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SCHUBERT POLYNOMIALS FOR THE AFFINE
GRASSMANNIAN OF THE SYMPLECTIC GROUP

THOMAS LAM, ANNE SCHILLING, AND MARK SHIMOZONO

ABSTRACT. We study the Schubert calculus of the affine Grassmannian Gr of
the symplectic group. The integral homology and cohomology rings of Gr are
identified with dual Hopf algebras of symmetric functions, defined in terms of
Schur’s P and @ functions. An explicit combinatorial description is obtained
for the Schubert basis of the cohomology of Gr, and this is extended to a
definition of the affine type C' Stanley symmetric functions. A homology Pieri
rule is also given for the product of a special Schubert class with an arbitrary
one.

1. INTRODUCTION

Let G be a simply-connected simple complex algebraic group and let Grg denote
the affine Grassmannian of G. Following Peterson [22] and Lam [I5] we study the
homology and cohomology Schubert calculus of Grg,,., (c)-

The structure of H., (Grg)ﬂ and H*(Gr) is particularly rich because of the inter-
action of two phenomena. On the one hand, Grg inherits free Z-module Schubert
bases {&, € H.(Grg)} and {¢® € H*(Grg)} from its presentation Grg = G/P
where G is the affine Kac-Moody group associated to G and P C G is a maximal
parabolic subgroup. On the other hand, it is a classical result of Quillen [24] (see
also [7] and [23]) that Grg is homotopy equivalent to the based loops QK into the
maximal compact subgroup K C G. The group structure on QK endows H,(Grg)
and H*(Grg) with the structure of dual Hopf algebras.

The dual Hopf algebras H.(Grg) and H*(Grg) were first studied intensively
by Bott [2]. Bott gave an algorithm to compute these Hopf algebras in terms of
the Cartan data of G, essentially by transgressing elements of H*(K) to obtain
the primitive elements in H*(Grg). With Q-coefficients, H*(K, Q) is an exterior
algebra with odd-dimensional generators so H*(Grg, Q) is a polynomial algebra
on even-dimensional generators. The situation is even more favorable when G =
Span(C) since Sp2,(C) is torsion-free and H.(Grgp,, (c)) is a polynomial algebra
over Z. Bott comments that his description does not give polynomial generators
for H.(Grgp,,(c))- We resolve this by producing n special Schubert classes which
are polynomial generators over Z.

Our main result identifies H.(Grgy,, c)) and H*(Grgp,, (c)) with certain dual
Hopf algebras T'(,,) and '™ of symmetric functions, defined in terms of Schur’s

P- and Q-functions [20]. We explicitly describe symmetric functions Qg’f ) e 7™
which represents the cohomology Schubert basis. These symmetric functions are
constructed using the combinatorics of a remarkable subset Z C C,, of the affine
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Weyl group C,, of Spa,(C). In fact the cohomology representatives Qsﬂn) extend
to a larger family of symmetric functions: the type C' affine Stanley symmetric
functions.

1.1. Peterson’s work on affine Schubert calculus. Our results rely heavily
on the work of Peterson [22] who defined a Hopf embedding j : Hr(Grg) — A
of the T-equivariant cohomology of Grg as a commutative subalgebra of the nil-
Hecke ring A = Ag of Kostant and Kumar [I2]. Here T' C K is a maximal torus.
Peterson characterizes the image j(&;) of the Schubert basis of Hr(Grg) in terms
of certain identities inside A. In the non-equivariant case, Lam [I5] showed that
Peterson’s embedding specializes to a Hopf isomorphism jg : H,.(Grg) — B with an
algebra which he called the affine Fomin-Stanley subalgebra. We give an explicit
combinatorial formula for generators of B in the case G = Sp2,(C).

1.2. Earlier work for G = SL,(C). For G = SL,(C), Lam [15] identified the
Schubert basis of H.(Grgy, (c)) with symmetric functions, called k-Schur functions,
of Lapointe, Lascoux and Morse [18]; these arose in the study of Macdonald poly-
nomials. The Schubert basis of H*(Grgy, (c)) are the dual k-Schur functions [19]
which are generalized by the affine Stanley symmetric functions [14]. In [16] Pieri
rules were given for the multiplication of Bott’s generators on the Schubert bases
of Bott’s realization of H.(Grgr,(c)) and H*(Grgy, (c)). Furthermore, a combi-
natorial interpretation of the pairing between H.(Grgr, (c)) and H*(Grgr, (c)) is
given.

1.3. Two Hopf algebras of symmetric functions. Let A denote the ring of
symmetric functions over Z. Let P; and @; denote the Schur P- and @-functions
with a single part [20, I1I1.8]. Define the Hopf subalgebras of A given by T'x =
Z[Py, Py, ...] and T = Z[Q1, Q2, ...]. There is a natural pairing (see 2I4)) [, ] :
I'y x I'* = Z making I, and I'* into dual Hopf algebras. For n > 1 the subspace
Ly = Z[Py, Py, ..., Py, C I'y is a Hopf subalgebra and we let I'* — '™ be the
dual quotient Hopf algebra.

1.4. Special classes. The affine Weyl group of Spa,(C), denoted C,,, has sim-
ple generators sg, S1,...,S, with the relations (3.2]). Let C’,OL denote the minimal
length coset representatives of C,, /Chr, also called the Grassmannian elements of
C’n. Define p; € 02 by

(1.1) o = Si_18i—2 "+ 8180 for1<i<n
’ S2n41-iS2n42—i " " Sn—18nSn—1---8180 forn+1 <14 < 2n.

The homology Schubert classes §,, € H.(Grgp,,)) for 1 < i < 2n, are called
special classes.

1.5. Zee-s. Let Z be the Bruhat order ideal in C,, generated by the conjugates of
the element po,, that is, the set of w € C’n which have a reduced word that is a
subword of a rotation of the unique reduced word of po,,. An element of Z is called
a Z. Let Z, = {w € Z | {(w) = r} denote the set of Z-s of length ¢(w) equal to r.

Example 1.1. Let n = 2. Then Z consists of the elements of C which have a
reduced word that is a subword of one of the words 1210, 2101, 1012, 0121.
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Given a word u with letters in I, its support Supp(u) C I.¢ is by definition
the set of letters appearing in u. For w € C, define Supp(w) = Supp(u) for any
reduced word u; this is independent of the choice of u. A component of a subset of
Lt is by definition a maximal nonempty subinterval. Let ¢(w) denote the number
of components of Supp(w).

1.6. Affine type C Stanley symmetric functions. For w € C, we define the
generating function

(12) IR DI | AR
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where the sum runs over the factorizations v'v? - - - = w of w such that v* € Z and

() + (%) + - = L(w).

Theorem 1.2. The series le) is symmetric and defines an element of T™ . The
subset {QS,") | v e 02} forms a basis of T™ such that all product and coproduct

structure constants are positive and every qun) forw e C,, is positive in this basis.

The symmetric functions le ) are type C' analogues of the affine Stanley sym-
metric functions studied in [I4]. Some examples for the type C affine Stanley
symmetric functions are given in Appendix Bl They have the following geometric
interpretation.

Let LSp(n) and QSp(n) denote respectively the space of all loops and based
loops, into the maximal compact subgroup Sp(n) C Sp2,(C) and let T C Sp(n) be
the maximal torus. Let p : QSp(n) — LSp(n)/T denote the composition QSp(n) —
LSp(n) — LSp(n)/T of the inclusion and natural projection. The type C affine
Stanley symmetric functions Q4" can be identified via Theorem 3] (see below) with
the pullbacks p* (") of the Schubert classes £ € H*(LSp(n)/T). This follows from
(57) and [I5, Remark 8.6]. See also [I5, Remark 4.6]. For w € C9, p*(£¥) is itself
a Schubert class in H*(QSp(n)) = H*(Grgp,,(c)) as detailed below.

1.7. (Co)homology Schubert polynomials. The Hopf algebras H*(Grgp,, (c))
and H,(Grgp,,(c)) are dual via the cap product. The Schubert bases {&, €
H.(Grg)} and {{* € H*(Grg)} are dual under the cap product and are both

indexed by the Grassmannian elements x € CJ.
Theorem 1.3. There are dual Hopf algebra isomorphisms
®: Ty = Hi(Grgp,, )
U H*(Grgp,, () — r
such that
O(P) =&, for1<i<2n, and
W) = QY forwe Cy.
Since I'(,y = Z[P1, Ps, . .., P2 1], we obtain in particular that H.(Grgp,, (c)) is a

polynomial algebra on &,,, &y, ..., &p,,_.- 1t also follows that the basis {Pu(fl) |we

CO} of ['(,) dual to {qun) | w e C%} c T maps to the homology Schubert classes

)

w € H*(Grg,, (¢y). The symmetric functions P&," are Schubert polynomials for
p2n( )
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H.(Grgp,, () and are the type C' analogue of k-Schur functions [15] I8]. Examples
are given in Appendix

1.8. Pieri rule for H.(Grgy,,(c))- We also give a positive formula for the multi-
plication of an arbitrary homology class by a special class.

Theorem 1.4. Let w € 6'2 Then in H.(Grgp,, )) we have

§Pi §w = Z 26(1))71 ng

vEZ;
where the sum is taken over all v € Z; such that (vw) = £(v) +{(w) and vw € CY.

1.9. Future work and other directions.

1.9.1. Pieri rule for H*(Grgy,, (c)) and explicit description of homology Schubert

basis. We hope to describe the symmetric functions {Plsj") |we C% C 'y explic-
itly in the future, perhaps in a manner similar to the strong tableaux in [10]. As is
explained in [16], the description of P s essentially equivalent to the description
of a Pieri rule for H*(Grgy,, (c))-

1.9.2. The special orthogonal groups. A generalization of our work to the special
orthogonal groups G = SO,,(C), together with the G = SL,,(C) case in [I5], would
complete the analysis of the classical groups. The symmetric function description
of H.(Grgso, (c)) is likely to be more involved as it is not a polynomial algebra over
Z.

1.9.3. Comparison with finite case. We hope to explore the relationship between
our symmetric functions and the “type B” Stanley symmetric functions and classi-
cal type Schubert polynomials of Fomin and Kirillov [6], and of Billey and Haiman
1. In particular, specializing A,, = 0 in Theorem [B.I] we obtain an expression
nearly the same as the formula [0 (4.1)].

1.9.4. Embedding of groups and branching of Schubert classes. We intend to study
the behavior of the affine Schubert classes studied here and in [I5] induced by the
inclusions of compact groups:

SU(n) c SUn+1) Sp(n) C Sp(n+1) Sp(n) C SU2n) SU(n) C Sp(n).

In particular, the symmetric functions P&") and le ) have positivity properties
with respect to expansions involving Schur P-functions, Schur @Q-functions, and
ordinary Schur functions.

1.9.5. Work of Ginzburg and Bezrukavnikov, Finkelberg and Mirkovic. The rings
H.(Grg) and H*(Grg) were also studied by Ginzburg [8] and by Bezrukavnikov,
Finkelberg and Mirkovic [3] from the point of view of geometric representation
theory. The connection with our point of view is unclear since the Schubert basis
is as yet unavailable in their descriptions, although part of the Schubert basis is
described by Ginzburg.
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1.10. Organization. In section [2] we give notation for symmetric functions and
describe the dual Hopf algebras I'(,,) and '™, In section Bl we fix notation concern-
ing affine root systems and Weyl groups. In section ] we explain the connection
between the Peterson and the Fomin-Stanley subalgebras, and the homology of the
affine Grassmannian. The material in sections BH4l are valid for the affine Grass-
mannian of any simply-connected simple complex algebraic group G.

Apart from Proposition [[.T], the remainder of the paper specializes to the case
G = Sp2,(C). In section [Bl we prove our main results (Theorems [[2] [[3] and
[[4) modulo two nilHecke algebra calculations — Theorems 5.1l and Section
is devoted to the study of the Bruhat order of C,, restricted to Z, and to the
proof of Theorem 511 Section [0 presents a general formula (Proposition [1]) for
the coproduct in a nilHecke algebra and uses it to prove Theorem Some data,
in particular for the type C affine Stanley symmetric functions le ) and k-Schur
functions P4", is given in Appendices [B] and
1.11. Acknowledgements. Many thanks to Jennifer Morse for pointing us in the
right direction for finding the leading monomial in a Grassmannian Qg’f ). We
thank Mike Zabrocki for discussions at an early stage of this work, and Nicolas
Thiéry and Florent Hivert for their support with MuPAD-Combinat [I0]. This
work was partially supported by the NSF grants DMS-0600677, DMS—-0501101,
DMS-0652641, DMS-0652648, and DMS-0652652.

2. SYMMETRIC FUNCTIONS

In this section we study a subring I'(,y and subquotient '™ of the ring of
symmetric functions. Let A be the Hopf algebra of symmetric functions over Z. It
has a number of bases indexed by partitions \:

Py[X; 1] Hall-Littlewood P [20] T11.2
Qxr[X;t] Hall-Littlewood @ [20] I11.2

Sx Schur [20, 1.3]
h homogeneous [20, I.1]
DA power sums [20] I.1]
m monomial [20, I.1]
]
]

The power sums are a basis over Q [20, 1.2.12] and the Hall-Littlewood P- and
Q-functions are a basis over Q(t) [20, I11.2.7,2.11].
Let (-,-) : A® A — Z be the pairing defined by

(2.1) <h>\,mu> = 6>\H'
It has reproducing kernel [20] 1.4.1,4.2]

i,j>1 — Tilj
(2.2) =" ha[X]ma[Y]
A
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where zy = [[;5; ™M m;(A\)! and m;()) is the number of times the part i occurs
in A. Here and elsewhere, unless otherwise specified the sum runs over the set of
all partitions.

The Schur P and @ functions are defined by [20] ITL.8]
P\[X] = A\[X;—1]

(2.3) o

Q)\[X]:Q)\[X;—I]ZQ P)\[X]

where £()) is the number of nonzero parts of A. We have [20] I111.8.7]
(2.4) PAX]=Q,\X]=0 ifXxgSP
where SP is the set of strict partitions A, those with Ay > Ay > ---; see (2I0) and

2I3).

2.1. Homology ring. Define the Hopf subalgebra I, C A by
(2.5) L. =2Z[P,Ps,Ps,...].
The P; for ¢ odd, are algebraically independent, so that
(2.6) I.= P ZP\ Py,
AeOP

where OP is the set of partitions with odd parts. The Hopf structure on I is given
by
(2.7) AP)=1®P,+P,®1+2 > P.@P_,,

0<s<r

where the P; for i even, satisfy only the relations [20] I11.8.2’]

(2.8) Py =2(PiPy_1 — PyPyi g+ + (—1)1-72]31;11:’#1) +(=1)"tP2

K2

Iterating [20, II1.8.15] yields the relation

(29) P>\1P>\2"': Z LM)\PLH

neESP
nEX

where L) € Z>g and L,, = 1. Here > denotes the dominance partial order on
partitions [20} I.1]. It follows that

(2.10) r.= @ zp.
AESP
Define the Hopf subalgebra I,y C T'x by
Ly = Z[P1, Py, ..., Py
=Z[P1, Ps, ..., Pay1]

= @ zr.P -

AEOP
)\1 §2n71

(2.11)
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2.2. Cohomology ring. Define

(2.12) I =2Z[Q1,Q2,...] CA.
By ([29) we have
(2.13) = P zex.
AESP
Define the pairing [, ] : T'x x T — Z by [20] I11.8.12]
(2.14) [Py, Qu] = dxp for A\, u € SP.
The pairing [-, -] has reproducing kernel
o oy
i,j>1 i
= Z PAX]QAY]
(2.15) AESP

=3 Py [X]|Py,[X] - My[Y]
A

= > 22 pa[XpalY],
A€OP

where My = 2/@Mm,. These equalities hold by definition, [20, II.8.13], setting
t=—1in [20, 111.4.2], and [20, I11.8.12].

Let J, C I'* be the ideal given by the annihilator of I'(,,y C I'x with respect to
[-,-]. Define
(2.16) r™ =1%/J,
which is a Hopf quotient algebra of I'*. The pairing [-, -] descends to a perfect
pairing I'¢,) ® '™ — Z which by (ZI5) has reproducing kernel
(2.17) Q) = 3 Py [X]Py[X] - MY,

)\1 S2n

2.3. Comparing A with I', and I'*. Since A = @, Zh, [20} 1.2.8] one may define
a surjective ring homomorphism 6 : A — I'* defined by 0(h;) = Q; for i € Z~.
Over Q it may be defined by 6(p2;) = 0 and 0(pa;—1) = 2pa;—1 for i € Zs¢ |20, Ex.
111.8.10].

Let ¢ : 'y — A be the inclusion map.

Lemma 2.1.

(2.18) ((f),9) =[f.0(9)]  for fels, geA.
Proof. By linearity one may reduce to the case f = p and g = p,, for A\, u € OP.

By ([2:2)) and (ZTI5]) we have
[p)\v e(p#)] = 2E(#)[p)\ap#]
- 25(11)—4(/\)2/\(5/\”
= 230

= (t(pr)s Pu)-
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Lemma 2] can be restated as
(2.19) Q=0
where #Y means the operator @ applied to the Y variables.
Lemma 2.2. Forv € SP
Qv = Z LyxM.
A

In particular T C @, ZMy.

Proof. Since both © and Q_; are invariant under exchanging the X and Y variables,

by @I9) and 23] we have
YO =0_,=60%Q

=605 hA[XIma[Y]
A

= ZQM [X]ng [X] - m,\[Y]
A

A
=3 LR [X]M,[Y]
A veSP
= Y PJX]Y  LaM,[Y]
veSP A
By ([21I5) and ([210)), taking the coefficient of P,[X], the Lemma follows. O

2.4. A monomial-like basis for (™). For a partition \, define Ty = 6(m,). We
shall give a “monomial” basis of ") using the T. Let x(true) = 1 and y(false) = 0.

Lemma 2.3. For every partition A,
Tx € X(\ € OP)My + > ZM,,.
>
Proof. Define yx = [[,~, mi(\)! where m;(\) is the multiplicity of the part 7 in A.
By expanding p) it is easy to see that py € yamx + Z#M Zy,m,,. It follows that
mx €Yy 'pa+ 3,00 Qpy and
Ty € y3 ' 0(py) + Y Q0(py)

[T

=x(\ € OP)y 12" Mpr+ Y Qpy

pu>
neoOPpP

=xX(A € OP)My+ > Qm.
[T
By Lemma 22 Ty = 6(m,) € I'* is a Z-linear combination of the M,. Since by
definition the M, are integer multiples of the m,,, (Z20) expresses T as a Q-linear
combination of the M,,. Since the M, are independent, the coefficients must then
be integers. O

(2.20)
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Lemma 2.4. For \,u € OP,

(2.21) [Py, Py, -+, T, =0 unless A > p,
(2.22) [Py Py, Th] =1

Proof. Let A = (ax,) and B = (by,) be the change of basis matrices

hy = Z Ay Py and Py = Z buphp.

v<A plv
They are unitriangular and mutually inverse. We have

Py Py, - = 2_€(’\)9(h>\)

= > > 2 Nay b,,h,,.

v4dA pdv
veOP

For any partition u, by Lemmata 2.1 and 23] we have
[P)\1P>\2 7Tu] = <P)\1P)\2 7mu>

D I LCE

v p<v
veOP

by 2I)). But this sum is zero unless A > p, proving (22I)). When p = A we have
[Pa, Py, -+, TA] = axabax =1, since AB = 1. N

Proposition 2.5. We have

=@ zn, T1W=@Q zn, J.= P zn.

AEOP AEOP A€OP
A1<2n A1>2n+1

Proof. This follows from Lemma [2.4] which says that {7, | © € OP} is unitrian-
gularly related (over Z) to the Z-basis of T'* that is [-,-]-dual to the Z-basis of T',
given by {Py, Py, --- | A € OP}. O

2.5. Another realization of I'™. Let I, C A be the ideal generated by my for
A1 > k. There is a natural ring isomorphism

/(T N Iapyr) = (T + Iopg1)/Ionta-
By Proposition 8 we have I'* N I, 41 = J,. Therefore
(2.23) 0™ = (T* 4 Iy, 1)/ Tony1.
It follows from (223 and Lemma 2] that
(2.24) [Py, Py, - -+, f] is the coefficient of M) in f

for f € T and X satisfying A\; < 2n.
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3. AFFINE ROOT SYSTEMS

3.1. Weyl group. A Cartan datum is a pair (I, A) where [ is a finite set (the set
of Dynkin nodes) and A = (a;; | 4,j € I) is a generalized Cartan matrix, which by
definition satisfies a;; = 2 for ¢ € I, a;; < 0 for ¢ # j, and a;; < 0 if and only if
a;; < 0. The Cartan datum (I, A) is of finite type if A is nonsingular and of affine
type if A has corank one.

Given a Cartan datum (I, A), for ¢,j € I with ¢ # j, define the integers m;; =
2,3,4,6, 00 according as a;ja;; is 0,1,2,3, or > 4. The Weyl group W = W (I, A)
is the Coxeter group with generators s; for i € I such that s? =1 for all i € I and
braid relations

(3.1) 8i8jSi -+ = 8;S8iSj - for i # j.
~—
m;; times m;; times

The length function £ : W — Z is given by ¢(w) = [ if a shortest expression
w = 8;, 8, -5, of was a product of the s;, is of length I. We call such an
expression w = S;, 8;, - - - 8;, a reduced expression. The word 41z - - - 4; consisting of
the indices of a reduced expression is called a reduced word for w. We denote by
R(w) the set of reduced words for w. We write u = u’ if u,u’ € R(w) for some
weWw.

An element s € W is a reflection if s = ws;w™"! for some 7 € I and w € W.

The Bruhat order on W is defined by v < w if some (equivalently every) reduced
word of w has a subword that is a reduced word for v. Alternatively v < w if v=tw
is a reflection and £(w) = £(v) + 1.

We now fix notation for an affine Cartan datum. Let (I, A) be the finite Cartan
datum associated with the Lie algebra g of a simple simply-connected complex
algebraic group G. Let I = {1,2,...,n} where n is the rank of g. Let (I, Aar) be
the affine Cartan datum for the untwisted affine algebra g.¢ = (C[t,t™!] ®c g) &
CK @ Cd [111, §7.2]. We write I,s = {0} UI where 0 € I is the distinguished Kac 0
node [I1}, §4.8]. Let W = W (I, A) be the finite Weyl group and Wys = W (Iag, Aas)
the affine Weyl group. We denote by W% C W the set of Grassmannian elements,
which by definition are the minimal length coset representatives of We/W.

Example 3.1. If g = sp,,(C), the Cartan matrix for g.¢ is given by a; = 2 for
1€ lar, Giig1 = @jg1s = —1for 1 <i<n—2,a01 = -1, a10 = =2, Gp—1,n = —2,

ann-1 = —1, and a;; = 0 if |i — j| > 2. The affine Weyl group W,s = C,, has
generators {so, 51, ..., S, } and relations

si=1
8iSj = 884 if |i—j|>1
(32) SiSi+1Si = Si+15iSi+1 if 1 < ) <n-— 2

50515051 = 51505150
Sn—15nSn—15n = SnSn—15nSn—1-
For W, = C,,, we use the notation ng =CY% and W = C,.

3.2. Affine root, coroot, and weight lattices. Let P,y = ZJ & @ielaf ZA; be
the affine weight lattice, where § is the null root and the A; are the fundamental
weights. Let Py = Homz(Pag, Z) be the dual weight lattice and (-,-) : Py X Pat = Z
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the natural perfect pairing. Let {d} U {« | i € Lys} be the basis of P dual to the
above basis of P,¢; in particular,

(o, Aj) = 64 for i,j € Ly
(),6) =0 for i € Iy

where §;; is the Kronecker delta. The a;/ are called simple coroots. For j € I
define the simple root a; € Pys by

(33) Q; = Z CLiin + 5j05.
1€ 1a¢
Note that
(3.4) (o), ) = ay; for all 4,5 € L.

Due to a linear dependence among the columns of the Cartan matrix, we have
(3.5) d=ap+6

where 6 is the highest root of g. Let Q¢ = EBieIaf Zoy C Pyrand QY = 6
be the affine root and coroot lattices. The nullroot satisfies

(3.6) (u,6) =0 for all u € QY.

Similarly a dependence among the rows of the Cartan matrix, yields the canonical
central element K € QY; defined by

(3.7) K=oa) +6Y

\
i€ 1, Zai

where 0V is the coroot associated to § (defined in the next subsection). K satisfies

(3.8) (K,A\) =0 for all A € Qas.

Example 3.2. For g = sp,,,(C), gar has nullroot § = ap+2(a1 + -+ -+ an—1) + an
and canonical central element K = ay + -+ + «).

The affine Weyl group W acts on P and P by

(3.9) sid =X — ai{a), ) for A € Pyt
(3.10) sip = p— o {p, ;) for u € Py.
One may show that

(3.11) (Wi, WAy = (u, A) for w € Wat, X € Pag, p € Py
By (38) and (B.8) we have

(3.12) wé =4, wK =K for all w € Why.

3.3. Finite root, coroot, and weight lattices. The finite coroot lattice is de-
fined by Q¥ = @,c; Zoy C QY. The finite root and weight lattices @ and P are
quotients of their affine counterparts Qs and Pag, but by abuse we will define them
as sublattices. The finite root lattice is defined by Q = ®i€ 1 Za; C Qar C Phar.
The finite weight lattice is defined by P = @z‘e 1 Zw; C Pas where

(313) Ww; = Al — <K, A1>A0

for i € I; these are the fundamental weights of g. We have

(314) <Oé;/,wj'> = 5ij for 1,] € 1.
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3.4. Roots. The root system of g may be defined by
(3.15) R=W {a; |i €I}

Given a € R with o = uay; for some v € W and ¢ € I, its associated coroot is
defined by oV = ua) € QV. Its associated reflection is s, = us;u~'. Both are
independent of the choice of u and i. There is a decomposition R = RT U —R™
where Rt = RN EBieI Z>oay is the set of positive roots.

The set of affine roots Ras C Qar is given by the set of nonzero elements in the
set R+7Z6. We have Ry = R;Lf U —R;Lf where R;Lf is the set of positive affine roots,
which have the form o + mé where either m > 0 or both m = 0 and o € R™.
Equivalently, R:f =R N @ielaf Z>o0;.

The set of real affine roots is defined by

2} = Waf . {Ozi | 1 E Iaf}.

For oo = ua; € RS for u € Wys and @ € I define the associated coroot by a¥ = uay
and associated reflection s, € Wy by s, = us;u"'; as before one may show these
definitions are independent of u and 3.

Let v < w in Wye. Then s = v~ 1w is a reflection s = us;u~"! for some i € I+ and
u € Wy, Let u be shortest so that o = uqy; is a positive real root. For later use we
denote this root a by ., and its associated coroot by a./,,.

Example 3.3. Let W, = C3, w = 515283825150, and v = $183525150; this defines
a cover v < w = vSs. Then s, = (80515283)52(83528150) and

v v
Q= S0818283( )

v v v v

=2ap +a +ay +2a3.

3.5. Level 0 action. There is a surjective group homomorphism Wy — W given
by s; — s; for i € I and sg — sg where 8 € R is the highest root. Since W acts on
P, W,¢ acts on P via the above homomorphism; this is called the level zero action.
It is not faithful since sg and sg are different elements of Wis.

4. NILHECKE ALGEBRA AND AFFINE GRASSMANNIAN

4.1. (Co)homology of affine Grassmannian. For this section we fix G a simple
and simply-connected complex algebraic group with Weyl group W, and Cartan
datum (I, A) as in section Bl Let K denote a maximal compact subgroup of G
and T denote a maximal torus in K.

Let F = C((¢)) and @ = CJ[[t]]. The affine Grassmannian Grg is the ind-scheme
G(F)/G(O) (see [13]). Tt is a homogeneous space for the affine Kac-Moody group
G associated to W,¢. It is a classical result due to Quillen that the space Grg is
homotopy-equivalent to the space QK of based loops in K; see for example [7] 23].

The group G possesses a Bruhat decomposition G = UweWaf BwB where B de-
notes the Iwahori subgroup. The Bruhat decomposition induces a decomposition
of Grg into Schubert cells 0, = BwG(0) C G(F)/G(0). Thus the equivariant ho-
mology Hp(Grg) and cohomology HT(Grg) of Grg are free S = H” (pt)-modules
with Schubert bases (I € Hr(Grg) and €& € HT(Grg). Similarly, the homol-
ogy Hr(Grg) and cohomology HT (Grg) of Grg are free Z-modules with Schubert
bases &, € Hr(Grg) and €% € HT(Grg). The index z varies over the Grassman-
nian elements W5. We refer the reader to [12} [13] for the general construction and
properties of Schubert bases in the Kac-Moody setting.
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The pointwise multiplication of loops on K induces the structure of dual Hopf
algebras over Z to H,(Grg) and H*(Grg), and the structure of dual Hopf algebras
over S to Hr(Grg) and HT (Grg). This is a special feature of the affine Grassman-
nian unavailable in the more general Kac-Moody setting.

4.2. NilCoxeter algebra. The nilCoxeter algebra A is the associative Z-algebra
with generators A; for i € I and relations A? =0 for ¢ € I and braid relations

m;; times m;; times
Since these are the same braid relations [B1)) satisfied by s; € W, for w € W one
may define A,, = A;, Ay, -+ Ay, for any i1i2- -4 € R(w).
The algebra Ag is a free Z-module with basis {A4,, | w € W}. In this basis, the
multiplication is given by

Ay A, = {Avu if £(v) + (u) = L(vu)

0 otherwise.

Example 4.1. For the affine Cartan datum of Example 3.1l Ag has generators A;
for ¢ € I,; and relations

A2 =0
AjAi 1 Ay = A1 AjAi if1<i<n-2

AgA1AgAy = A1 AgA1 A
AnflAnAnflAn = AnAnflAnAnfl

4.3. Kostant and Kumar’s NilHecke algebra. Let P be the weight lattice of g
and S = Sym(P) the symmetric algebra. The Peterson affine nilHecke algebra A is
by definition] the associative Z-algebra generated by S and the nilCoxeter algebra
Ay for the affine Cartan datum (I¢, Aae) with

(4.2) A= (si- M)A + (o) ) M1 for i € Iy and A € P.

Consequently A is a free left S-module with basis {A,, | w € Was}.
Iterating (£2) produces the following relation.

Lemma 4.2. Forx € Wy and A\ € P,
(4.3) AN = (2 M)A + > (), WA,

y<z

where «

vz 15 defined in section [3.4}

Proposition 4.3. [22] Let M and N be left A-modules. Define M @ s N = (M ®z,
N)/(sm@n—-—m®@sn|seS;me M;neN). Then M ®s N is a left A-module

via

(4.4) Ai-(men)=(4; m)@n+m® (A; - n) —a;(4; -m) @ (A; - n)

s-(m®n)=sm®en.

2The nilHecke algebra of Kostant and Kumar [12] for the affine Cartan datum, uses a larger
weight lattice than Peterson’s nilHecke algebra. See [15] for a comparison of the two.
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Since the proof of this proposition is not readily available in the literature, we
include a proof.

Proof. We verify (2]).
Ai- (M- (m@n))
=(A4;-2m)@n+Im® (4; -n) —a;(4; - Am) @ (4; - n)
= (s;\)(Am @ n) + (o) , \Im@n+ Am @ Ain
— a;i(s;\)Am @ Ain — aila) , \ym @ Ain
= (s;\)(Am @ n) + (A — a{a), \))m @ Ain
— (siN)aAim @ Ain + (o) , \)ym @ n
= (s;A) - A - (m@n) + (o), \)m @ n.
We verify A? = 0.
A (4 - (men)) =24m e Ain — (Aja; Aym) @ n
=2A,m® A;n + aiAfm @n—{a), ;) Aim @ A;n = 0.

To verify the braid relations, it is convenient to introduce the elements r; = 1 —
a;A; € A Tt is not difficult to see that given ([@2) the relation (A;A4;)™% =
(AjA;)™9 is equivalent to (r;r;)™¥ = (r;r;)™%. An easy calculation shows that
the r; act on M ®g N by r;-(m®n) = rym®mr;n. It is clear that this action satisfies
the braid relations for the r;. O

Thus there is a left S-module homomorphism A : A — A ®g A defined by

(4.5) Ala)=a-(1®1) for a € A.
By (@A) we have

(4.6) A(Az) =AR1+10A4;, —A; @ a;A;
(4.7) A(s) =s® 1.

The map A is injective so there is a linear map A(A) ® (A ®s A) = (A ®g A)
defined by

(4.8) Ald)@ (zQy)—a-(z®y)

using the left A-module structure on A®g A afforded by Proposition[Z:3] We deduce
that this map yields a ring structure on A(A) and an action of A(A) on A ®g A.

It follows by induction using Proposition 4.3 that this action is computed explic-
itly as follows. Let a € A and A(a) = Zwm Ay ® ayoAy. Then

(4.9) Ala) - (z®y) = Zwa ® Qo Auy.
In particular, if b € A and A(b) = Zw’v Ay ® by Ay for by, € 5, then
(4.10) Afab) = A(a)A(b) = > ApAw ® Guy Avbuy Aur.

The ring structure on A(A) does not extend to all of A ®¢ A by the formula
(a®b)(c®d) = ac® bd, because if it did, then since s ® 1 =1 ® s we would have
fs®@g=(f®9)(s®1) =(f®g)(1®s) = f® gs, which is false in general (say,
for g =1 and fs # sf). Equation ([£I0) says that when this “obvious” generally
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ill-defined multiplication formula is applied to expressions coming from the action
of A(A) on A ®g A, the result is well-defined.

4.4. The Peterson subalgebra and equivariant cohomology of affine Grass-
mannian. The Peterson subalgebra of A is the centralizer Z4(S) of S. It is a Hopf
algebra over S since the factorwise product on Z, (S)®g Z4(S) gives it an S-algebra
structure under which the restriction of A to Z4(.S), is an S-algebra homomorphism.

Theorem 4.4. [22] [15] Theorem 4.4] There is an S-Hopf algebra isomorphism

j : HT(Grg) — ZA(S)

which is characterized by the property that for all x € Waof, J(&L) is the unique

element of Zx(S) N (A, + Zyewaf\wgf SAy).
For x € WY% and y € Wy let j¥ € S be defined by
(4.11) i)=Y itAy
yeWaf

Proposition 4.5. [22] [I7, Theorem 6.3]

(1) Forx € W% and y € Wy, the polynomial j¥ is either zero or homogeneous
of degree £(y) — (x); in particular it is zero if L(y) < {(x).
(2) For x,z € WS we have

(4.12) grel =" juer
Yy

where y runs over the y € Wy such that yz € W% and £(yz) = ((y) + £(2).

We wish to compute j¥ in the “nonequivariant case” £(z) = £(y), when j¥ € Z>o.
For this purpose we consider the maps that forget the T-equivariance.

4.5. Affine Fomin-Stanley subalgebra. Let ¢y : S — Z be the map that sends
a polynomial to its evaluation at 0. By abuse of notation define ¢y : A — Ay by
$0(D_y SwAw) = D, Po(Sw)Aw for s,y € S. Peterson’s j-map induces an injective
ring homomorphism jo : H.(Grg) — Ag such that the diagram commutes:

HT(Grg) ;) A

(4.13) | [0

H, (GI‘G) . AO
Jo

where € : Hr(Grg) — H.(Grg) is obtained by ¢+ &, and the evaluation ¢y.

By ({II) and (£I3) we have

(4.14) Jolbw) = Y juA. for w € WY.
u€E Wyt
L(u)=L(w)
The affine Fomin-Stanley subalgebra is defined in [15] by

(4.15) B={aecA|¢po(s)a= po(as) for every s € S}.
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Define ¢\” : A ®g A — Ag ®z Ag by

6 Y twedu @A | = Y Go(tw)Aw ® A,

w,vEWag w,vE Wyt
for a,,» € S. Then B is a Hopf algebra with coproduct given by the restriction of
Do AtoB
0 .

Theorem 4.6 ([I5, Prop. 5.4, Thm. 5.5]). The map jo is a Hopf algebra isomor-
phism H,(Grg) = B. Moreover, for every w € WY, jo(&w) is the unique element

of BN (Aw + X yew,\wo, ZAu)- "
B has a basis {P,, | w € W%} defined by
(4.16) Py, = jo(&w)  for w e W.
For G = SL,(C) these are the noncommutative k-Schur functions of [I5]. The

following Lemma is an aid for computing the elements P,,.

Lemma 4.7. Leta =3 .y cwAw € Ao with ¢,y € Z. Then a € B if and only if
Y s Cwlyy € ZK for all v € Ws.

Proof. The following are equivalent:

)
) ¢o(ar) =0 for all A € P.

) Do Cw D v (s M)Ay = 0 for all X € P.
)

vw?

Y s Cwly, A) =0 for all v € Wy and all X € P.

vw?

(1) and (2) are easily seen to be equivalent. The equivalence of (2) and (3) follows
from equation (L2). (3) and (4) are equivalent because the A, form a basis of Ay.
(4) and (5) are equivalent because ZK = {p € QY | (1, P) = 0}. O

5. SCHUBERT POLYNOMIALS FOR H,(Grgy,, () AND H*(Grg,,, (0))

In this section we outline the proofs of Theorems[T.2] and [[L4] relegating two
technical calculations to sections [6] and [71

5.1. Special generators of Fomin-Stanley subalgebra. Recall the special el-
ements p; defined in ([II]). For 1 < i < 2n define

(5.1) P; =P,

where Py, is defined in ([@I6]).

We now state the explicit expansion of the elements P; € B that correspond to
homology generators. Recall the set Z defined in section Note that p, is the
unique Grassmannian element in Z, for 1 <r < 2n.

Theorem 5.1. For 1 <r < 2n,
(5.2) P,= Y 2¢)7A,,
wEZ,

This result is proved in section[fl Some examples for IP,. are given in Appendix[Al

Remark 5.2. It follows from Theorem [[.3] that the elements P, € B generate the
affine Fomin-Stanley subalgebra B.
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5.2. Relations among special generators. Let Pg be the set of partitions A
with A\; < 2n, which have at most one part of size i for all i < n. We first note
the following result which is essentially [4] Lemma 24]. The bijection of Lemma[5.3]
was first brought to our attention by Morse [2I] who discovered it independently.

Lemma 5.3. Let w € C'{f. Then w has a unique length-additive factorization

W= Px; " Pr2PX

into Grassmannian Z-s such that every left factor py, - - - p, is Grassmannian. Fur-
thermore the map w — A(w) is a bijection C§ — PE such that £(w) = [A(w)].

Proof. The result follows nearly immediately from [4, Lemma 24]. In [4] one asso-
ciates to w € C,, the window

[—wn,...,—w1,0,wy, ..., Wy,

of an affine permutation. This corresponds to the embedding of C, into the
affine symmetric group Ssn4o. In ] the parabolic subgroup is generated by
{50,...,8n—1} rather than by {s1,...,8,} so we must apply the notational in-
volution s; > $,,—; to be compatible with [4].

In any case, for w € 6'2 it is shown in [4, Lemma 24] that the window of w can be
successively sorted to become the identity. Each sorting operation corresponds to
right multiplication by a factor py,. The requirement that every left factor py, - - - p»,
is Grassmannian corresponds to asking for the window of w to be completely sorted
at each step. The rest of the statement now follows from [4]. O

Proposition 5.4. The elements P; € B satisfy
Pom = 2 (P1Pam—1 — PoPoso + -+ + (=1)™ Py 1Py + (=)™ 'P2,
for1 <m <n.

Proof. We use the explicit computation of the P; given in Theorem 5.1l By evalu-
ating the statement of Proposition at 0, we observe that

(5.3) P Py= ) 2007'p,
wW=vp;
where the summation is over all w = vp; such that (a) v € Z;, (b) l(w) =i + 7,
and (¢) w € 6'2 Now any reduced expression for v € Z; can have at most one
occurrence of sg, so by Lemma 0.3, we deduce that the set of w such that P, can
occur in a product of the form IP; P; has the form p, p» where a +b =1+ j.
Now fix 1 < m < n and let us compute

S =2(PiPop—1 — PoPopo + 4 (=1)" Py 1Ppppr) + (—1)" P2,

First via a direct calculation we note that p,,pm ¢ C'g for 1 < m <n. We claim
that for 1 < j <m and w = p;pam—; satisfying w € CY and ¢(w) = 2m we have

0 ifi>j

1 ifi=j
[Py|PPop—; = : o

2 if0o<i<y

1 ifti=0.
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where [P,]b denotes the coefficient of P, in b € B. The case ¢ > j follows from
Lemma [5.3] The case i = j is immediate since ¢(p;) = ¢(pam—s;) = 1. For the case
1 < 7 we must consider v = pl-pgm,ip;nll_j. We observe that

Supp(v) = [0, — 1] U Supp(pam—i Pz, ;)

and ¢ is smaller than all elements of Supp(pgm,ip;nl%j) (we use the inequality
2m — j > i). Thus v, being a product two “non-touching” Z-s, is itself a Z and we
have c¢(v) = 2. The final case i = 0 is trivial.

Now it follows that the S = Py,,, as required. O

5.3. Coproduct formula for special generators. The following result is proved
in section [7

Theorem 5.5. For1l <r <2n

PAE,)=10F+P,e1+2 Y PP,

0<s<r

Remark 5.6. An alternative formulation of Theorem is that the coefficient of
£ in £Ps £Pr—= € H*(Grgp,, (c)) is equal to 2, for 1 < s <7 — 1.

5.4. Affine type C' Cauchy kernel. Define ® : I'(,,y — H.(Grgyp,, (c)) by Pi —
&, for 1 < i < 2n as in Theorem By Proposition 5.4 and Theorem this

n)

map is well-defined. Define Q% € B&T'™ by taking the image of le under the
composition @5 = joo ® : I'¢,) — B:

0 = ) BAPy, @ My[Y]
)\1§2n
Z Py, Po, - ® t(e) g

«
a; <2n

(5.4)

where o runs over compositions whose parts have size at most 2n. The second

equality holds since B is a commutative ring. For w € C),, the type C affine
Stanley function le ) is defined by

(5.5) 0 = > Ay @Y.
wEén

A straightforward computation shows that this definition agrees with (I2]). Note
that (2] defines an element of the ring T via (Z23). By Theorem E6 we have

(5.6) Q%= > P,@QYY]

wGé?L

where P, is defined by (@I4]).

5.5. Proof of Theorem [I.4l Theorem [[4] follows immediately from applying the
non-equivariant part of Proposition to Theorem 5.1
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5.6. Proof of Theorem It follows from Proposition [5.4] Theorem and
Theorem that @ : I'(,y = H.(Grgy,, (c)) is a bialgebra morphism. Since both
[(ny and H.(Grgp,, (c)) are graded commutative and cocommutative Hopf algebras,
® must in addition be a Hopf morphism. Recall that we define ¥ : H*(Grg,,, «c)) —
T'(™ by the linear map &% — Q4" for w € Co.

We first show that W : H*(Grg,,, () — ['™ and @ : I'(,) = H.(Grgp,, c)) are
dual with respect to the pairing (.,.) : H.(Grgp,, ) X H*(Grgp,, (c)) — Z induced
by the cap product and the pairing [.,.] : T'¢,y x '™ — 7 of section 24l It suffices
to show that for each w € C9 we have (®(f), &%) = [f, U(£™)] as f varies over the
spanning set {Py, - -+ Py, | A1 < 2n} of I',,y. Identifying B with H.(Grg,,, )) via
the map jo of Theorem [£.6] we calculate

[Pkl"'Psz\IJ(gw)] PAl"'PALaQ(n)]

= b
= [P>\1 o 'P)\Lu <Q]%17§w>]

<[P>\1 T PX1791§1]7§w>
= (P, -+ Py, €Y)

= (Pr(Px, -+ Px,),€").

The second equality holds by (56). The fourth holds by (B.4l) and ([224]). The
other equalities hold by definition.

Since ® is a Hopf-morphism, we deduce that W is also a Hopf~-morphism. It only
remains to prove that W is a bijection. For surjectivity, since the Q, generate I'(")

as an algebra, it suffices to show that Qt(f:) = @, in I'(,), where ¢, € C’S is the
length r element of the form

Cr=":"8158051 " Sp—1 Sn Sp—1 "+ S2 S1 S0-

It is easy to see that ¢, has a unique reduced word. So a length-additive factorization
of ¢, into a product ¢, =[], v’ with each v! € Z, is equivalent to a composition
(a1,qa,...,a,) of r into parts of size less than 2n, where each v® is either the
identity or has one component. After multiplying by 2¢ where t = #{i | a; > 0},
we see that Qg’:) is the generating function of shifted tableaux 7" whose shape is a
single row of length r where no letter can be used more than 2n times. The tableau
T is obtained from the composition « by setting «; letters equal to i. The factor 2
comes from the two possible choices of marking for the leftmost occurrence of each
letter. This matches Qt(f:) to the combinatorial definition of @, using tableaux [20,
I11.8.16].

For injectivity, it suffices to show that {QS} ) | w e CO is linearly independent.
We shall establish the triangularity property

le): Z A My,

n<A(w)

where w — A(w) is the bijection between C’S and Pg of Lemma 53 and < is the
lexicographic order on partitions. Furthermore a,, ,, is unitriangular.

We first observe that if w € C? and w = v® --- ! is a factorization into
Z’s then v! must be Grassmannian, so it is one of the p,’s for r € [1,2n]. But
if w = py, - paypr, Where py, -+ py, is Grassmannian then w (p,)~! cannot be
length subtractive for 2n > r > A;. This is because every reduced expression for
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Px - Pr, ends in sg. Repeating this, we see that the matrix of coefficients a, .

is triangular with respect to the lexicographic order. We are using the fact that if

auw # 0 then the factorization w = v® --- v! can be chosen so that £(v') = p;.
Finally, the factorization w = py, - - - px, px, of Lemma[5.3shows that ay (). = 1

since ¢(p;) = 1.

5.7. Proof of Theorem The fact that Qsﬂn) is symmetric and defines an
element of T follows from the definition (5.5) via the affine type C' Cauchy kernel.
The statement that {QSJJ") | w € C%) forms a basis follows from Theorem and
the fact that {£¥ | w € C%} is a basis for H*(Grgp,,(cy). The positivity of the
product structure constants is a general theorem due to Graham [9] and Kumar
[13].

The coproduct structure constants of {le ) | w € CY} are the same as those
of {¢¥ | w € CY}. By the duality of H,(Grgy,,(c)) and H*(Grg,,, (c)) and their
Schubert bases, the above constants are the same as the product structure constants
for the homology classes {&, | w € CO}. Using the nonequivariant case £(y) = £(z)
of (AIZ), these constants are given by the coefficients j¥ of ([@IIl). But these are
known to be nonnegative from the work of Peterson [22] and Lam and Shimozono
[17]; they are equal to certain three-point genus zero Gromov-Witten invariants of
the (finite) flag variety.

For the final positivity statement we claim that

(5.7) the coefficient of Q™ where v € C? in Q™) is equal to j*

that is, the coefficient of A,, in P,. But this follows from expanding (5.6]) using the
definition of P,,.

6. THE COMBINATORICS OF ZEE-S

It is obvious that Z,. contains a unique Grassmannian element, namely, p,., and
that ¢(p,) = 1. To prove Theorem [B.1] by Theorem it remains to show that
the right hand side of (52)) is an element of B. By Lemma [l and Example it
suffices to prove the following result, whose proof occupies the rest of this section.

Proposition 6.1. For any v € Z with {(v) < 2n, let C, = {w € Z | w>v}. Then
(6.1) > oty =K.
wWEC,

Example 6.2. Let n = 3 and v = sgsassse € Z. Every w € C, is obtained by
putting a 1 into some reduced word for v. For each w € C,, a reduced word and
the coroot ay,, is given below. They may be computed as in Example 3.3

red. word e
10232 20 + af + 20y + 20
01232 ay + 20y + 20y
23210 20 + af
23201 aY

The sum of these coroots is 4K, which agrees with the fact that Supp(v) has two
components, {0} and {2, 3}.
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Let w € Z. Since s;5; = s;s; for ¢ and j in different components of Supp(w),
there exists a factorization w = wy, - --wy, where I1, I, ..., I, are the components
of Supp(w) and Supp(wy,) = I,. Let us index the components so their elements
are ordered consistently with the total order on I,¢. Then the above factorization
is unique. For a component C' = I, of Supp(w) define we = wry,, which is called
the C-component of w.

Example 6.3. Let n = 9 and u = 4689852102; we have u € R(w) for some
w € Z. We have Iy = {0,1,2}, I = {4,5,6}, and I3 = {8,9}, and w;, = s2515082,
Wy, = 545655, and wy, = 58S9Ss.
6.1. Bruhat covers in Z. To prove Proposition 6.1l we study in detail the Bruhat
order of C,, when restricted to the subset Z. The results in these subsections may
be of independent combinatorial interest.

We construct the set of covers C, in Z, of a fixed element v € Z. For k', k € It
with k' < k let

Niw =k(k+1) - (n—Dn(n—1)---101--- (k' — 1)K’

Nps =K —1)---101---(n—Dn(n—1)--- (k + k.
For w € Z, we define

RN (w) = {u € R(w) | u C Ny 1 for some 1 < k < n}

Rﬁ(w) ={ueRw)|ucC Ek_Lk for some 1 < k <n}

where u C u’ denotes a specific embedding of a word u as a subword of a word u'.
Then by definition w € Z if and only if RY (w) U RN (w) # @.

Therefore w € C, if and only if either (1) there is a word u € R (v) with an
embedding of the form v C Ni ,—; and a letter j C N —1 that is missing from
u, such that the word @ obtained by inserting j into u, is a reduced word of w, or
(2) there is a u € Rﬁ(v) with an embedding of the form v C ﬁk_Lk and a letter

j € Nj_1 k missing from u, such that inserting j into u yields @ € R(w).

Lemma 6.4. Let v € Z and u € RN (v) with u C Ny 1 (resp. u € Rﬁ(v) with

u C ﬁkfl,k} Let j C Ny j—1 (resp. j C ﬁk,lyk) be a letter that is not in u. Then
adding this copy of j to u, produces a word in R?(w) for some w € C,, if and only
if (1) j & Supp(u) or (2) j+1 € Supp(u) for j >k or j—1 € Supp(u) for j < k—1.

Proof. This follows directly from the Coxeter relations for C,,. O
We define the reduced words
VEM = k(k—1)---101--- (K — 1)k’ for k, k' <n
A =k(k+1)---(n—Dnn—-1)--- (K + 1)K for k, k' >0
Iy o=k (E +1)- (k- 1)k for k' < k
I =k(k—=1)- (K + DK for k' < k

A word is an N if it is a subword of N 1 for some 1 < k < n and a reverse N
(abbreviated by the symbol ﬁ) if it is a subword of ﬁkq,k for some 1 < k < n.
The name N is suggested by the definition: the values in such a word go up, then
down, and then up, like the letter N. A word v is a Z if it is an N or a N. For
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w € C,, let RZ (w) be the set of reduced words for w that are Zs. Then by definition,
w e C, is a Z if and only if R? (w) # @. Let RN (w) (resp. Rﬁ(w)) be the subset
of reduced words of w that are Ns or (resp. Ns).

A saturated N (resp. ﬁ) is a word of the form Ny, - (resp. ﬁk/,k)- AnNor N is
proper if it contains both the letters 0 and n. We emphasize the important fact that
if w is a proper N, then first(u) > last(u), where first(u) and last(u) are the first and

last letters of u respectively. Similarly if u is a proper N then first(u) < last(u).
Let w = i1i2---ipr be a word with letters in I,s. We say that u has a peak at
pifl <p < M and i,_1 < ip > ippq orif p=1and ¢; > iy or if p = M and
prv—1 < py or if M = 1. We say that u has a wvalley at p if 1 < p < M and
ip—1 > 1p < ipqy1 orif p=1and iy <iporif p= M and ppr—1 > pa or if M = 1.
We say that a word is a V (resp. A) if it is either empty or has exactly one
valley (resp. peak). Note that only the empty word has no valleys (resp. peaks).

Note that Vs and As are both Ns and ﬁs. Write RY (w) and R (w) for the sets
of reduced words of w that are respectively Vs and As. A saturated V (resp. A) is
one of the form VF* (resp. Ay ).

Example 6.5. Let n = 4. Then 234101 is a proper N, 20143 is a proper ﬁ, 312
isa V, and 24321 is a A.

6.2. Equivalences for reduced words and rotation. The following Lemma is
essentially a special case of Edelman-Greene insertion [5]. It says that a A with no
(n—1)n(n—1) is equivalent to a V. Similarly a V with no 101 is equivalent to a A.

Lemma 6.6. Suppose i1%2 - -ipjij2- - jq € R(w) for some w € Z such that i1 <
fo < -+ <dp < j1>joa> - >jg and (n — L)n(n — 1) is not a subword. Then
there is a kika - - - kglila-- -1, € R(w) such that i1 occurs in kiks - --kq, k1 > ko >
>k <hh <l <o <lpand ks <js for1 <s<qandis <ls for1 <s <p.

[infiaf - Tip]in] [kl
L

74| Eglli]lo] - 1]

Proof. The result is trivial if p = 0 or ¢ = 0. Suppose p = 1. If both i¢; + 1 and
i1 occur in jijo-- - jq then 44 > 0 and 411 -+ jg = j1 - jq(é1 + 1) using the braid
relations. We take ks = j, for 1 < s < gand!; =14, +1, which satisfies [; > ¢; > j,.
Otherwise let » be maximal such that i; < j,. It cannot be the case that j,.11 = i3
for then #1771 - - - j4 is not reduced. We have 151+ Jjq = (J1 - Jr—191Jr+1 - - Jq)Jr
and the latter word has the desired form. Note that in the case p = 1, ¢; occurs
in ky - - - ky. Finally suppose p > 1. By induction iz - --dpji---jg = k1 -+ kgla -1,
with k] > - > k) <y < - <, with js < kj for 1 < s < g and is > [, for
2 < s < p. Since 41 < ig and i3 occurs in kf - - - k(’Z, we may apply the p = 1 case and
obtainilk'l---kfz =ky--kgly with ky > - >k, <lyand ks <K, for 1 <s<gq.
Since iz was in k{ - -k, and i1 < ia, it follows by considering the p = 1 case that
Iy <ig <ly. It follows that kq ---kqly - - -1, is the desired reduced word. O

Lemma 6.7. Suppose u and v’ are two Vs (resp. As) such that all letters of u are
greater than those in u'. Then uu’ and uw'u are both equivalent to a V (resp. A).
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Proof. Let u and v’ be Vs with u = uymus where m is the valley of w. Then
uymu'us and uiu'musg are Vs that are equivalent to wu’ and u'u respectively. The
proof for As is similar. O

Given a word u, let u™ (resp. ™) be the word obtained by adding (resp. sub-
tracting) one from each letter in w.

Lemma 6.8. Let w € Z and J = Supp(w).

(1) Suppose n & J. Then RY(w) # @. Moreover if J is an interval then
RY (w) is a singleton.

(2) Suppose 0 & J. Then R w) # @. Moreover if J is an interval then R™(w)
is a singleton.

(3) Suppose J is an interval [m, M] with 0 < m < M < n. Let uy Muy € R*(w)

and uymu € RV (w). Then uh = uj and v} = uf .

Proof. We shall prove (1) as (2) is similar. Let u € RZ(w). Suppose that n ¢ J

and that u is an NV; the case of a is similar. Say u is embedded in Ny ;1.
Then u = ujuz where u; is a A such that Supp(u1) C [k,n — 1] and ug is a V with
Supp(uz) C [0,k —1]. Then RY (w) # @ by Lemmata [6.6 and

Let u € RY (w) with J an interval. We prove its uniqueness by induction on
l(w). For £(w) < 3 this is evident from @B2). Let M = max(J) < n. Suppose
first that u contains a single M. Then u has the form v = Mu or u = uM. We
assume the former as the latter has an analogous proof. We have @ € RY (spw)
and sprw € Z. By induction @ is unique. Now let v/ € RY (w). Since R(w) is
connected by the braid relations [8:2), every reduced word for w (and in particular
u’) has a single M which precedes every M — 1. Since ' is a V it must start with
M. Therefore u' = Mu = u by the uniqueness of .

Otherwise u must have the form u = MaM. Let v’ € RY (w). Clearly v/ must
contain an M which must be at the beginning or end. We suppose ' has the form
u' = Mu" as the case v’ = u” M is similar. By induction R (sprw) is a singleton.
Therefore v = uM and v = u as desired.

(3) is proved by induction on the length of u; Mus. If either uy or us is empty
then the result certainly holds. Write u; = wusx and us = yuy where x and y
are letters. Since Supp(u;Musz) = [m,M], 2 = M —1 or y = M — 1. Suppose
x =y = M — 1. By induction we have uiMus = us(M — 1)M(M — 1)uy =
usM(M — 1)Muy = Muz(M — V)usM = Mufmudi M = umuf. Suppose next
that x = M —1 > y. Then again by induction we have us Mug = ug(M —1)Musy =
uz(M — VusM = ugmud M = ufmu;. The case y = M — 1 > x is similar. O

Example 6.9. For n > 7 the N 676545 is equivalent to a V: 676545 = 767545 =
765457.

Suppose u C Nij—1 is a subword and ¢ C Ny _1 is a subletter (resp. u C

k—1,k is a subword and ¢ C ﬁk_l,k is a subletter) with £ missing from u. We
give an explicit way to obtain another embedded word u’ € R?(v) such that ¢ is
at the beginning or end of the ambient IV or E We call this process rotation. The
only cases not treated in Lemma [6.10 are £ = 0 or £ = n, in which case we may use
Lemma 6.8 to obtain an equivalent reduced word that is a A or V respectively, and
these can be embedded into an N or N with the missing letter at the beginning or
end.
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Lemma 6.10. Suppose w € Z andu € RY (w) (resp. u € Rﬁ(w)) withu C Ng -1
(resp. u C ﬁk,lﬁk).
(1) If there is an £ such that k < £ < n and € does not appear in the part of
u that is embedded in ITC Ngp—1 (resp. Il7C Ek_Lk), then there is a
u € RN (w) (resp. v’ € Rﬁ(w)) such that ' C Nog14 (resp. v’ C ﬁ[)[.’.l}.
(2) If there is an £ such that 0 < £ < k — 1 and £ does not appear in the part
of u that is embedded in ITS_IC N k-1 (resp. Iig_lc ﬁk_l,k), then
there is a v € RN (w) (resp. v € Rﬁ(w)) such that ' C Npgo_1 (resp.
u C ﬁgflyg).
(3) If there is an ¢ such that 0 < ¢ < n and £ does not appear in the part of
u that is embedded in I|JC Ngp—1 (resp. IT{C ﬁk,lﬁk) then there is a
u € Rﬁ(w) (resp. u' € RN (w)) such thatuw' C Ny_1, (resp. v C Nyy—1).
Moreover k — 1 or k is missing in the increasing (resp. decreasing) part of
u', according as £ < k or £ > k.

Proof. We prove (1) for u € R¥ (w); the other cases of (1) and (2) are similar. Let
U = uqUuzlUy Where uy C ITf;fl, ug C Ayt o41, ug C Iif;, and ug C VF-LE-1 We
have u = usuqusuy. uius is reduced since it is a factor of a reduced word. Since
uiug is a A with no n, by Lemma [6.8 it is equivalent to a V: ujug = ufu} where
uhuf is a V with valley last(uf) such that uy C I1f and v = uf C I?{,,. Then
U = UgUU3U4 = UgUSUL Ug = Uguiugul C Ny p.

We prove (3) for u € RY (w) and ¢ < k; the cases that £ > k and u € Rﬁ(w),
are similar. Let u = wjusugus where uy C Agyg, us C Iif;ll, uz C VLT
and uyg C IT’Z*l. We have u = ujususuy. usuy is a reduced word supported on
[¢,k — 1] that is a V. By Lemma [6.§] there is an equivalent A: wsug = ujul, where
whul is a A with peak first(ub) such that vy € 152 and w4 C I{;~'. Then

U = U UzUUg = U Usu Uy = usjuiuy C Np_qp. O

Example 6.11. Let n = 6. We start with a reduced word for an element of w € Z
and apply rotations, choosing ¢ to be the first break from the left, indicated by the
symbol e, in the given reduced word.

_ 6[5[af[-] [6]5[4] [ [1]
15| | |
B 4] 4]
o | 2]
1 1 @]
[6]5]4[ef2] -Jo] [2]e]O 0]
1] ]
6[5[af[-]-[-]0 H
1
pl4]-[2]-]0

(e[ o]
o[>




SCHUBERT POLYNOMIALS FOR AFFINE GRASSMANNIAN OF SYMPLECTIC GROUP 25

Rotating the last word yields the first one. There are two other words in RZ (w),
which are obtained from the first and third words above, by commutations.

~[e]5]4]-[2]1]

5] |

4] 4]

]
6[5[-[-[2]-[o] [o]

6.3. Normal words. The set Z has a partition into three subsets: the elements
w with Rﬁ(w) = @, those with RY (w) = @, and those with both RY (w) # @ and

RY (w) # @. We give a criterion for membership in these subsets.

Lemma 6.12. Let w € Z.
(1) ’Rﬁ(w) = (resp. RN (w) = @) if and only if some word in RN (w) (resp.
RY (w)) contains IL§ (resp. ITy) as a factor, if and only if every word in
RN (w) (resp. Rﬁ(w)) does.
(2) There is a u € RN (w) that does not contain I\ as a factor, if and only if

there is a o' € RN (w) that does not contain ITy as a factor.

Proof. (2) follows from Lemma [6.10(3).

For (1) we observe that the property of having I|{ as a subword, is invariant
under the braid relations, which connect R(w).

Suppose RY (w) contains a word with factor I]2. In particular it contains I|2 as
a subword. Therefore the same is true for all of R(w). Now every N that contains
11§ as a subword must contain it as a factor. This proves the second equivalence

in (1). Moreover no N contains I 1y as a subword, so Rﬁ(w) = @. Conversely,
suppose Rﬁ(w) = @. Then @ # R?(w) = RN (w). Let u € RY (w). Then u must
contain I]§ as a factor, for otherwise (2) yields a contradiction. (]

Let w € Z satisfy Supp(w) = L. A normal word for w € Z is an element
u € RZ(w) such that:

(1) If R (w) # @ then u has the form u = I} ---.
(2) If RN (w) = @, then u € Rﬁ(w) has the form u = I|k - .-

Lemma 6.13. Let v € Z be such that Supp(v) = L. Then v has a unique normal
word, denoted vyor.

Proof. Existence holds by Lemma Suppose that RN (v) # @. The case
RN (v) = @ is analogous. Let v = I} u; and v’ = I1}, u} be normal words for v.

Suppose first that &' < k. We cannot have k = n, because the form of u
implies that s,v < v while that of v’ implies s,v > v. So k < n. We have
v’ = spv < v. By the Exchange Property there is a letter in ' whose removal gives
a reduced word u” for v’. Since kI1%, is a reduced word, the removed letter does
not occur in /1%, In particular & € Supp(v’). But Supp(I1},,) O (Lar \ {k}) so
Supp(v’) = Supp(v) = I4. By induction on length, u” = I'1},; ui, which is a
contradiction. Similarly k& < k' leads to a contradiction. Therefore ¥ = k’. But
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then w; and v} are reduced words and Vs for the same element of Z, so by Lemma
6.8 w; = uj and therefore u = u'. O

6.4. Special words. In this section we assume that v € Z is such that Supp(v) =

I,;. By Lemma [6.13] v has a unique normal word vy,,. We say that an embedded

subword u C Ny ,—1 (resp. u C Ng_1 ) is normally embedded if u = vyo, for some

v € Z with Supp(v) = Iyy and w = I} -+ C Ng -1 (resp. u = qu_l ny---c
k—1k)-

Suppose u C v’ and u # u'. Define firstgap(u C u') (resp. lastgap(u C u')) to
be the first (resp. last) letter 7 C ' that is not in w.

We say that u € R?(v) is special if it has a special embedding, that is, an
embedding of the form v C u’ where ' = Ny -1 0r ' = Ny_1 4 forsomel <a<n
such that, if j = firstgap(u C '), then adding j to u produces the normally
embedded word wye, C u' for some w € C,. More specifically, one of the following
holds:

(1) u € RN (v) and u C N, q-1 for some 1 < a < n such that u contains all
but exactly one of the letters in I17C Ng q—1, Or
(2) u e Rﬁ(v) with u C ﬁa—l,a for some 1 < a < n and u contains all but

exactly one of the letters in I~ 18 C ﬁaﬂ,a-

Lemma 6.14. Let v € Z with Supp(v) = Iy and ¢(v) < 2n. Then v has a
unique specially embedded word, denoted vsp, C u”, which is obtained by rotating the
normal embedding vnor C u' at p = lastgap(vnor C u’). This given, we define the
special cover v* € C, of v, to be the unique cover w € C, such that the normally
embedded word wner is obtained from the specially embedded word vy, C u’ by
inserting firstgap(vsp C ). Moreover, if £ = firstgap(vnor C w') and ¢(v) < 2n—1
then ¢ = firstgap(v},, C u”), except when w = Nik—1 and lastgap(vper C u') <
¢ <k —1, in which case firstgap(v}  Cu”)=0—1.

Proof. Suppose vnor C Nk)k_l. Let ¢ = firstgap(vnor C Nk x—1)-

Suppose p C IT e N k-1 is missing from vnor. Let vpor = ujuspusus C
Ni,k—1 where uy C A g, ug C I¢p+1, us C VP=Lp=l and uy C ITP_H Then using
Lemmal6.8|(3) we have vyor = uguspugus = uguy (k— l)u2 us = uy up(k—1)uy U3
u C Npp—1. Now u, C IT’C 2. In this case, u is special if and only if uy = ITPH,
that is, p = lastgap(vnor C N k—1). Suppose so. Then firstgap(vi,, C Ny p—1) is ¢
unless £ C IU;;}C Ni.k—1, in which case the answer is £ — 1.

Suppose p C Iik_lc Nk k-1 is missing from vnor Let Unor = U1U2U3PUy Where
up C Ag g, ug C I¢p+1, uz C VP~LP~1 and uy C Ik p+1 Then vyor = uguiuspuy =
uguuy (k — 1)ug = usugui(k — 1)uy =: w C Np_q,. In this case u is special if
and only if ug = VP~1P~1 and uy = ITPH, that is, p = lastgap(vnor C N k—1)-
Suppose so. Then firstgap(v;,, ﬁp,lﬁp) is £ unless £ C I[¥"'C Ny 1 and £ > p
(¢ = p cannot happen if £(v) < 2n — 1), in which case the answer is £ — 1.

Suppose p C IL,( C Ng -1 is missing from vnor. Let vpor = Iﬁ*l puiuouz C
Ni k-1 where u1 C Api1py1, ue C Iip , and ug C VFLA=1 We have vpor =
ITP PUUIUT = Uy kITkle UsUL = Ugy kUSITkH up =:u C ﬁp p+1- In this case u
is special if and only if us = Iiﬁ and uz = VF=1*=1 that is, p = lastgap(vner C
Ni k—1). Suppose so. Then £ C I¢Z+1 C Nij—1, and £ = firstgap(vy,, ﬁmﬂrl).
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Suppose vpor C ﬁk,l_’k. Let ¢ = firstgap(vnor C ﬁk,lyk). Let p C ﬁkq,k
be missing for vye,. Then from the definitions we have p C I“flC ﬁkﬂ,k-
Write vpor = Iilf_l I uyug where uy C Ii;‘;ll and us C Iiﬁfl. Therefore
Vnor = g ILF"V I uy =1 u C ﬁpﬁl. u is special if and only if us = Iig_l, that
is, p = lastgap(vnor C ﬁk,lyk). Suppose so. Then ¢ = firstgap(vy,, C ﬁp7p+1).

Thus rotation at lastgap(vnor C ') creates a particular specially embedded
word which we shall denote by v, C w”. It remains to show that v, is unique.
Suppose u € R(v) is such that v C v’ is a special embedding. Rotating v C v’ at
firstgap(u C u'), we obtain the normal embedding of vy, which is unique. The
explicit computation of this rotation shows that it is the inverse of the rotation at
the last gap of the normal embedding of vyey (Which was given above explicitly in
all cases). It follows that there is a unique specially embedded word for v. (]

For later use we summarize the construction of Lemma [6.14] in the following
table, where p is the last gap. We have indicated the form of vy, and used the
symbol x to indicate where a letter (either k or k — 1) can be added to obtain v,.

p C Vsp uyp C Uug C ug C
NV 'C Ny | I 2 sun (b — Dug us Apyp [ IS Ve te !
IFC Ny [ I I 2 s (k—Duy | Ape |15
'S New | I 1w | Apripn
e Npe | I M w i

Example 6.15. Take n = 7 and vnor = 56754310124 C N5 4. In this case p = 3,
Vsp = 35675431012, and v}, = 345675431012.

nor

6.5. Kinds of covers. Let v € Z be fixed. The set I,¢ is divided into four kinds
of letters. Let j be v-internal if j € Supp(v). If j & Supp(v), let j be v-isolated,
v-adjoining, and v-merging if the number of components of Supp(v) adjacent to j
is 0, 1, or 2, that is, |[{j — 1,7 + 1} N Supp(v)| is 0, 1, or 2.

Let w € C, with a reduced word @& € R?(w) and a letter j C @& whose omission
leaves a reduced word u € R?(v). Then we call the cover w internal, isolated,
adjoining, or merging, according as j is (with respect to v). Such w have c(w)
equal to ¢(v), ¢(v) + 1, ¢(v), and ¢(v) — 1 respectively.

In the case of an internal cover the omitted letter j may vary if the reduced
word @ is changed; however the component C of j € Supp(v) depends only on w.
Moreover we > ve and wer = ver for components C” of Supp(v) with C" #£ C.

If 5 ¢ Supp(v) then the omitted letter j is uniquely determined by w.

Lemma 6.16. Let v € Z with {(v) < 2n.

(1) For each v-isolated letter j € I there is a unique cover w in C, that omits
J, namely, s;v.

(2) For each v-adjoining letter j € It there are exactly two covers w € C, that
omit j, namely, sjv and vs;.

(3) For each v-merging letter j € I there are exactly four covers w € C,
that omit j. Let u € R(v) and uy and u_ the subwords of u given by the
restriction to the letters greater and less than j respectively and let vy and
v_ be the corresponding elements of Z. Then the four covers of v that omit
J are 8;v4v_, V4 8;U_, v4V_S;, and V_5;v .
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Proof. We prove (3) as the other cases are easier. We observe that vy and v_ are
defined independent of the reduced word u. The four given elements of C,, are all
covers of v that omit j, and are distinct since j—1 € Supp(v_) and j+1 € Supp(vy).
We now realize each of them by reduced words that are Zs. By Lemma let
uy € RMvy) and u_ € RV (v_). Then juiu_, uyju_, and uyu_j are all Ns,
and u_juy is a N, and they are reduced words for the above elements of C,. It
remains to show that if w € C, omits j then w is one of the four given covers.
Let @ € R?(w) and j € @ such that the omission of j from @ leaves u € RZ (v).
Suppose @ C Ny k—1. Suppose j > k. Let u = ujuous where up C Aji1 j41, so that
@ = uqjugus or urugjus. Here Supp(ui) C [0,7 — 1] and Supp(us) C [0, — 1] while
Supp(ug2) C [j + 1,n]. If @ = ujjusus then @ = uyjusus. But not both vy and us
can contain j — 1, for if they did then u; ends with j — 1 and w3 starts with j — 1
and u = ujusus is not reduced. If u; does not contain 7 — 1 then @ = jujuszus and
w = s;v_v4. If uy does not contain j — 1 then & = wjuzjus and w = v_s;vy. The
cases that © = ujusjus, j < k and u C ﬁk_l,k are similar. [l

We now classify the internal covers of v. For this purpose we may assume Supp(v)
has a single component. For k,¢ < M let A% = ITg/I Iié‘/[*l and for m < k, /¢ let
VEC = 1JE 11,

Lemma 6.17. Suppose v € Z is such that Supp(v) consists of a single component
[, M].

(1) If M < n (resp. m > 0) then the internal covers of v are precisely those
obtained by inserting missing letters into u C VMM (resp. u C Aﬁ‘,ffym)
where u is the unique element of RV (v) (resp. R*(v)).

(2) If m =0 and M = n, consider the normal embedding vnor C u’'. Then the
internal covers of v are precisely those obtained by inserting missing letters
into vnor C u (normal covers), plus the special cover, which is obtained
from the special embedding of vsp, by inserting the first missing letter.

Proof. Since internal covers do not change the support and the support is assumed
to be an interval, by Lemma adding any missing letter of [m, M| creates a
cover. Any internal cover w € C, has the same support as v. If M < n then w has
a reduced word that is a V, and removing one of its letters yields a reduced word
for v that is a V. By uniqueness this word must be w. This proves (1) for M < n,
and m > 0 is similar. For (2) suppose Supp(v) = Iy. Let w € C,. Consider the
normal embedding of wye,, which is unique since Supp(w) = I¢. There is a unique
letter in wyor whose removal yields an embedded reduced word u for v. It is easy
to check that u is either vyor normally embedded or vy, specially embedded. O

6.6. Associated coroots. Let v < v/ with v,v’ € C,, and let u € R(v) and ' €
R(v") be such that v C u'. For j C v, define a¥(u C v/, j) to be o, if adding the
given occurrence of j to u creates a reduced word for a cover w > v, and 0 otherwise.
In particular the value is 0 if j C u. Define o¥(u C u') =37, a¥(u C u’,j). The
following Lemma holds by the definitions.

Lemma 6.18. Let v; < v, va < vh, uy,ul, us,uy reduced words for vy, vy, va, vh
such that uq C v}y and ug C uh. Then

oY (urug C uiub) = vy taY (uy C ul) + o (ug C ub).
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It is straightforward to compute sums of associated coroots for subwords of
increasing or decreasing reduced words.

Lemma 6.19. Let 0<m <M <n andu C IT%[ oru C Ii%. Then

aVuc It =af + o+ +ay if M <n
a’(u C I = af i + -+ an_y + 20,

(62) \Y M Vv V \Y .
a'(wuCll, )=o) +ap 1+ +a,, fm>0
Vuc I =af +a)_ 1+ +af +2a8

where k = firstgap(u C o) for v’ = M or ' = I[M. If k does not exist (that is,
u=u') then the sum is 0.

Next we compute sums of associated coroots for subwords of Vs and As whose
support are intervals. We assume there is a letter missing in the initial monotonic
part of the embedded word; otherwise the result is given by Lemma [6.19

Lemma 6.20. Let v € Z have Supp(v) = [m, M| C L¢. Suppose u € RY (v) with
M < n (resp. u € RMv) with m > 0) of the form u = uyus with uy C 1M
(resp. wy C ITM) and up C 1M, (resp. wo C I1M~1) so that w C VM
(resp. w C AY ). Suppose that uy # v for v’ = I} (resp. v = IT}) so that
k = firstgap(uy C ') is well-defined. Let k" = firstgap(us C u”) where v = T3,
(resp. u” = I|M=1): if uyg = u” then set k' = M + 1 (resp. k' =m —1). Then

a'(u C VM) = (ay, + -+ af_y) + () + -+ an) if m>0

(6.3) aV(uc VM) =2(af + -+ i) + (o + -+ o)
Viw C AN ) = (o + o) + (ofyq + - +aM) if M <n

(u C AL, ) = (g + o) +2(gyy + - +ay)

Proof. Since Supp(v) is an interval and we are adding letters in that same interval,
adding any missing letter creates a reduced word by Lemma Let vo € Z be
such that ug € R(ve).
Let M <n and u C V,MM™_ Suppose m > 0. We have
Vug c My =)+ o) +a).
By the assumption on support, since k ¢ Supp(ui) we have k € Supp(usz) and
k # k’. Therefore
vota(uy C MYy =a) + -+ o).
By Lemma [6.18] the desired expression is obtained.
Suppose m = 0. Since 0 € Supp(w) we have
(up CH) =af +a) 1+ +af +2ay

200+ ay ) () +ayy) ifk>K

~1 v M
Clly )=
Vy T (Ul wl/() ) {2(056/4—4-06%1)"’(05)6/_"_'—@}6/’1) if k<k.

By Lemma [6.18 we obtain the desired formula.
The other computations are similar. (I
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Lemma 6.21. Suppose v € Z is such that Supp(v) = Lt with normal embedding
Unor C Nk.k—1, Unor does not contain I}§C Ny ;—1, and £ = firstgap(vnor C Nk g—1)-
Then
2NaY 4 -tV VgV 0>k
o' (u C Ny 1) = (a3+ +a5_1)+(a5 N +a6) Zf B
2y +- o) F(af + o) ifL<k.
Proof. Follows from Lemmata [6.18] and O

Lemma 6.22. Suppose v € Z is such that £(v) < 2n and Supp(v) = [m, M] is an
interval. Then the sum of oY, as w Tuns over the internal covers in C,, is given by

2(ay, + oy -+ ayy)
—x(M <n)(—ajr + U_la\1(4+1)

—x(m > 0)(—ay, 1 +v 'y, ).

Proof. We begin with the most involved case, when Supp(v) = I,¢. In this case
we must show that > . ay, = 2(ag +--- + ;) = 2K. By Lemma GI7
ZwECU ayy = @Y (Unor C W) + @y« where vyo, C ' is the normal embedding.

For the computation of the special coroot a.Y,. we shall refer back to the proof of
Lemma without further mention, for the explicit computations of the special
embedding v, C u” given by rotating the normal embedding vyor C v’ at p =
lastgap(vnor C u’). The reader may find the table after Lemma helpful.

Suppose that vnor C Nk -1 is the normal embedding for some 1 < k£ < n. Let
= ﬁrStgap(vnor C Nk,kfl) and b= 1aStgap(vnor C Nk,kfl)-

Suppose £ C I1TH7'C Ngjp—1. We have p C I17'C Nyjo1, iy, C Npp1
is normally embedded, and ¢ = firstgap(v),, C Npp—1). We compute ay,. =
Se—1++" 818081 Sn—1SnSn—1- - Sp(a)_1) =2(ay + -+ ay) — (o +---+a)_).
Combining this with " (vnor C Nk g—1) = o/ + -+ + /_; from Lemma we
obtain the total 2K.

Suppose ¢ C I|¥71C Ny 1. Since Supp(v) = Ins, £ C It¥ 71 Ny p_1 appears
in vper. Suppose p C IT’flC Ni k—1. Suppose first that p > ¢. Then v}, C
Np.p—1 is normally embedded with firstgap(vy,, C Npp—1) = £. We have ay,. =
Sf"'sé-i-l"'Sn—lsnsn—l"'skaz_l — 2(042/ 4+ .+ ar\{) _ (az/ + ... +O¢>€/_1). By
Lemma [6.2T] for ¢ < k we have & (Unor C Npp—1) = 2(ag + -+ a) ;) + (o) +
.-+ 4 a)_;), and the total is 2K. Suppose next that p < £. Again v}, C Np 1 is
normally embedded and firstgap(v),, C Npp—1) =€ — 1. The coroot computation
is similar to the previous case. By definition p occurs after ¢ in Ny ;—1 so the

remaining subcase is p C I}{C Ny ;1. Then v}, C ﬁp_lm is normally embedded

and firstgap(v),, C Np_1,)=0—1C Iigil. The coroot computation is similar.

Suppose £ C I”flc Nik—1. Since Supp(v) = Iaf, k — 1 must occur in vy
after £. In all cases firstgap(vi,, C u”) = £. If p € IT¥7'C Ny 1 then v, C
Np.p—1 is normally embedded with a),« = Sg—1S¢41 - Sp—1SnSn—1---sk(e)_;) =
SA (207, + - )+ (@ o) = 2oty o +a¥) (o) 4ot oY),
Combined with a¥(vnor € Ngk—1) = 2(ay + -+ ) ;) + (o) + -+ + «)) from
Lemma [B:21] we obtain a total of 2K. If p € IJ¥™*C Ny 41 then vi,, C ﬁp_lm is
the normal embedding with coroot computation proceeding as in the previous case.
If p C Iiic N k-1 then v . C N, 11 and the coroot computation proceeds in
the same way.
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The case vyor C ﬁk,lyk is very similar to the case vnor C Ng -1 with £ C
MrC Ny g—1 and p € IH51

This finishes the case Supp(v) = Iys.

Next we consider the case m = 0 and M < n. Let u € RY (v) with u C VMM In
this case the sum of Y, for w € C, an internal cover of v, is equal to a¥ (u C VM-M),
Let u = u10us where uy C IL} and us € I Let a C 14} (resp. b C I1) be the
first missing letter from u; (resp. wug), which exists if uy # I} (vesp. ua # IT).
By Lemma we have

oV (uc VMM =

2(af + - +ag_y) +(ay +otayy) ifu £ LYY

af + -+ oy if up = I and up # MY

0 if up = Il and ug = I,
Consider 8 = —aY,,, +v ), . Suppose first that uy # I} Since a is missing
from w; and Supp(v) = [0, M] is an interval, a € up. Therefore f§ = —ajy, ;| +
SaSa+1- - SMQfr, = o + -+ + ay;, which yields the desired total. Suppose
uy = ITJM and up # I1}Y. Then 8 = —QYyyq T Sbo1 818081 SMO =
20y + -+ o) )+ (o + -+ a),) as desired. If uy = I/} and us = 11 then
B =—ay; 1 +sm--- 815081 spay = 2(ag + -+ afy) as desired.

The case that m > 0 and M = n is entirely similar to the previous case. The
remaining case is 0 < m and M < n. Using u € RY (v) and uymus = u C VMM,
the proof is similar to the case for m = 0 and M = n except that one must also
compute —ay,_; + vy, _;, which equals o, + -+ 4+ o/, if up # I, and
equals o, + -+ + ay, if ug = I . O

6.7. Proof of Proposition We fix v € Z with {(v) < 2n and i € L. Let
C, ={w € Cy | o occurs in o, }-

Case 1. i & Supp(v). Let w € C/,. Since o occurs in «,, and i & Supp(v) it
follows that 7 € Supp(w). It is easy to check that o occurs in «,, with coefficient
1. The desired multiplicity is obtained by Lemma

Case 2. i € Supp(v). Let C' = [m, M] be the component of ¢ in Supp(v). The
covers in C/, add letters that are either in C' or adjacent to C.

Case 2a. C = I;. In this case there are only internal covers. Therefore
> wee, Qow = 2(ag + -+ ) by Lemma 6221 Since ¢(w) = c(v) for all such w,
Proposition [6.1] is verified in this case.

Case 2b. C = [0, M] with M < n. (The case C' = [m,n] with m > 0 is similar.)
Write v = vgv’ where v’ is the product of the components of v other than ve. Then
the internal covers in C) consist of the w € C, such that we > ve and wer = ver
for components C’ of Supp(v) with C' # C. The sum of ay},, for internal covers
of v in C], is given by Lemma For such w we have ¢(w) = ¢(v). Suppose
M + 2 & Supp(v), so that M + 1 is v-adjoining. Then all the noninternal covers
w € C,, adjoin the letter M + 1 to C; such w satisfy ¢(w) = ¢(v) also. By Lemma
there are exactly two adjoining covers in C,, namely, spr11v = v'spr41vc and
vsp41. The latter has associated coroot oy, ; and therefore does not contribute
ay for i € C. For w = sp41v we have o, = v5'a),, ;. Combining this with the
sum of coroots for internal covers associated to the component C' of Supp(v), by
Lemma [6.22 the coefficient of o is 2 as desired. Suppose M + 2 € Supp(v). Then
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M + 1 is v-merging. By Lemma [6.T6] there are four covers w € C, that add M + 1;
each has ¢(w) = ¢(v) — 1. Their associated coroots are

\% _ .V
a'[},’US]\/[+1 - aMJrl
\ _.—1 v
av,v’sMJrlvc = Vo Opr41
\% _ \ -1 Vv NnN—1_vV
Uy srrirvve = —Qhg1 T 00 Qpppr + (V)7 agyyg

ax,’UCSM+1’U/ = (UI)_la\]Q+l'
The sum of these coroots, forgetting the o for j & C, is 2(—ay, ; + valajv\/j+l).
Together with the coroots corresponding to internal covers given by Lemma [6.22]
which receive a relative factor of 2 since ¢(w) = ¢(v) for internal covers and c(w) =
¢(v) — 1 for merging covers, gives the desired result.

Case 2c. 0 < m < M < n. The computations for this case are similar to those
above.

This completes the proof of Proposition [G.11

7. HOPF PROPERTY OF &

In this section we prove Theorem

7.1. A coproduct formula for nilHecke algebras. In Proposition [Z.1] below,
we give a complicated but explicit formula for QS(SQ)(A(AU,)) for w € Wye. This
formula is valid for the nilHecke algebra for any Cartan datum.

Let v € R(w) and consider the tuples v = [v™M), v® ... v®)] consisting of
subwords v(¥ C v (the embedding of the v(*) are fixed). Let x; (resp. y;) be the
first (resp. last) letters of v(*), considered as subletters of v via the embedding
z; C v C v. Define S, to be the set of (possibly empty) tuples v = [v(), ... v(F)]
such that:

(1) v is a subword of length at least two of v \ {z1,...,2;_1}, which is the
word v with the letters z1,...,z;_1 removed;

(2) y =1y1y2- -y is a subword of v; and

(3) the letters z; are distinct from the letters y; as subwords in v.

For a word u = ujuy - - - ug and a tuple v = [vM) ... v(®)] let
-1 k
bu =[] buiy, and by =[],
i=1 i=1
where b;; = —(a;, ;) = —ay; is the negative of the entry of the Cartan matrix.

For a given v = [vM, ..., 0o®] € S, let 2 = {x1,..., 2%} and y = {y1,...,yx}-
Then set v \ (2 Uy) to be the word v with the letters in z and y removed. For a
subword u C v \ (z Uy) (again with a fixed embedding), define w.y to be the word
u with the letters in y added in the correct order of v.

Proposition 7.1. For w € Wy and v € R(w),

(7.1) VAU = 3 b D Ay @Ay,

v=[vM .. v®]eS, uwCv\(zUy)

where ut is the complement word of u in v\ (x Uy).
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Example 7.2. Take v = ijkl and v = [v™")] with v(!) = v, so that v\ (zUy) = jk.
Take the subword v = j of v\ (z Uy). Then u.y = jl and ut.y = kI, so that the
term Ay, ® Ayr , = Aj ® A appears with coefficient b;;b,by; for this particular
v and w in the sum. Of course such a term can appear in other summands. For
example taking v = [ikl], we also have v\ (x Uy) = jk. Taking again u = j, we get
the term Aj ® Ay with a coeflicient of bspby;.

Proof of Proposition [71] The proof proceeds by induction on ¢(w). For ¢(w) = 1,
let v =i € R(w). We have S, = {[]}, so that ¢V A(Ay) = 3, -, Au ® Ayr =

A;014+1® A,
Now suppose £(w) > 1 and let v = v'i € R(w) where ¢ € Is. By induction, ()

and ([@I0) we have
(7.2)
o7 (AA,) = o5 (657 (AA,)AA,)

= (()2) Z by Z Au’.y’ ® A(u/)Lvy/

vi=[' M. v (B]eS,, u' Cv’\ (z'Uy’)

= Z by Z Au.y/ X Auj_.y/

uCv

vi=[' @) 0 (®]ES,, uCv\(z'Uy’)
— ) b A i @ A A
¢O v/ u’.y’z® (u/);y,al i
vi=[' M, o (®]eS,, w Co’\(z'Uy’)

where to obtain the first term in the last equation we have merged the terms
obtained from A; ® 1 and 1 ® A; which correspond to ¢ € u and i ¢ u respectively.
From ([@3) and [B9) we have, for an element w with reduced word z = z129 - - - 2

b0 [Aw(—a;)] = Z _<ﬂvvai>Aw85

wsg<<w
k
— \
- = E <Zk TR+l azjvai>Az\Zj
j=1

k

Z Z bj,rlb'rl,rz s bm,i Az\zj

j ryoT i CRjg1 A

J
Z bpAz\z

1
1 pCzi

k

j=
where in the last equation p = py - - - p; is a subword of zi satisfying: (a) ¢ > 2, (b)
pe =1, and (c) p1 = z;. Applying this equation to the last summand of (7.2) with
z = (u')*.y we see that it suffices to find a bijection ® from the set of triples

(v = [v,(l), - ,vl(k)], u',p)

such that (a) v/ € Sy, (b) v/ C V' \ (2’ Uy’), and (¢) p = p1---pe is a subword of
((u')*.y')i satisfying p, = i and £ > 2, to the set of pairs

(v =D, v, )
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such that (a) ve S, (b) u C v\ (xUy), and (¢) y, = 4. Furthermore under ® we
must have (a) by = by, (b) u.y = v’ .¢'i and (c) ul.y equal to the word (u')*y’i
with the letter p; removed.

Given (v = [vl(l), e ,v/(k)],u’,p) we consider two cases. If p1 ¢ 3’ we define
v = [Ul(l),...,v/(k),p] and v = u/. It is clear then that v € S, and we have
z=2'U{p} and y = y' U {i}. Since p; € (u')+ we see that u C v\ (z Uy) and
that ut is (v/)* with p; removed.

Now suppose p; = y; for some 1 < j < k. We define the fusion of two words zi
and iz, where z, 2’ are words and i is a letter to be zix iz’ = ziz’. Here, all words
and letters are considered subwords of v. Let & = v () * p be the fusion of v @)
and p, which is defined since the last letter of v'() and the first letter of p are the

same. Define v =[v'® ... v'0), ... v'® 7] where the hat denotes omission. Now
v satisfies all the conditions of S, except possibly condition (1). We produce v
from v by the following shuffling procedure. Suppose © = 07 - - - U5 and let ¢ € (1, s)
be the maximal index (if it exists) such that @, € 2/, say 0, = a,, where m € (j, k).
We now define v*) = 4,541 - - - U5 and replace v (M) with § = (01 - ~17t,117t)*v,(m).
Now repeat the procedure with the new o, searching for some m’ € (j, m) such that
Oy =z, for t’ € (1,t —1). When no more shuffling occurs, we label the subwords
v, ..., v in order. Note that the y,. for r # j are always kept in order. By
construction v € S, and we have z = 2/ and y = (¢’ \ {y;}) U {i}. We define
(u=1u'U{y;}) Cv\ (zUy) and check that u.y = v’.y'i and ut = (u')+. We now
make the crucial observation: shuffling is invertible if the letter y; € v™®) is given —
we will call this “performing inverse shuffling at y;”. This completes the definition
of ®.

We now define ®~'. Given (v = v, ..., v("],u) we consider again two cases.
If o) Nu = § we proceed by defining (v/ = [v'®), ..
Y) (r)

. 7,0’(7"71)],111/ = Uu,p = v(r)).

---vg ’ and let ¢ € (1,s) be the maximal index such

that Ut(r) € u. We define p = Ut(r)vg_)l 0w = \ {’U,ET)} and to produce v’

we perform inverse shuffling at vt(r). It is straightforward to show that this process

well-defines a map that is inverse to ®. (I

Otherwise, suppose v(") = v

7.2. Proof of Theorem Recall that by Theorem [B.1]
P, = A, + non-Grassmannian terms.
By Theorems and [5.]], in order to prove Theorem it suffices to show that
82) (A(4,)=10A, +A, ®1+2 Z A, ®A, . +non-Grassmannian terms.
1<s<r

We have used the fact that if w is not Grassmannian then any term A, ® A,

occurring in (bgf)(A(Aw)) has either x or y non-Grassmannian.
We apply Proposition [Tl to the case w = p, and v the unique reduced word of
pr, which by () is given by

{(T—l)(r—2)~-~10 for 1 <r <m,
v =

2n+1—-r2n4+2—r---n—1nn—-1---10 forn <r < 2n,

where, by convention, if a letter occurs twice in p, the left occurrence is distin-
guished by a bar.



SCHUBERT POLYNOMIALS FOR AFFINE GRASSMANNIAN OF SYMPLECTIC GROUP 35

The terms 1® A, +A,, @1 come from v =[] € S, and v = ) and u = v in (T1]).
All other u C v yield non-Grassmannian terms.

Now we calculate the coefficient of the term A, ® A, _, for s > 1. Since the

operation gb(()2) o A is cocommutative, it suffices to consider the case s < r — s.

Define R to be the set of letters occurring in p,p, ', (together with the bars, if
any). If r —s — 1 € R (in particular r — s — 1 < n) define R to be R with r — s — 1
replaced by 7 — s — 1; otherwise set R = R. If s — 1 € R define R_ to be R with
s —1 removed. If r —s — 1 € R_ define R_ to be R_ with r — s — 1 replaced by
r — s — 1; otherwise set R_ = R_.

s

Lemma 7.3. Suppose s < r —s. The terms in Proposition [7.1] which give A, , ®
A, are exactly the following tuples v € S, and uw C v\ (z Uy):

Casel: r<norr>nands<2n+1-—r:
y=s—1s—2---10, x = x1272 -+ - x5 is a permutation of the letters in R
or R, and v = 0);

Case2: r>n,s<r—sands>2n+1—r:
In addition to the possibilities in Case 1 we may also have y =s—2 ---10,
T = X1X2 - Ts—1 1S a permutation of the letters in R_ or R_, and u =
s—1;

Case3: r>n,s=r—sands>2n+1—r:
We have either y = s —1 s—2---10, u = 0, and x is a permutation
of R;ory=s—15—2---10, u =0, and = is a permutation of R; or
y=s5-2---10,u=s—1,ut=5—1, and x is a permutation of R_ = R_;
ory=s5—2---10,u=s—1, ut =s—1, and = is a permutation of

Proof. u.y = ps is embedded as a subword of p, in two ways: s —1s—2 ---10or
5s—15—2---10. Similarly if r — s > n then ut.y = p,_s C p, and if r —s < n
then ut.y is either r —s —1r—s—2 ---10orr—s—1r—s—2 ---10.

Suppose 0 < p < s — 2 is such that p € y. Then p € v and p € u', so that
p € ut.y, a contradiction. Therefore y D s —2 ---10. This gives four cases.

(1) u=0andy=s—1s—2---10.
Here = can be a permutation of R or also of R provided r —s — 1 € R.
2)u=Pandy=s—1s—2---10.
Suppose r — s > n. Since u’.y contains s — 1 we have 2n+ 1 — (r—s) <s,
giving the contradiction 2n 4 1 < r. Therefore r — s < n. Again since u’.y
contains s — 1 we must have 7 —s = s and u = ). Then z is a permutation
of R.
B)u=s—landy=s—2---10.
s —1 ¢ ut.y. This can only occur if r — s = s, u™t
and ut = s — 1. Then z is a permutation of R_ =
(4) u=s—1landy=s—2---10.
If r — s > n then z is a permutation of R_. Suppose s < r —s < n. If
uty=r—s—1r—s—2---10 then z is a permutation of R_ and if
utyy=7—s5—1r—s—2---10then z is a permutation of R_. If s = r —s
then u' = s — 1 and z is a permutation of R_ = R_.

ﬁzs—ls—2---10,
R_.

In particular the last three cases only occur if s — 1 € p,., that is, 2n+1 —r < s.
This given, the Lemma follows. O
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By Lemma the possibilities for the tuples v € S, which contribute to the
coefficient of A, ®A, _, in (;5((32) (A(A,,)) are determined by whether v = (), u = s—1

and u = s —1. We denote the corresponding subsets of S, by S,. Note that

Ss—1 = S;=7. Define
T) =Y by
veS,
Proposition 7.4. Depending on the case of Lemma[7.3, we have T@’ =2 or T@’ +
=20 Ty+T, | +Ti==2.

/
s—1

Proposition[.4 shows that the coefficient of A,, ® A, __ in ¢((J2) (A(A,,)) is equal
to 2, thereby proving Theorem

The proof of Proposition [(.4] is given in Section [[.9] after first preparing some
technical preliminary results in Sections

7.3. Notation. For the evaluation of T, we require slightly more general functions.
Let 21y be an embedded subword of p, with & and g subletters, and I a subword.
Let S?Q be the set of all subwords p of p, with first letter & and last letter § such
that p NI = 0. Then define
TF7 = Y by

pGSf@

Given sequences x = x1x2 -+ - T and y = y1ys - - - yx of subletters of p,. we define

k

/ — Li,Yi
T (CL‘, y) - H T{ml ----- @i—1}0(@i,Yi)

i=1
where (z;,y;) denotes the subword of p, occurring between the letters z; and y;.
Finally, let T'(z,y) be obtained from T"(z,y) by ignoring the extra power of 2 (if

any) which arises when gy = 0.

Given an interval [t,¢] of unbarred letters and a set X of barred letters, let
f(t,q, X) denote the sum of T'(x,y) as x varies over all permutations of X and
y = q(g—1)---t. We always assume |[t,¢|| = |X|, and write kK = |X|. Given
(t,q,X), we partition X into subsets A, B, C where

(1) A C X consists of letters greater than ¢,
(2) B C X is a subset of [t, ¢,
(3) C C X consists of letters less than ¢.

Thus X is the disjoint union of A, B, and C'. In the following we will write X — a
to mean the set X — {a} with the element a € X removed. For a set S of (barred)
integers let S~ denote S with its maximum element removed.

Now let us suppose that we are given a set X of barred and unbarred letters,
such that X is the disjoint union of sets A, B, C, U, and U’, satisfying:

) A consists of some barred letters in X greater than g,

) B consists of the barred letters in X in the interval [¢, q],

) C consists of the barred letters in X less than ¢,

) U consists of some barred letters in X greater than g,

) every letter in U or in U’ is greater than every letter in A, B, and C,

) the minimum element of U is smaller than or equal to the minimum element

of U'.
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Denote by ¢g(t, ¢, X) the sum of T'(z,y) as x varies over all permutations of X
such that all letters in U occur to the left of all letters in U' and y = q(¢ — 1) - - - ¢.
Let us call X balanced if min(U’) = min(U). Note that if X is unbalanced it will
stay unbalanced if min(U’) is removed from it.

Let us now suppose that y; = ¢ (instead of ¢), but the rest of y is as before.
Denote the answers by f'(¢,q, X) and ¢'(t,¢q, X) and use all the same conventions
as before.

Results about these various functions are proven in Sections [[4UT7l We are
ultimately interested in the case that X is one of R, R, R_, or R_ and y is one of
the words described in Lemma In Section we explain how to construct the
various subsets A, B, C, U, and U’, before proving Proposition [(4] in Section

7.4. Results for Tfy In this section we calculate ng, which gives the contribu-
tion from a single pair of letters & and g.

Lemma 7.5. Let £Iy be an embedded subword of p, with & and § subletters, I a
subword, and § < n. Then

1 if I =0 ormin({) = max(,7)
TP = 3 by=—x(@=9)+2X070 0 —1 if I = {n} or min(I) = {i,3}
peST? 0 else

where min(I) consists of the 0,1, or 2 smallest letters of I and in the comparison
min(l) = max(Z, ) we ignore bars.

Proof. Let p = pip2---pe € Sf'@ be such that b, # 0. Then p; — p;11 € {£1,0}
for all 1 <4 < ¢. Since 0 never occurs in p,, § = 0 and & = ¢ cannot both hold.
If § = 0 then since b1g = 2, b, contains a factor of two, giving rise to the overall
factor 2x(#=0),

Since p is a subword of the unique reduced word of p,- and the latter word is a A
(see subsection[6.1]), p crosses at most once from barred to unbarred letters. Suppose
ij are consecutive letters in p. Then j € {i—1,4,i+1} and the corresponding values
of b;; are 1,—2,1 provided that j # n.

The contributions of the paths that only differ by ...7¢—1...,...54i—1...
and ...ii+1434—1...all cancel out. For § > 7, the contributions of the paths
which differin ...g—1¢...,...9—19g...,and ...g—1gg+ 1 g... all cancel

out. For & :75 the paths ¢ § and § § + 1 § leave a net contribution of —1.
The case ij = n — 1n is special since b,_1, = 2. Given the above discussion, it
is tedious but not difficult to check all cases claimed in the lemma explicitly. (|

In the following sections, we will use Lemma repeatedly without mention.

7.5. Results for f(t,q, X): Barred letters only. In this section we derive results
for f(t,q, X ), which is defined for a pair of unbarred letters ¢, ¢ and a set X of barred
letters. It follows from its definition that f(t, ¢, X ) only depends on B and the sizes
|A| and |C|. By definition f(q,q,?) = 0.

Let e(n) denote the function which is 1 when n is even and 0 when n is odd.

Lemma 7.6. If |B| =0 then f(t,q,X) = 1.

Proof. By Lemma the only nonzero contributions to f(¢,q, X) occur when I =
{z1,...,xi—1} N (zs,y;) = O for all i. For this to hold for all ¢ € [1,q — ¢ + 1], the
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letters in & = (x1, 2, ..., Tq—t+1) must occur in the same order as in p,. This term
gives contribution 1 to f(¢,q, X). O

Lemma 7.7. Suppose X #0. Ift ¢ B then f(t,q,X) = f(t+1,q,X7).
Lemma 7.8. Suppose |C| > 0. Then f(t,q,X) = f(t+1,q,X7).

Proof. By Lemma [[.7] this holds if ¢t ¢ B. Suppose t € B. We have two cases
t = max(X) or t # max(X). In the first case, a sequence z can only contribute to
f(t,q, X) if z, = max(C). But f(t+1,¢,X —max(C)) = f(t+1,¢,X ) =1 by
Lemma In the second case x; may be max(X), t or max(C), all of which are
distinct. Hence we have f(t,q,X) = f(t +1,¢,X ) + f(t+1,¢, X — max(C)) —
ft+1,q,X —t) by Lemmall3l Since f(t+1,¢,X —t) = f(t+1,q, X — max(C)),

we conclude that f(t,q, X) = f(t+1,q,X 7). O
Lemma 7.9. Suppose |C| > 0. Then f(t,q,X) = 1.
Proof. This follows from Lemmas and [Z.§ by induction. O

Lemma 7.10. Suppose |C| =0. Then f(t,q, X) = €(|B|).

Proof. We proceed by induction on the size of X. Suppose t ¢ B. Then |A]
must be non-empty. The inductive step holds by Lemma [[.7l Suppose t € B. If
t = max(X) then |X| = 1 and the result is trivial. Thus we may assume that
t # max(X). Then f(t,q,X) = f(t+1,¢,X7)— f(t+1,¢q,X —t). By Lemma [7.9]
f(t+1,q,X7) =1. Also by the induction hypothesis f(t+1,q, X —t) = ¢(|B] — 1).
The result follows. O

7.6. Results for ¢(t,q, X): Unbarred letters as well. In this section we prove
results for the function g(t, ¢, X ), where X is a set of barred and unbarred letters.

Lemma 7.11. Suppose |A| = |B| = |C| =0. Then g(t,q, X) = 1.

Proof. Since by assumption all letters in U occur to the left of U’, again by
Lemma the only contribution to g(¢, ¢, X) occurs when all letters in « occur
in the same order as in p;-. O

Lemma 7.12. Suppose X is unbalanced and |C| > 0. Then g(t,q,X) = 1.

Proof. We proceed by induction on | X|. If t ¢ B then for a non-zero contribution we
must have xp, = min(U’). If |U’| = 1 the result follows from Lemma[7.9] Otherwise
it is the inductive hypothesis. If ¢ € B then z; may be equal to max(C), t, or
min(U’), which are distinct. Hence we have g(¢,¢, X) = g(t +1,¢, X — min(U")) +
g(t+1,q, X —max(C)) —g(t+1,q, X —t) by Lemma[Z.5l Since g(t+1,q,X —t) =
g(t+1,q, X —max(C)), we conclude that g(t,q, X) = g(t+1, ¢, X —min(U")). The
argument now proceeds as for t ¢ B. (I

Lemma 7.13. Suppose X is unbalanced and |C| = 0. Then g(t,q, X) = €(|B|).

Proof. We proceed by induction on |X|. If t ¢ B the argument is as for Lemmal[7.12]
If t € B, we may have xj, € {¢,min(U’)}. Thus g(¢,¢, X) = g(t+1, ¢, X —min(U’))—
g(t+1,¢q, X —t). By induction and Lemma [.T2] this is equal to 1 — €(|B| — 1), as
required. (Il

Lemma 7.14. Suppose X is balanced and |C| > 0. Then g(t,q,X) = ¢(JA| +|B| +
C1)-
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Proof. We proceed by induction on |X|. Let a = max(AUBUC). Ift ¢ B
then g(t,q¢,X) = gt + 1,¢, X — min(U’")) — g(t + 1,¢, X — a). By Lemma [[.12]
gt +1,¢,X —min(U’)) = 1. If a € C and |C| = 1 then the result follows from
Lemma [.TT] otherwise it follows by induction. If t € B then g(t,¢, X) =

gt+1,¢, X —min(U’))—g(t+1,q, X —a)—g(t+1,q, X —t)+g(t+1,q, X —max(C)).

Note that this formula holds even if ¢ = a. Clearly, the last two terms cancel, so
the result follows by induction and Lemma [7.12] (|

Let 6(n) be the function with values 1,—1,2,—2,3,—3,... on the nonnegative
integers.

Lemma 7.15. Suppose X is balanced, |C| =0 =|A|, andt € B. Then g(t,q,X) =
0(1B)).

Proof. We proceed by induction on | X|. We have

g(t7Q7X) = g(t+ 17Q7X _min(U/)) _g(t+ 17Q7X _t) _g(t+ 17Q7X _b)

where b = max(B). Again this holds even if ¢ = b. By Lemma [l 12 g(t + 1,9, X —
min(U’)) = 1. The result follows from induction if ¢ = b since g(t +1,¢, X — t) =
0(0) = 1. Assume t # b. By Lemma [(14] g(t + 1,q,X — b) = ¢(|B| — 1). By the
inductive hypothesis, g(t +1,¢,X —t) =6(|B| —1). But §(|B|) =1-6(|B| - 1) —
e(|B| — 1), proving the lemma. O

Lemma 7.16. Suppose X is balanced and |C| = 0. Furthermore suppose that either
we have |B| = 0 or we have B = [t',t"] for some t' >t and |A| < t' —t. Then
g(t,q, X) = (=1)M0(|B]) + e(|1Be(|A] = 1).

Proof. First suppose |A| = 0. If |B| = 0 then g(¢,¢, X) = g(t + 1,¢, X — min(U"))
and we are done by Lemma [TT3] Otherwise let ' = min(B). If ¢ = ¢ we are done
by Lemma So let ¢ > t. We proceed by induction on ' —¢ > 1. Thus ¢t ¢ B
and g(t,q,X) =gt +1,¢,X —min(U")) —g(t+1,q, X —b) where b = max(B). By
inductive hypothesis and Lemma [T13] g(¢,q, X) = €(|B|) — 6(|B| — 1) = 6(|B|), as
required.

Now suppose that |A| > 0. Then t ¢ B and by Lemma and induction we
have

g(t,q, X) =gt +1,¢, X —min(U")) — g(t + 1,¢q, X — max(A))
= e(1B]) = (=) I10(1B]) + e(| B)e(|A] - 2))
= (1) 410(B]) + e(| Be(|A] - 1)
as required. O

For the next lemma we assume that min(U) > min(U’). Suppose that min(U) €
U’ (though one is barred and the other unbarred). Define U’ = {u € U’ | u <
min(U)}.

Lemma 7.17. If |C| =0, B = [t/,t"] and (U’ |+ |A| < ' —t, then Lemma[7.16]
holds as stated.

Proof. The statements follow from the fact that a non-zero contribution only occurs
with zr, = min(U’ ). When |U’ | becomes zero, X is balanced and we are in the
situation of Lemma [7.16] O
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7.7. Results for f'(t,q, X) and ¢'(t,q, X): One barred letter in y. Let us now
suppose that y; = ¢ (instead of ¢), but the rest of y is as before. Denote the answers
by f'(t,q,X) and ¢'(t,q, X) and use all the same conventions as before. We state
the relevant results. The proofs are identical to before. Let €/(n) = 1 — e(n) and
0’'(n) be defined on nonnegative integers by the sequence 0,1,—1,2,—2,....

Lemma 7.18. Suppose |C| > 0. Then f'(t,q,X) = 1.

Lemma 7.19. Suppose |C| = 0. Then f'(t,q,X) = €(|B]).

Lemma 7.20. Suppose X is unbalanced and |C| > 0. Then ¢'(t,q, X) = 1.
Lemma 7.21. Suppose X is unbalanced and |C| = 0. Then ¢'(t,q, X) = €(|B]).

Lemma 7.22. Suppose X is balanced and |C| > 0. Then ¢'(t,q,X) = €' (|A| +
B +[C1).
Lemma 7.23. Suppose X is balanced and |C| = 0 = |A|. Then ¢'(t,q,X) =
0'(1Bl).
7.8. Defining U, U’, A, B, C. Let us set X to be one of R, R, R_, or R_ and pick
y to be one of the words described in Lemma[73 Thust=0and ¢ € {s—1,s—2}.
We describe how to construct U, U’, A, B, and C. First we must have C = () and
there is no choice for B and U’. We let A be the set of barred letters in X which are
greater than ¢ and less than all unbarred letters in X. We let U be any remaining
barred letters in X.

For example, in Case 1 of L3 when X = R, r >n,and 2n+1—r <r — s, we
would have B = () and

U={r—sr—s+1,...,n}
U={r—s,r—s+1,...,n—1}
A={r—s—-1,r—s—2,....2n+1—r}.

We claim that the sum g(¢, g, X') of subsection is equal to the same sum, but
without the assumption that letters in U occur to the left of letters in U’.

This is proved as follows. In the case that X € {R, R, R_, R_}, the letters in
U are all present in U’. Let us take a permutation = of X such that T'(z,y) # 0.
Then it is clear that unbarred letters of X occur in x in the same order as in p;..
Suppose x; = n and there is a barred letter 5 € U occurring to the right of x;,
say r, = j where p > i. Then one checks that in z, (a) barred letters greater
than j occur before z;, (b) letters in {n —1,...,j + 1} occur between x; and z,
and (c) no unbarred letter less than j occurs between z; and z,. We now define a
sign-reversing involution: let & be obtained from x by swapping the locations of j
with j. By LemmalZ5, T(z,y) = —T(Z,y). In other words, to calculate the sum of
T(z,y) as x varies over all permutations of X we need only consider permutations
2 such that letters in U occur to the left of letters in U’.

7.9. Proof of Proposition [T.4l

7.9.1. Notation. Since t = 0 and ¢ € {s — 1,s — 2} are known for the cases of
Lemma [T3] from now on we will denote the total contributions by f(X), g(X),
f(X), ¢'(X), where X € {R,R,R_,R_} is one of the sets in Lemma We
prove Proposition [T4] by splitting into the cases of Lemma Note that the
terms T, of Proposition [[4] always differ from the corresponding numbers f(X)
and ¢g(X) by a factor of 2 (arising from y; = 0).
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7.9.2. Case 1. If R = R then Tj = 2f(R). The result follows from Lemma [T
Suppose R # R. By Lemmal[Zl.I7lwe have g(R) = (—1)%+¢e(a—1), where a = |A|

for X = R. Similarly, we have g(R) = (=1)*"! + ¢(a). Thus g(R) + g(R) = 1, so

T} = 2.

7.9.3. Case 2. If R consists only of barred letters, then we have f(R)+ f(R-) =1

by Lemma

Otherwise we need to calculate g(R) + g(R_) + g(R) + g(R_). Let a and b be
the sizes of |A| and |B| when X = R. Then by Lemma [717]

g(R) = (=1)?0(b) + e(b)e(a — 1)

9(R) = (=1)*710(b) + e(b)e(a)
g(R_)=(-1)%(b—1)+e(b—1)e(a—1)
gR-) = (=1)*10(b—1) + €(b — 1)e(a)

and the sum is 1.
In both cases Tjj + 72— = 2 as required.

7.9.4. Case 3. Let b = 3s — 2n — 1 be the size of B in R. Then g(R) = 6(b)
and g(R-) = 0(b — 1) by Lemma [.ITFor the case y = s —1s — 2---0 we have a

contribution of ¢'(R) = 6'(b — 1) by Lemma[7.23] We calculate T + 12— +T,_, =
20000)+60'(b—1))+20(b—1)+20(b—1) =2.

APPENDIX A. P;

In the data that follows, elements of C), are indicated by reduced words.
Some P; are expressed in the A, basis of Ag.

Al n=2.
Py =Ag+ Ay + A
Py = Ag1 + A1p + A1z + 2420 + Aoy
Ps = Ap12 + A101 + A120 + A121 + A01 + A210
Py = Aop121 + Aro12 + Ai1210 + A2101
A2 n=3.

Py =Ag+ A1 + As + As
Py = A1 + Ao + A2 + 2420 + Aoi + Aoz + 2430 + 2431 + Aso
P3 = Ag12 + Aro1 + A120 + Ar21 + A123 + A1 + A210 + 24230
+ Aaz1 + Aazz + 24301 + 24310 + Az12 + 24320 + A1
Py = Ap121 + Ao123 + Aro12 + A1210 + A1230 + A1231
+ Ai232 + Az101 + A2301 + A2310 + 2A2320 + A2321
+ Aso12 + 243101 + Asz120 + Az121 + Az201 + A3210
P5 = Ap1231 + Ao1232 + A1o123 + A12310 + A12320 + A12321 + A21012
+ As3101 + A23201 + A23210 + A3z0121 + A3z1012 + Az1210 + A32101
Ps = Ao12321 + A101232 + A123210 + A210123 + A232101 + A321012
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A3 n=4.

P =Ag+ A1+ As+ As + Ay

Py = Aot + Ago + A12 + 2A20 + A21 + Aoz + 2430 + 2431 + Azz + Azg
+2A40 + 2A41 + 2440 + Ay

P3 = Ag12 + A1o1 + A120 + A121 + A123 + Aoo1 + A210 + 24230 + A231
+ Agzo + Aazg + 2A301 + 24310 + Az12 + 2A320 + Az21 + 2A340
+ 2A341 + Azgz + Azgz + 2A401 + 2A410 + 2A410 + 4A420 + 24421
+ Auoz + 2A430 + 24431 + Auze

Py = Ap121 + Ao123 + Aro12 + A1210 + A1230 + A1231 + A1232 + A1234
+ Az101 + A2zo1 + A2310 + 242320 + A2321 + 242340 + A23a1 + A23a2
+ Assaz + Aso12 + 2A3101 + Az120 + Az121 + Az201 + Asz210 + 243401
+ 2A3410 + Aza12 + 2A3420 + Aza21 + 2A3430 + 243431 + Aza32 + 244012
+2A4101 + 2A4120 + 2A4121 + As123 + 2A4201 + 244210 + 2A4230 + As231
+ Agazo + 2A4301 + 2A4310 + As312 + 2A4320 + Aszan

APPENDIX B. Qgﬁ)

In the following tables, for w € CO and X a partition, the (w, \)-th entry is the

coefficient of My = 2‘Mmy in le). We work in the quotient in ([2:23) and hence
we expand in M) for A\; < 2n.

B.1l. n=2.

[3]21]111] | [4]31]22]211]1%]
o0f] J1[ 1] fo210] J1]2]2]2
210[[1] 1] 1 | [r2woffi1f1] 11

T (2
O O[]

| [41]32]311]221[21°[1°]
10210 11 ]2[2]2
orzioff 1111 ]1]1

4241133321 (3132222211214 |16
010210 1 1 2 2 212
210210 111 1 2 2
101210 1 | 1 1] 1 1 1 1 1|1

|43[421]41%[331]322]3211]31%]2%1[2213 [ 21° 17|
0210210 1] 2] 2 [2]4]4]4]4
0101210 11122 ]2[3]3]3]3
2101210 1| 1 [t 1|1 ] 1 111 ]1]1
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B.2. n=3.

[3]21]111] | [4]31]22]211]1%]
o0 1] 1] [ozmof] J1]2]2]2
210[[1[ 1] 1 | [B2w0f[1]1f1] 1 [1

0 (2
O O[]

| [5]41]32]311]221[21%]17]
10210 11]2]2]2
03210] [1]2]2[3]3]3
2321011111 [1[1]1

| [6]51]42]411]33]321 31 [222] 2211217 19]
010210 1]1]2]2]2]2
103210 1[1]2]3
023210 [1[2] 2 [2]3
1232101111 ]1]1

315 ) 5 |5
3| 4 4 4 |4
1|1 1 111

[61]52]511]43]421[41°]331[322]3211]311]2%1[221% 215 |17 ]

0103210 1 11214 4 4 | 7 7 TT
2103210 1 11273 3 3195 5 5 |5
1023210 11112 |2]2]3 3 3| 4 4 4 |4
0123210 1 | 1 1 1 1 1 1 111 1 1|1

APPENDIX C. P

In the following tables, for w € C9 and X a strict partition, the (w, \)-th entry

is the coefficient of the Schur P-function Py in qu,n). Again w is given as a reduced
word.

Cl. n=2.

(T [ 2] L [[3f2n] [ [[4fs1] | [5]41]32]
o0 |1 0210]] |1 10210]] [1]1

[off1]  [ro]f1] 210 | 1 1210 | 1 01210 1] 1

| [6]51]42]321] | [ 7]61]52]43]421]

010210]] [1]1] 1 0210210 1]1]1

210210 1 0101210]] [1]1 1

1012101 2| 1 2101210([1[ 2 [ 2|1
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C.2. n=3.
T [ T2 L sl2a] [ [[4]31]
o] ol [® 010]] |1 0210] |1
210(| 1 321011
| IBEIEA | [6]51]42]321] | [7]61]52]43]421]
010210 1 0103210 1
(1)2218 1 L 103210 1 2103210 1)1
23210111 023210 1 1023210 1)1
123210 || 1 0123210 1
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