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The Conjugate Linearized Ricci

Flow on Closed 3—Manifolds

MAURO CARFORA

Abstract

We characterize the conjugate linearized Ricci flow and the associated
backward heat kernel on closed three—manifolds of bounded geometry. We
discuss their properties, and introduce the notion of Ricci flow conjugated
constraint sets which characterizes a way of Ricci flow averaging metric
dependent geometrical data. We also provide an integral representation
of the Ricci flow metric itself and of its Ricci tensor in terms of the heat
kernel of the conjugate linearized Ricci flow. These results, which readily
extend to closed n—dimensional manifolds, yield for various conservation
laws, monotonicity and asymptotic formulas for the Ricci flow and its
linearization.
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2 THE CONJUGATE LINEARIZED RICCI FLOW...

1 INTRODUCTION

Hamilton’s Ricci flow [37] is the weakly—parabolic geometric evolution equa-
tion obtained by deforming a Riemannian metric g,;, on a smooth n—manifold
¥, in the direction of its Ricci tensor Ry [3, 18, 37, 39, 40]. The geomet-
rical and analytical properties featuring in this natural geometric flow have
eventually lead to a remarkable proof, due to G. Perelman [49, 50, 51],
of Thurston’s geometrization program for three-manifolds [56, 57]. This
is a result of vast potential use also in theoretical physics, where the Ricci
flow often appears in disguise as a natural real-space renormalization group
flow. Non-linear o-model theory, describing quantum strings propagating in
a background spacetime, affords the standard case study [5, 6, 26, 45, 48|.
Paradigmatical applications occur also in relativistic cosmology [14, 15],
(for a series of recent results see also [8, 9, 12] and the references cited
therein). An important role both in Ricci flow theory, as well as in its phys-
ical applications, is played by its formal linearization around a given Ricci
evolving metric 8 — gap(8), 0 < 8 < Ty < co. By suitably fixing the action
of the diffeomorphism group Dif f(3), this linearized flow takes the form of
the parabolic initial value problem

%%ab(ﬂ) = Az ha(B)
(1.1)

hap(B=0)=hg , 0<B<Ty.

where Ay, denotes the Lichnerowicz-DeRham laplacian [44], (with respect
to gap(B)), and the symmetric bilinear form 3 +— hq,(3) can be thought of

as representing an infinitesimal deformation, gc(;)) (B) = gab(B) + t hap(B),
t € (—¢,¢), of the given flow 5 — gu(5). Stability questions around fixed
points of the Ricci flow [11, 33, 35, 41, 52, 54, 59|, pinching estimates [2],
and characterization of linear Harnack inequalities [20, 21, 46], are typical
issues related to the structure of the linearized Ricci flow (1.1). Related
problems, with an impact also in the physical applications of the theory,
concerns the control of 5 +— hg(3) not just around fixed points but along
a generic Ricci flow metric 8 — gq(8). In particular, if one needs to go
beyond a fixed point stability analysis, the characterization of monotonicity
formulas for the parabolic equation (1.1) is a key problem in many applica-
tions. Difficulties in dealing with such questions are strictly related to the
Dif f(X)—equivariance of the Ricci flow. This remark takes shape in the fact
that the flow 8+ hgp(f3), solution of (1.1), may describe reparametrization
of B — gup(B) as well as the evolution of non—trivial deformations. The
former correspond to the Dif f(X)-solitonic solutions of (1.1). They are
provided by Eab(ﬂ) = Ly3)9ab(B), where L) is the Lie derivative along
some suitably chosen S—dependent vector field v(3). The latter are instead
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parametrized by 5 — iNLab(B) with V¢ Eab(ﬁ) = 0, where the divergence V- is
with respect to the f—varying Ricci flow metric g, (3). As is well known, the
subspace generated by the Lie derivative of the metric along vector fields,
and the subspace of divergence-free hy,’s, provide an L?(¥, g)-orthogonal
splitting of the whole space of symmetric bilinear forms. It is a matter of
fact, naturally related to the geometry of the Ricci flow, that (1.1) does not
preserve such a splitting unless the Ricci flow 8 +— gq(5) is restricted to
particular class of geometries [4, 10, 33, 35, 59]. What happens is that (1.1)
may evolve a divergence—free hey (8 = 0) into a flow 8 — hey(f8) possessing
also a Lie-derivative part. For instance, if one considers, for the volume—
normalized Ricci flow, the evolution of the coupled 8 — (gab(8), hav(B))
with Ric(g)|g=0 > 0, ¥ ~ S3, then by Hamilton’s rounding theorem [37],
gav(B) converges, as B 7 oo, to the standard metric g on the 3-sphere S?,
with Vol [S3, g] = Vol [S3, g(8 = 0)]. Since (S3, g) is isolated (i.e., it does
not admit any non—trivial Riemannian deformation), it follows that any
divergencefree hqy(8 = 0)) must necessarily evolve under (the normalized
version of) (1.1) into a Lie derivative term Lx gap, for some S—dependent
vector field X. This dynamical generation of Dif f(3)-reparametrization
out of non—trivial deformations is at the root of the difficulties in the gen-
eral analysis of (1.1). A possible way out is to adopt a strategy akin to the
one used by Perelman [49] in handling Ricci flow Dif f(X)-solitons. These
are put under control by means of a (backward) diffusion process which is
conjugated to the Ricci diffusion of the Riemannian measure. A related and
very subtle use of the backward—forward conjugation, in connection with
the Kdhler-Ricci flow, has been recently pointed out also by Lei Ni [47]. By
extending these points of view to the L, 3)gas(8) solitonic solutions of (1.1),
we introduce in this paper the backward conjugated flow associated with
(1.1), generated by the operator

0
1.2 T =———A R
where R denotes the scalar curvature of (X, gu(5)). The flow described by

(O3} enjoys many significant properties:

(i) The space of divergence—free bilinear forms is an invariant subspace of
the flow.

(ii) If B — hap(B) is the a solution of the linearized Ricci flow (1.1), and

N H(“:ﬁ) (n), n = B* =, for some * € (0,Tp), is a divergence—free solution

of the conjugate flow, (O7, HE’:,IZ) (n) =0, then

(1.3) /2 1) () HE (1) dpggy -
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where iNLg) (n) is the divergence—free part of lNLab(n), is a conserved quantity
along the (backward) Ricci flow. This result provides a useful control on the

. (T
dynamics of 8 — hgb)(ﬁ).

(111) If B — Rap(B) is the Ricci tensor associated with the Ricci flow metric
B gap(B), and O3 H%®(n) = 0, then

(1.4) /2 Rap(n)H ()t
and
(1.5) /2 (Gab(n) — 20 Rap (7)) H® ()dpigy

are also conserved along the (backward) Ricci flow. Thus, quite surprisingly,
the conjugate linearized Ricci flow has strong averaging properties on the
full Ricci flow itself. These averaging properties become manifest when we
identify the flow n — H%(n), with the (backward) heat kernel of O%. In
such a setting we prove the main results of this paper, viz.,

PROPOSITION 1.1. Let 7 +— g4(n7) be a backward Ricci flow with bounded
geometry on ¥, x [0, 3] and let K&, (y, z;71) be the (backward) heat kernel of
the corresponding conjugate linearized Ricci operator (O7 K, %/ (y,z;m) =0,
for n € (0,8%], with K2, (y,z;n N\, 07) = 6%, (y, z), (the bi-tensorial Dirac
measure). Then

(1.6) Riw(y,n =0) = /2 K (y, 23m) Rap(2,m) ditg( )

for all 0 < n < B*. Moreover, as n \, 0", we have the uniform asymptotic
expansion

(L7 Riw(y,n=0)=

1 d2(y, a
(4 )g /2 €Xp <_ O(Lz,, ) > Ti’I;f’ (yv x; 77) Rab($7 77) dﬂg(w,n)
)2

A3y, = a
T, / €Xp <_%> (I)[h]z’l;c’(:% T, 77) ,R'ab(x7 77) d:u'g(:c,n)

€ T'Y,, )W T*Y, is the parallel transport operator associ-

where 7 ’k
) do(y, x) is the distance function in (X, g(n = 0)), and

ated with
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O[], (y, z;n) are the smooth section € C®(2 x ¥, @*TE K @2T*%), (de-
pending on the geometry of (X, g(n))), characterizing the asymptotics of the
heat kernel K2, (y, z;n).

Under the same hypotheses of proposition 1.1, we also have the following
integral representation of the Ricci flow on g x (0, 37].

PROPOSITION 1.2. Let 8 +— gq(8) be a Ricci flow with bounded geometry
on Xg x [0,8%], and let K&, (y,x;n) be the (backward) heat kernel of the
corresponding conjugate linearized Ricci operator (7 , for n = 8*— . Then,
along the backward flow 1 +— gus(n),

(1.8) giw (y,n=0) = /EKﬁif(y,w;n) [gab(z,1) — 21 Rap(z,m)] ditg(z ) »
for all 0 < n < 8%, and
(1.9)  giw(y,m=0)=

1 _d3(yx)
(4 )§ /Z € 4" T(Z'I,I;f’ (yv x; 77) [gab(xy 77) —2n Rab(xy 77)] dlug(m,n)
)2

N h

n _ B ab
3 / e DAl (Y, 25n) [gab(w,m) — 20 Rab(w,1)] ditga )
h=1 (4mn)2 /%

+0 (nN_%) .

holds uniformly, as n \,07.

In particular, the above result proves the following

Theorem 1.3. The heat kernel flow
(1.10) 0 K (y, ;1)
is conjugated and thus fully equivalent to the Ricci flow 5 +— gap(B).

This is a quite non—trivial consequence of the conjugacy relation and opens
the possibility of a weak formulation of the Ricci flow by exploiting the linear
evolution of n — K, (y, z;7).

The properties of the conjugate heat flow [25],[46],[49] and those of the
conjugate linearized Ricci flow established in this paper suggest to shift em-
phasis from the flows themselves to their dependence from the corresponding
initial data. Thus, along a Ricci flow of bounded geometry 5 — (2, g(3)),
B € [0, B*], we consider the associated heat flow (53, 0y) — 0(5), (% —A)po=
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0, and linearized Ricci flow (3, hgp) — ﬁab(ﬁ ), as functionals of the respective
initial data o(8 = 0) = gy, and hay(8 = 0) = hgp. Similarly, we can consider,
along the backward Ricci flow n — (3, 9(n)), n € [0,5%], n = 8" — 3, the con-
jugate flows (1, w,) — w(n), (a% —~A+R)w =0, and (n, H?®) — H®(n), as
functionals of the respective initial data @(n = 0) = w,, and H%®(n = 0) =
H®. In general, if the initial data (g, hap) satisfy a geometrical condition
in the form of a constraint C(g;x(8 = 0), 0y, hay) = 0, then this constraint
will not be preserved along the evolution of the given data. However, if
we are able to find, along the given Ricci flow, initial data (o, H®) for
the conjugated flows such that C(g;x(n = 0), @, H*®) = 0, then the conju-
gate flows interpolate between (gy, hap) and (w., H®) by averaging the data
with the kernels (w(n), H®(n)). We say, in such a case, that the constraints
C(gir(B = 0), 09, hap) = 0 and C(gix(n = 0), @, H®) = 0 are Ricci flow con-
jugated. This is basically a way for averaging geometrical constraints along
the Ricci flow, and may find applications in various geometrical and physi-
cal setting. The stability of Type—II singularities (see Section 7), and the
problem of Ricci flow deforming the initial data set for Einstein equations
(see Section 4) may provide important examples.

Coming to the structure of the paper, we have tried to keep the presen-
tation as self—contained as possible. We start by recalling some well-known
facts about the Ricci flow and its linearization in Section 2. The conjugate
linearized Ricci flow is introduced in Section 3, where we also establish its
properties. In Section 4 we discuss the heat kernel associated with the con-
jugate linearized Ricci flow. In an appendix, kindly provided by Stefano
Romano, we carry out the explicit construction of the the heat kernel of a
generalized Laplacian when the operator in question smoothly depend on
a one—parameter family of metrics. The results discussed in Section 5 are
elementary consequences of the properties of the heat kernel of the conju-
gate linearized Ricci flow. In Section 6 we formalize the notion of Ricci flow
conjugated constraint sets, and briefly discuss a few natural examples.
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2 Remarks on the Ricci flow and its linearization

We start by collecting a number of technical results on Ricci flow theory
that we shall need in the sequel. Excellent sources of information are
provided by [3], [18], [19], [21], and [58]. For simplicity ¥ will always
denote a C°° compact three-dimensional manifold without boundary, and
C®(X,R) and C®(X,@PT*Y @1 TY) are the space of smooth functions
and of smooth (p,q)—tensor fields over X, respectively. We shall denote
by Dif f(X) the group of smooth diffecomorphisms of X, and by Met(X)
the space of all smooth Riemannian metrics over X. The tangent space,
Ts,gMet(X), to Met(X) at (X,g) can be naturally identified with the
space of symmetric bilinear forms COO(E,®2S T*%) over ¥, endowed with
the pre-Hilbertian L? inner product (U, V) 2(z) = fE gt gFm Uy, Vimdu,, for
U, V € C®(%,®%T*Y). Let L*(X,®*T*X) be the corresponding L? com-
pletions of C*°(X, ®% T*X). A geometric property of Met(X) that we shall
often exploit is that the tangent space T(x; ;yO, to the Dif f(X)-orbit of a
given metric g € Met(X) is the image of the injective operator

* 00 * 00 2%
(2.1) 50 CX(E,T*Y) — C®(2,®°T* %)
wads® 8y (wade) = S Ly

where we have set (w#)? = g**wy,, and denoted by L+ the corresponding
Lie derivative. Standard elliptic theory then implies that the L?>-orthogonal
subspace to I'm d, in (5, 4)Met(X) is spanned by the (co—dim) kernel of the
L? adjoint &, of T
(22) 8, 1 C®(T,@*T*Y) — C®(X,T"Y)

hap dz® @ dzb = 8y (hp dz® @ da®) = — g" V;hjy, da® .
It follows that with respect to the inner product (o,0)r2 (x), the tangent
space 75,4 Met(2) splits as [24]
(2.3) Tis,gMet(X) = Ker §g @ Im 0, .
Unless Ric(g) = C g+L,,# g, for some constant C, the Ricci tensor Ric(g) of

ametric g € Met(X) can be thought of as a non—trivial Dif f(X)—-equivariant
section of the tangent bundle 7 Met(X), i.e., {Ric(g)} N Ker §; # 0.
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Thus, according to (2.3), the Ricci flow associated with a Riemannian three-
manifold (X, g) can be thought of as the dynamical system on Met(X) gen-
erated by the weakly-parabolic diffusion-reaction PDE [37]

%gab(ﬁ) = _2Rab(5)7
(2.4)

9ab(B=0)=gas , 0B < Ty,

where R4, (5) is the Ricci tensor of the metric g (5). The flow (X, g) —
(X,9(8)), defined by (2.4), always exists in a maximal interval 0 < g < Tj,
for some Ty < oo. If such a T is finite then limg »7, [sup,ey [Rm(z, B)[] =
00, [37, 39] where Rm(f) is the Riemann tensor of (X,¢(f)). Note that,
by exploiting a result by N. Sesum and M. Simon[53, 55], (see also the
comments in [42]) the curvature singularity regime for the 3—d Ricci flow is
equivalent to limsupg »p, [maxzes; |Ric(z, 8)[] = oo, (quite surprisingly, this
result of Sesum and Simon holds on any compact n—dimensional manifold).
The structure of singularities of the Ricci flow, as well as that of generalized
fixed points attained if Ty = oo, is associated with self-similar solutions
generated by the action of Dif f(X) x R, where R, acts by scalings. These
solutions are described by the Ricci solitons —2Ru,(8) = Li(s) Jab + € Jab
where Ljg) denotes the Lie derivative along the S-dependent (complete)
vector field ¥(8) generating 5 — ¢(B) € Dif f(X) x R4, and where, up to
rescaling, we may assume that ¢ = —1, 0, 1, (respectively yielding for the
shrinking, steady, and expanding solitons). This non-trivial action of the
diffeomorphisms group Dif f(X) on the evolution of (3, g(5)) can be better
seen if we describe the kinematics of the flow (2.4) in the parabolic spacetime
MI‘_% o =2 x I, I=10,Tp) C R. We assume that the diffeomorphism

(2.5) Fg: I xS — Mpy; (B,2) = ig(2),

of I x ¥ onto M]A;ar, is the identity map, and that Mfgar carries the product
metric () 9par, SO that in the coordinates induced by Fjz we can write

(2.6) (F5 Wgpar) = gap(8)dz® ® da® + dB @ df .

In such a framework, % DR TM?;M, can be interpreted as a vector

field, transversal (actually, (¥)g,,—normal) to the leaves {¥3}, describing
the Ricci flow evolution as seen by observers at rest on ¥3. The evolution of
the metric g() can be equivalently described by observers in motion on Xg.
To this end, consider a curve of diffeomorphisms I 3 8 — ¢(B) € Dif f(%),
(with the initial condition ¢(z%, 8 = 0) = idy), and define the vector field
Xy : ¥ = TYs, X, = %@(5), generating (5 +— ¢(3). Such a f—dependent
X, provides the velocity field of these non-static observers. Thus,

d 0

(2.7) 5 5 =35

+X%0 : Eﬁ B TMéarv
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is the space-time vector field covering the diffeomorphism Fjp , of I x X onto
(M3, ) gpar), defining space—time coordinates (3,y* = ¢*(3, x)) which de-
scribe the curve of embeddings (8,z) < (B8,¢(B,z)) of L5 in Mp,,. In
terms of the coordinates (3,%") we can write

(2.8)  (Fj, Wapar) = Jub(B)(dy” + X2dB) ® (dy® + X5dB) + dB ® dB,

where the metric §u,(y', ) is B-propagated according to the Hamilton—
DeTurck flow

00 (8) = ~2Ran(3) ~ L Gun( D)
(2.9)

gab(ﬂzo):gaby OS/B<TO

The connection between (2.9) and (2.4) is most easily established if we pro-
ceed as in the mechanics of continuous media, when shifting from the body
(Lagrangian) to the space (Eulerian) point of view. To this end, let us

introduce the substantial derivative DAﬁ = % + Lx, associated with the

convective action defined by X,. Since DAﬁ Jan(B) = (¢*) 7t % [¥* ], and
©* Ric(g) = Ric(p* g), R(g) = R(p* g), it follows from (2.9) that the pull-
back B — (¢* ) of the flow f — gindy’ ® dyF, under the action of the
B~ dependent diffeomorphism z% — y¢ = '(z?, 3), solves (2.4). The non—
trivial action of the diffeomorphism group described above is the rationale
underlying DeTurck’s technique for fixing a gauge F,, , making the evolution
B+ (T, gap(B)) of the metric in the tangent bundle manifestly parabolic
[22]. In this connection, one easy but useful information is that, along the
evolution 8 +— (TX,gu(B)), we can also consider a S—dependent isomor-
phism ¢(3) between a fixed vector bundle V over ¥ and the tangent bundle
(TX,9(B)), in such a way that (V,*(8) g(B)) is isometric to (T'%, g(5 = 0)).
This is the Uhlenbeck trick [38, 43]. We briefly describe it to set nota-
tion for later use, (what follows holds for any dimension n). Consider a
bundle isometry between a fixed vector bundle V over ¥ and the tangent
bundle 7Y, vy (V, L(O)*g) — (T3, g), where g is a given metric on

TY.. Locally, in any open set U C X, given a basis of sections {E(H)hzl 53

of Vl]y, and a basis of sections {9(”)},,:172,3 of the dual bundle V*|y;, we

can write ¢(y* glu = L(O)Z

the the bundle isomorphism ¢(g) are defined by ¢()(e(,)) = L(O)Z Op. Let us

L(o)],j . 1) 9(:/)’ where the components L(O)Z of

evolve the isometry ¢(g), along with the Ricci flow 8 — gup(8), 0 < 8 < T,
according to ¢(8) : (V, ()" g) = (T2, g(B)), where 3 — () is the solution
of

a5t (8) = 4i(B) RE(B),
(2.10)
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It is easily checked that along such an evolution we have (.(3)* g(3)) =
(L(O)* g) o 0 < B < Ty, as required. One can also pull back to (V,¢(8)" g(B))
the Levi-Civita connection V(3) on (T'%, g(8)) according to

(2.11) D(B): C®(X,TE) x C®(X,V) = C=(2,V)
(X,8) — D(B)x & :=1(B)" V(B)x & -

From the defining relation relation ¢ [D(5) &] = V(B)r((§)) it follows that

Vkvh( (&) = Vi{[D ( )hﬂ} = {¢[D(B)eD(B)n&l}- Thus, A(B)(e(S))
= g™ (B)\ViVi(1(§)) = ¢ (8) {t [D(B)kD(B)n €]} = ¢[Ap(B)¢€], where the
(rough) Laplacian Ap on (V t(B)" g(B)) is defined by

(2.12) Ap(B)€ = g"™(B) D(B)rD(B)1 & -

These remarks imply a well-known result (see e.g.,[18],[58]) that can be
phrased in the following form, more adapted to our purposes,

Lemma 2.1. If a bilinear form vy, € C*(%, ®% T*%) evolves, along a given
Ricci flow B — gap(8), 0 < B < Ty, according to the solution B +— vy (5) of
the parabolic initial value problem

%Uik(ﬁ) = Avi(B),
(2.13) .
vik(B=0)=vy , 0<B<Tp,

then its pull-back 1*v, under the map «(8) : (V,v0)*g) — (T'%,9(8)),
evolves according to

2 (11(8) Lk (B) vin(B8) = Ap (14,(8) th(B) vin(8))
@14)  +(B) BB RL(B) vk (B) + 11, (B) 1 (B) RE(B) v (B)

(4.(8) w(B) Uz’k(/@))(ﬁzo) = L(O)Z L(o)',jvz‘k , 0SB <Ty.

There is a rather obvious similarity between the above spacetime kinematics
for the Ricci flow, the role of the lapse and shift vector field, and the use
of Dreibeins in the formulation of the initial value problem in general rela-
tivity. However, this similarity cannot be pushed too far on the dynamical
side. As a matter of fact, the natural spacetime metric on MI‘_%M associated
with the dynamics of the Ricci flow is not the product metric described by
the diffeomorphism F,, : [ x ¥ — Mf;m,. Formal metrics, often strongly de-
generate in the time-like direction, seem to better capture the most relevant
aspects of the spacetime geometry of the Ricci flow [16, 17|, [49].
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2.1 Factorization of the linearized Ricci flow

As already stressed, an important role in Ricci flow theory is played by the
formal linearization of (2.4) in the direction of a symmetric bilinear form

hav(B), i-e.

g5ha(B) = = G (2Ra(9)] g
(2.15)

hab(ﬁ:()):hab, 0§B<T07

where hg,(3) can be thought of as representing an infinitesimal deformation
9((;2 (B) = gap(B) +t hap(B), t € (—¢,¢), of the flow 5 — gu(B) defined by
(2.4), d.e., h(B) € Tz 4(8) Met(E). According to a lenghty but standard
computation, (see e.g., [18], [19], [13]), the linearization (2.15) character-
izes the flow 8 — hg,(B) as a solution of the weakly-parabolic initial value
problem

Fhay = Aphay +2 [656,G()] ,
(2.16)
hap(B=0) =he, , 0<B<Tp .

For notational ease, in (2.16) we have dropped the explicit S-dependence
and we have introduced the Einstein-conjugate G(g,h) = h — % (trgh) g
of h € C®(X,®2T*¥), (G(h) for short, if it is clear, from the context,
with respect to which metric ¢ we are conjugating). The operator A :
C®(2,®2T*Y) — (3, ®%T* ) is the Lichnerowicz-DeRham Laplacian
on symmetric bilinear forms defined by

(2.17) Arphgy = Ahgp — Rashg — Rbshz + 2Rasbth8t,

where A = g% () V,, V} is the rough (or Bochner) Laplacian, and where for
n = 3 we can set

1
(218) Rasbt = Rabgst + Rstgab - Rsb.gat - Ratgsb + §R (gatgsb - gabgst) .

For each given 3 € [0,1p), A is an operator of Laplace type [29], i.e.,
A = A+ &, for £ the local section of End (®2T* E), hip — Sfllg hik,
provided by

) . ) . 1 ) )
(2.19) €L = —3RL6F — 3RS, + 2R gap + 2 (Rab - §Rng> g%+ RS
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Ap is L? self-adjoint, (Ag h, k:)Lz(Z),: (h, AL k:)Lz(E), but it is not negative
semi—definite since

(2.20) /Eh“b Ap haydpy =
- / [Vihay V'R 4 6 B Rl — A DRy + R (2 = hyh®) | e
b

where h = g% hyy. Along the Ricci flow the curvature can grow unboundedly
large, thus, in order to have some control on the spectral properties of Ay,
we need to restrict attention to a particular subclass of Ricci flow metrics.
In particular, we shall say that a Ricci flow 58— gq(8) on X x [0,Tp) is of
bounded geometry on the subinterval [0, 3*] C [0,Tp) if, in such an inter-
val, the associated S—dependent curvature and its covariant derivatives of
each order have uniform bounds, i.e., if there exists constants Cj > 0 such
that |Vk Rm(6)| <C, k=0,1,..., for 0 < B < F*. The hypothesis of
bounded geometry considerably simplifies the characterization of the conju-
gate linearized Ricci flow (in particular the analysis of the associated heat
kernel and of its asymptotics), without sacrificing generality. By exploiting
the technique of parabolic rescalings, one can extend the analysis to Ricci
flow singularities, at least in the case when one has a noncollapsed limit,
(e.g., for finite time singularities on closed manifolds).

If we assume that 8 — gu(8) on ¥ x [0,Tp) is of bounded geometry on
the subinterval [0, 8%] C [0,T)), then from the spectral theory of Laplace
type operators on closed Riemannian manifolds (see [29], and [30] (Th.
2.3.1)), it follows that, on (X, gus(8)), for each given § € [0,8%] C [0,T),

the operator P, = —Ap = — (A + &) has a discrete spectral resolution
{hl(.z) (B), A) (6)}, where the ordered eigenvalues A(1)(8) < A\(9)(8) < ... 0
have finite multiplicities, and are contained in [—C'(3), oo) for some constant
C(B) depending from the (bounded) geometry of (3, g(3)). Moreover, for
any € > 0, there exists an integer n(e; ) so that n3—e < Ay < n%+€, for

n > n(e;B). The corresponding set of eigentensor {hz(.g)(ﬁ)}, hl(.Z)(ﬁ) €

C>®(%,®*T*Y), with Pf hgz) (B) = An)(B) hgz) (8), provide a complete or-
thonormal basis for L?(X, @27 X). If for a tensor field ¢ € L?(Z, ®2T* X))
we denote by c¢,(8) = ((b, h(n)(ﬂ))L2(2) the corresponding Fourier coef-
ficients, then ¢, € C®(XZ,@%T* %) iff lim, oo n*c,(8) = 0, Vk € N,
(i.e, the {c,(B)} are rapidly decreasing). Also, if |¢|; denotes the sup—
norm of k* covariant derivative of ¢, then there exists j(k;3) so that
|| < n?*B) if n is large enough. This result implies in particular that
the series ¢, = >, cn(B) hgg)(ﬁ) converges absolutely to ¢, in the C'*
topology.
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In order to exploit the properties of P;, for defining the conjugate linearized
Ricci flow we need to factorize (2.16) into a strictly parabolic flow and a
Dif f(X) generating term. There are various distinct ways of implementing
such a decomposition, all eventually related to the DeTurck trick [22]. For
the convenience of the reader, here we describe a well-known factorization [2]
in a form particularly suited to our purposes, (to the best of my knowledge,
such a factorization appeared first explicitly in [45]), and which holds for
any n—dimensional manifold. Further details can be found in (Chap.2 of)
[21].

Let us consider a given symmetric bilinear form ﬁg%) € TyMet(X). Along
the Ricci flow of metrics S +—— gap(8), gap(B = 0) = gap, 0 < 8 < Tp, look
for solutions 3 — hgy(8) of the associated linearized flow in the form

(2.21) hav(B) = hap(B) + Vaws(8) + Viwa(B),
)

with ﬁab(ﬂ =0) = h( , and where the [S-dependent vector field w*(3)
is associated with ﬂ—dependent infinitesimal Dif f(X) reparametrizations of
the Riemannian structure associated with gu,(5).

Since Eab(ﬂ) + L z9qp must satisfy the linearized Ricci flow, we get

%ﬁab + %Ewgab = Aphay — ALLggan
(2.22) :

42 [5;5g G(ﬁ)] +2[5;0,G(Lag)],,

where h(3) = g®(8) hay(8). From the relations

0 0
(2.23) %Ew(ﬁ)gab(ﬁ) = ﬁw(ﬁ)%gab(ﬁ) tLo ~(5)9ab(5)
0
(2.24) E@(g)%gab(ﬂ) = —2Lg ) Rab

(in the latter we have exploited the fact that 5 +—— gq4(3) evolves along the
Ricci flow), and

1 ,
(2.25) LgRap = _§AL£u79ab - [5959 G(ﬁwg)]ab )
(consequence of the the Dif f(X)-equivariance of the Ricci tensor) we obtain

0 x
(2.26) 55 wdab = L o g9ab + ALLgap + 2 0504 G(Lag)],, -

op
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Inserting this latter in (2.22) we have

(2.27) — he + L = AL}Nlab .

o (a%;wk‘l'vi(ﬁik—%?lgik)) Yab
As an immediate consequence of the structure of this relation it follows that,

under the stated hypotheses, we can naturally factorize the linearized Ricci
flow according to the (see e.g., [21])

Lemma 2.2. (The Reduced Linearized Ricci Flow). Let 3 — ﬁab(ﬁ),
B €10,Tp), denote the flow solution of the parabolic initial value problem
2 hap = Drhay
(2.28)
hab(ﬁ = 0) = hab7

and let 8 — wqy(B), B € [0,Ty), be the B-dependent (co)vector field solution
of the initial value problem

%wa(ﬁ) = -Vt <l~1ab — %}ngab) ;

(2.29)

wﬂ«(ﬂ = 0) = 07
then the flow B — ha(B), B € (0,8y), defined by
(2:30) hav(B) = hav(B8) + Las(s) 9ab(8),

solves the linearized Ricci flow (2.16) with initial datum hep(8 = 0) = hgp.

Proof. The proof of the lemma amounts to backtracking the steps leading
to the identity (2.27). Explicitly, from (2.28) and (2.26), we get

% hap + % L Gap = ALhay
(2.31)
+L o, Gab+ A1 Lis ga +2 [530, G(Lasg)] ,, -

Moreover, from (2.29), we have
(2.32) Lo gu+2 53, C(Lag)],, =2 [5;5g G(h+ E@Q)Lb

By inserting (2.32) in (2.31), and gathering terms, we get that hq,(8) =
ﬁab(5)+£u~,( 8)9ab (), solves the linearized Ricci flow (2.16) with initial datum
hab(ﬁ = 0) = hap- 11

The net effect of curvature on the factorization of the linearized Ricci flow is
most easily seen in an orthonormal frame. Since every 3—manifold is paral-
lelizable, we can choose orthonormal sections {e(,)},=1,2,3 for ('Y, g(8 = 0),
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(locally e, |u = LZ@Z'), such that the induced basis in A%(T,X), {ea Aes, e3A
e1, e1 A ex} diagonalizes the curvature tensor Rm(g), i.e., Rmaoges := 11,
Rmg3131 := 19, and Rmqo12 := 73. Let us evolve the sections {e(u)}u:Lg,g
along the given Ricci flow according to the Uhlenbeck trick (2.10) and cor-
respondingly set b, (8) := Ejk(ﬂ) L{L(,B) ik (B), where 8 — Ejk(ﬁ) is the solu-
tion of the reduced linearized Ricci flow (2.28). Then, according to lemma
2.1, we get, (suppressing the f—dependence for notational ease),

g~
% b,uu =Ap b,uu + LZL?, 521) hjk

(2.33) B B
1808 RE hep + 1408 RE hae -
Since Sél]f =R}, oF — REST + 2722];, the above expression reduces to
(2.34) % bur = Ap by +2R60- H77
where we have set R 5 = LZ le, Ly H; Raspe and h77 = 1747 lNLSt, with &

the components of the orthonormal (co)-basis {#®)} dual to {e( }- Thus,
from Hamilton’s maximum principle [38], it follows that if 5 — g.(8),
0<p < p"Cl0,Tp) is a Ricci flow with non—negative curvature operator
and with bounded geometry and if 5 +> ﬁij (B) is a solution of the reduced
linearized Ricci flow (2.28) with Eij (8 =0) >0, then ﬁij (8) > 0 for every
B el0,57].

If, in the initial value problems (2.28) and (2.29), we consider the initial
conditions hg(8 = 0) = 0, and w, (5 = 0) = £,, then one recovers the well-
known fact that, for a S—independent vector E € C®(X, TY), the tensor field
hav(B) = Le gap(B), is a solution of the linearized Ricci flow, and that any
Killing vector is preserved along the Ricci flow. More generally, the existence
of the Dif f (¥)-solitonic solutions of the Ricci flow, and the structure of
the factorization described by lemma 2.2, suggest that there should exist
solutions of the reduced linearized Ricci flow (2.28) of the form hg(8) =
L8y gav(B) for some judiciously chosen 3 + v%(8). This is expressed by
the following

Lemma 2.3. For a given Ricci flow B — gup(5), 0 < B < Tp, let B — vg(B)
denote the flow solution of the parabolic initial value problem

Zva(B) = Ava(B) + Rbvs(B),
(2.35)
'Ua(ﬁ = 0) = Va,

where v(B = 0) € C°(X,T*%) is a given covector field, and where Auvy(5)+
Riva(8), with Avy(B) = V*Vaup(B), is the (1-form) Hodge laplacian on
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(3,9(8)). Then the flow B+ hap(B) = Lus) gab(B) provides a Dif f(%)-
solitonic solution to the reduced linearized Ricci flow (2.28).

Again, in a form or another, this is a well-known property of the linearized
Ricci flow, see e.g. [21], (note that in [21] the sign convention on Ricci
tensor is opposite to ours). Here we are emphasizing, for later use, the
Dif f(X)-solitonic nature of such solutions.

Proof. A direct computation using the Ricci commutation relations provides
(2.36) 0, G(Lag) =

= V[V (B) + Vva(B) = gan(8)Vve(B)] da® =

= [Avy(B) + Rapv”(B)] da”,
thus, according to (2.35)

(2.37) 55 0a(8) = = 3, GlLag),

which implies, (see (2.1)),

(2.38) Lo sar = =2 [550, G(L9)] ,,

By introducing this latter relation in

(2.39) %cggab — Lo g9+ DrLagar +2 [0, G(Lsg)
(see (2.26)), we get

(2.40) % L gab = ALLs Gab »

which implies that hep(8) = L8y gab(B) solves (2.28) with the initial datum
Lig) 9ab(8)| _g = L7 av- W

Lemma 2.3 and of eqn. (2.40), may suggest that, along the Ricci flow, we
can decompose the given solution 8 — hgp () of (2.28) according to

(2.41) R(B) = WD (B) +26%0(8), 8,01 (8)=0.

This would also imply that the divergence—free part (D) (B) evolves accord-
ing to %ﬁ(n(ﬁ) = A AT (B). However, from 5971(T) (8) = 0 it follows that
the (co)vector field defined by Lemma 2.3 must also comply with the con-
straint 20,60 = %ﬁ(ﬂ), for all 0 < 8 < Ty, (in components this reduces
to the elliptic PDE  Av, + Rt + Vo VPuy, = Vbﬁab, where ﬁab(ﬁ) is the
given source). Such a requirement clearly overdetermines 8 +— v,(53), and



MAURO CARFORA 17

we cannot assume that (2.41) holds in the general case. This also follows
explicitly from the following

Lemma 2.4. (A commutation formula) For any symmetric bilinear form
Sk on any n-dimensional Riemannian manifold, we have

(2.42) A AL S =A vF Skt + Sab gk Rpan — Rig vk Sy — Sy A Ry,
= AV*Sy+ 8"V, Ry, — Ry VFS¢ — 282 VP Ry, .

Proof. The proof is a somewhat lengthy but otherwise standard computation
exploiting Ricci commutation formulas and the second Bianchi identity. In
detail

~VEALS = VR(-VIV;Sy + RiSu + RSy — 2RYS;;)

= —(V/VM(V;Su) — REVI Sy — RENI Sy + ngsm)
+(VFRD S, + RIV* Sy + (VVR) Si + RV Sy —
2(VFRY)S); — 2RY.VES); |

= —VI(V;V*Sy — RM.S + RES;y) + REVI Sy
+(VER) S + RIV Sy + (VFR}) Sy + RV Sy —
2(VERG)S); — 2RV Sy , _

= —AVFSy — (VIR Sk + (VFR]) S + RIVF S .

From the second Bianchi identity we get V7 Rfjl = —VkRé + V,;R* which
inserted into the above expression eventually provides (2.42). 1

From (2.42) and the Ricci flow rule

9 ok ik 9 ik j
2.43 — V'S =9"V;| =S 2R"™V; S, S"™ N R
(2.43) 3BV W=g V(@ﬁ kl>+ Vi Sk + !
(which follows directly from the evolution of the Christoffel symbols under
the Ricci flow), we immediately compute that if 5 — Sg;(3) evolves, along
the Ricci flow, according to % Ski(B) = A Ski(58), then

0

(2.44) % \V S = A A Sk — Rla AV Ska + gab ViR, +

+2R* V7, Sk — 25V, Ry, .

The presence, in the above expression, of the terms S% V; Ryp+2R* V; Si—
25 V; Ry, implies that, unless we are on a (3—dimensional) Einstein man-
ifold, Ry = %R Jap, the parabolic initial value problem (2.44) with ini-
tial the condition V*Su(5)| p—o = 0, does not admit, in general, the so-
lution V*Sg(8) = 0, 0 < B < Tp. If we apply this latter result to
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S(p) = (25221(5) —71(5)) it follows that the L?*(Xgs, g(3))-orthogonal de-

composition

(2.45) C™ (S5, @*T*Tp) = Ker Sy & Im 5y )
cannot be naturally imposed to the coupled evolution 8 — (gap(83), hap(8))
along a generic Ricci flow metric on 3 x [0, Tp).

The difficulties one experiences in controlling the L?-decomposition of the
solutions of (2.28) are related to the dynamical Dif f(¥X)-equivariance of
(2.16) and are a counterpart of the existence of the solitonic solutions of
the Ricci flow. It is then natural to bypass such difficulties by adopting
a strategy akin to the one used by G. Perelman in handling Ricci flow
Dif f(X)-solitons. In particular, in order to have an a priori control on the
L%*(34, g(8)) decomposition (2.45), we shall characterize the (backward)
flow which is conjugated to the Dif f(X)-soliton solutions of (2.28), de-
scribed by lemma 2.3.

3  The conjugate linearized Ricci flow

Let 5 — (3, gu(5)), 0 < g < 8%, 5% € [0,Tp) be a given Ricci flow metric
of bounded geometry, and let (Mp, .~ % x [0, 8*], W g,q,) denote the corre-
sponding parabolic spacetime. Through the diffeomorphism F 5 L, M;,lar —
I x ¥, (see (2.5)), any (B, 2) — Ba(3, ), with Bey (3, ) € O®(E, @*T*%),
can be seen as an element of the space of symmetric bilinear forms on M3,
C®(Mp,,., @*T*M3$_ ). Since the volume form on M}, is given by the
product measure dy gy d3, we can consider, on C“(Mj‘;ar, ®2T*Mf;m,), the

L2(M},,., W gpar) inner product

(3.1) /0 [ 5516 (3) HB) Bun(5) diy 5,45

between H;i,(3) and By (8) € C®(X, ®*T*X). Similarly, we can also define
the natural pairing

B
(3.2) /0 [ H6) Bun5) dggp 45

between H®(B) € C®(%, ®2T%) and By(B) € C®(Z, ®2T*Y). Let us
consider the operator

(3.3) oL=2

:%_AL7
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acting on the space of 3-dependent symmetric bilinear forms C*®(%, @2T*¥)
C C®(Mp,,., @*T*Mp,,). According to lemma 2.3, Ker QN Im &7 char-
acterizes the solitonic solutions of the (reduced) linearized Ricci flow (2.28).
Let us compute its L2(Mp,,, (4)gpar) conjugate ()}, thought of as acting
on the space of symmetric two—tensors with compact support. From the
relation

B d
/ / H() 5Bty 45 = [ [ 1 By dyap
0 by
B*
/ / ab (——H“b+RH“b> dy, df
B*
/ / ab (——H“b+RH“b> dp, ds

(where we have exploited the Ricci flow evolution for du, and the time-
boundary condition H® € C§°(Mp,,, @*TM3,,)), and

.
(3.5) /0 /E H(8) (~Ar) Ba(B) dpsygs) dB

_ /0 /E Bu(8) (=) H(B) dpug(s) dB ,

(where we have exploited the fact that Ay is formally self-adjoint on each
(3,9(8))), we compute

;
(3.6) /0 /E H(8) Or, Buy(B) djty() 48

:/06*/21{“ <%—AL> By dpiy df
- L
I

ab <—— — AL+ 72) H dp, dp
Baup(8) Of, H®(B) dpg(y df -
Thus,

(3.7) Oh =55~ AL+ R.

The following results provide the geometrical meaning of (7.
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Lemma 3.1. Let 5 — (2,9(8)), 0 < 8 < 5%, be a Ricci flow of bounded
geometry, and let Ker o, denote the corresponding B3-dependent subspace of
divergence—free 2-tensor fields H®(B) € C®(Z, @*TX), then Ker dg is an
invariant subspace for Q7 , i.e.

(3.8) Op (Kerdy) C Kerd, ,
for all g €10, 8%].

Proof. The commutation formula (2.42) provides
(3.9)  V,ALH®™ = AV, HY + HIV'R,; — ROV, HY — 2HYV,RY

whereas along the Ricci flow we have

d d
1 _ a_Hab:__ aHab
(3.10) v 0B ap (V )
—H™V,R — H"V, R — H"V, Rt + H V'R, .

Inserting these relations into the expression for V, (QE H “b), and cancelling
terms, we easily get

(3.11) V. (0L H) = -9, [(% LA - R) H“b}

S <% +A - R> Vo H® + ROV HY

(note that the Laplacian in the last line is the rough Laplacian). Thus, if
Vo H®(B) = 0 then V, (OF H®(B)) = 0. 1

As expected under L?~duality, the action of Oponlm 5; parallels the rather
complicate action of (7, on Kerd4. In particular, for the Lie derivative along
a gradient vector field X%(n) = g% V. f, with f € C>®(%, R), we have

Lemma 3.2. Let (Hess f(8))™ = ¢"(8)g*(8) ViV f(x, ), be the (con-
travariant) Hessian of a B—dependent function f € C*°(X, R), then along
the Ricci flow B+ gap(B) on X x [0, 8%] we have

(3.12) OF (Hess f(B)® = vev® (% +A - R> f+
12V, (R \ed f) 12V, (Rkb ve f) +

+2 (van? + VRS — Vﬂzab) vif.
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Note in particular that the component of OF (Hess f(8)) on Imd, is gen-
erated by the L%(Mp,,)-adjoint

(3.13) 0o = <% + A — 72)
of the scalar heat operator

. (0
(3.14) 0= @ - A>

Proof. The proof of (3.12) is a long but routine computation exploiting the
Ricci flow identity

3} 3}
(3.15) Vi Vi <85+A> f= <85+AL> ViVif
—2 (ViR + ViR — ViRik) Vlf )
(for this latter see [21], Chap. 2, §5). 1

Consider the set of covector fields #(8) € C°(Mp_ ., T*M3 ) obtained as
solutions of

Zva(B) = Ava(B) + Rbvs(B),
(3.16)

Ua(ﬂ = O) = 01(10)7

where the initial ¥y varies in C°°(%,T*X). According to lemma 2.3, these
flows describe all possible solitonic solutions 517(5)9,11,(5) of the linearized

Ricci flow (2.28). Let H®(B), B € [0, 8*], be a 3-dependent 2-tensor field,
and let us consider the pairing

(3.17) / H(8) Loy 9an () dity 5 -

for every 0 < 8 < *. By differentiating (3.17), and exploiting (2.40 ), we
get

(318) 5 [ H3) Ly 00n(5) g
0 ab ab
_ / [ﬁvgab CHD £ HY(Ap —~R) Loga| du,
s B

—/Zﬁagab O H*dp,
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which implies

(3.19) /Hab 8) 9ab(B) dpig(s) /Hab 8) 9ab(B) dig(p)

B=0

B*
—/ /Eﬁagab Or H* dp,dp .
0

Thus, if we evolve H%(j3) according to the flow

(3.20) OLH™(8) =0,
the inner product (3.17) will be preserved along the evolution, i.e.
(3.21) [ Lagumdn,| = [ H? Lagudn,

b 8 b 8=0

Since any solution  — gu(8) of the Ricci flow on ¥z x [0, %] can be
converted into a solution 7 + gqy(7) of the backward Ricci flow on X, % [0, 5]
by the time reversal 8 — n = 8% — 3, the above remarks motivate the
following

Definition 3.3. Let n — gu(n), n = B* — B3, a backward Ricci flow on
3, x [0,8*], then the conjugated evolution OF H® = 0, of a symmetric
bilinear form H®(n = 0), along 1 — g (n) takes the form of the parabolic
initial value problem

8 Hab ALHab RHab ,
(3.22)

H%®(np=0)=H®.

Note that, according to the backward f—parabolic character of the operator
O3 (), the initial data H®(n = 0) = H in (3.22) correspond to 3 = 3*.
Lemma 3.1 trivially extends to the evolution (3.22) and we have the

COROLLARY 3.4. If n — H®(n), 0 < n < B*, is the solution of the par-
abolic initial value problem (3.22) with V, H® = 0, then V, H%®(n) = 0,
vn € [0, 57].

Moreover, we have the following result that explicitly shows that (3.22) is
conjugated to (2.28).

PROPOSITION 3.5. Let n — H%®(n), n € [0,5*], H®(n = 0) = H®, be a
solution of the parabolic initial value problem (3.22). Also, let g — ﬁab(ﬁ),
B €0, B8], hap(B = 0) = hay(8 = 0) be a solution of reduced linearized Ricci
flow (2.28). Then, along the backward Ricci flow n — gu(n), n = 5* — 5,
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on X, x [0,3*], the flows n — H®(n) and 7 ﬁab(n) = Eab(ﬂ* — B) are
L2(Mj‘3ar) conjugated, in the sense that

d

(3.23) - / () () dptgy = 0.

In particular,

(3.24) /Z H® (1) hav (1) dptgy

= / Hab(n) Eab(n) d:ug(r])
2 n=p"

Proof. A direct computation provides

d by T
(3.25) o /2 H® (1) hap(n) dpt g

_ /E (ALH“b— RH“b> hrap ity + /E H® (—ALﬁab +%ab7z) dity =0

This result and corollary 3.4 directly imply the

PROPOSITION 3.6. let n — (2,¢9(n)), 0 < n < %, be a backward Ricci
flow of bounded geometry. Assume that C*(%,, @*T*%,) D Kerd, # 0,
0<n<pB* Letnw— H(“jli)(n), VGHE’IIZ)(n) =0, n € (0,8, H(T)(n =0)
= H® with § g H b — 0, be a divergencefree solution of the parabolic initial
value problem (3.22). If 8 — ha(8), B € [0, 8], hap(B = 0) = hay(8 = 0)
denotes a solution of reduced linearized Ricci flow (2.28), and n — ﬁg) (n) =
h(T (8% — B) is its divergence—free part along n — (X, g(n)), then

(3.26) | H ) by (1) dprgiy

is constant along the coupled backward evolution 7 — (gab(n),ﬁab(n)).

Proof. By writing ﬁab(n) = Eg) (1) + Lx(y) gab(n), for some n-dependent
vector field X (n), and exploiting the L?-orthogonality between H (“:f’w)(n) and

Lx () Jab(n), we get [ Hp ( (1) han (1) dpsgmy = [ Hyp, (n) R () T |

Thus, the conjugated flow (3.22) provides the directions in C*°(X 3, ®?T*%g)
along which the non-trivial solutions 3 h( )(5) of the linearized Ricci flow



24 THE CONJUGATE LINEARIZED RICCI FLOW...

(2.28) propagate without dissipation in the L? sense. In this connection no-
tice also that along the the conjugated flow (3.22) we have the following
monotonicity result

PROPOSITION 3.7. Let n — gu(n), n = * — [, a backward Ricci flow of
bounded geometry on ¥, x [0, 8] with R(n) > 0, n = * — 3, where R(n)
denotes the scalar curvature of (3, g(n)). If n — H®(n), n € [0, 5*], H®(n =
0) = Hfb, denotes a solution of the parabolic initial value problem (3.22)
with &4,y H(n) # 0, then

(3.27) & / 1650 H()|” dpgy <0,

where |84,y H (n )‘ = Vo H®(n) V. Hn) gpa(n).

Proof. From (3.11) we get

(3.28) aﬁvamb = AV HY® - RV, H® - R.V,;HY |
n

from which we compute

9

on

= A |S,Hm|?~2|Vs

(3.29) 8o HOD|* = 2000 Vo H A (VaH™) = 2R |80 H (m)|”

g Hm[* = 2R |0y Hm)|” |

where |V SgemH (1 )| =V; (VaH“b) A& (VCHCd) Gvg- By integrating, and
taking into account that along the backward Ricci flow 8% ditgn) = R dpgy,
we get

(3.30) dn /‘5 d'“g(n /R|59(n ‘ dptg ()

—2 / IV 8y H ()| dpy < 0.

Since non—negative scalar curvature is preserved along the Ricci flow, the
requirement R(n) > 0, n = * — B, in the above result is not particu-
larly restrictive. In particular, it can be easily removed by weighting the
riemannian measure dp, with a positive solution of the forward conjugate
scalar heat equation, (I wish to thank Lei Ni for this latter remark). Ac-
cording to proposition 3.5, it also follows that (3.28) is the backward flow
L%(M3},,)—conjugated to the forward evolution for covector fields defined by
lemma 2.3.
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These elementary aspects of the L? (Mfsm,) conjugacy relation have an impor-
tant and rather unexpected consequence, which implies that the conjugate
linearized Ricci flow averages out the full Ricci flow:

PROPOSITION 3.8. Let 8 — (X,9(53)), B € [0, 8] be a Ricci flow of bounded
geometry, and let 8 — Ry (5) be the corresponding [-evolution of the
Ricci tensor. Denote by n +— H%®(n), n € [0,5*], H®(n = 0) = H® the
solution of the parabolic initial value problem (3.22) associated with the
given 8 — (X, g(5)). Then,

d a
(3.31) dn /2 H (1) Rap (1) gy = 0.,
and
d o
(3.32) o /E (9ab(1) — 21 Rap(n)) H* (n) dpryy =0,

along the backward Ricci flow. In particular, this implies

(3.33) /2 H® Ry dp,

= / Hab(n) Rab(n) dug(n) )
and

(3.34) /2 H gy dp,

n=0 B /2 (9ab(1) — 20 Rap(1)) H* () dfig() »

for every 0 < n < f*.

Proof. 1t is easily checked that in any dimension n the forward evolution for
the Ricci curvature

0

(3.35) %RU = A’Rij — nglRilej + 3RRij + 29inklel — Gij R? ,

can be expressed directly in terms of the Lichnerowicz—DeRham Laplacian
as

0

(3.36) g5 = DR
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Thus, from (3.22) we get

(3.37) 4 / () R (1) dity

an an
- /E {Rab [ALHab—RHab]

— H A Ry + H Ry R} dp,

) )
— / {Rab H® 4+ H® _R, +H“bRabR}
by

:/ {—H“bALRabJrRabALH“b} duy =0,
by

from which (3.31) follows. Relation (3.32) follows similarly by observing
that, since 1 +— gq(n) is covariantly constant, we can write

(3.38) a% (Gan(m) — 20 Ra(m) = — Ar, (gu(m) — 20 Rap(m)) -

This result has an interesting converse

REMARK 3.9. Let  — gu(n) € Met(X) be a one—parameter family of evolv-
ing metrics on X x [0, 5*], not identified a priori with a backward Ricci flow.
Let n — (gab(n) JH “b(n)) be the corresponding solution of the heat equation

ner gan(n), 0<n<p*,
(3.39) ZH® = AL H® — RH
H%®(n=0)=H»®, 6 H®cC®%,x2TY).

Then among all possible such flows 1 — (gab(n) ,H“b(n)), the backward
Ricci flow 1 +— gap(n), 6% gab(n) = 2R is characterized by the condition

d / b b
3.40 9abH* dpryy = 2 / RapH® dptgyy -
(3.40) dn Js g(n) . g(n)

Proof. A direct computation provides

d ab
(3.41) d_n/zgabH dptg(y)

) 1 o,
. CLb _ - Zk_ .
= /E H <_angab Rgap + 59abd 87792]“) dprg(y) »
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which yields 2 [¢ RapH ab dpig(y), for every possible solution n — H @(n) of
(3.39), iff

0
(3.42) 8_ngab(n) = 2Rab .

It is important to stress that actually the above results (as most results in
this paper) hold in any dimension n > 3, this true in particular for Propo-
sitions 3.5, 3.6, 3.7, and 3.8.

Now we turn to the analysis of the conjugate flow 1 +— (g45(n), H*(n)) in
its role as the Ricci flow integral kernel.

4  The conjugate backward heat kernel

The averaging properties of the conjugate linearized Ricci low become man-
ifest when we identify the flow 7 — H%(n) with the heat kernel of O along
the backward Ricci flow 1+ gqp(n). To fix notation, let (®*TY) K (®%1T*X)
denote the bundle over ¥ x ¥ whose fiber over (y,z) € ¥ x ¥ is given
by (@?T% K ®2T*Z)(y n= (®%*TY), ® (®°T*Y),. Wheras for notational
simplicity we keep on a’ssuming n = 3, it is perhaps appropriate to stress
here once more that the results which follow actually hold in any dimension
n > 3, with the obvious changes in the range of tensorial indices involved.
Let Ug C (X3,9(B)) be a geodesically convex neighborhood containing the
generic point € ¥3. For a chosen base point y € Ug, let Ig(y, z) denote the
unique g(f3)-geodesic segment x = exp, u, with u € T;3, connecting y to
x. Parallel transport along lg(y, x) allows to define a canonical isomorphism
between the tangent space T3 and 7,3 which maps any given vector
U(y) € T,X 3 into a corresponding vector ﬁplﬁ(w) € T:Xg. If {en)(z)}h=1.23
and {e@)(y) }x'=1,2,3 respectively denote basis vectors in T,¥5 and T,3g,
(henceforth, primed indexes will always refer to components of elements of
the tensorial algebra over T),3g), then the components of 27plﬁ(yyz) can be

expressed as

(1) (vr1y0) (@) = b3 2:8) " )

where Tﬁ, € T'Y3 W T*X 3 denotes the bitensor associated with the parallel
transport along l5(y,x). The Dirac p-tensorial measure in Ug C (33, g(3))
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is defined according to
(4.2) Oyt i (03 B) 1= @y 77 (4,23 B) 05y, )

where dg(y, z) is the standard Dirac measure over the Riemannian manifold
(X5,9(B)) (see [44]). If (X, gap(n)) is a smooth solution to the backward
Ricci flow on 3, x [0, 5*] with bounded curvature, then we can consider the
g(n)—dependent fundamental solution Kﬁz, (y,x;m) to the conjugate heat
equation (3.22), i.e.,

(& - af+R) Keb(y.ain) =0,
(4.3)

lim n\0T Kﬁll)f’(yaxvn) = 6;1’26’(?47%7) )

where (y,z;7n) € (X x ¥\Diag(X x X)) x [0,5%], n = p* — 3, Ag) denotes
the Lichnerowicz—DeRham laplacian with respect to the variable x, and
K&, (y,z;m) is a smooth section of (®?T%) K (®27*%). The Dirac initial
condition is understood in the distributional sense, i.e., for any smooth
symmetric bilinear form with compact support w®* e Ce (%, ®R2TY),

(4.4) /E K (y i) w™ (y) dpl?) ) — w™(x) as N\ 0,
n

where the limit is meant in the uniform norm on C§°(%, ®2T'Y). Note that

the elliptic generator, associated with a% — A(Lx) + R, is the operator of

Laplace type on (X,g(n)) defined by A, + F(n)= Ar — R where A, is
the rough Laplacian on (3, g(n)). The n—dependent endomorphism F(n) :
C>®(%,,®*T*Y,) — C®(%,,®*T*Y,) is related to the endomorphism &,
characterizing Az, by Fif = £ — Rk i.e., (see (2.19)),

. . . . 1 .
(45)  Fap(n) = =3R40 — 3RE5, + 2R gap + 2 <Rab - §Rgab> ",

where all geometric quantities refer to (3, g(n)). In analogy with the spec-
tral properties of the Lichnerowicz—DeRham Laplacian recalled in §2.1, the
spectral theorem [29] implies that the operator

(4.6) P,=—(Ay+F()=-AL+R,
has, for each given n € [0,3%], a discrete, finite multiplicity, spectral res-
olution {(bl("fl)(n), )\(n)(n)}, with A1)(n) < Ag)(n) < ...00 contained in
[—C(n), 00), where the constant C'(n) depends from the geometry of (X, g(n)),
and where {(ﬁ’% (77)}, gb?fl) (n) € C®(%,,®2*T*Y,), with

(4.7) — (B + F ) 15y (m) = Ay (m) S8 ()
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denotes the corresponding set of eigentensors providing a complete orthonor-
mal basis for L?(%,,®*T*%,). The n-dependence of {Qbéﬁ) ()5 An) (77)}

makes the characterization of Kﬁz, (y,x;m) via the spectral theorem (see
e.g., [29] and [1]) very delicate, and to prove the existence of K25, (y,x;n)
is preferable to exploit parametrix—deformation methods. These are readily
available since, along a backward Ricci flow on %, x [0, 3*] with bounded
geometry, the metrics gq(n) are uniformly bounded above and below for
0 <n < pB*, and it does not really matter which metric we use in topologiz-
ing the spaces C*°(%,, ®2T* ¥y,). In particular, heat kernels for generalized
Laplacians, such as A, + F(n), (smoothly) depending on a one-parameter
family of metrics € — gap(€), € > 0, are briefly dealt with in [7]. The delicate
setting where the parameter dependence is, as in our case, identified with
the parabolic time driving the diffusion of the kernel, is discussed in [34],
[21], (see Appendix A, §7 for a characterization of the parametrix of the
heat kernel in such a case), and in a remarkable paper by N. Garofalo and
E. Lanconelli [28]. Strictly speaking, in all these works, the analysis is con-
fined to the scalar laplacian, possibly with a potential term, but the theory
readily extends to generalized laplacians, always under the assumption that
the metric gqp(8) is smooth as # 5*. In particular, the case of generalized
Laplacian on vector bundles with time—varying geometry has been studied
in considerable detail by P. Gilkey and collaborators [31], [32]. By adapt-
ing to our more general setting the methods used in [34] and in [21], when
treating the scalar time-dependent Laplacian, we get the following

Theorem 4.1. Along a backward Ricci flow on ¥, x [0,8%] with bounded
geometry, there exists a unique fundamental solution n — Kﬁl,’g,(y,x; n) of

the tensorial heat operator <6% — A(Lm) + R)

Proof. The proof, (kindly provided by Stefano Romano), is a quite lengthy
construction of the the heat kernel of a time-dependent generalized Lapla-
cian. It is presented in the appendix. I

The kernel Kﬁz,(y,x;n) is singular as ny — 0, and the general strategy
for discussing its n \, 0T asymptotics is, again, to model the correspond-

ing parametrix around the Euclidean heat kernel (47 77)_% exp (—d‘%i—f?’w)>
defined in T¥ by means of the exponential mapping associated with the
initial manifold (X, g»(n = 0)). To this end, denote by d,(y, ) the (locally
Lipschitz) distance function on (X, ge(n)) and by inj (2, g(n)) the associ-
ated injectivity radius. Adopt, with respect to the metric g.(n), geodesic
polar cordinates about y € %, i.e., 2/ = dy(y, ) w’, with v/ coordinates
on the unit sphere S? C T, y>. By adapting the analysis in [21], [28], and



30 THE CONJUGATE LINEARIZED RICCI FLOW...

[31], [32] to (4.3) we have that, as n \, 07, and for all (y,z) € ¥ such

that do(y, x) < inj(X,g(0)), there exists a sequence of Smooth sections

<I>[h] @y, ) € OB x ¥, @2TY K @2T*Y), with ®[0] %, (v, ;1) =
79, (y,7;7), such that

43 (y,x)
exp (—4—) XN
(4.8) <—:) > 0ol (y,x5m)
(4mn)2 h=0

is uniformly asymptotic to K%, (y,z;7n), i.e.,
b exp (- 957) X,
(49) Kﬁk/(y,m,’f]) -3 ZT] q) /k/ y,f]}' TI)

(4mn)>
=0 (nN‘%) :

in the uniform norm on C*(Ex ¥/, @?TLx @*T*Y). A detailed presentation
of the n \, 0" asymptotics of generalized Laplacians on vector bundles with
time—varying geometries is discussed in [31], [32]. It is worthwhile recalling
that the asymptotics for the Laplace Beltrami operator plays a key role in
discussing Li—Yau—Hamilton type inequalities for the scalar conjugate heat
equation in Ricci flow theory (see e.g. [25], [46], [49]).

n\0F

The heat kernel Kﬁz, (y,x;m) can be naturally normalized along the 7-
expanding soliton on S? according to

Lemma 4.2. Let Gy, the round metric on the unit 3-sphere S, and, for
n € [0, 8%, let n > 4 (Ty—B*+n) Gap be the expanding Ricci soliton on S® with
initial radius r(n = 0) = 2+/To — % and final radius r(n = B*) = 2/Ty.
Then, along such a backward Ricci flow the heat kernel K,k, (y,xz;m) scales
according to

()3
(4.10) (g) /zg (y) K (y, 23n) Jab (@) dfig () = 1,

where dfiy(, ) is the volume element on (S3, Gap)-

Proof. From proposition 3.8 we get that along the backward Ricci flow n —
4(Ty — B* 4+ 1) gap We can write, for all 0 < n < 3%,

(411)  Ryp(y,n=0) = nhfnég Ky, x5m) Rav(, ) dpsg(r

- /EKﬁlI)c'(?Jax;??) Rab(x,n) dl‘g(n) :
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Since the Ricci tensor is scale invariant we have R/ (y,n = 0) = 2 g (y,n =

0) and Rap(z,1) = 2 Gap(,n), moreover dpiy, » = r3(n) diig(yy- By insert-

ing these expressions in (4.11), and tracing both members with respect to
"K' (y,n = 0), we get the stated result. §

Under natural assumptions on the curvature of the supporting backward
Ricci flow, the kernel K 47/ (y, x;m) also exhibits point-wise positivity prop-
erties according to

Lemma 4.3. If (X,9u(n)) is a smooth solution to a backward Ricci flow

of bounded geometry on ¥, x [0,3] with non-negative curvature opera-

tor, then Kﬁ%,(y,x;{n), 0 < n < B* is a positive integral kernel, i.e.,

K, (y, x;n)o” (y)ok' (y), Yo € T,%, is a positive-definite quadratic form
T(*w’n)E, for any (z,n) € X x [0, 5%].

Proof. We exploit the Uhlenbeck trick in order to rewrite the evolution for
K%, (y,z;m) in a form making the proof of the positivity of K%, (y,z;n)
manifest under the stated assumptions. To this end, choose orthonormal
sections {e(,}u=1,23 for (T3, g(n = 0), (locally e(ﬂ)]U = LZ(‘)Z-), and let us
denote by (& the components of the orthonormal (co)-basis {6(®} dual to
{ew } It is easily seen that the evolution along the backward time 7 of Lﬁ
and 1%, consistent with the forward f evolution (2.10) of an orthonormal
basis, is provided by

(4.12) —F = RS 9 1 =RFG .

With these preliminary remarks along the way, let us define
(4.13)

K",i,(y,w;n) = 0% (x,m) 1) (2, n) K&y (y, 23m) (0 (y,m = 0) 1 (y,n = 0)

and consider the n—evolution of K vy (y,x;n), (note that the primed indices

do not carry n—dependence since the orthonormal basis vectors {Lf/l, Oy } refer
to the fixed spacetime point (y,n = 0)). From the defining equation (4.3)
and lemma 2.1, (applied to the n—evolution), we get, (suppressing the 7
dependence for notational ease),

2K, = ApK —RKY,
(4.14)
+EF KD + i RE @K, + @ REG KDY,
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with £ (2, 1) = 12 (2, 1) 13 (2,7) E5 (2, m) 1 (1) 1§ (w, m). Since £y = —RY, 6 —
Rf 60 + 2R/ * the above expression reduces to

ab’
(4.15) 9 gap

677 V'8 = AD Kaﬁ

af g6 op
o 2R K, - RK

,\{/5/ 7/5/ I
where we have set SR:?(:E, n) = 5(z,n) LbB(JE, n) R%(z,n) u5(z,m) 14(x,m). For
n\, 0T, Kf:,i, approaches, in the distributional sense, the positive integral

kernel 53,65,(95,%7] = 0), thus, Hamilton’s maximum principle [38] implies
that if  — guw(n), 0 < n < B* C [0,Tp), is a backward Ricci flow with
3/55/, and consequently K ﬁz,(y, x;n),
remains a positive integral kernel for every n € (0, 5*].

non—negative curvature operator, then K

5  An Integral representation of the Ricci flow

We are now in position to apply proposition 3.8 to the heat kernel solution
of (4.3). We have

PROPOSITION 5.1. Let n +— gq(n) be a backward Ricci flow with bounded
geometry on X, x [0, 3*], and let K&, (y, z;n) be the (backward) heat kernel
of the corresponding conjugate linearized Ricci operator O} K ﬁ%,(y, x;m) =
0, for n € (0, 8%], with K%, (y,z;n N\, 0") = 6%, (y, ). Then

(5.1) Riw (y,mn=0) = /EKﬁi/(y,:v;n) Rav(w,n) ditg(g ) »

for all 0 < n < *. Moreover, as n \, 07, we have the uniform asymptotic
expansion

(52)  Riuw(y,n=0)=

1 d3(y, a
3 /E eXp <_ 0( )> Ti’l;f’ (yv x; 77) Rab($7 77) dﬂg(w,n)

(4mn)2 A
N h 2
Ui dO(ywx)) ab
+ exp(—i D \h) (Y, 23m) Rap(2,m) dpp g,
el 220 ) DA 9. :m) Ro 7)oy
+O<77N_% ,

where T%,(y, x;n) € TE, ®T*E, is the parallel transport operator associ-

ated with (3, g(n)).
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Proof. From proposition 3.8 we get that along the backward Ricci flow on
¥ x [0, 8*], we can write, for all 0 < n < g%,

(5.3)  Riw(y,n=0) = nli}g+ EKSZ/(y,x;n)Rab(fc,n)dug(n)

- /ZK%'(?JJ?;??) Rav(,1m) dﬂg(n) :

Since the asymptotics (4.8) is uniform, we can integrate term by term, and
by isolating the lower order term, we immediately get (5.2).

This results illustrates the averaging properties of the backward conjugated
heat kernel n +— Kﬁz,(y,x;n) for the Ricci curvature of the forward flow
B+ gap(B). More explicitly, since Rap(z,n) = Rap(x, 85 — 1) and dig(m) =
dftg(g*— ). We can equivalently rewrite (5.1) along the forward Ricci flow as

(54) ,R'i’k’(y75*) = /ZKS’Z’(yaxv (5* _ﬁ))Rab(‘TwB) dug(ﬁ) 4 )

which expresses the Ricci tensor at the point y and at time 8 = 8* as a
backward heat kernel average of the initial Ricci tensor.

Note that a representation structurally similar to (5.2) holds also for the
solution hy ks (y,n = 0) of the linearized Ricci flow (2.28), i.e.,

(5.5)  hiw(y,n=0)=

1 A (y,x a ~
3 /E exXp <_ 0(477 )> Ti’l;c’(y7 €T 77) hab($7 77) dlug(x,n)

(4mn)?
N h 2
ds(y, a ~
d 3 / eXp <_%> (I)[h]z’l;g’(yv €T 77) hab(xy 77) d:ug(x,n)
h=1 (4mmn)2 /= "
+0 (nN_%> .

By exploiting again proposition 3.8 it is also straightforward to provide an
integral representation of the full Ricci flow in terms of the heat kernel
K (y, 3 m). Since lim,~ o+ fs Kb (v, 231) gab(z,1) dptgy = gine (ysn =
0), the identity (3.34), applied to Kﬁi,(y,x; 1)), directly provides the

PRroOPOSITION 5.2. Under the same hypotheses of proposition 5.1 we have the
following integral representation of the backward Ricci flow on %, x (0, 3*]
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(5.6) giw (y,n=0) = /EKﬁif(y,w;n) [gab(z,1) — 21 Rap(z,m)] ditg(z ) »
for all 0 < n < g*.

Moreover, as 1 \, 0%, we have the asymptotics
(5.7 giw(y,n=0)=

1 _ gy
= (4 )g /Z € n T(z}’l;f’ (yv x; 77) [gab(xy 77) —2n Rab(xy 77)] dlug(m,n)
mn)2

N

(77)h _ Bw) ab
3 / e DAl (Y, 25n) [gab(w,m) — 20 Rab(w,1)] ditga )
h=1 (4mn)2 /%

+0 (mN~2) .

where d3(y, x), T?,IL, (y,x;m), and @[h];l;ﬁ,(y,:n;n) are evaluated on (3, g(n =

0)).

Proof. From proposition 3.8, taking the limit n \, 0T, we get
(5.8)

9i'k’! (yv n= 0) = / Kﬁz’(yv x; 77) [gab(ﬂf, 77) —2n Rab($7 77)] d”g(z,n) )
b v n>0
which provides (5.6). The asymptotics follows again from (4.8) under inte-
gration term by term and time reversal. I

Note that explicit expressions for the asymptotic coefficients ®[h] ?,12, (y,x; 8%)
can be worked out, at least for the first few terms, by adapting the relevant
formulae in the quoted Gilkey’s papers. An interesting application that we
will not address here but which seems appropriate to mention at this point is
the possibility of (re)-deriving Harnack type estimates, under non-negative
curvature assumptions, by directly using the heat kernel of the conjugate
Linearized Ricci flow. This application is immediately suggested by the

relation (5.1) and its asymptotics (5.2) in Proposition 5.1.

The integral representation (5.6) of the Ricci flow metric 8 +— gq,(8) can be
also interpreted as the proof of the following

Theorem 5.3. The heat kernel flow

(5.9) 0 K (y,a3m)

is congugated and thus fully equivalent to the Ricci flow 8+ gap(B).
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This can be considered as the most important consequence of the conjugacy
relation for the linearized Ricci flow. Clearly its utility is somewhat limited
by the fact that the flow n — Kﬁz,(y,x;n) is constructed on top of the
Ricci flow 8 +— g5 () itself, and thus it does not come as a fully unexpected
result. However, it opens to the possibility of a weak formulation of the
Ricci flow by exploiting the linear evolution of n — K ;}Z,(y, x;n).

6  Ricci flow conjugated constraint sets

To complete the geometrical picture associated with the properties of the
conjugate linearized Ricci flow, let us consider, along a Ricci flow of bounded
geometry 5 +— gap(5), 0 < S < %, the heat flow 8 — o(f), associated with
a smooth function o(8 = 0) = py € C°(X,R), i.e.,

90 _
B
Recall , (see (3.13)), that its L?(Mp,, )-conjugate, along the backward Ricci

flow n — gu(n), 0 < n < B*, n = B* — B3, is characterized by the flow
1 +— w(n) defined by

0
(6.2) —w:Aw—Rw, w(n=0)=w,,

o
where @, € C>®(X,R"), with fz ol d,ug(n:(]) = 1. Since the Riemann-
ian measure is covariantly constant, (6.2) can be equivalently rewritten as
6% dw = Adw, where dw(n) = w(n) duy, and [y, dw(n) = 1,0 <n < g~
The conjugacy between o(3) and w(n) is associated with the conservation
of the o(8)—content of (X, g.p(5)) under the flow of probability measures

B dw(n=p"—p), ie
(6.3) o /Z 0(B) d=(8) = 0.

The properties of the conjugate heat flow [25],[46],[49] and those of the con-
jugate linearized Ricci flow established in the previous sections suggest to
shift emphasis from the flows themselves to their dependence from the cor-
responding initial data. Thus, along a Ricci flow of bounded geometry 5 —
(3,9(8)), B €10,8"] let us consider the associated heat flow (3, 0y) — o(3)

and linearized Ricci flow (8, hay) — hap(8), as functionals of the respective

(6.1) Ag, o(8=0)=0.

initial data o(8 = 0) = gy, and hep(8 = 0) = hg, appearing in the defining
PDEs (6.1) and (2.28), respectively. In a similar vein let us consider also,
along the backward Ricci flow n — (2,9(n)), n € [0,5%], n = 8% — 3, the
conjugate flows (n,w,) — w(n) and (n, HP®) — H®(n), as functionals of



36 THE CONJUGATE LINEARIZED RICCI FLOW...

the respective initial data w(n = 0) = w,, and H®(n = 0) = H® appearing
in (6.2) and (3.22).

For a generic metric g € Met(X), a generic symmetric bilinear form s;;, €
Ty Met(X), and a function f € C°(X,RT), let
(6.4) T Met(X) x C*(E,R) — R

(gabasikuf) — C(gabasikaf) =0 )

denote a (surjective) mapping defining a constraint set C~1(0) in 7 Met(X)x
C>*(X,R), associated with a geometrical condition on the triple (gap, Sik; f)-

The following definition is geometrically natural in the light of the properties
of the conjugated flows associated with the Ricci flow

Definition 6.1. Let g — (3,9(8)), 5 € [0,5"] be a given Ricci flow of
bounded geometry, and let (3, py) — o(5) denote the corresponding heat
flow associated with the initial condition (8 = 0) = p, € C°(Z,R*). If
the initial datum he, (8 = 0) = hgp for the linearized Ricci flow satisfies the
geometrical constraint

(6.5) C (9ab(B=10), hir,00) = 0,

and the initial datum w(n = 0) = w,, H®(n = 0) = H2®, for the conjugate
heat and the conjugate linearized Ricci flow, can be choosen such that

(6.6) ¢ (gasln = 0), HF,.) =0,

then the constraints (6.5) and (6.6) are said to be conjugated along the given
Ricci flow.

In order to understand the rationale of such a definition observe that we
cannot expect that a geometrical condition C (gu(8 = 0), hik,09) = 0 on
the initial data will be preserved along their Ricci flow evolution 8
(9ab(B), hap(B), 0(B)). However if, along the associated backward Ricci flow
N+ gap(1), we can select initial data w(n = 0) = w,, H®(n = 0) = H®, for
the conjugate flows (6.2) and (3.22), such that C (gap(n = 0), H*, w,) = 0,
then the conjugate flow 1 +— (gas(n), H%(n),w(n)) interpolates between
C (9ab(B = 0), hik, 09) = 0 and C (gap(nn = 0), Hi¥, ) = 0 by averaging the

forward flow 8 +— (gap(8), hap(B), 0(8)) according to the results obtained in
section 3, i.e.,

d -
(6.7) 5 [ H ) Rus(8) diyip =0

d
(6.9) 5 | O Rab(8) dy =0
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d . o
(69) @/ZH b(ﬁ)gab(ﬁ) d,ug(ﬁ) = —Q/EH b(ﬁ) Rab(ﬁ) dlug(ﬁ)y

and

(6.10) 5 | e®asm—o.

A typical constraint C (g.(8 = 0), hik, 09) = 0 one may wish to consider on
the triple (gap, hik, 0p) is the of the form

(6.11) R — |h[? + (trg(h))* = Coy =0,

where we have set |h|? = hqph®, trg(h) = g™ hgp, and where C' is a constant.
A constraint of this type occurs in general relativity (the Hamiltonian con-
straint) where it relates the matter density o, > 0, with the metric g, the
scalar curvature R and the second fundamental form A, of the Riemannian
3-manifold (X, g) carrier of the inital data set for Einstein equations. The
above characterization of a Ricci flow conjugated constraint set implies, in
this particular setting, that the Hamiltonian constraint is conjugated along
a given Ricci flow 8 +— (X,9(8)), B € [0, 8%], if we can find triples of initial
data (gab(ﬁ = 0)7 ik, QO) and (gab(ﬁ = 5*)7 Hgbyw*) such that

(6.12) R(B = 0) = |hlf=g + (trgs_y (h)* = Cog =0,
and
(6.13) R(B = B") = |Hlj—g- + (trgs=s)(H))* = Cwi = 0.

In such a case, the resulting conjugate flows n +— (gab(n),'H“b(n),w(n))
interpolates between (g.(8 = 0), hik, 0p) and (gab(n = 0),Hik,w*) by for-
mally averaging the Hamiltonian data (ga,(8 = 0), hik, 0g) with the kernels

(H™(n),w(n)), ie.,

(6.14) /Z H® (8"~ B) hun(8) dptg(s) = /Z H (8 = 0) hap (8 = 0) dig(3—0) -

(6.15) [ (3 ~5) Run(3) ity = [ H(5 = 0)Ran(8 = 0) ity
and
(6.16) /Z o(8) deo (B — ") = /E o(8 = 0) de(8 = 0).

Thus, we can interpret the existence of a Ricci flow conjugate Hamiltonian
constraints as a statement of the possibility of averaging the initial data set
(9ab(B = 0), hix, 0g) over the support of the kernels (H(n),ww(n)). This
particular application of the conjugate flows is of potential interest in ad-
dressing the possibility of a Ricci flow deformation of initial data sets in
General Relativity, and will be discussed in detail elsewhere.
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7 Conclusions

The aspects of the conjugated linearized Ricci flow discussed here are the
most elementary consequences of the conjugacy relation in parabolic space-
time Mf;m,. However, already at this level, they suggests a number of useful
and promising applications to Ricci flow theory. Among these, the study of
the stability of singularity formation is perhaps the most interesting. Let us
recall that if a solution 8 — gu(8), 0 < 8 < Tp, to the Ricci flow develops
a singularity at the maximal time Tp, then such a singularity is said to be a
Type-I singularity if supgeo r,)(To — B) Kinaz (8) < +00, whereas it is said
to be a Type-II singularity if SUPBG[O,TO)(TO — B8) Kmaz(B8) = 400, where
Kimaz(B) = sup,es{|Rm (x,5)|}. The analysis of Type-II singularities is
particularly difficult and only recently their existence has been rigorously
established for compact manifolds [36], (for a nice discussion on Type-IT
singularities see [18], [27], [23] and [58]). In particular, since their develop-
ments requires a fine tuning between curvature blow—up and neck—pinching,
it is not yet clear if they are stable. In known examples, heuristic anal-
ysis, and rigorous proofs, Type—II singularities occur when the Ricci flow
uses a ”critical geometry” for its initial data [27]. Thus, one would expect
that a suitable perturbation of such a critical data would remove the de-
generate neck—pinching leading to the singularity. However, it is difficult to
control what a kind of perturbation would generically remove the criticality.
For instance, if {x;, 5;} is a sequence of points and of times corresponding
to which the curvature, along 5 +— gq(8), attains its maximum, one may
think of performing a conformal transformation ¢(z;, 5;) ga»(5;) on the met-
rics gap(5;), and then deform ¢(x;, ;) gap(B;) with a corresponding sequence

of non—trivial perturbations {Eab(ﬁm Sh(B;) = 0}, in such a way that the

fine—tuning, between neck—pinching and rounding, leading to the singular-
ity formation, is removed. However, as we have seen, the linearized Ricci
flow 8 +— hg(B) does not preserve the non—triviality condition § h(S;) =
0, and consequently we do not know a priori which set of perturbations,
(@(B =0),hep(8 = 0)), of the critical initial data g.,(8 = 0), will produce

the required sequence of deformations {(cp(mi, Bi) 9ab(B;), hab(ﬂi))}. Thus,

the above strategy is difficult, if not impossible, to implement. However,
the conjugate linearized Ricci n — H%(n) flow preserves the § H = 0 con-
ditions, and one may think to modify the above strategy accordingly: along
the sequence {z;, 3;} choose conformal factors {4()}, and div—free { H®(i)}
which perturb the sequence of metrics gq5(/3;) by blocking the singularity for-
mation. One can then use the sequence of pairs {(¢(i), H%(i))} as initial
data for the conjugate heat flow and for the conjugate linearized Ricci flow.
The resulting backward flows 7, — {(¢(n;), H®(n;))}, with n, = 8; — 5,
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then generate a sequence of perturbations {(¢(n; = 3;), H*®(n; = ;))} at
(8 = 0 that can be used to generate, by a limiting procedure, perturbation
data (¢, H*) on the initial metric g, (8 = 0) that will avoid the singular-
ity formation. This is an example where the characterization of Ricci flow
conjugated constraint sets appears to be a promising direction for future
research.
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The heat kernel of a time-dependent generalized Laplacian: An
appendixr by Stefano Romano

In this appendix we carry out the explicit construction of the the heat ker-
nel of a time-dependent generalized Laplacian, it has been kindly provided
by Stefano Romano who adapted to our more general setting the methods
used in [34] and in [21] when treating the scalar time-dependent Laplacian.
Although the vector bundle case does not really add anything new from a
conceptual point of view, its special importance in the study of the conju-
gate linearized Ricci flow motivated us to carry out the full computation.
Note that here, for technical reasons, we adopt the analyst sign convention
on Laplacians, e.g., A =pere —9®*V4Vp. Also, the result is discussed in
the very general setting of vector bundles over a closed manifold carrying a
time—dependent metric g(t).

Let £ — M™ be a vector bundle over a closed manifold M™ and, for ¢ € [0, T},
let g(t) be a time-dependent uniformly bounded family of metrics on M™ and
H; a time-dependent family of generalized Laplacians acting on I'(M", E).
Consider the heat equation

o (g7 + )= =0

St=0 = S0

where s; is a smooth time-dependent section of £. As usual, H; deter-
mines a unique connection Vf on £ and a unique endomorphism F; €
['(M™, End(€)) such that H; = AY 4 F;. We look for a fundamental solution
of (3.21), that is a smooth time-dependent section K; € I'(M" x M"™, ERE™)
defined for ¢ > 0 such with the following properties:

(a) (0 + Hy)K¢(z,y) =0, where Hy acts on the x variable, for all ¢ > 0.
(b) im0 [y Ki(2,9)s(y)dpgey(y) = s(z) for all s € T(M™, E).

We refer to condition (b) as the delta property.
We remark that the notation we have used is imprecise: in fact, since the
process we are considering is non-autonomous, i.e. it is not invariant under
time-translation, the kernel K should carry explicit dependence on both the
inital and final time. By writing K; we really mean K; o) and we will always
use the shorter notation when the initial time is intended to be t = 0. We
will write K(; ;) whenever we need to consider a different initial time 7 # 0.

Our main result is the following:
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Theorem 7.1. Under the above hypothesis, there exists a unique fundamen-
tal solution Ki(x,y) of the heat equation for the time-dependent generalized
Laplacian Hy.

Proof. We only prove existence, since uniqueness follows easily from prop-
erties (a) and (b) by standard methods.

We will adopt the technique of first constructing a parametrix for the heat
kernel K; modeled on the euclidean heat kernel and then recovering the full
heat kernel form the parametrix. This method only gives a rather generic
description of the kernels behavior for small times, but has the advantage
of being straightforward. Define

Lo dg(0) (2, )
(7.2) eu(@,y) = Tz P <_9T>

where d () is the distance function associated to g(0). Choose now a neigh-
borhood U of the diagonal in M™ x M™ such that dgg)(z,y) is less than the
injectivity radius of M™ for all (z,y) € U. On U, define

(7.3) W (@) = e@) Y do e,y )0
a=0

where both th) and the ¢,’s are smooth sections of £ X £* over U, and,
although th) is formally defined only for ¢t > 0, we require the ¢, to
be smooth as ¢ — 0. Notice that, differently from the case of a time-
independent Laplacian, the inhomogeneity in time of the problem force us
to let the ¢,’s depend on time! . Our goal is to define the ¢,’s in such a
way that

(7.4) 0 + H)R) = t5¢,(0, + H) g

and that th) has the delta property.

We start by fixing 3 and choosing coordinates (z!,---,z") near y; we also

choose normal polar coordinates (r, 6" - -- ,9"_1) centered at y with respect

to ¢g(0). Denoting by /¢ the scalar Laplacian at ¢ = 0 and by J the function
det g(0) /r"~!, a standard computation gives

r Jlog(J)

(7.5 0+ BoJer = 3%

—F ¢t

'This is perhaps clearer if we rewrite (7.3) with respect to an arbitrary initial time 7
instead of ¢t = 0:

K
th(T) 7€t$yz Zl’y, t—T)a

where it is manifest that the kernel h{*) is not invariant under time-translation.
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From now on we drop the subscripts 0’s and adopt the convention that all
quantities that do not exhibit explicit dependence on time refer to ¢ = 0.
We now expand all the relevant quantities in powers of ¢:

(7.6) 9ij (t) = gij + Z 0)ift® + 0K+
K
(7.7) VE=d+wt) =V 4+ wat®+ Ot
a=1

Hy= Ay + F, = —gij(t)<(vf)i(vtg)j - F?j(t)(vtg)k) Th=
K
(78)  =H+ Y (AIVEVS 4+ BLVE + Co )t + Ot )
a=1

where the w,’s are End(€)-valued 1-forms and the B, C,’s are sections of
End(€). Similarly, for the scalar Laplacian we have the expansion

K
(7.9) Np= A+ (hE0,0; + b,0;) + O )

a=1

and using (7.5) we get

_r18(]) NS piin g, 4 b e Ky _
(O + DJer = o —Fer + ) (00,05 + b0t %€, + Olent™) =
a=1
(7.10)
r ( = ) r r ro B
= — Z Zat” et+O(ettK) = ezt M —epzo+ =6y Z zato‘+O(ettK)
2t =, 2 2 2 =

for some smooth functions z,’s. Notice that, since every spatial derivative of
e; brings a factor ¢!, there is a correction to the lowest order term 3, log(.J)
coming from the term thilj 0;0;¢;.

The construction of the parametrix now amounts to expanding everything in
(O —i—Ht)th) in powers of ¢, gathering terms of the same order and imposing
cancellations up to order K. Abbreviating @EK) = Zi{:o P,t%, we have the
formula

(8t + Ht)hEK) == (8t + Ht)et<I>£K) == ((813 + A)et)q)gK) + et(&g + Ht)q>£K)—
(7.11) — 24 (1)1, (V) ;0"
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Using formulas (7.6), (7.7) and (7.8) we find the following expansions:
(0 + H)®") = (0, + H)y + b, +
K
+ 7 (WIS + BLVE + Ca)y + (0 + H)p + (0 + 1y )1+

a=1

(7.12)

K
+y ( S (WIVEVE + BIVE + cﬁ,)qsé)ta O+
Y+o+a

~2g ()0, (V§) ;8 = e,r(VEG)t ™! + eir(VEDy + (wi)rdo — WP DirVEGe)+

K
+er Z [VfgbaH + (Wat1)rdg — h2+18iTV§¢O+

a=1

+ Y ((wy)r% — 0V s — hifjaﬁ(wé)j(bo)} t%+

7,0>1
y+o=a+1
K ..
(713) + er Z |: Z — hg@ir(ww)j%} &+ O(ettK+1)
a=2 5777621
B+y+i=a+1

In the last expression we have exploited the fact that e; is a radial function
in the g-normal polar coordinates we have chosen and that d;e; = 9;ro,e; =
(—r/2t)e;0;r. We have also written (wg), for the radial component of the
1-forms w,’s.

To finish the computation, we need to substitute the expressions (7.10),
(7.11) and (7.12) into (7.13) and impose that all terms of order less than
! cancel to obtain a chain of differential equations for the ¢,’s. To limit
the amount of ugly-looking expressions, we only write down the three lowest
order equations:

1
(7.14) V5o + 52169 =0

1 1 1 1 ii
Vf(}sl + (; + 52_1)(251 = <—§Z0 - ;(ag + H) — (wl)T + hf@irV?) Do =

(7.15) = F1(r, ¢g, 20; w1, h1)
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2 1 11, .
Vi, + (; + 52’—1)% = <_ SR ;(hljva§ + B{V{ +Ci)—
— (w2)r + hY B;rVE + h?air(wl)j> bo+

1 ij
+ (— —20— (O + H) — (w1)r + hf@ier)(ﬁl =

2
(716) :F2(7‘,¢0,¢1,Z0,21,W1,WQ,hl,hg)
and one could continue to arbitrary order to eventually satisfy (7.4). We still
(K)

need to verify that h, ’ has the delta property, but this is easily achieved
imposing to equation (7.14) the boundary condition ¢,(y,y;0) = Ig, (in fact,
only the Oth order term counts in the small time asymptotic and e;(z,y) —
d(z,y) as t = 0).

Despite their complicated appearance, equations (7.14), (7.15) and (7.16)
are just ODE’s to be solved along rays emanating from y.

Strictly speaking, th) is not yet the parametrix, since it is only defined in
a neighborhood of the diagonal. To extend it to all M™ x M™, we choose a
smooth cutoff function 7 : [0,00) — [0, 1] such that n(z) = 1 if x < inj(g)/2
and n(xz) = 0 if x > inj(g) and define

K . K
(7.17) Pt (@,y) = nldg (@, y))hi™ (@)
for all (z,y) € M™ x M™. The last step of the proof consists in constructing

the full heat kernel K; from the parametrix pgK). This is achieved by the

following

Lemma 7.2. Let pEK) be a parametriz for the heat equation of a time-
dependent Laplacian with K > n/2. Then there exists a smooth time-
dependent section Wy € T(M"™ x M™ EX E*) such that

t
(7.18) m@wﬁémmw+4“/‘%%mQM@wwWw>

1s the heat kernel.

To prove this lemma, we look for ¥; as asum » o (¢, ) with the sections
(Vo) € T(M™ x M, E X E*) defined recursively by

(7.19) (W)@, y) = 0 + H)p" (z,)

and

<720><wa+ﬁt@zy>=:/€th1/‘n[w%+fanﬁf2¢x,zﬂ<wa»424»duﬂfﬂz>

Assuming that the series of the 1, converges, one checks that the above
conditions together with equation (7.18) imply (0; + Hy) K¢ (x,y) = 0. Thus
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we only need to prove that > o~ ,(1,): converges and that the K; we have
constructed has the delta property.

Let V(t) be the volume of M™ at time ¢t and V' = maxyco ) V(¢). Fix a
fibre metric on £ and define

C = 0y + H, it
UIS[%?%} (  + t)(bK(xayv )

with respect to this metric. Then
|(Wy)e] < CEFT2
and inductively
(K —n/2+a
(K—n/24+a—-1)---(K—n/2+1)

and recalling that K > n/2 we conclude that ¥, = Y °° ,(¢,): converges
uniformly for all ¢.

()] < CcovertplamiK=n/2)

To see that K; has the delta property, recall that pEK) has it; therefore if

we show that the double integral in the right hand side of equation (3.38)
vanishes as t — 0, we are done. For this condition to be verified, it suffices

that | [,,n pg?) (z,2)V7(z,y)dpg(-(2)| is bounded, or, since |V is bounded,

that | [,;n pgi))(x, z)dpg(y(2)| is bounded. But this last integral is bounded

in the limit 7 — ¢ because it becomes |Ig |, as we can easily check using
the asymptotics of pgK) (recall that we imposed the boundary condition
¢o(x,2;0) = Ig,). Moreover, since the metric and the terms ¢, in the
expansion of pgK) have uniform bounds over time, we conclude that the
integral must be bounded for all 7 € [0, 7. This completes the proofs of the

lemma and of Theorem 7.1. 1
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