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Abstract

For positive integers n and I, we study the cyclic U(gl,,)-module generated by the I-th power of the
a-determinant det(®)(X). This cyclic module is isomorphic to the n-th tensor space (Sym'(C™))®™ of
the symmetric [-th tensor space of C" for all but finite exceptional values of a. If « is exceptional,
then the cyclic module is equivalent to a proper submodule of (Sym'(C"))®", i.e. the multiplicities of
several irreducible subrepresentations in the cyclic module are smaller than those in (Sym‘(C™))®™. The
degeneration of each isotypic component of the cyclic module is described by a matrix whose size is given
by a Kostka number and entries are polynomials in o with rational coefficients. Especially, we determine
the matrix completely when n = 2. In that case, the matrix becomes a scalar and is essentially given by
the classical Jacobi polynomial. Moreover, we prove that these polynomials are unitary.

In the Appendix, we consider a variation of the spherical Fourier transformation for (&,:,&7') as a
main tool to analyze the same problems, and describe the case where n = 2 by using the zonal spherical
functions of the Gelfand pair (&2, &7).
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1 Introduction

Let A(Mat,,) be the associative C-algebra consisting of polynomials in variables {x;; }1<i j<n. We introduce
alU(gl, )-module structure on A(Mat,,), where U (gl,,) is the universal enveloping algebra of the general linear
Lie algebra gl,, = gl,,(C), by

of

8:cjk

Py (Eig)f =Y win (f € A(Mat,)),
k=1

which is obtained as a differential representation of the translation of GL,, = GL,,(C).

Since the determinant det(X) of the matrix X = (2;;)1<; j<n is a relative GL,-invariant in A(Mat,,),
obviously the linear span C - det(X) is a one-dimensional irreducible (highest weight) #/(gl,,)-submodule of
A(Mat,,). This submodule is equivalent to the skew-symmetric tensor representation A”(C™) of the natural
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representation of U(gl,) on C". The symmetric counterpart of the determinant is the permanent per(X)
given by
per(X) = Z To(1)1T0(2)2 ** To(n)n-
ceES,
Although per(X) is not a relative invariant of GL,, the cyclic module pg‘n(u (gl,,)) - per(X) (i.e. the smallest
invariant subspace in A(Mat,,) containing per(X)) is irreducible and is equivalent to the symmetric tensor

representation Sym™(C™) of the natural representation.
The a-determinant of X is defined by

(1.1) det(a)(X) = Z ay(g)%(m%(zp To(n)ns
ceS,

where v(0) is n minus the number of cycles in o € &,,. The notion of the a-determinant was first introduced
in [V] in order to describe the coefficients in the expansion of det(I — aA)~/®  which is used to treat the
multivariate binomial and negative binomial distributions in a unified way. Later, it is also used to define a
certain random process in [ST]. We note that a pfaffian analogue (a-pfaffian) is also introduced and studied
in the same (probability theoretic) view point by the second author in [Mat].

The a-determinant is a common generalization of (and/or an interpolation between) the determinant
and permanent since det'™V(X) = det(X) and det))(X) = per(X). In this sense, the a-determinant
cyclic module pg[n(u (g1,)) - det'®(X) is regarded as an interpolation of two irreducible representations —
the skew-symmetric tensor representation and symmetric tensor representation. In [MW], the second and
third authors determined the structure of the U(gl,,)-cyclic module pg‘n(u (g1,)) - det(®)(X). The irreducible

decomposition of g, WU(gl,,)) - det'®(X) is given by

A
(1.2) P U(a) - det@ ()= @ (M)
AFn
Ia(a)7#0
Here we denote by M2 the irreducible highest weight U(gl,,)-module of highest weight A (we identify the

highest weight and the corresponding partition), f* the number of standard tableaux with shape A and
fa(a) the (modified) content polynomial [Mac| for A defined by

L(N) N
(1.3) fala) = _H _H(l +(j — i)a).

In other words, the structure of g, (U(gl,)) -det(® (X) changes drastically when a« = +1/k (k=1,2,...,n—

1). This result implies that det!® (X) may obtain some special feature like det(X) and/or per(X) for such
special values of a. Actually, when o = —1/k for some £k, det(—1/®) (X) has an analogous property of the
alternating property of the determinant. Based on this fact, for instance, we can construct a relative GL,,-
invariant from det(~'/*) (X) (see [KWI]). It is worth noting that we also introduced an analogous object
of the a-determinant detgo‘)(X ) in the quantum matrix algebra, and study the quantum enveloping algebra
cyclic module U, (gl,) - detgo‘)(X ) in [KW2]. Compared to the classical case [MW], the cyclic module in the
quantum case is much complicated whereas has a rich structure.

As a next stage, as in the beginning of the study of infinite dimensional representation theory by Gel’fand
and Naimark [GN] in the middle of the last century, it is natural to proceed in the study of the cyclic modules
pg[n(lxl(g[n)) - det®)(X)* for s € C under a suitable reformulation (see Section [5.2). In this case, the cyclic

modules pg[n(u (g1,)) - det!®(X)* is not finite dimensional in general. Actually, if s is not a nonnegative
integer, then det'® (X)* is no longer a polynomial and Py (U(gl,)) - det'® (X)* becomes infinite dimensional
unless o = —1. On the contrary, when s = [ is a positive integer, p, (U(gl,)) -det™ (X)! is a submodule of
the polynomial algebra A(Mat,,) and is finite dimensional.
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In this article, we treat the finite-dimensional cases, that is, we study the cyclic module g, U(gl,)) -

det(® (X)! for a given positive integer I. We first show that the irreducible decomposition is given in the
form

(1.4) Py (U(g1,,)) - det @ (X)! = P (M),
AbEnl

where m;\lyl(a) denotes the multiplicity of the irreducible submodule with highest weight A which satisfies
0 < mf;’l(a) < Kygny (Theorem B.I). Here K, is the Kostka number defined as the number of semi-
standard tableaux of shape A and weight u. Moreover, there exists a certain matrix Fal(a) of size Ky(n),
which is called the transition matriz for A, whose entries are polynomials in « such that mf;, (o) =1k Fé‘, (@)
for each A. By this fact, for all but finitely many «, we have m;\hl(a) = Ky for any A. Namely, the cyclic
module pg[n(u (g1,)) - det'® (X)! is equivalent to the space (Sym'(C™))®" of the symmetric I-tensors on C"
for almost all o. We note that F}; (a) is a scalar matrix f*(a) - I (see (LZ) and (L3)).

Consequently, we have to describe the transition matrix F7;\7l(a) and/or its rank rk F;‘,l(a)(: m) ()

n,l
explicitly. When n = 2, we can completely determine the explicit form of the transition matrices (see Section
4). In this case, each transition matrix is a scalar and given by a classical Jacobi polynomial. (Precisely, the
scalar satisfies a singly confluent Heun ordinary differential equation with respect to . See Corollary [£2])
In other words, the Jacobi polynomials play the role of the content polynomials. Moreover, one shows that
these Jacobi polynomials are unitary, and hence the multiplicity mgl(a) is non-zero unless |a| = 1 for each
partition A\ of 2[. These are our main result.

Here we should remark that the Jacobi polynomial does not appear as a spherical function (i.e. a matrix
coefficient of a representation) in our story, and hence, it is important to clarify the reason why the transition
matrix becomes a (unitary) Jacobi polynomial when n = 2. It seems a far-reaching matter at present to
describe the transition matrices when n > 3. In fact, we can only give explicit expressions of transition
matrices in a few special cases. It is not clear whether (the entries of) the transition matrices are given by
certain special polynomials. We leave these problems to the future study.

This paper is organized as follows. In Section 2, we recall the GL,,-module structure of the tensor space
(Sym!(C™))®". This space is the basic one for the study of a-determinant cyclic modules. In Section 3,
we study the structure of the cyclic module U(gl,,) - det(®)(X)!. The transition matrix, which determines
the multiplicity of the irreducible component in the cyclic module, is defined in this section. In Section 4,
we exclusively deal with the simple case where n = 2. As stated above, the transition matrix in this case
is explicitly given by a classical Jacobi polynomial. In Section 5, we give a conjecture for the permanent
cyclic module U(gl,,) - per(X)! (o = 1 case), introduce a certain suitable reformulation of our problem for
the general complex power cases (i.e. U(gl,,) - det(®)(X)* for s € C) and give a remark on @-immanant cyclic
modules which is a generalization of the situation.

In the Appendix, we investigate our problems by another approach; We adopt a variation of the spherical
Fourier transformation for (&,;,8}') as a main tool to analyze the structure of (gl,,) -det® (X)), and give
another proof of the results in Section 3. We also describe the transition matrices in the case where n = 2
by using the zonal spherical functions of the Gelfand pair (&g, &7).

2 Preliminaries on representation of U(gl,)

Let Z, be the set of all non-negative integers. For a positive integer n, we put [n] = {1,2,...,n}. Let
e1,...,e, be the standard basis of C". The symmetric I-tensor space S'(C") is the set of all polynomials of
degree [ in variables e; and expressed as follows:

S‘yml((C”) = @ C-e"ey?---enn.

n
mi,...,mp €% 4,
my+-+mp =l
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Let M, ; be the set of all Z-matrices of size n such that the sum of entries in each column is equal to I:

mij € L, Zmij =1(1 Sjﬁn)}-

=1

M, ; = {M = (Mij)1<i j<n

Put
M m mo m Min m2n m
€ = €4 1162 1"'6n”’1® ®6 ! €y ---en"”

for each M € M, ;. Then the tensor space (Sym'(C™))®" is given by

(Sym'(C™))®n @ C-eM

MeM,
The universal enveloping algebra U(gl,,) acts on C™ in a natural way: E;; - e, = J;xe;, where d;; is
Kronecker’s delta. This action induces the action of U(gl,,) on (Sym'(C"))®" as

(2.1) Epy - eM Zm reM T (L<p,g<n, M= (m)icij<n € Mny),

where RY? is the matrix of size n whose (i, j)-entry is equal to (0;, — diq)0;%. We note that RY? = —R;’.
The irreducible decomposition of the ¢(gl,,)-module (Sym‘(C™))®" is well known and given by

(Sym' (€)= = P (M) FFrem,

AbEnl

see e.g. [FHL,[W]. Here M2 denotes the highest weight module of U(gl,,) with highest weight A = (A1,..., \,)
and K(n) denotes the Kostka number which is defined as the number of semi-standard tableaux of shape
A and weight (I™) = (I,1,...,1).

Example 2.1. Let n = 2. Then My, = {(,%, ;2 ’ 0<r,s<I1}. When | =2 we see that

1 —-10 21 0-1
):26( 1>+( 1 0)+e(01)+(0 1 ) *26(%%)4»6( 3)126162@)61624*6%@6%,

for instance. The irreducible decomposition of (Sym'(C?))®? is given as

l
(Sym (C2 ’E@Mﬂ 5:9)

s=0

The following lemma plays a fundamental role in the discussion below.

Lemma 2.1. Let I, be the identity matriz of size n. Then it holds that (Sym'(C™)®" = U(gl,,) - e
Namely, the vector e’ = e} @ e}, @ --- ® €, is a cyclic vector of the U(gl,)-module (Sym'(C"))®"

Proof. Fix a positive integer [. Let Mnﬁl be the subset
M, = {M €M, | eM cU(gl,) e’}
of Ml,, ;. Let us prove (Sym'(C"))®" = Durrei, , C- eM . or equivalently

(2.2) M, D M,
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by induction on n.
The universal enveloping algebra U(gl,,_;) is embedded in U(gl,) as a subalgebra in a natural way.
Assume that the inclusion (Z2)) holds up to n — 1. Then the matrices of the form

M & ()=

are contained in Mn,l by the introduction hypothesis. Applying several E;,,’s successively to e e(0) suitably
many times, we first see that any matrix of the form

min
(2.3) M’ : (M' € M,,—1,, me =1)
Mnp—1,n i=1
0 0] Mnan

belongs to Mn,l.
Next, we put

Mml(p):{MeMn,l ’je{p—l—l,p—i—Q,...,n—l} and i € {1,2,...,j—1,n} = mij:0}

for each 0 < p < n — 1. Notice that M, ;(0) C M, (1) C --- C M, (n — 1) = M,,;. We show that
M, ;(p) C M, for any 0 < p < n — 1 by induction on p. By definition, we see that any element in M, ;(0)
is of the form (2Z3]), so that we have M,, ;(0) C M, ;. Assume M, ;(p —1) C M,,; for 1 < p < n —1. Take

any matrix M = (m;)1<i,j<n in M, ;(p), and put M=M+ Zf__ll mipRgi + mnp R Equivalently, Mis a

matrix defined by B

Mip +Mop + -+ Mp_1p+Mpp+mpy ifi=p,
Mip = § Mip ifp+1<i<n-—1

0 otherwise,
and m;; = m,; for j # p. It is easy to see that M e M,,:(p — 1). Then, using Lemma 2.2 below, we get

Mip ~M2p Mp—1,p My M _ M N
By, P By - By T ERe - e = (non-zero constant) X e (mod @ C-ev).
NeMy,i(p—1)

Therefore we have M € Mml by the induction hypothesis on p, and hence M, ;(p) C Mml. In particular, we
get M, ; = M, ;(n — 1) C M, ;, which is the desired conclusion. O

In the proof, we have used the following lemma which is readily verified.

Lemma 2.2. Suppose that M € M, ;(p—1) and 1 < i,k <p—1. Then M + R;" = M — RY € M, ;(p — 1).
In particular,

EgoeM = Mypp(Mpp — 1) -+ (Mypp —d + 1)eM—aRy (mod @ C-e")
NeMn,l(pil)

holds for d > 1. O
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The linear map pg : U(gl,) — Endc(A(Mat,,)) defined by

n

(Pat, (Ei) - D) =it (X) (U<ij<n, [ AMaty)
k=1 J

determines a representation of U(gl,,) on A(Mat,). We abbreviate pq( (Ei;) as Eyj.
For each M € M,, ;, put XM = I17- ;. The action of U(gl,,) to X™ is given by

n
qu'XM:qukXMJrRiq (I<pg<n).
k=1
Combining this with (Z]) and Lemma Il we see that the linear map e™ — XM (M € M, ;) gives the
isomorphism

(2.4) (Sym'(C")®" = @B C XM =u(gl,) 2t 2,y 2h, C AMaty).

MeM, ;

3 The cyclic modules U(gl,) - det'™(X)!

3.1 o-determinants and intertwiners

Let o be a complex number. We consider the cyclic module ¢(gl,,) - det'™ (X)! for a positive integer [.
When o = 0, we have det©® (X) = x11222 - Ty From (Z4) we obtain the irreducible decomposition

(3.1) U(gl,) - det @ (X)! = (Sym'(C™))®" = @B (M),
A-in

In general, the module U(gl,) - det(®(X)! is a submodule of U(gl,) - det® (X)! because det®(X)! e
Drrem, , C- XM = u(gl,) - det@ (X)L, Therefore we have

Theorem 3.1. It holds that N
Ugl,,) - det ™ (X) = B (M) (),
A-ln

A

where my, |

(o) is a nonnegative integer at most Kyqny and mfhl(O) = Kqn- O

In order to obtain further properties of the multiplicities m;\h ,(@), we construct a U(gl,)-intertwiner from
(Sym!(C™))®" to U(gl,,) - det'™ (X)! explicitly for each a.

For a sequence (k1,...,kyn) € [n]*"™, define
Tiy1  Thky2 -+ Thyn
D@ (ky, ... kn) = det(® That Thaz e Bk
Thy1 Thp2 .- Thyn
For a matrix N € M, 1, there exists some (k1,...,k,) € [n]*" such that N = (J; x,)1<i,j<n. Then we let

D@(N) =D (ky, ... ky).

Let M = (mij)i<ij<n € M, A sequence (Mi,...,M;) € (M, 1)*! is called a partition of M and
denoted by (Mj,...,M;) F M if My +---+ M; = M. We also put M! = HZJ‘:1 my;!. For instance,
(1I,)! = 1!". Now we define the element D(®) (M) € A(Mat,) by

M!
(3.2) DM = g 3 D)D) D (M),
™My, My)IEM

where the sum runs over all partitions of M. It is clear that D) (11,,) = det(®) (X)L
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Example 3.1.

D@ ((2) D _ p@ <(1) (1)> D ((1) (1)) — D(1,1)D)(1,2).

2 1\ (21?2 11 10 00 1 0\ 0 1
() _ () () () () ()
b (1 2) 5219770 o) P o )P 1) TP o 1) P o

(20)(1,1)D(1,2)D)(2,2) + D) (1,2)?D(2,1)) .

—~

Wl =

O
Take M = (mi;)i<i,j<n € M, ; and suppose that mgx > 0. Then M+ R}? € M, ;. Let (My,...,M;) - M

and (M{,...,M])IF M + R}?. We write (M, ..., M;) —— LULN (M7,..., M]) if there exists some j such that
M/ = M; + §;; R}?. We notice that
(3.3) #{(M{,...,Ml’) b M+ RY| (M, M) B2 (Ml,...,Ml’)} = Mg

because M; + R} € My if and only if (M;)g = 1 so that the number of such choices of j is just
Mgk = Zé’:l(Mj)qk' We also notice that

k k
(My, ..., M) 255 (My, ..., M]) <= (M],..., M) 225 (M, ..., M).
The following fact is crucial.

Proposition 3.2. For any p,q € [n] and M € M, ;, we have
(3.4) Epq - D(M) = mgp D (M + RPY).

Example 3.2.

2 1 2 1 2 1 31 2 2
. D) _ 3p(@ D@ _ p@ (@)
men (] 5) =0 (). s p (1 3) =0 (G o) e ().

2 1 11 2 0 2 1 2 1
. p(@) —9opa) (@) . pl@) —3p(@
B0 (3 3)=20(y 5) 0@ ( §). () =0 (] ).
O

Proof of Proposition[72 First we notice that we can verify the case where [ = 1 easily (see Lemma 2.1 in
[MW]). By using this result, for any M € M,, ;, we have

By D000 = 2SS D@ an) (B D) D0
My, M)IFM =1
M' =

- I Z Z Z D@ (M) - D (M +R’;q) - D@ (M)

k=1 (Mx,...,M)-M j=1

oA .Z > > D (M) DO (M)
k=1 (Mq,...,M;)IFM (My,...,M])I-M+R}?

p,q; k "

(My,...,M;)—=2(M],...,M])

3

k=1 (M],...,M)IF M+R9 (My,...,M;)IFM
,pi k
(M}, M) 2225 (M .., M)
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By 33), we see that

3 1:#{(M1,...,Ml)ll—(M—i—Rﬁq)—i—RZp (M{,...,M;)M(Ml,...,Ml)}
(My,...,M))IFM
(M., M) 225 (M)

= (M + R}")pr. = mypi, + 1.

Hence it follows that

Epq - D (M) :Z(mpk+1)(” 7 > D@ (M) - D@ (M)
k=1 (MY, M])IFM+RPY
= mg D (M + R}
k=1
since (mpr + 1)M! = mgi(M + RYY)!if mgr > 0. Thus we have proved (B3.4). O

Now we give an explicit intertwiner from (Sym!(C"))®" to U(gl,,) - det'®)(X)!. The following proposition
is a generalization of Lemma 2.3 and Proposition 2.4 in [MW] for the case where [ = 1.

Proposition 3.3. We have
U(gl,) det(X)' = Y €D ().
]\/IEMn’l

Furthermore, the linear map ®® determined by
@ (M) =D(M), MeM,,,
gives a surjective U(gl,)-intertwiner from (Sym'(C™))®™ to U(gl,,) - det'™ (X)L,

Proof. From Proposition[3.2] the space 3y, , C- D) (M) is invariant under the action of ¢(gl,,). Since
D@(11,,) = det'® (X), the space U(gl,,) - det'™ (X)! is a submodule of > mem,, C D) (M). Furthermore,
by () and Proposition B2} the linear map ®(®) determined by

¢ (M) =D (M), M eMy,,

gives a surjective U(gl,, )-intertwiner from (Sym'(C"))®" to > mem,,C- D@ (M). Tt follows from Lemma
21 that )

dooc.pmy= > C-e@eM) cu(gl,) - 2 () =U(gl,) - det!™(X)!
MeM,, MeM,

as we desired. O

3.2 Transition matrices

We show that the multiplicity m;\hl(a) in Theorem B.1] is described as a rank of a certain matrix for each
highest weight A.
The module (Sym'(C"))®" is decomposed in the form
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Here v (i =1,..., K\(ny) are highest weight vectors corresponding to the weight . Under the isomorphism
® and surjective intertwiner ®(®), we see that

Kk(l")

U(al,) - det(X) =P P ulat,) - 2O (),
AFnl =1
Kk(l")

Ugl,) - det (X)) =P D Ulal,) - ().

AFnl =1

Since ®(®)(v) is the highest weight vector unless it vanishes, there exists a matrix Fal(a) = ((F;‘,l(oz))ij)

of size K(n) such that

Kaan
(3.5) o (0}) = i )(Fr?,z(a))ij‘b(o) (07)

i=1

for each j. We call the matrix F) (a) the transition matriz. We notice that the definition of F;(a) is

A
K)\(l")

definition, its entries belong to Q[a]. We now obtain the

dependent on the choice of vectors v7,...,v but Fﬁ\l(O‘) is uniquely determined up to conjugacy. By

Theorem 3.4. For each o € C and A b nl, the multiplicity m;\hl(a) in Theorem[3 1) is equal to the rank of the

matriz F,) () defined via B8). Namely, the irreducible decomposition of the cyclic module U(gl,,)-det® (X)!
is given by

(3.6) Ulgl,) - det'™ (X)' = @ (M)FH ),
AFnl
L(A)<n
(]

We need to obtain an explicit expression of the matrix F () to evaluate the multiplicity m; (o). When
n = 2, we show that the matrix F;:l(a) is of size 1 and given explicitly by a hypergeometric polynomial. See
the next section for the detailed discussion for this case. In general, it is not easy to calculate the matrix
Fﬁ" ;(a), and we have no effective method to evaluate the multiplicity mf;ﬁ ().

We give several examples of an explicit calculation of transition matrices for the highest weights with
special types.

Example 3.3. If | = 1, then we have F} | (o) = fa(@)[ for any partition A of n, where fx(a) is defined in
(T3)). See Corollary 3.4 in [MW]. O

Example 3.4. For A = (nl), the Kostka number Ky is equal to 1. The vector v =el wel ®---®e}
is the highest weight vector with the highest weight (nl). By Proposition we have

n—1 ! n—1
(I)(oz)(v(nl)) = D(a)(la 17 ] 1)l = {H(l +j0&)$11:c22 o xnn} = H(l +j05)l ! (I)(O)(v(nl))
Jj=1 j=1
and hence
n—1
EP(0) = [T +5a)"
j=1



10 K. KIMOTO, S. MATSUMOTO and M. WAKAYAMA

Example 3.5. For A = (nl — 1, 1), the Kostka number Ky is equal to n — 1. Put

i-th
-1
wi=e vel® v lew e

for each 1 < i < n. Then vgnlfl’l) = w; — wiy1 (1 < i < n—1) are linearly independent highest weight

vectors corresponding to the weight (nl — 1,1). It is easy to see that
n—2
q)(a)(vz(nl—l,l)) _ (1 o a)(l + (TL o 1)a)l—1 H(l +j0[)l . q)(O) (vgnl—l,l))
j=1
which readily implies

n—2
F () = 1= a) (1 + (n— Do) T+ ) - Loy
j=1

4 U(gly)-cyclic modules and Jacobi polynomials

In this section, we study the case where n = 2. The transition matrix FQ’\ () is of size 1 and explicitly given
by a hypergeometric polynomial in o which is in fact the Jacobi polynomial. Moreover, we see that these
Jacobi polynomials are unitary.

4.1 Explicit irreducible decomposition of U(gl,) - det® (X)!

For a non-negative integer n, complex numbers b and ¢ such that ¢ # —1,—-2,..., —n+ 1, let F(—n,b,c;x)
be the Gaussian hypergeometric polynomial

o — (=n)k(b)k =¥
F(—n,b,c;x) =1+ ,; CIEE

Here (a); stands for the Pochhammer symbol (a);r = a(a+1)---(a + k — 1). For any partition A of 2] with
length < 2, we have K(;2) = 1, whence F;:l(oa) is a scalar.

Theorem 4.1. For non-negative integers | and s such that 0 < s <[, we have

(4.1) By~ (@) = (14 0) 7 G(a),

where G (x) is the polynomial given by

G;YL(‘T) = F(—?’L,’Y —n+ 1a - _:C)'

By the hypergeometric differential equation satisfied by G (z), the explicit form of Féil_s’s) (a) given in

Theorem [£.1] shows that F2(2ll_s’s) () satisfies the following singly confluent Heun differential equation (see
[SL]).

Corollary 4.2. The polynomial f(x) = Féil_s’s)(—x) satisfies the differential equation

(4.2) {dd—;Jr(%—é)%Jr%}m):o.
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Remark 4.1. Since it seems difficult at present to obtain the transition matrices explicitly in general, we
are naturally lead to the following questions: Can one obtain the equation (£2)) directly by investigating (a

certain structure of) the cyclic module U(gl,) - det(™ (X)! itself? If it is possible, is the derivation of the
differential equation generalized to the cases where n > 37

The roots of the polynomial G} () satisfy the following property.
Proposition 4.3. For a real number v such that v > n, the polynomial G (x) is unitary, i.e., every root
of G} (x) is on the unit circle T = {z € C | |z| = 1}. Furthermore, G3,(1) # 0 and G3, (1) = 0 for any
nonnegative integer n.

Therefore we obtain the following irreducible decomposition from Theorem B.I] and Proposition 3.4

Corollary 4.4. For any o € C\ T, we have

l
Ugly) - det® ()" = (Sym'(C?)*? = P M.

s=0
For a = +1, we have
i 21—25,2j
Ugly) - per(X)' = (P M) = sym'(Sym*(C?),
§=0

U(gly) - det(X)! = C - det(X)! = MWD,

4.2 Proof of Theorem [4.1]

The highest weight vector associated with the highest weight (21 — s,s) in the module (Sym'(C?))®? (=
@i:o Mng*S’S)) is given by

S
e S\ i 5 eeni e
p(Z=s:9) 72(—1)3 <j>61 Tel we ey Y.

J=0

The image of this under ®(®) is

(4.3) B (p(21=5:9)) — zs:(_nj (5) D@ (l —Jtes ”) .

= j J s—J
Lemma 4.5. For 0 < p <q <1, we have
D(a)<lp ZQ)
p q

! min{p,l—q} -
:( ) Z ( p ) (p) D(a)(L 1)l—q—rD(a)(1, 2)q—p+rD(oz)(27 1)7‘D(o¢)(2, 2)P.

q = \g—p+r/\r

Proof. Sequences (M, ..., M;) € (My1)*! satisfying My + -+ + M, = (l;p l;q) are permutations of

l—q—r q—p+r r p—r

o) loo) D)) @o)n (o) (9 30)
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where r runs over 0,1,...,min{p,! — ¢}. Since the number of such sequences is (I!)/{(l —¢ —7)! (¢ —p+
) (p —r)!}, we have

min{p,l—q}
Dl <lp l‘1>(lp)!(lfI)!P“1! - &
p q (i) — (=g g—p+r)rip—r)
x D(1,1)! 77" D (1,2)47P" DI (2,1)" D) (2,2)

This completes the proof. O
The polynomial FQ(QZFS’S) (@) is determined by the identity ®(*)(v(2l=55)) = FQ(QZFS’S) () @O (p(l=5:9)),
By comparing the coeflicients of zluzllgsz§2 in the both sides, we see that

2l—s,s —5 .8 «@ —5,8
Fy779% (a) = [ahal505,) @) (0@mo9)),

Here [23, 28525 2% ] f (211, T12, T21, T22) stands for the coefficient of 2¢, 28,25, 2%, in f(z11, 712, 21, T22). By
using Lemma [L.3] together with

D(a)(la 1) = (14 a)z11212, D(a)(la 2) = z11x22 + ax21T12,
D(a)(Q, 1) = az11222 + T21712, D(a)(27 2) = (14 a)xa1 222,

we have

[$l119512 T3] D(a)

-(5) (5

_ (=D =s+J)!
- s)

l—3j l—s—f—j)

(55
)

(z11212)' ] D1, 1)1*5) : ([(x11x22)S]D<a>(1,2)5*JD<&>(2, 1)]‘)

(1+a)l Sy

for 0 < j < s/2. We can check that this identity holds for any 0 < j < s in a similar way. Hence it follows
from ([4.3) that

a1 (s ) ()
B =gt Z ) i

e S5+ ) ()
Sl ; N—9G—

=(1+a)*F(=s,l—s+1,—1;—a).
Thus we have proved Theorem [£.11

4.3 Proof of Proposition 4.3

Let v be a positive real number and n a non-negative integer such that v > n. We prove the unitarity of
the polynomial G} (x) by the property of the Jacobi polynomial (see e.g. [S])

1—
PR (z) = (n+a)F(—n,n+a+ﬁ+1,a+1; 29”).
n

We see by definition that
1\t
(4.4) G (z) = <” 7 > Pyml2v=2nd ) (1 4 o),
n

We recall the following formulas ((4.1.3), (4.22.1), and (4.1.5) in [9]).



Alpha-determinant cyclic modules and Jacobi polynomials 13

Lemma 4.6. For any «, 8 € C and non-negative integer n, the following formulas hold.

(4.5) PP (@) =(-1 ”Pr(f’ (-w),
(4.6) Pl () = (122" pi-zn-a-p-19) (743
2 rx—1)’
N 1)"n! a
(4.7) PR (y )(( ))” (@+n+ 1P — 242,
o, (=1)"n! (,0)
(4.8) PiE) (@) m(aJrThL DpiraPp® ™ (1 = 22%).
O
From ([@4) and [@3)), we have
n—~y—1\""
G;YL(:C) _ < Y > (71)np7(12772n+1,7771)(71 - 21‘)
n
By (4.4), it follows
n—vy—1 -t x—1
v — o —1)(1 np(=y=L—-1 (2~}
61 =("T171) e —
Applying (£1) and (8] to this expression, we obtain the following lemma.
Lemma 4.7. It holds that
—1)™m)! z—1\°
G'Y :( 12mP( 1/2,—v—1) 1-2
(71)m+1m! - o 1 2
Gomia(2) :W(zfl)(erl)Q P7(nl/2’ T 1-2 Tz 1 .
In particular, G3,,,(1) # 0 and G3,, (1) = 0. O

In general, the distribution of the roots of Jacobi polynomials are described as follows.

Lemma 4.8 (Theorem 6.72 in [J]). For any real number u, let E(u) be the Klein symbol, i.e.,

u—1, ifu is an integer and u > 0,
E(u) =< |u], ifuis not an integer and u > 0,
0 ifu < 0.

Let o and 8 be complex numbers and n a non-negative integer. Assume [ _,(a+k)(B+k)(n+a+B+k) # 0.
Define three numbers X, Y, and Z by

b
H

(2n+a+8+1] - |a||ﬂ|+1)),

@pn+a+6+u+mpﬁm+m),

N
Il
=

~

I

=
AAA
N —= N= N =

@pn+a+6+u—MLHM+U).
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Then, if we denote by N(I) the number of roots of P,(f"ﬂ)(z) on an interval I C R, we have

Ny = {2LE DL ) () >0
2(X/2)+1,  if (=1)*("F) (”“’) <0,
V(o1 (2L V2L )
| 20v/20+ 1, () () <
Mooy = 22721, (e
| 212020+ 1, i () () <
O
Let us set « = —1/2, f = —y—1and n = 2m (resp. « =1/2, f = —y—T1and n = 2m+ 1) in
the lemma above and assume that v > n. It follows that X =Y = 0 and Z = m, from which we have
N((=1,1)) = N((—o00,—1)) = 0 and N((1,00)) = m. Since the degree of the polynomial P} />~ 7" (z)
(resp. P77 (2) ) is m, all roots of PG /%777 (2) (resp. P/* 77V (z)) belong to the interval (1, 00).

Therefore it follows from Lemma [4.7] that
aceC, Gl(a)=0 =

-1
17 ciR = |o|=1.
a+1
This completes the proof of Proposition

5 Several remarks on the future study

We give here several comments for the future study.

5.1 Permanent cases

When o = —1, det(fl)(X ) is just the ordinary determinant and we can easily see that the cyclic module
U(gl,) - det"™1(X)! is isomorphic to M) However, in the case where a = 1, we have not obtained the
irreducible decomposition of the cyclic module #(gl,) - det)) (X)! generated by the permanent per(X) =
det™ (X). Actually, only we can give here is the following conjecture.

Conjecture 5.1. U(gl,) - det™ (X)! = Sym! (Sym™ (C™)).

This claim is equivalent to the assertion that the character of U(gl,,) -det™ (X)! is given by the plethysm
hioh,,. (For the definition of the plethysm for symmetric functions, see [Mad, Section I-8]). We have already
verified this conjecture in the following cases: (i) I = 1 (see [MW]), (ii) n = 1,2 (see the previous section),
(iii) n = 3 and | = 2 (see Example BTl below).

Example 5.1. Let n = 3 and [ = 2. If we take a suitable highest weight vectors and employ a similar
calculation in the proof of Theorem .1}, we have

F{%(a) = (1 +a)*(1 + 20)%,

F(5 M) =(1—a)1+a)?(1l+2a)h,
F{%5? (a) = (1+ a)? - diag (2(1 — ), 2(1 — ),2 — 20 4 3?) ,
F<4 )(a) %(1fa)(1+a)(2*5a2),
2 () = (1 —a)2(1 +a?),
F(s 2D(a) = =(1 - a)(1 + )(4 — 6a + 5a2)Is,

F55 (o) =

1
4
L 2
5(1—a) (2 — 200+ 5a”).
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In particular, when o = 1 we see that

0 otherwise

m§2(1) _ {1 A= (G)a (4a 2)7

and hence it follows that
U(gly) - per(X)? = MY & M 2 Sym? (Sym® (C?))

which agrees with our conjecture.

5.2 Complex powers of a-determinants

An appropriate reformulation of a setting is necessary to study “the cyclic module U(gl,,) - det(® (X)®” with
a complex number s. Here we introduce a suitable space in which we can treat such cyclic modules.
We take a U(gl,,)-submodule

ML, ={Fi--F. | k>0, ;e @ C-xM
MeM, 1

of A(Mat,,), and consider the tensor product
ML? ®c (@C cw(a, s — k:))
k=0
where {w(w, s — k) }r>o are formal vectors. We introduce a U(gl,,)-module structure on it by
(5.1) Y- (Fow(a,s—k) = -F)@uwlas—k)+(s—k)FY -det' (X)) @ w(a,s — k —1)

for Y € gl,, and F € ML;. Let ML, (e, s) be the quotient ¢(gl,,)-module of ML ®c (P, C - w(e, s — k))
with respect to the submodule generated by

(5.2) (F-det™(X)) @ w(a,s — k) — F@w(a,s —k+1) (FeMLS, w(a,0)=1).

For F(X) € ML® and k € Z,, we denote by F(X)det® (X)** the element in ML, (c, s) represented by
F(X)®w(a,s — k). We notice that det™ (X) det(® (X)s=F = det(®) (X)s=++1 by (52).

Denote by V(a, s) the submodule of ML, (a,s), generated by the vector det'™(X)*(= 1 ® w(a,s)).
When s is a non-negative integer [, we can naturally consider that

ML, (a,1) C ML?,
because 1 @ w(a, 1) = det'™ (X)! @ 1 so that it follows that
V(e 1) 2 U(gl,,) - det™ (X)L,

Thus we regard the space V(a, s) as a suitable formulation of the cyclic module ¢(gl,,) - det'® (X)* for s € C.
We note that ML, (c,1) can be realized in the quotient field for the algebra ML? when [ is a negative integer.

Example 5.2. Let « = —1. Then V(—1,s) = U(gl,) - det(X)® is one-dimensional space and we have
Epp-det TV (X)* = sdet™" (X)* for any 1 < p < n from (5.1). Thus the module V(—1, s) is the irreducible
module with “highest weight (s, s,...,s)”. O
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The module V(a, s) is infinite dimensional in general. For instance, if « =0 and s € C\ Z, then we see
that

B, detO (X)) =s(s —1) -+ (s — k + 1) (211012%33%44 - - Ty )* det O (X)*~F

for each k > 0 and these vectors are linearly independent, and this obviously implies dim¢ V(0, s) = co. In
the infinite dimensional cases, the following two problems are fundamental:

1. Unitarizability of each irreducible subrepresentation appearing in the decomposition of the cyclic mod-
ule U(gl,,) - det™ (X)s.

2. Description of the “content function” for each isotypic component in U(gl,) - det(®) (X)?® as a certain
special function such as a solution of some Fuchsian type ordinary differential equation. (See Remark

E1)

We will treat these problems in our future studies.

5.3 Generalized immanants

Let ¢ be a class function on &,,. We define the p-immanant by

lmmw(X) = Z (,0(0')5616(1) “Tno(n)-
ceS,

For [ class functions ¢1, ..., ¢, consider the cyclic module

l
i=1
which is the submodule of @ MeM,, C - XM In the article we discuss the special case where ¢;(0) =

= (o) = a”(?) . The discussion, and hence several propositions, in Section 3 can be extended to this
generalized situation because we do not use any special feature of the function a”(?). See the Appendix
below.

Acknowledgement. The authors thank Jyoichi Kaneko for fruitful discussion on the Jacobi polynomials.

6 Appendix: Transition matrices and zonal spherical functions
BY Kazurumi KIMOTO

We investigate the structure of the cyclic module V;,;(e) = U(gl,) - det!® (X)! by embedding it to the
tensor product space (C™)®™ and utilizing the Schur-Weyl duality. We show that the entries of the transition
matrices F,(«) are given by a variation of the spherical Fourier transformation of a certain class function
on G, with respect to the subgroup &} (Theorem [6.4]). This result also provides another proof of Theorem
B4l Further, we calculate the polynomial Féil_s’s) (o) by using an explicit formula of the values of zonal
spherical functions for the Gelfand pair (&2, S, x &,) due to Bannai and Ito (Theorem [6.1T]).

6.1 Irreducible decomposition of V, ;(a) and transition matrices

Fix n,l € N. Consider the standard tableau T with shape (I") such that the (i, j)-entry of T is (i — 1)l + j.
For instance, if n = 3 and [ = 2, then

1]2
T=(3[4].
516




Alpha-determinant cyclic modules and Jacobi polynomials 17

We denote by K = R(T) and H = C(T) the row group and column group of the standard tableau T
respectively. Namely,

(6.1) K={ge6u|lgx)=Tlz], e}, H={ge6Gul|glx)=a (modl), =< [ni]}.

We put

(6.2) e=m—=Y keC&ul
IKI =

This is clearly an idempotent element in C[&,,]. Let ¢ be a class function on H. We put

= (h)heCl&nul.

heH
Consider the tensor product space V = (C")®™. We notice that V has a (U(gl,,), C[S,;])-module structure
given by

s-th
Eij'ell - ® e, Z(Slsdeh e 8- e,,

€, Q- ®e, 0==6,, Q- ®e€,.,, (0 € &)

where {e;}_; denotes the standard basis of C". The main concern of this subsection is to describe the
irreducible decomposmon of the left U(gl,,)-module V - e®e.

We first show that V,,;(a) is isomorphic to V - e®e for a special choice of ¢. Consider the group
isomorphism 6 : H — &!, defined by

O(h) =(0(h)1,...,0(h)); O(h)i(x)=y <= h((z—1Dl+1i)=(y— 1)+

We also define an element D(X;¢) € A(Mat,,) by

n l n l
D(X;9)=> oM ]] H Toyp(ara = O #(h) H H 0.6(h)y

heH heH qg=1
= > o0~ (o1, . HH%@M
01,..,01€E6, q=1p=1

We note that D(X;a*0)) = det'® (X)! since (0 (a1,...,01)) = v(01) + - - + v(oy) for (04,...,00) € Sr.
Take a class function § on H defined by

b=
o (h) = {(1) h # 1

We see that D(X;0x) = (211222 . .. Tpn ). We need the following lemma (The assertion (1) is just a rewrite
of Lemma [ZT] and (2) is immediate to verify).

Lemma 6.1. (1) It holds that
Ugl,) €' ® - e =V .e=Sym'(C")®",
n l
Ugl) - D(X;6g) = P c-I] H i,.q = Sym! (C™)®",

ipg€{1,2,...,n} ¢=1p
(1<p<l,1<qg<n)
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(2) The map

n l
T:U(g[n)-D(X;(SH)BHH:cipqq»—>(eiu®---®eill)®---®(em®---®eiln)-eeV-e

q=1p=1
is a bijective U(gl,,)-intertwiner. O
We see that
n 1
T(D(X;9) = > o(h)T <H 1T $e<h>p<q>7q>
heH q=1p=1
= > wlh)(eam) ) @ ® eony,1) @ @ (€any(m) @ @ gy (n) - €
heH
el wel Y phh-e=efl @ el ede

heH
by (2) in Lemma[6.1l Using (1) in Lemma [6.1] we have the

Lemma 6.2. It holds that
U(gl,) D(X;p) XV -ede

as a left U(gl,)-module. In particular, V - e®e =V, () if p(h) = o). O
By the Schur-Weyl duality, we have
V=P MRS
Abnl

Here S* denotes the irreducible unitary right &,,;-module corresponding to . We see that

dim (8- ¢) = (indf 1, $*) = Ky,
nl

where 1k is the trivial representation of K and (m, p>6m is the intertwining number of given representations
7 and p of &,;. Since Kgny = 0 unless £(A) < n, it follows the

Theorem 6.3. It holds that

Voebe= (P M)R (S ede).
AbFnl
L(N)<n
In particular, as a left U(gl,,)-module, the multiplicity of M\ in V - e®e is given by
dim (8)‘ . e@e) = rkgpa(sr.c) (ePe).
O

Let A F nl be a partition such that ¢/(A\) < n and put d = Kygn). We fix an orthonormal basis
{e},..., e?k} of 8* such that the first d vectors e7, ..., e} form a subspace (S*)X consisting of K-invariant

vectors and left f* — d vectors form the orthocomplement of (S*)% with respect to the &,,-invariant inner
product. The matrix coefficient of S* relative to this basis is

(6.3) N9 = (e} g, €))en (96, 1<i,j< fY).
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We notice that this function is K-biinvariant. We see that the multiplicity of M7 in V - e®e is given by the
rank of the matrix

(Sommm)
heH 1<i,j<d
As a particular case, we obtain the

Theorem 6.4. The multiplicity of the irreducible representation M) in the cyclic module U(gl,,) -det(® (X)!
is equal to the rank of

(6.4) Foyla) = <Z O‘U(h)wi)\j(h)> ;
heH 1<i,5<d

where {1/11)‘]}” denotes a basis of the A-component of the space C(K\G;/K) of K -biinvariant functions on
S given by ([63).

Remark 6.5. (1) By the definition of the basis {7} }; ; in ([63), we have F;‘J(O) =1
(2) Since a*@ ) = (@) and 1/)%- (g™hH = 1/)A (g) for any g € &,,, the transition matrices satisfy F)‘ () =
F (@)

(3) In Examples[6.6]and [6.8 below, the transition matrices are given by diagonal matrices. We expect that
any transition matrix F7;\7l(a) is diagonalizable in Matk, ., (Cla]).
Example 6.6. If [ = 1, then H = G = &,, and K = {1}. Therefore, for any A - n, we have
n!
(6.5) Fﬁ‘@(‘%’) = F <‘P’ X/\>6n I

by the orthogonality of the matrix coefficients. Here x* denotes the irreducible character of &,, corresponding
to A\. In particular, if ¢ = a(), then

(6.6) Fa(a) = fala)]

since the Fourier expansion of a”() (as a class function on &,,) is

f/\
(6.7) () = Z Hf,\(a)x/\,

AFn

which is obtained by specializing the Frobenius character formula for &,, (see, e.g. [Mad]).

Example 6.7. Let us calculate F, (n l)( ) by using Theorem Since S(") is the trivial representation, it
follows that (S("))K = 8D and

F'a) =Y a"M(e-hey= Y o). 0" = ((1+a)(1+2a)...(1+ (n—1)a)),
heH O1,.eny g €S,

where e denotes a unit vector in S

(nl 11)( )

Example 6.8. Let us calculate F, by using Theorem 6.4l As is well known, the irreducible (right)

S,-module S(M=11) can be reahzed in C™ as follows:

S(nlfl,l) _ {(.T] i c (Cnl

ij—o}
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This is a unitary representation with respect to the ordinary hermitian inner product (-, -) on C™. It is
immediate to see that

K
(S(nlfl,l)) — {(:E]);llzl c 8("1*1,1) ‘-Tpl+1 =Tplya = = T(p41)l (O <p< n)} .
Take an orthonormal basis ey, ..., e,_1 of (8("l_1’1))K by
l l l
ej:—(w ooy wlw w0 w ) (1<j<n-1),

Vnl

where w is a primitive n-th root of unity. Then, the (i, j)-entry of the transition matrix Ffﬁl_l’l) () is

n l
S "™ (e h, ej) = % T3S aren) | grleeaioe

heH 01,...,00€6, p=1g=1
-1 ) n
_ <Z au(r)) <_ 3 Za"<<’>w<’<P>im> ,
TES, " o6, p=1

The first factor is ((1+ a)(1+2a)...(1+ (n — 1)a))' . We show that
1 n o
= > > Wi = (1 — )1+ a)(1+2a)... (14 (n—2)a)d;  (i,j=1,2,...,n—1).
" €S, p=1

For this purpose, by comparing the coefficients of @~ in both sides, it is enough to prove

1 - i n—1 n—1
z o(p)i-pj _ _ iy i — —
D S S e I e LU
0€G, p=1
v(o)=n—m
where [ ] denotes the Stirling number of the first kind (see, e.g. [GKP] for the definition). Since

n
m

R

for each p,x € [n], it follows that

% 3 zn:av(wwo(p)i—m‘ _ %iw—m [:1_11 WY [”— 1]wm'

06, p=1

which is the required conclusion. Here we notice that ) £p w* = —wP? since 1 < i < n. Consequently, we
obtain
FO(0) = (10— 0) (14 0)(1+20). (1 (0 —2)a) (L4 (- D))
<i,j<n—

so that the multiplicity of M=t

otherwise.

in V,i(a) is zero if @ € {1,-1,-1/2,...,-1/(n — 1)} and n — 1
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The trace of the transition matrix Fs () is
(6.8) 2 (a) =trFy, Zoe (P (
heH
where w? is the zonal spherical function for X with respect to K defined by
A
Mkg) Gnl).
kEK

This is regarded as a generalization of the modified content polynomial since f; ;(a) = ffa() as we see
above. It is much easier to handle these polynomials than the transition matrices. If we could prove that
a transition matrix Fé\,l(a) is a scalar matrix, then we would have Fﬁ\,l(a> =d! g,l(a)l (d = dim(S*)¥)
and hence we see that the multiplicity of M7 in V;,;(a) is completely controlled by the single polynomial
f)(a). In this sense, it is desirable to obtain a characterization of the irreducible representations whose
cofresponding transition matrices are scalar as well as to get an explicit expression for the polynomials

A (). Here we give a sufficient condition for A - nl such that F},(«) is a scalar matrix.

Proposition 6.9. (1) Denote by Ny(K) the normalizer of K in H. The transition matriz F) (o) is
scalar if (SM)E is irreducible as a Ny (K )-module.

18 of hook-type (i.e. A = (nl —r, or some T <mn), then «) is scalar.
2) If \ is of hook A l 17) f hen F), l

Proof. Notice that Ny (K) = &,,. Consider a linear map T' € End((S*)%) given by

d
x) = Z (Z ) (z - h, 63\>Sx> 63\ (x € (SMHF),

heH

where d = dim(8*)¥. Tt is direct to check that T gives an intertwiner of (§*)¥ as a Ny (K)-module. Hence,
by Schur’s lemma, T is a scalar map (and Fril () is a scalar matrix) if (S*)¥ is an irreducible Ny (K)-module.

When \ = (nl —r,17) for some 7 < n, it is proved in [AMT) Proposition 5.3] that (S(~1"))K = s(n=17)
as Ny (K)-modules. Thus we have the proposition. O

Example 6.10. Let us calculate fé"ll_l’l)(oz). We notice that (™~ (g) = fix,;(g) — 1 where fix,,; denotes
the number of fixed points in the natural action &,,; ~ [nl]. Hence we see that

n 1 v v
f( - 11) Z Oé h)|K| Z(ﬁxnl(kh)fl) = Z (h |K| Z Z 5khzz Z (67 (h
heH ke K heH k€K z€(nl] heH
It is easily seen that khx # x for any k € K if hx # = (z € [nl]). Thus it follows that
|K|ZZ kh Z h |K|Zk Xl() (h e H)
kEK ze[nl] z€[nl] keK

Therefore we have

f(nl 1, 1)( ) _ % Z au(h) ﬁan(h) . Z Oél/( f(n)( )l 1f7(171_171)(a)

heH heH
n—2
— (1)1 - )1 (n— D) T (1 + i)
i=1
Since the transition matrix F("l_l’l) is a scalar one and its size is dim S~ = n—1, we get Ffﬂl_l’l) (@) =

(1—a)1 = (n—1)a) ' T['2(1 +ia)' T, again.

We will investigate these polynomials f,(«) and their generalizations in [K].



22 K. KIMOTO, S. MATSUMOTO and M. WAKAYAMA

6.2 Irreducible decomposition of V;;(«) and Jacobi polynomials
In this section, as a particular example, we consider the case where n = 2 and calculate the transition matrix
F3(a) explicitly. Since the pair (&, K) is a Gelfand pair (see, e.g. [Mad), it follows that
Ky = <md§2l 1k, 5A> 1
Sa

for each A\ F 2n with ¢(\) < 2. Thus, in this case, the transition matrix is just a polynomial and is given by

l
(6.9 Fh(e) =t Elfa) = 0 @) = 3 ()M ge’

heH s=0

Here we put g, = (1,14+1)(2,14+2) ... (8,1 + 8) € Ga,,. Now we write A = (2l — p,p) for some p (0 < p <1).
The value w®~PP)(g,) of the zonal spherical function is calculated by Bannai and Ito [BI, p.218] as

otay=as s = E B ).

J

where

~ (—nn+a+p+1,—x
n(T; 0, B, N) = 3F: i1
Qn(z;a,8,N) 32( a+1,—N )

(0T )0

is the Hahn polynomial (see also [Mac, p.399]). We also denote by ,41F, (ln _‘_1_1’b":‘11”7N;:c) the hypergeo-

M-

Il
=]

J

metric polynomial

ai al - (ap); a’l
F"“ PECIEIR pj ._
i q(blv"' bq 1, — ) Z J q 1)]( N)J ]'

]:O
for p,q, N € N in general (see [AAR]). We now re-prove Theorem 1] as follows:

Theorem 6.11. Let [ be a positive integer. It holds that

l
B (a) =Y (i) Qp(s:1— 1,1 - 1,1)a® = (1 + ) PGl (a)

s=0
forp=0,1,...,1.

Proof. Let us put = —1/«. Then we have

S o a0 O
= x—llpi()( p+1)(é) 1(x_1)p_j

and
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Here we use the elementary identity

Z ()= ()wavar

Hence, to prove the theorem, it is enough to verify

wn O SO

Comparing the coefficients of Taylor expansion of these polynomials at x = 1, we notice that the proof is
reduced to the equality

" S (-

for 0 < r < p, which is well known (see, e.g. (5.26) in [GKP]). Hence we have the conclusion. O

Thus we obtain the irreducible decomposition
(6.12) V(- = MPY, Vo= @ MY (a1
0<p<l

GL(a)#0

of V4 (c) again.

Remark 6.12. (1) The calculation above uses the advantage for the fact that (&,,;, &}") is the Gelfand pair
only when n = 2.

(2) We have used the result in [BI} p.218] for the theorem. It is worth mentioning that one may prove
conversely the result in [BI, p.218] from Theorem A1

Acknowledgement. The author would thank Professor Itaru Terada for noticing that his work [AMT] is
useful for the discussion in Section 6.2.
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