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Classical and new log log-theorems

Alexander Rashkovskii

Abstract

We present a unified approach to celebrated log log-theorems of Carleman,
Wolf, Levinson, Sjoberg, Matsaev on majorants of analytic functions. More-
over, we obtain stronger results by replacing original pointwise bounds with
integral ones. The main ingredient is a complete description for radial pro-
jections of harmonic measures of strictly star-shaped domains in the plane,
which, in particular, explains where the loglog-conditions come from.

1 Introduction. Statement of results

Our starting point is classical theorems due to Carleman, Wolf, Levinson, and
Sjoberg, on majorants of analytic functions.

Definition 1 A nonnegative measurable function M on a segment [a,b] C R belongs
to the class LT [a, b] if

b
/ log® log™ M(t) dt < oo.

(For any real-valued function h, we write At = max{h,0}, h~ = h™ — h.)
Carleman was the first who remarked a special role of functions of the class £
in complex analysis, by proving the following variant of the Liouville theorem.

Theorem A (T. Carleman [3]) If an entire function f in the complex plane C has
the bound '
|[f(re®)] < M(8) VO € [0,2n], Vr >, (1)

with M € L]0, 2], then f = const.

This phenomenon appears also in the Phragmén—Lindelof setting.
Theorem B (F. Wolf [22]) If a holomorphic function f in the upper half-plane
Ci ={z€ C: Imz > 0} satisfies the condition

limsup [f(2)] <1 VzoeR

Z—I0
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and for any € > 0 and all r > R(e€), 0 € (0,7), one has
[f(re)] < [M(6)]
with M € LT[0, 7], then |f(2)] <1 on Cy.

The most famous statement of this type is the following local result known as
the Levinson—Sjoberg theorem.

Theorem C (N. Levinson [13], N. Sjéberg [21], F. Wolf [23]) If a holomorphic
function f in the domain Q = {x + iy : || <1, |y| < 1} has the bound

|f(z+iy)| < M(y) Vo +iy € Q,

with M € LTT[—1,1], then for any compact subset K of Q) there is a constant Ck,
independent of the function f, such that |f(z)] < Ck in K.

For further developments of Theorem C, including higher dimensional variants,
see [4], [5], [7], [8], [9]. Theorems A and B were extended to subharmonic functions
in higher dimensions in [24].

A similar feature of majorants from the class L1 was discovered by Beurling
in a problem of extension of analytic functions [2]. It also appears in relation to
holomorphic functions from the MacLane class in the unit disk [I0], [14], and in a
description of non-quasi-analytic Carleman classes [6].

The next result, due to Matsaev, does not look like a loglog-theorem, however
(as will be seen from our considerations) it is also about the class £7; further
results in this direction can be found in [16].

Theorem D (V.I. Matsaev [15]) If an entire function f satisfies the relation
log | f(re)| > —Cr®|sin|™% V6 € (0,7), Vr > 0,

with some C' > 0, a > 1, and k > 0, then it has at most normal type with respect to
the order o, that is, log | f(re?)| < Ar® + B.

All these theorems can be formulated in terms of subharmonic functions (by
taking u(z) = log|f(z)| as a pattern), however our main goal is to replace the
pointwise bounds like ([{l) with some integral conditions. A model situation is the
following form of the Phragmén—Lindel6f theorem.

Theorem E (Ahlfors [1]) If a subharmonic function u in C with nonpositive bound-
ary values on R satisfies

lim 7"_1/ ut(re®)sinfdo = 0,
r—00 0
then u <0 in C,.

We will show that all the above theorems are particular cases of results on the

class A defined below and that the loglog-conditions appear as conditions for con-
tinuity of certain logarithmic potentials.



Definition 2 Let v be a probability measure on a segment |a,b|; we will identify it
occasionally with its distribution function v(t) = v(la,t]). Suppose v(t) is strictly
increasing and continuous on [a, b|, and denote by u its inverse function extended to
the whole real axis as u(t) = a fort < 0 and p(t) = b fort > 1. We will say that
such a measure v belongs to the class Ala,b] if

5 —_— —_—
lim sup/ pett) —ple =t dt = 0. (2)
=0 5 Jo t

Note that this class is completely different from MacLane’s class A [14] that
consists of holomorphic functions in the unit disk with asymptotic values at a
dense subset of the circle. MacLane’s class is however described by the condition
|f(re®)| < M(r), M € LT[0, 1].

Our results extending Theorems A—C and E are as follows.

Theorem 1 Let a subharmonic function u in the complex plane satisfy
27 )
/ ut(te?) dv(f) < V(t) Yt > to, (3)
0

with v € A|0, 27| and a nondecreasing function V on R,. Then there exist constants
c>0 and A > 1, independent of u, such that

u(te) < cV(At) Yt >t,. (4)

Theorem 2 If a subharmonic function u in the upper half-plane C satisfies the
conditions
limsupu(z) <0 Vo eR

Z—I0
and

lim t_l/ ut(te)dv(9) =0
0

t—o0

with v € A0, 7], then u(z) <0 Vz € C;.

Theorem 3 Let a subharmonic function u in Q = {z+iy : |z| < 1, |y| < 1} satisfy
1

/ ut(x +iy)dv(y) <1 Vre(-1,1) (5)
-1

with v € A[—1,1]. Then for each compact set K C @ there is a constant Ck,
independent of the function u, such that u(z) < Ck on K.

Relation of these results to the loglog-theorems becomes clear by means of the
following statement.



Definition 3 Denote by L™ [a,b] the class of all nonnegative integrable functions g
on the segment [a,b], such that

b
/ log™ g(s) ds < 0. (6)

Proposition 1 If the density v/ of an absolutely continuous increasing function
v belongs to the class L™ [a,b], then v € Ala,b]. Consequently, if a holomorphic
function f has a majorant M € LT+, then log|f| has the corresponding integral
bound with the weight v € A with the density V'(t) = min{1,1/M(t)}.

We recall that positive measures v on the unit circle with v/ € £7]0, 27] are called
Szeqgd measures. Proposition [I]states, in particular, that absolutely continuous Szego
measures belong to the class A[0, 27].

An integral version of Theorem D has the following form.

Theorem 4 Let a function u, subharmonic in C and harmonic in C\ R, satisfy the
inequality

/ u” (re®)®(|sin ) dd < V(r) Vr > r, (7)
where ® € L7[0,1] is nondecreasing and the function V is such that r=1=°V(r)
s increasing in r for some 6 > 0. Then there are constants ¢ > 0 and A > 1,
independent of u, such that

u(re®) < cV(Ar) Vr>r =r(u).

Our proofs of Theorems [IH4] rest on a presentation of measures of the class
A|0, 27] as radial projections of harmonic measures of star-shaped domains. Let
be a bounded Jordan domain containing the origin. Given a set E C 02, w(z, F,Q)
will denote the harmonic measure of E at z € (2, i.e., the solution of the Dirichlet
problem in 2 with the boundary data 1 on E and 0 on 02 \ E. The measure
w(0, E, Q) generates a measure on the unit circle T by means of the radial projection
¢+ (¢/|C]. It is convenient for us to consider it as a measure on the segment [0, 27],

SO we put
a(F) =w(0,{C € 002 :arg( € F'},Q) (8)

for each Borel set F' C [0, 27].

The inverse problem is as follows. Given a probability measure on the unit circle
T, is it the radial projection of the harmonic measure of any domain §27

For our purposes we specify €2 to be strictly star-shaped, i.e., of the form

Q={re”: r<rq(d), 0<0<2r} (9)

with rq a positive continuous function on [0, 27|, rq(0) = rq(27).
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Theorem 5 A continuous probability measure v on [0,27] is the radial projection
of the harmonic measure of a strictly star-shaped domain if and only if v € A0, 27].

Corollary 4 FEvery absolutely continuous measure from the Szeqo class on the unit
circle is the radial projection of the harmonic measure of some strictly star-shaped
domain.

Theorem [l is proved by a method originated by B.Ya. Levin in theory of majo-
rants in classes of subharmonic functions [I1].

Theorems [TH3] and [{] (some of them in a slightly weaker form) were announced in
[18] and proved in [19] and [20]. The main objective of the present paper, Theorem @]
is new. Since its proof rests heavily on Theorem B we present a proof of the latter as
well, having in mind that the papers [19] and [20] are not easily accessible. Moreover,
we include the proofs of Theorems [[H3] too, motivated by the same accessability
reason as well as by the idea of showing the whole picture.

2 Radial projections of harmonic measures (Proofs
of Theorem b and Proposition [)

Measures from the class A have a simple characterization as follows.

Proposition 2 Let p and v be as in Definition[d. Then the function

1
Nie) = [ toglo ] dutt)
0
is continuous on [0,1] if and only if v € Ala, b)].

Proof. The function N(x) is continuous on [0, 1] if and only if for any ¢ > 0 one
can choose ¢ € (0, 1) such that

I.(6) = / log |[x — t| du(t) > —¢
[t—z|<0

for all z € [0,1]. Integrating I, by parts, we get

L) = [ 52 s r(0) gl

where 7, (t) = p(x+t) — u(x —t). Therefore, continuity of N(z) implies (2). On the
other hand, since r,(t) increases in ¢, we have

V5 N
o (6)] log 4] :2””(5)/5 %gz/{s re() gy

which gives the reverse implication. U

In the proof of Theorem [B, we will use this property in the following form.
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Proposition 3 Let u and v be as in Definition [2 for the class A[0,2x]. Then the
function

h(z) = /0 ﬂlog e — 2| dpu(6)/2m)

is continuous on T if and only if v € A0, 27].

Proof of Theorem [4 1) First we prove the sufficiency: every v € A0, 27| has
the form v = Wq (8) for some strictly star-shaped domain €). In particular, for any
compact set K € ) there is a constant C'(K) such that

w(z, E,Q) <C(K)v(argE) VzeFE (10)

for every Borel set E C 0X2, where arg F = {arg( : ( € E}.
Let

2
u(z) = %/0 log |e? — 2| du(6/27)

with p the inverse function to v € A0, 27]. The function v is subharmonic in C
and harmonic outside the unit circle T. By Proposition 3 it is continuous on T and
thus, by Evans’ theorem, in the whole plane. Let v be a harmonic conjugate to u
in the unit disk D, which is determined uniquely up to a constant. Since u € C(D),
radial limits v*(e™) of v exist a.e. on T. Let us fix such a point ¢*#° and choose the
constant in the definition of v in such a way that v*(e®°) = ).
Consider then the function w(z) = zexp{—u(z) —iv(2)}, z € D. By the Cauchy-
Riemann condition, dv/d¢ = rdu/0r, which implies
P i
argw(re™) = o —v(re®?) — / %;(ﬁ) dp = 1o — v(re?)
0

1 [ 212 — 2r cos(f — @)
“a I awo g as

o 1—r?
= wO—UTew +—/,¢}O/ T—61(6¢‘2 (9/27T>d¢

By changing the integration order and passing to the limit as r — 1, we derive that
for each ¢ € [0, 27] there exists the limit

lim arg w(re™) = pu(4/2m) — p(iho/2m).

r—1

Therefore the function argw is continuous up to the boundary of the disk; in par-
ticular, we can take ¢y = 0. Since |w| is continuous in D as well, so is w.

By the boundary correspondence principle, w gives a conformal map of ID onto
the domain

Q= {re?: r < exp{—ulexp{2miv(d)})}, 0 <6 < 2r}. (11)
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It is easy to see that the domain 2 is what we sought. Let f be the conformal map
of 2 to D, inverse to w. For z € 2 and E C 0f), we have

W5 EQ) = w(f(2), f(E).U) 1/ 1=1fF

B % arg f(E) |f(Z) - eit|2
d
= -1OP | e

which proves the claim.

2) Now we prove the necessity: if w is of the form (9), then &g € A0, 27].

We use an idea from the proof of [L1, Theorem 2.4]. Let w be a conformal map
of D to ©, w(0) = 0. Since Q is a Jordan domain, w extends to a continuous map
from D to 2, and we can specify it to have argw(1) = 0. Define

W) for 121 <1, F() = f(J2]"22) for 2] > 1.

f(z) = u(z) +iv(z) = log .

It is analytic in D and continuous in C. Define then the function

Az) = u(z) + %/0 7Tlog e — 2| dv(e™), (12)

d-subharmonic in C and harmonic in C\ T. Let us show that it as actually harmonic
(and, hence, continuous) everywhere. To this end, take any function o € C(T) and
a number r < 1, and apply Green’s formula for u(z) and A(z) = |z|a(z/|2|) in the
domain D, = {r < |z| <r~'}:

p=R

/ (AAu — uAA) = {ﬁ /0 " <pa(ew)%jw) —u(peiw)a(e%) dw] . (13)

27 p=r

r

Using the definition of the function f outside D and the Cauchy-Riemann equations
Ov/0¢p = pou/dp if p < 1 and Ov/0p = —pdu/dp if p > 1 (which follows from the
definition of f), we can write the right hand side of (I3]) as

r+rt 1

2

r—r
2T

/0 7 a(e) dyv(re®) + /0 T () a(e) dy.

When r — 1, (I3) takes the form

2T
/aAu: —1/ a(e™) dv(e'),
T T Jo

which implies the harmonicity of the function A(z) (I2) in the whole plane.



Now we recall that v(e®) = argw(e®) — 1. Since the harmonic measure of the
w-image of the arc {e? : 0 < § < ¢} equals /27, we have

Ga(argw(e™)) = v/2m

and thus argw(e™) = u(¢/2n) with u the inverse function to @g(¢)). Therefore,
v(e™) = p(d/2m) — .

Consider, finally, the function

v(z) = %/0% log €™ — 2| du(/27) = A(2) — u(z) + % /027r log €™ — 2| da).

Since it is continuous on T, Proposition 3 implies &g, € A[0, 27|, and the theorem is
proved. O

Note that all the dilations ¢€2 of Q (¢ > 0) represent the same measure from
A[0, 27], and Q with a given projection g is unique up to the dilations.

Now we prove Proposition [I] that presents a wide subclass of A with a more
explicit description.

Proof of Proposition[l. Let v :[0,1] — [0, 1] be an absolutely continuous, strictly
increasing function, v’ € £7]0, 1]. Since mes {t : /() = 0} = 0, its inverse function
w is absolutely continuous ([I7], p. 297), so

with g a nonnegative function on [0, 1]. We have

o0 > /0 log™ V/(t) dt = /0 log™ M/tt) du(t) = /0 g(t)log™ g(t) dt,

so g belongs to the Zygmund class Llog L.
Let A(t) denote the modulus of continuity of the function pu. Note that it can
be expressed in the form

where h is the nonincreasing equimeasurable rearrangement of g. Then

1 1 1 1
/ wdt = / t_l/ h(s) dsdt:/ h(s)log s ds
o t 0 0 0

= / h(s)logs™ ' ds,
FE1UFE>

where By = {s € (0,1) : h(s) > s/}, E, = (0,1) \ E;. Since h € LlogL [0, 1],

/ h(s)logs tds < 2/ h(s)logh(s)ds < oo.
E4

Eq
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Besides,
/ h(s)logs tds < / s 2 1og sl ds < oo,
E>

Es
Therefore,
/ 1 & dt < oo
o

and thus 5

lim & dt = 0,

=0 Jo t
which gives (2I). O

Corollary @ follows directly from the definition of the Szegé class, Theorem
and Proposition [II

3 Proofs of Theorems [I and

Here we show how the integral variants of Carleman’s and Wolf’s theorems can be
derived from Theorem
We will need an elementary

Lemma 5 Let r(0) € C[0,27], 1 < ry < r(0) < 1y, let v be a positive measure
on [0,2x] and V(t) be a nonnegative function on [0,00]. If a nonnegative function
v(te?) satisfies

/%v(tew) dv(0) <V (t) Vt>ty,

then for any Ry > Ry > 1,

roRo
// v(tr(f “’)du(e)dt<r;1/ V(t) dt.
riR1

Proof of Lemma [3 is straightforward:

Rar(® dv(0)
v(tr(0)e®) dv(0) dt = / / v(te) dt
/ / 4 V(6 N T)

27 Rors Raora
<r1_1/ / v(te™) dt dv(0) grl—l/ V(t)dt.

Rim Rir

O

Proof of Theorem[ll By Theorem [ there exists a domain 2 of the form @) that
contains D such that

w(z, E,Q) < cv(argE), VzeD, EC 0L, (14)
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with a constant ¢; > 0, see (I0). Let 7y = minr(f). ro = maxr(6). By the Poisson—
Jensen formula applied to the function v;(2) = u™(¢tz) (¢ > 0) in the domain s{)
(s > 1) we have, due to (14),

un(z) < / ROECUSIE / o(50) w(s ™1z, dc, Q)

o0

2T
< 01/ vi(sr(0)e?) dv(6), zeD.
0

The integration of this relation over s € [1, R] (R > 1) gives, by Lemma [5]

troR

(R—1Du(z) < /1R /027r vi(s7(0)e”) dv () ds < cgt_lrfl/t V(s)ds

T1

for each t > ty. So, .
u(te) < c(R)V(tryR), t >t

which proves the theorem. O

Remarks. 1. It is easy to see that the constant A in (4]) can be chosen arbitrarily
close to rq/ry > 1.

2. Note that we have used inequality (B]) in the integrated form only, so the
following statement is actually true: If a subharmonic function u on C satisfies

t 2m
/ / ut(se®)dv(0)ds < W(t) Vt >t (15)
to JO
with v € A0, 27] and a nondecreasing function W, then there are constants ¢ > 0
and A > 1, independent of u, such that u(te?) < ct=*W (At) for all t > t,.
Now we prove Theorem 2] as a consequence of Theorem [Il

Proof of Theorem The function v equal to vt in C, and 0 in C\ C, is a
subharmonic function in C satisfying the condition

2
/ vt (te'®) dv(0) < Vi(t)
0
with v € A[0, 27] and Vi(t) = o(t), t — oo. Therefore, it satisfies the conditions of

Theorem [ with the majorant V (t) = sup{Vi(s) : s < t}. So, sup,u't(te?) = o(t) as
t — 0o, and the conclusion holds by the standard Phragmén—Lindel6f theorem. [

4 Proof of Theorem [3

The integral version of the Levinson—Sjoberg theorem will be proved along the same
lines as Theorem [Il, however the local situation needs a more refined adaptation.
We start with two elementary statements close to Lemma
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Lemma 6 Let a nonnegative integrable function v in the square Q = {|z|, |y| < 1}
satisfy (A) with a continuous strictly increasing function v. Then for any d € (0,1)
there exists a constant My (d), independent of u, such that for each yy € (—1,1) one
can find a point y; € (—1,1) N (yo — d, yo + d) with

[1 v(:z+zy1) dr < Ml(d)

1

Proof. Assume yo > 0, then

/ / v(x +iy) dx dv(y / / v(x +iy) dv(y) de < 2.
yo—d yo—d

Therefore for some y; € (yo — d, yo),

1
/ v(x +iy1) do < 2[v(ye) — v(ye — d)] 7' < 2[AL (v, d)] ™
-1

with A, (v,d) = inf{v(t) —v(t —d): t € (0,1)} > 0. O
Lemma 7 Let a function v satisfy the conditions of Lemma [0, a function r be

continuous on a segment [a,b] C [—1,1], 0 < r = minr(y) < maxr(y) = ry < 1,
and 0 € (0,1 —ry). Then there exists t € (0,9) such that

b
[ ot +r0) + in) dvly) < 210
with Ms(0) independent of v.

Proof. We have

6 rb o+r(y)
/ / vt +r(y) +iy) dv(y) = / / v(s +iy) dsdv(y)
0 a
0+ro b
S/ / v(s+iy)dv(y)ds < 6+19— 1.

Thus one can find some ¢ € (0,0) such that

/ v(t +r(y) +iy) dv(y) < 55+ 1y —11).

Proof of Theorem[3 Consider the measure vy on [—i,i| defined as
n(E)=v(—-ik), FE C]|[—i,i].
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The conformal map f(z) = exp{zn/2} of the strip {|Imz| < 1} to the right half-
plane C, pushes the measure v; forward to the measure f*v on the semicircle {e? :
—m/2 < 0 < 7/2}, producing a measure of the class A[—m/2,7/2]; we extend it
to some measure v, € A[—7.w]. By Theorem [ there is a strictly star-shaped
domain € O D such that the radial projection of its harmonic measure at 0 is the
normalization vy /vs([—m, 7]) of vs.

Let Q1 = QN C,, then for every Borel set £ C I' = 0€2; N C, and any compact
set K C )y,

w(w, E,) < Ci(K)(arg B) Yw € K.

The pre-image Q0 = fI7U(Q) of Q) has the form
D={z=z+iy: z<ey), ye(0,1)}
with some function ¢ € C[—1,1]. Let
Py ={z+iy: z=e(y), ye(0,1)},
then for every Borel £ C I'; and any compact subset K of {25,
w(z, E,Q) < Cy(K)v(ImE) Vze K. (16)

For the domain
Q={z=a+iy: z>—p(y), yc(0,1)}

we have, similarly, the relation
w(z, B,Q3) < C3(K)v(ImE) Vze K (17)

foreach ECTs={x+iy: 2 =—p(y), y € (0,1)} and compact set K C Q3.
Let now K be an arbitrary compact subset of the square ). We would be almost
done if we were able to find some reals ho(K) and hz(K) such that

K C {QQ + hg(K)} N {Q3 + hg(K)} - {QQ + hg(K)} N {Q3 + hg(K)} C Q.

However this is not the case for any K unless ¢ = const. That is why we need
partition.

Given K compactly supported in @, choose a positive A < (4 dist (K, 9Q))~! and
then 7 € (0, ) such that the modulus of continuity of ¢ at 47 is less than A. Take
a finite covering of K by disks B; = {2 : |z — 2| < 7}, 2z, € K, 1 < j < n. To prove
the theorem, it suffices to estimate the function u on each B;.

Let Q; = {z € Q : |Im(z — 2;)| < 27}, then B; C Q; and dist (B;,0Q;) = 7.
Take also

ng) =y NQy, Féj) =1 mﬁé” ={rx+iy: 2 =p(y), a; <y <b;}.
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Now we can find reals hgj ) and hgj ) such that
I +hd) = {x+iy:z =1} ()}CQ]ﬂ{I+2y 1—4 A<z <1<2)\}
and
Féj)+h§, ={z+iy: at—r ()} CQiN{z+iy: —1+2X <z < —1+4A}.
Furthermore, by Lemma [7] there exist t2 € (0,)) and t3 € (—A,0) such that
/ y wt (D + D (y) +iy) dv(y) < My(N), &k =2,3. (18)
a;

Finally we can find, due to Lemma 6, y\) € (aj,a; + 7) and y e (b; — 7, b;) such
that

1
/ ut(z + iy,) de < My(1), m=1,2. (19)

1
Denote

OU) — {z+iy: réj)(y) +t(J) << ng)(y) +tg]), ygj) <y< yéj)}.
Since B; C QU relations (I6) and (7)) imply
w(z, B,QY) < C(B;)v(Im E) Vz € B, (20)

for all E in the vertical parts of Q). For E in the horizontal parts of 9Q0U), we
have, evidently, '
w(z, E,QV) < C(B;)mes E Vz € B;. (21)

Now we can estimate u(z) for z € B;. By (I8)-(21)),

u(z) < /a L Ow(zdc.00)

3 bj

< oB)Y [ ut () +r0y) + iy) du(y)
k=2 Y%

2 1

+ Z u (T + iYm)
=1
< 20(B)) (Ml(T + My(N)),
which completes the proof. O
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5 Proof of Theorem {4

By Theorem [l and Proposition [ it suffices to prove

Proposition 4 If a function u satisfies the conditions of Theorem [{], then there
exists a function f € L™ [—m, 7| and a constant ¢; > 0, the both independent of u,

such that i
/ ut(re®) f(0)df < o,V (r) ¥r > . (22)
Proof. What we will do is a refinement of the arguments from the proof of the
original Matsaev’s theorem (see [15], [12]). Let

Dipo={2€C: r<|z| <R, |argz —7/2| <7(1/2—a)}, 0<a<1/4,

b= (1-2a)"" S(0,a) = sinb(f — ar). Carleman’s formula for the function u
harmonic in D, g, has the form

T—Ta

QbR‘b/ u(Re?)S(0,a) dd — b(r~" + r*R™?) / u(re”)S(0,a)do

a Ta

(L rb+lR_2b)/ ul (re?)S(0, a) db

—TTa

R
+b/ [u(ze™) + u(me”(l_“))] (z70 — 2" TR da = 0.

It implies the inequality

/W_m ut(Re®)S(0,a)df < c(r,u) R’ + /W_m u” (Re®)S(6, a) db
ra ) ra
+ Rb/ [u‘(meim) + u‘(me”(l_“))} (z7 — 2R da. (23)
Fix some 1 € (0, 1;4) such that
Bi=(1-21)"t <1494 (24)

with 0 as in the statement of Theorem Ml Inequality (23] gives us the relation

Iy = /@(sinﬁa)/ ut(Re")S(0, a) db da
0 s

a
T—Ta

< efr, u)/ R°®(sin 7a) da+/ (I)(Sil’lﬂ'a)/ u” (Re®)S(6,a) db da
_ 0 " | 0 | ma

+ / @(sinﬂa)/ [u_(:ve“m)—I—u_(ze”(l_“))] Rz~ dx da
0 r

= L+ L+ (25)
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We can represent [ as
Iy = / ut(Re®)W(0) db
0
with
A(6)
U(6) :/ S(0,a)®(sinma) da (26)
0
and
A0) = min{0/m, 1 —0/m,7}. (27)

Note that S(6,a) > 0 when a < A(f), and S/ (0,a) < 0 for all a < 1/4. Since
®(t) is nondecreasing, this implies the bound

() _
v(o) > /A o S(0,a)®(sinwa) da > f(0) = () ® (Sm Az(ﬁ))

and thus,
Ioz/ ut(Re™) f(6) db (28)
0

with f € £7]0, 7.
Let us now estimate the right hand side of (25). We have

I < (r, u)Rﬁ/ ®(sinma) da < ¢ (r, 7, u)R”; (29)
0

I = / (RN (0) db < / " (Re®)®(sin 0) do): (30)

Tk ) ] R B
s [0 e et e ) (1) ot
0 r

x
R T ™

= RB/ At {/ +/ }u‘(meie)(b(sine) df dz
r 0 w(l—7)
R ™ )

< RB/ x_ﬁ_lf u” (ze)®(sin 0) db dx. (31)
r 0

We insert (28))—(31) into (25):
/ uT(Re®) f(0)do < cl(r,T,u)R6+/ u” (Re™)®(sin 6) db
° R
+ RB/ :B_B_I/ u” (xe?)®(sin 0) df dx
r 0

= Ji(R) + Jo(R) + J3(R). (32)

15



By the choice of g 24), Ji(R) = o(V(R)) as R — oo. Condition (7)) implies
Jo(R) <V(R), R > rg. As to the term J3, take any € € (0,1 + § — 3), then

R R
J3(R) < R° / vV (2)dx = R” / PV (2)2 da
T R T
< RBR_ﬁ_EV(R)/ rtdr < e 'V(R).
These bounds give us
/ ut(Re®)f(0)df < c;V(R) VR > 71 (u).
0

Absolutely the same way, we get a similar inequality in the lower half-plane and,
as a result, relation (22I). O

Remark. We do not know if condition ([7]) can be replaced by a more general one
in terms of the class A.
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