy are given as follows:
a(l,—2;k,0) =(1 — k —2), a(l,—2;k,1) = — (3l — 4k —6), a(l,—2;k,2) =3(l — 2k — 2),
a(l,—2;k,3) =— (1 —4k —2), a(l,—2;k,4) = — k, d(l,—2) =l —2.
Formula 5: The coefficients of Il_4: Vi_y = Vi ®c Vy are given as follows:
a(l,—4;k,0) =1, a(l,—4;k,1) = —4, a(l,—4;k,2) =6,
a(l,—4;k,3) = — 4, a(l,—4;k,4) =1, d(l,—4) =1.

Then Iém is a generator of Homgyo cy(Vigom, Vi®c Vi), which is unique up to scalar multiple.
Proof. We have
1
(71 @ 71)(E) © Iy (v ™)

4
- ZAl2m02 )vél)m z) ®w; + ZAl2m02} Uél)m % & (T4(E)w1)
1=0
! l ! l
= A[l,Zm;O,i} ) (_(2 -—m-— Z)Uglm—z) @ w; + Z A[l,Zm;O,i} ’ Uézm—i ® (_iwi—l)
=0 i=1
l
=— Z (2= m = D) Apzmo + (0 + D Apamoien) 03 @ wi.

Here we put A[l,2m;0,5] = 0. By direct computation, we confirm
(2 —m =) Ay om0, + (@ + 1) Ap2m0,i41 =0
for —2<m <2 and 0 <¢<4. Hence
(11 @ Ta)(E) © Ly (v ™) = 0.
Moreover, we have

(71 @ 74) (H) 0 Iy (0 ™) = (14 2m) By (v ™),
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since
(@ ) (H) (0" @ w;) = (n(H)ol") @ w; + 0 @ (ra(H)w;)
= (1+4—2i— 2" @ w.
This means Iém(vél+2m)) is the highest weight vector of Vjiop,-component of V; ®c V4 with

respect to a Borel subalgebra (C- H) @ (C - E) of sl(2,C).
Therefore, in order to complete the proof, it suffices to confirm

(n®@T1)(F)o Iém(vl(gHzm)) =1, o Tl+2m(F)(v](€l+2m))

for each 0 < k <1+ 2m.
We confirm these equations by direct computation. O

The coefficients Ajj 91,4 in the above proposition have the following relations.
Lemma 4.3. The coefficients Ajj o4 in Proposition satisfy following relations:
A 2mirom—k0 = (SO Apomia)y  Apomitem—k2 = (1" A 2msk 2]
3{(k —m+ D Apompn + (@ —k+m+1)Ayops} = (ml+m?+m—6)Aqomka-
for =2 <m <2 and 0 < k <[+ 2m.
Proof. These are obtained by direct computation. (]

4.5. The dual representation of (7;,V;). We denote by (7%, V*) the dual representation of
(1,V). Here we note that V;* is equivalent to V; as SU(2)-modules, since irreducible ! 4 1-
dimensional representation of SU(2) is unique up to isomorphism.

Lemma 4.4. Let {v,gl)* | 0 <k <1} is the dual basis of the standard basis {v,(gl) |0 <k <I}.
Via the unique isomorphism between Vi and V;* as K-modules we have the identification

1 L —E)E! ()«
) = iR o

for 0 <k <I.

Proof. We denote by (,) the canonical pairing on V;* ®c V.
Since l l
(o7 (Hyo" o)) = (" m(H)ol)) = (2m = Do = (2 = Dpon,
we have Tl*(H)v,(j)* = (2k — l)vg)*. Similarly, we obtain
* )+ )% * )% 1)*
7 (B0l = (k+ D)o, 7 (Fwd = (1= k+ 1)o7,

From these equations, we obtain the assertion. O

5. THE (g, K)-MODULE STRUCTURES OF PRINCIPAL SERIES REPRESENTATIONS
5.1. Irreducible decomposition of (W(Vo,ao)’KvH(uo,oo)) as K-modules. We set
L%MO’UO)(K) = {f € L*(K) | f(mz) = oo(m)f(z) for a.e. me M, z € K}

and give a K-module structure by the right regular action of K. Then the restriction map
T Hiyyoo) D f = fli € L%MO UO)(K) is an isomorphism of K-modules.

L?(K) has a K x K-bimodule structure by the two sided regular action:
(k1 ko) f)(@) = f(ky 'aka), @€ K, € LK), (ki ko) € K x K.
Then we define a homomorphism ®;: V3, ®c Vo — L?*(K) of K x K-bimodules by

W (= (w, T (x)v)).
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Then the Peter-Weyl’s theorem tells that

@ Py @ Vs @c Vay — L*(K)

l€Z>¢ l€Z >

is an isomorphism as K x K-bimodules. Here @ means a Hilbert space direct sum.
Since L%Mo 00)(K ) C L*(K), we have an irreducible decomposition of L( Mo Cro)(K ):

—

L2y 00 () = €D (Vailoo]) @c Var.
1€Z >

Here V[og] means the op-isotypic component in (7|as,, V) for a K-module (7,V). Therefore
we obtain an isomorphism

Lo @ D @ (Vailoo]) ®@c Var — Hyy00)-
lEZz() IGZEO

Since M is generated by the two elements

-1 0 0 1 0 0
mo,1 = 0 1 0 s mo2 = 0 —1 0 € My,
0 0 -1 0 0 -1

we note that v € Vy[og] if and only if
To1(mo ;)v =00(mg;)v = (—1)7%v (1=1,2)

for v € V. From the definition of (79, Vo) and

o1 (mo,) Z{i< _01 é >}= o1 (mo2) Z{i< \/(? _\9_—1 >}7

we have Tgl(mql)?]](fl) = (—1)kvgl_)k and Tgl(mog)?}@l) = (—1)l_kv,(€2l). Hence we have
Vai o] @ C- vé?’ pt+(=1)° (ao;l)vl(fl)),
keZ(oo;l)
where e(0p;1) € {0,1} such that e(09;l) =1 — 01 — 02 mod 2 and

Z(00;1) = {keZ|0<k<I, k=1l—-0p2mod2} if e(00;1)
TV TV{keZ|0<k<Il—-1, k=1—0pymod?2} ife(oo;l)

0,
1

By the identification V;; = V in Lemma [A4] we note that {Uzl e T (-1 )a(UO?l)v,(fl)* | k €
Z(00;1)} is the basis of Vj[oo).
Now we define the elementary function s(/;p,q) € H(y,,4,) by

S(l;p, Q) 1o (I)(])((Uél )p + (_1)5(00;1)?}1(721)*) ® U((]2l))

for l € Z>g, p € Z(0p;1) and 0 < g < 2[.

For each p € Z(op;1), we put S(l;p) a column vector of degree 2l + 1 whose ¢ + 1-th
component is s(I;p, q), i.e. *( s(l;p,0), s(l;p,1), --- ,s(l;p,21) ).

Moreover we denote by (S(l;p)) the subspace of H(,, ,,) generated by the functions in the
entries of the vector S(l;p), i.e. (S(l;p)) = @?f:o C-s(l;p, q) ~ Vo. Via the unique isomorphism
between (S(I;p)) and Vyy, we identify {s(l;p,q) | 0 < ¢ < 2{} with the standard basis.

From above arguments, we obtain the following.
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Proposition 5.1. As an unitary representation of K, it has an irreducible decomposition:

—

Hyy o) = @ (Valoo]) ®@c Var.
lEZZO

Then the To-isotypic component of T(,, 5, 1S given by
B (Sip).
pEZ(003l)

Corollary 5.2. Let d(oo;!1) be the dimension of the space Hom i (Var, Hy, 4, i) 0f intertwining
operators. Then

(1+2)/2 if (00,1,002) = (0,0) and I is even,
d(00; 1) = (1—=1)/2 if (00,1,00,2) = (0,0) and I is odd,
70 = 1/2 if (00,1,00.2) # (0,0) and I is even,

(l + 1)/2 if (0'071,0'072) =+ (0,0) and | is odd.

5.2. General setting. Let H(,, ) x be the K-finite part of H(,, ,). In order to describe the
action of g or gc = g ®r C, it suffices to investigate the action of p or pc, because of the
Cartan decomposition g = ¢ @ p.
For a K-type (791, Va;) of T(v;,0;) and a nonzero K-homomorphism n: Vo = H(,, ) 1, We
define a linear map
n:pc ®@c Vo = Hy, o),
by X ® v = 7y, o) (X)n(v). Here we denote differential of 7(,, ,,) again by 7, ,). Then 7 is
K-homomorphism with pc endowed with the adjoint action Ad of K.
Since
Va®cpc = Va®c Vi P Vagim,
—2<m<2
there are five injective K-homomorphisms
I3, Vagem) — Vo ®c pe, —2<m<2
for general | € Z>p. Then we define C-linear maps
%,m: HOHlK(Vgl,H(Vi’Ui%K) — HomK(V2(l+m)7H(Vi,ai),K)7 —2<m<L2

by > 70 I3),.
Now we settle two purposes of this paper:
(i): Describe the injective K-homomorphism 72! in terms of the standard basis.
(ii): Determine the matrix representations of the linear homomorphisms Ff . With respect
to the induced basis defined in the next subsection. 7

We have already accomplished the first purpose in Proposition We accomplish the sec-
ond purpose in Theorem and As a result, we obtain infinite number of ’contiguous
relations’, a kind of system of differential-difference relations among vectors in H,, ,,)[72] and
Hy, o) [T24m)]- Here H, 5[7] is T-isotypic component of Hy,, ;).

5.3. The canonical blocks of elementary functions. Let n: Vo — H(,, ,,) x be a non-zero
K-homomorphism. Then we identify n with the column vector of degree 2] + 1 whose ¢ + 1-th

component is n(vém)) for 0 < q <2l ie. Y n(vézz)), n(vgm)), ,n(vé?l)) )-
By this identification, we identify S(l;p) with the injective K-homomorphism
V2l = v(g?l) = 3(17]), q) € H(Vo,o’o),K7 0 < q < 21

for p € Z(00;1). We note that {S(l;p) | p € Z(00;1)} is a basis of Homg (Var, Hyy o), x) and
we call it the induced basis from the standard basis.
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We define a certain matrix of elementary functions corresponding to the induced basis
{S(p) | p € Z(00;1)} of Homp (Var, Hyy 00),i) for each K-type 7o of our principal series
representation 7, »)-

Definition 5.3. The following (21 4+ 1) x d(oo;1) matriz S(og;1) is called the canonical block
of elementary functions for To-isotypic component: When (091,00,2) = (0,0), we consider the
matrix

S(og:1) =4 (S(:0), 8(:2), 8(:4), -, (1) ) if Lis even,
905%) = ( S(l; 1), S(;:3), S(;5), -+ ,S(;1—2) ) ifl is odd.
When (09,1,00,2) = (1,0), we consider the matriz
00T (S(1:1), 8(133), S(1:5), -+, S(L:1)) if 1 is odd.
When op,2 = 1, we consider the matriz
S(og:1) =4 (SW1), 8(:3), S(1:5), -+, S(lil—=1) ) if Lis even,
905¢) = ( S(1;0), S(;2), S(;4), --- ,S(;1—1) ) ifl is odd.

5.4. The pc-matrix corresponding to I%fn For two integers ¢y, ¢1 such that ¢y < ¢; and
a rational function f(x) in the variable x, we denote by

Diag (f(n))

co<n<ci
the diagonal matrix of size ¢; — ¢y + 1 with an entry f(n) at the (n —co + 1,n — ¢p + 1)-th

component. Let el(-l) (0 < i <1) be the column unit vector of degree [ + 1 with its i + 1-th
)

component 1 and the remaining components 0. Moreover, let e;’ be the column zero vector
of degree [ + 1 when i < 0 or [ < i.
In this subsection, we define pc-matrix €, of size (2(1 +m)+ 1) x (20 + 1) corresponding

to I2! with respect to the standard basis.

Let Z?:o LZ(-l’m) ® X; be the image of Izzﬁn by the composite of natural linear maps

Homg (Va4m), Var @c pc) — Home (Vo ym), Var @c pc) = Home (Vo ym), Var) ®c pc.

Then we define pc-matrix €; ,,, = E;l:o R(Lf-l’m)) ® X; where R(Lgl’m)) is the matrix represen-
tation of Lgl’m) with respect to the standard basis. Explicit expression of the matrix R(Lgl’m))

of size (2(1 +m) + 1) x (20 + 1) is given by

I,m
<O2(H—m)+1,m+27 R(L(() )), 02(l+m)+l,m+2>

= <02(l+m)+174—i7 Diag  (Ajr,2msk,i))s OZ(H—m)-i—l,i)
0<k<2(1m)

for =2 <m <2 and 0 < < 4. Here we erase the symbol O,,,, when m =0 or n = 0.

For a column vector v = f(vg,v1, -+ ,va) € (Hpy, 0p),) % which is identified with an
element of Homp (Var, Hiy, 0,),5), We define €, v € (H(,,l.702.),K)@2(l+m)Jrl ~ QML g
H(VO,JO),K by

Im
Cav= (R"™) )@ (14, 0y (Xi)vg)-
0<i<4

0<q<2I
Here R(Lgl’m)) . e¢(12l) is the ordinal product of matrices R(Lgl’m)) and e¢(12l).
From the definition of €; ,,, we note that the vector €; ,,v is identified with the image of v
by Ff -
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5.5. The contiguous relations.

Lemma 5.4. The standard basis X; (0 < i < 4) inpc have the following expressions according
to the Iwasawa decomposition gc = nc @ ac @ to:

Xo=—2V—1E¢,_¢; + Hy + vV—1K3s,

Xy = = By V1B ) 5 (Kis + V1K),
Xo =— %(2];[1 — H,),

X3 =(Eey—e; — V—1E¢,_¢,) — %(Kli% —V=1K1y),
X4 =2V —1E¢,_¢, + Hy — V/—1Ky;.

Proof. We obtain the assertion immediately from Lemma [£.11 O

We give the matrix representation of F?m with respect to the induced basis as follows.

Theorem 5.5. Forl € Z>, —2 < m < 2 such that d(oo;1) > 0 and d(oo;1+m) > 0, we have
(5.1) € .mS(00;1) = S(o0; 1 +m) - R(F?m)

with the matrix representation R(F?m) € My(oosi4+m), (o) (C) of I‘?m with respect to the in-
duced basis {S(l;p) | p € Z(o0;1)}:
Ezplicit expressions of the matrix R(F?m) of size d(og;1 +m) x d(oo;1) is given as follows:
When o¢2 =0 and (m,o01 + 1) € {0,£2} x (2Z), the matriz R(F?m) is given by

. (0) @ 00;
On(Uo%l,m)yd(O'();l) _ Dlag (7[l,m;2k+5(o‘o;l),—l]> + l,d((o)o,l)
R ) = | 0<k<d(o0:l)-1 Diag (Wz ) aorstont) 0})
Lm O1,d(003) 0<k<d(op;)—10 0it);
O2,d(00;1)—1 02,1
+ . (0) (0) (d(o0;1)~2)
Diag <7[l,m;2k+6(ag;l),l}) Mimst 1) ed(ao?l)—?,

0<k<d(oo;l)—2

When o¢2 =0 and (m,o01 +1) € {0,£2} x (1 + 2Z), the matriz R(F?’m) is given by

- ©) Or o

On(ao;l,m),d(ag;l) . Dlag. <7[l,m;2k+6(ao;l),—1}> 1,d(o0sl)
REY,) )~ \"EehT Tl piag (ko)
L O1.d(w0:1) 0<hdob 2k (e0sl).0)

O2,d(00;1)—1 02,1
Diag (0) ) ) Odioo:l)—
O<k<d(00;l)_2</7[l,m,2k+6(oo,l),l}) d(oo;1)—1,1

When oo = 0, (m, 001 +1) € {+1} x (2Z) and d(oo;1) = 1, the matriz R(TY,,) is given by

0 \_ (.0
R(Fl,m) - (7[l,m;5(00§l)7_1}> )
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When op2 =0, (m,001 +1) € {£1} X (2Z) and d(oo;1) > 1, the matriz R(F?,m) is given by

On(UO'l m) d(O’()l) (0)
oy | = Diag _ _
( R(F?m) OSde(oo;l)_1<7[l’m’2k+6(0—0’l)7_1])

Ol,d(ao;l)—l 0
+ - (0)
0<del(iOg;l)_2<’Y[l,m;2k+5(oo;z),o}) Od(ooi1)-1,1
O2.d(00;1)—2 02,1 02,1

(0) (d(o031)—3)

+ - ©
Diag <7 m . ) Od(ooil)—21 ~Vimet1] " Cd(oo:l)
<0<k<d(ao;l)3 [t,m32k+6(01),1] (@0i)=21 " Vi;m1,1] " Cd(o0:1)-3

When 092 =0 and (m,001 +1) € {£1} x (1 + 2Z), the matriz R(F?m) is given by

0 Diag (7" ) o
n(oo;z,m),d(ao;z)> B [1,m;2k+6(0031),—1] Di (0)
0 = | 0<k<d(ooil)—1 + 148 (W,m;zma(aml)m
( R(Fl’m) ( O2,d(00;l) ) OSde(UOJ)_Ol1 d(o0:1)
,a\00;

( O2,d(a0:1) )
- . ©) '
Diag Yo .
0<k<d(00;l)—1< [:m32k-+5 o’lm)

When 002 = 1, the matriz R(TY, ) is given by

g (4O Ordton
On(oo;l,m),d(oo;l) N Dla‘g (fy[l,m;2k+5(oo;l),—1}) 1,d(oosl)
REY,) )| skl + Diag (1), 01)
tm OLd(Uo;l) 0<k<d(oo;l)—1 [l,m;2k+6(00;1),0]

O3.d(00:1)—1 02,1
+ : (0) _1)\e(o0314m) -, (0) (d(oo;)—2) | .
Dia, _ _ 1)etoo . ceh
nggd(oil)_2<7[l,m,2k+6(00,l),l}> (=1 Nimii—1,1] " Cd(oosl)—2
Here

0
’Y[(l}n;p,l} =(vo,2 + po2 — U+ P) A 2m;21—p+m—2,0s

m(m + 1)
2

(0) 1

Vtmip,0] 3

0
’Y[(l,zn;p,_l} =102 + po,2 + 1= P)Apr2m21—p+m+2,4),

(2—m)/2 if me {0, £2},
n(oo;l,m) {

<2V0,1 — o2+ 2p0,1 — po2 +1Im—3+ >A[2l,2m;2l—p+m,2]7

(3—m)/2 if (m,l+002) € {£1} x (22),
(1—=m)/2 if (m,l+002) € {£1} x (1+22),

and 6(oo;1) € {0,1} such that §(op;1) =1 — 092 mod 2.
In the above equations, we put Ay ompy = 0 for k < 0 or k > 2(l +m), and erase the

symbols Diag (f(n)), Oon, Omo and eg_l).

c<n<c—1
Proof. Since
3(l;p7 (])(13) — <(U$l_); + (_1)€(oo;l)vé2l)*)’Ug2l)> _ 52l—pq + (_1)€(oo;l)5pq7
we have

(5.2) S(l;p)(13) = eg@p + (— 1)l g(2D),
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Hence S(I;p)(13) (p € Z(00;1)) are linearly independent over C. Thus we note that it suffices
to evaluate the both side of the equation (5.1) at 13 € G.

First, we compute {7(,, +0)(Xi)s(l;p,q)}(13) for 0 < i < 4, p € Z(0¢;1) and 0 < g < 2I.
Since {s(I;p,q) | 0 < ¢ < 21} is the standard basis of (S(l;p)), we obtain

{7 (o ,00) (V—=1K23)s(l;p,¢) }(13) = (I — @)s(I; p, q) (13)
= (= q)(021—pq + (_1)6(00;1)51711)7
{7 (wo,00) (K13 + V—1K12)s(l; p,q)}(13) = —q - s(l;p,q — 1)(13)
= _q(52l—p+1q + (_1)6(00;1)51&1 q)a
{7 (wo,00) (K13 — V=1K12)s(l; p, )} (13) = (2l — q)s(; p, ¢ + 1)(13)
= (20 — q)(021—p—14 + (—1)FDg,_; ).

Moreover, we obtain

{T(wo,00) (Ea)s(l;p,0)}(13) = 0, acst,
{7 (wo,00) (Hi)s(l;p, @) }(13) = (v0,i + po.i)s(l; v, q)(13)
= (M0 + p0.4) Fo1—pq + (—1)F@05,), i=1,2,

from the definition of principal series representation. From these computations and Iwasawa
decomposition in Lemma [5.4] we obtain

{7 (wo,00)(Xo0)s(l50,¢) }(13) = (vo2 + po2 +1 — q)(d21—pq + (_1)6(00;”51)4),
{7 (wo,00) (X1)s(l5p, @) }(13) = —g(52l—p+1q + (—1)F00 05,1 ),

2
1 .

{7 (wo,00) (X2)5(l;p, ) }(13) = —§(2Vo,1 — 92+ 2p0.1 — po2) Bai—pg + (1)),
2l —q

(0,00 (X3)s(l: 9, ) }(13) = ——5—=(21—p-1¢ — (—1)=06, 1),

{Two,00) (Xa)s(Lip, @) }(13) = (0,2 + po2 — 1+ q)(2—pq + (‘Udoo;l)épq)-

We set

7T(I/(),CT())(‘Xj—’l)‘g(lﬂp) = Z e((]2l) ® (W(V(),O'o)(Xi)S(l;p7 q))
0<q<2l

Then we obtain

{To00)(X0)S U p)}(13) = (vo2 + poz — L+ p)esy? + (1D (g5 + po2 + 1 — plel),

20— p+1 (9 oo+ 1 (2
(o0 (XD)SEp)} (1) = — e ) — (-1l
1 .
{(v0,00) (X2)S(lp)} (13) = =5 (2v01 — 102 + 201 — poz)(eﬂp + (—1)70el),
p+1 (o J.QZ—p—i—l 21
{00 (X3)S(1:p)} (1) = —g—ely?, = (~1) D=,

{(To00) (X0)S (D) }(15) = (vo2 + po2 + 1 — ples + (1) D (g5 + po2 — 1+ p)el.
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Let us compute {€;,,S(l;p)}(13). By the above equations, we have

{€mSLP Y1) = D7 (RE™) - ePD) @ {(T(w,00)(Xi)s(l:p,0)) }(13)

0<i<4
0<q<21
I,m
= 3" R™) (T 00) (X)S (15 9)) } (13)
0<i<4
:R(Lgl,m)) A (w2 +po2—1 +p)e$l_)p + (=15 D (15 + pog + 1 — p)efl)}
(Im) 20 — b + 1 (20) o0l p + 1 (20)
+ R0 { T T 9 Cu-pn1 T (=1)lo0 )—2 epH}
")-{- gbm—wz+%m—mﬂw$2+en*”@@%
p (20) 00; 20 — D+ 1 (o
{ 2l —p—1 (_1)6( OJ)fez()—)l}
( ) {(vo2 +po2+1— )egfl_)er (=1)5@D (g 5 4 poa — L + p)e (21)}.
Since
R(Lghm))ec(fl) = A[2l,2m;z+q+m_2,ﬂegi(éiﬁ)_)w —-2<m <2,
we obtain
I+m 00; I+m
(5.3)  {CmSGp)1s) = Y {O‘[l,mmvi}eg(l(++m))—)(p+m+2i) + (=1)=¢ O’l)ﬁ[l,m;p,i}ez(ﬂnlz)i)},
_1<i<1
where

Aftmip,1] =(10,2 + P02 — L+ P) Alg1.2m:21—p+m—2,0]

1
Qllm;p,0] = — §(2V071 — 2+ 2Po,l - Po,z)A[2l,2m;2l—p+m,2}
20—-p+1 p+1
- #A[2l,2m;2l—p+m,1] - TA[2I,2m;2l—p+m,3}v

A mip,—1) =(Y0,2 + po2 + 1 — P) A2 2m:21—pt+-m+2,4]
ﬁ[l,m;p,l] :(VO,Q + £0,2 — l +p)A[2l,2m;p+m+2,4]a

1
Bimip,0] = — §(2V0 1= 102+ 2p01 — £0,2) Af21,2m:p+m.2]
p+1 2l—-p+1
- TA[% 2m;p+m,1] — fA[2l,2m;p+m,3}a

Bit,mip,—1] =(¥0,2 + po.2 + 1 — P) Ajg1 2mipt+-m—2,0]-

By the relations of the coefficients A[g; g1 in Lemma .3} we see that

m 0 :
Al mpyi] = (_1) ﬂ[l,m;p,i} = ’Y[(l,zn;p,i}’ —l<i<l
Therefore, (5.3]) become
2(1+m)) oo;l)+m , (2(1+m))
(54) {Q:lm Z fy[l m;p, z]{ 2(l+m —(p+m+2i) + (_1)6( e Cp+m+2i }
—1<4<1

From the equations (5.2)), (5.4]) and
e(o0;l) + m = e(og;1 +m) mod 2,

we obtain the assertion. O
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6. THE (g, K)-MODULE STRUCTURES OF THE GENERALIZED PRINCIPAL SERIES
REPRESENTATIONS

In this section, we set ¢ = 1 or 2.

6.1. Discrete series representations of SL*(2,R). We set yo = diag(1, —1) € O(2). Then
a discrete series representation (D, Vp, ) of SL*(2, R) is uniquely determined by specifying the
G’ = SL(2,R)-module structure together with the action of yg. Since Dy|er = Dy @ D, and
DJr @® D, is identified with G’-submodule of the principal series representation (T(w,0) Hivo))
of G’ by Proposition [2.2] we obtain the following realization of (D, Vp,):

V0@ = EB Wii2a (W, =C-xp+C-x—p)
a€Z0
and
Dy(w)xp = vV=1pxp,  Dr(z1)xp = (k +D)xpr2, Dy(z-)xp = (k — p)xp-2,
Dy (k)xp = e\/__lthp (teR), D (y0)xp =X—p-

Here we denote differential of Dy, again by Dy and the O(2)-finite part of Vp, by Vp, o(2)-

6.2. Irreducible decompositions of (7, ,)|x; H(y, 0y)) a0d (T, 00)l ks Hiy 00)) as K-
modules. We analyzes the K-type of the representation space H(,, ., of the Pj-principal
series representation. the target space V5, of functions f in H(,, ,) has a decomposition:

Vo, = Vb, = EB Wit2a-

C“GZEO

Denote the corresponding decomposition of f by

[e.e]

f(z) = Z(fk+2a($) @ Xk+2a + f—(k+2a)($) ® X—(k+2a))'
a=0

From the definition of the space H,, 5,), we have
flx(mx) = o;(m)f| k() (ae. ze K, me K; =M;NK ~0(2)).

For m = m;(k:), mi(yo), comparing the coefficients of x, in the left hand side with those in
the right hand side, we have the equations

Folxc(mi(re)e) = €/ | (), Folxe(mi(yo)a) = f—plx ().
Moreover, from the equality of inner products
/ ”f’K(x)”idﬂ? = Z {/ |f€(k+2a)’K(x)| dx} HX&(k—I—2a)Hc2ri7
K EE{:EI}, OZEZEO K

we have f,|x € L?(K). Therefore f|x belongs to

—

@ L?(Kv Wk+2a)

a€Zxg
where

LY (K W,) = {f: K = W, | £(2) = f() ® xp + f(mi(yo)z) © X—p, [ € Lige 1K),z € K},
Ligo ) () = {f € L2(K) | f(mi(ko)z) = e/~ f(2), mi(ke) € K7, @ € K},
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Here K7 means the connected component of K;, which is isomorphic to SO(2). We easily see
that the restriction map

rg?: H(Vi,Ui) >5f— f|K S @ L?(K; Wk+ga)
OCEZZ()
is a K-isomorphism.

By the Peter-Weyl’s theorem, we have an irreducible decomposition of L?K_O

7 7XP) (K)

—

L?Kf,xp)(K) =~ EB (Valéi—p))) ®@c Var.
1€Z¢
Here
Ep) s KT 3 mi(ky) — eVt ¢ C%
and V[{(;,] means the (. ,)-isotypic component in (7|xe, V) for a K-module (7, V).
In this section, we denote by {Ugm) | 0 < ¢ < 2l} the standard basis of V. We define an

7q
another basis {vé?é) | 0 < q <2} of Vo by

1
o) = 1oy (uo®) = S+ y) i~z + )20 (0< g <2)

»q Lae = 9l
where
0 0 -1
u=101 0 € SO(3).
1 0 0
We note that v € Vo[§(;;—p)] if and only if
o1 (i) Jo =Eisp (mi(e)Jo = eV~ Pho (t€R)

for v € V. From the definition of (79, Vo) and
™ i (k) = ¢ (g (e Jue) = { & diag(e VT2, VT2 L
we have Tgl(mi(/ﬁt))vi(?;) = e\/__l(q_l)tvi(’z;). Hence we have

. (21) < p<
‘él[é(i;_p)] = { (? Ul,l—p 1 l sSpP> l,

By the identification V3, = V5 in Lemma [£.4] we obtain

otherwise .

~ )%
Lie ) = D (€3} @c Var

lEZzO
—l<p<i

Moreover, since

ctmo ={=( 5 0} etatmn = {2 (2 V)b

we have

% _ 20)* 20)* * _ 20)* 20)*
T31(ma (yo) 1)”%,14)@ = (_1)l+pv§,l)—p7 To1(m2(yo) l)vé,l—)i-p = (—1)%5,11;,,-

For 0 < p <1 — k such that p =1 — k mod 2, we define the elementary function ¢;(l;p,q) €
H, 0y by
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where

) @ ximp + (—1P (02 (2)03)) @ X,

7q
DY @ xip + (D 02 1o (@)0) @ xpoi.

f1(p, ) (x) =) ()

B2 (15 p, q) (x) =(uiy)" o o)

Let T;(I;p) be a column vector of degree 21 + 1 with its ¢ + 1-th component t;(l;p, q), i.e.
[(ti(lip,0), ti(lip, 1), - ti(lip,20) ).

Moreover we denote by (T;(l;p)) the subspace of H, ;) generated by the functions in
the entries of the vector T;(l;p), i.e. (T;i(l;p)) = @?IIZOC ~ti(l;p,q) ~ Vo. Via the unique
isomorphism between (T;(l;p)) and Vo, we identify {¢;(l;p,q) | 0 < ¢ < 2{} with the standard
basis.

From above arguments, we obtain the following.

Proposition 6.1. As an unitary representation of K, it has an irreducible decomposition:

—

Hey, o) = @ (Ti(l;p))
lGZZO, OSpSl—k
p=l—k mod 2

fori=1,2. Then the Ty -isotypic component of 7, ,) is given by
B @)
0<p<i—k

p=l—k mod 2

Corollary 6.2. Let d(o;;1) be the dimension of the space Hom e (Vay, H(
operators. Then

vio), k) of intertwining

(l—k+2)/2 ifk<landl—k is even,
dlo;l)=¢ (I—k+1)/2 ifk<landl—k is odd,
0 if k> 1.

6.3. The canonical blocks of elementary functions. By the identification introduced in
Subsection (.3 we identify T;(l; p) with the injective K-homomorphism

(20)
7q

Vo v, w= tilsp,q) € Hy,o)x, 05 g <21

for 0 < p <1 — k such that p = [ — k mod 2. We note that {T;(l;p) |0 <p <Il—Fk, p=
|-k mod 2} is a basis of Hom g (Vay, H(y, o),k ) and we call it the induced basis from the standard
basis.

We define a certain matrix of elementary functions corresponding to the induced basis
{Ti(l;p) |0 <p <l—k, p=1—Fkmod2} of Homg (Va;, H(,, 5,),) for each K-type 7o of
our P;-principal series representation m(,, -

Definition 6.3. Forl € Z>q such that d(o;;1) > 0, the following (21 + 1) x d(o;;1) matriz
T;(04;1) is called the canonical block of elementary functions for To-isotypic component: When
[ — k is even, we consider the matriz

Ti(os1) =( T;(1;0), T3(5:2), Ti(ls4), -+, Ti(lsl — k) ).
When | — k is odd, we consider the matrix

Ti(oi;l) =( Ti(; 1), Ti(l;3), Ti(l;5), -+, Ti(l;1 — k) ).



20 TADASHI MIYAZAKI

6.4. The contiguous relations.
Lemma 6.4. (i) The standard basis {X; | 0 < j < 4} of pc have the following expressions
according to the decomposition gc = n1,c @ a;,c @ my,c @ tc:

1
Xo =mq(z_), Xi=—(Eej—es +V—1E¢ _¢,) + §(K13 + Vv —1K2),

1 1
Xo=— gH(l), X3 =(Fey—e5 — V—1FE¢ —¢,) — §(K13 —V—=1K12), Xy =mi(z).
(ii) The basis {X]’ = u.X;uz' | 0 < j <4} of pc have the following expressions according to
the decomposition gc =nac ® ag,c ®mac @ £c:

1
Xo=—ma(x_), X]=(Eej—c; —V—1Fe, ¢;) — §(K13 — V—1Ka3),

1 1
Xé :gH@)v Xi/’) = (Eel—es +v _1E62—63) + §(K13 +v _1K23)7 Xz,l == TTLQ(l‘+),
Proof. We obtain the assertion immediately from Lemma Tl O

We give the matrix representation of Ff ., With respect to the induced basis as follows.

Theorem 6.5. For i =1,2 and —2 < m < 2, we have an following equation with the matriz

representation R(I'} ) € My(o,;14m),d(0,:1)(C) of Iy, with respect to the induced basis {T;(l; p) |

0<p<Il—k, p=1—kmod2}:

(6.1) ¢ Ti(0i;1) = Ti(oi; L+ m) - R(TT,,).

Euplicit expressions of the matriz R(T'} ) of size d(oi;1 +m) x d(o;1) is given as follows:
The matrix R(Ff’m) is given by

. (@) O .
On(o:1.m).d(o:- Diag PO 1,d(o430)
< st m) | et d(gi;l)_ﬁz,m,ma(az,l>7 ) | g (4. )
( l,m) O1 d(os:1) 0<j<d(os 1)1 [1,m;2j+6(0451),0]
O2.d(o51)-1 02,1
: (@)
+ Dlag <’Y[l,m,2j+5(01,l),1}> Od(o'i;l)—l,l

0<j<d(o;l)—2
Here
7[(;7)”14)71} =(=1)"""(k — L+ p) A 2ms2i—prm—2,0);
o _ (=1 m(m +1)
Lmip0] =3 (Vi +pi +1lm — 3+ T)A[2l,2m;2l—p+m,2}a
’Y[(Zzn;p,_u =(=1)"(k+ 1 — p)Api2ma—ptm+2.4;
(2—-m)/2 if me {0, £2},
n(oi;l,m)=¢ (3—m)/2 if (m,l —k) e {£1} x (22),
(1—=m)/2 if (m,l—k) e {£1} x (1+2Z),
and 6(o;;1) € {0,1} such that 6(o;;1) =1 — k mod 2.
In the above equations, we put A ompz = 0 forp <0 orp > 2(I + m), and erase the
symbols Diag (f(n)) (co > 1), Omn (m <0 orn <0).

co<n<ci

Proof. By the similarly computation in the proof of Theorem using Lemma (i), we
obtain the assertion in the case of i = 1. However, in the case of i = 2, It is difficult to prove
the assertion by the same method since the value of T5(l;p) at 13 € G is not simple. We avoid
this problem as follows.



THE STRUCTURES OF STANDARD (g, K)-MODULES OF SL(3,R). 21

We put
tl2(l;p7j) = 7T(V2 02) (uc)t2(l;p7j) (O S] < 21)7
T (09 1) = (T (,O),T( ) Tyl 4) LI (1— k) ) if 1 — K is even,
950 = (T 1), TH(1;3), TL(:5), - T5(Ll—k) ) if I —k is odd,
Q:lm ZR lm ) ®X/
7=0
Then we see that
(6.2) ¢}, Tho(02;1) =Th(o2;1+m) - R(T7,,,),

and
T3(1:p)(13) =5, @ xi—p + (—1)'e® @ xpo.

Thus, by the similarly computation as in Lemma [6.4] (ii), we also obtain the assertion in the
case of i = 2 evaluating the both side of the equation (6.2 at 13 € G. d

7. THE ACTION OF pc

The linear map FZ characterize the action of pc. In this section, we give a explicit de-
scription of the action of pc on the elementary functions.

7.1. The projectors for V; ®c V4. For —2 < m < 2, we describe a surjective sl(2, C)-
homomorphism lem from V; ®c V4 to Vo, in terms of the standard basis as follows.

Lemma 7.1. Let {vél) | 0 < q <} be the standard basis of V| forl € Z>y. We put vél) =0
when ¢ < 0 orq > 1.
We define linear maps PQIm: Vioc Vi — Vieom (-2 <m < 2) by

1+2
P (v @ w,) = By omiga) - 03 o

when Vi yom-component of Vi @c Vi does not vanish.
Here the coefficients By om.q,,) = b(1,2m;q,7)/d (1,2m) are defined by following formulae.

Formula 1: The coefficients of P4 Vi ®c Vi — Vieq are given as follows:

b(l,4;q,7) =1 (0<r <4, d(1,4) =1.
Formula 2: The coefficients of P2 Vi ®c Vi — Vigo are given as follows:
b(l,2;4,0) =4q, b(l,2;9,1) = — (I — 4q), b(l,2;9,2) = — 2(1 — 29),
b(1,2;4q,3) = — (3l — 4q), b(l,2;q,4) = —4(l — q), d'(1,2) =l + 4.
Formula 3: The coefficients of Pé: Vi®c Vi — V) are given as follows:
b(l,0;q,0) =64(q — 1), b(l,05q,1) = = 3q(l — 2¢ + 1),
b(1,0;q,2) =I* — 6lq + 6¢° — 1, b(1,0;¢,3) =3(1 — 2¢ — 1)(I — q),
b(1,0;q,4) =6(1 —q)(Il —q — 1), d'(1,0) =(1 + 3)(I + 2).
Formula 4: The coefficients of 11_2: Vi_o = Vi ®c Vi are given as follows:
b(l, —2;4,0) =4q(q — 1)(q — 2), b(l,~2;q,1) = —q(q — 1)(3l — 4q +2),
b(l, —2;q,2) =2q(l — 2¢)( — q), b(l,=2:¢,3) == (I —4¢=2)(I —q)(l —q — 1),

b(l,=2;¢,4) =—4(l - q)(l —q¢— 1)l —q—2), d'(1,—2) =(1 +2)(1 + 1)L.
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Formula 5: The coefficients of Il_4: Vi_ys = Vi ®c Vy are given as follows:

b(l, —4;¢,0) =q(q — 1)(q — 2)(q — 3), b(l,—4;¢,1) = —q(q — 1)(qg — 2)(I — q),
b(l,—4;¢,2) =q(q¢ — 1)l —q)(I —q — 1), b(l,—4;¢,3) = —q(l —q)(l —q—1)(I —q —2),
b(l, —4;¢,4) =(l —q)(l —q = 1)l —q—=2)(l —q - 3), d'(l,=4) = (I + DIl = 1)(I - 2).

Then Pj,, is the generator of Homg o o) (Vi ®c Vi, Vigom) such that Py oI5 =idy,,. .

Proof. The composite
W®CV4:‘/I*®CV;1*2(‘/I®CW)* 9f'_>fo‘[émE‘/l>i<|—2mfiVE—l—2m

is a surjective sl(2, C)-homomorphism from V; ®¢c V4 to Vji9.,, which is unique up to scalar
multiple. Therefore we obtain the assertion from Proposition and Lemma [4.4] O
7.2. The action of pc on the elementary functions.
Proposition 7.2. (i) An explicit expression of the action of pc on the basis {s(l;p,q) | | >
0, p € Z(0o;1), 0<q <21} of Hiyy e,k 15 given by following equation:

0 .
T (vg,00) (Xr)s(l;p7 Q) = Z ’7[(l77)n;p7j]B[2l,2m;q,r]S(l +m;p+m+2j,g+m+r— 2)
—1<5<1
—2<m<2

Here we put

’Y[(()O’)m;oﬂ = B[O,2m;0,r} =0 fOT’ m < 27 fy[(f,)m;p,j] = B[2,2m;q,r] =0 fOT’ m < 07

s(l;p,q) = 0 whenever p <1 such that p ¢ Z(og;l) or ¢ <0 or q > 2,

s(ip,a) = ()7 Vs(l;20 = p,q) forp > 1.
(ii) For i = 1,2, the explicit expression of the action of pc on the basis {t;(l;p,q) |l >k, 0 <
p<l—k, p=l—kmod2, 0<q<2l} of H, )1 15 given by following equation:

F(VivUi)(XT)ti(l;p7 q) = Z 'Y[(zi,)m;p,j]B[2l,2m;q,r]ti(l +m;p+m+2j5,q+m+r—2)
—-1<5<1
—2<m<2

Here we put t;(I;p,q) =0 unless 0 <p<l—k, p=1l—kmod2 and 0 < g <2l

Proof. Since

Tr(l/(),UO)(XT)S(l;p7 q) = Z F?m(S(l;p)) o Pém(véﬂ) ® X,),

—2<m<2
Tso) X )ti(lip, @) = > T} (Tillsp)) o P, (0§ @ X,.) (i=1,2),
—2<m<2
we obtain the assertion from Theorem [5.5] and Lemma [7.1] O
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