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Abstract

Two-dimensional conformally parametrized surfaces immersed in the
su(N) algebra are investigated. The focus is on surfaces parametrized by
solutions of the equations for the CPY ™! sigma model. The Lie-point
symmetries of the CPY~! model are computed for arbitrary N. The
Weierstrass formula for immersion is determined and an explicit formula
for a moving frame on a surface is constructed. This allows us to determine
the structural equations and geometrical properties of surfaces in RY -1
The fundamental forms, Gaussian and mean curvatures, Willmore func-
tional and topological charge of surfaces are given explicitly in terms of
any holomorphic solution of the CP? model. The approach is illustrated
through several examples, including surfaces immersed in low-dimensional
su(N) algebras.
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1 Introduction

Group theoretical methods have proven to be very useful for studying surfaces
immersed in multi-dimensional spaces and for computing their main geometric
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characteristics [I} 2, B, 4] [5]. It was shown in [0 [7) 8 @] that the problem of
Weierstrass immersion of two-dimensional smooth surfaces in multi-dimensional
Euclidean spaces is related to the surfaces in Lie algebras associated with the
CPN~! models. The main feature of this approach is that it allows one to re-
place the methods based on Dirac-type equations by a formalism connected with
completely integrable CPY~! models. The task of finding an increasing num-
ber of surfaces is related to choosing a suitable Lie representation of the CPV !
model. Group analysis makes it possible to construct algorithms proceeding
directly from the equations of the CPV~! model and without referring to any
additional considerations. The techniques for constructing two-dimensional sur-
faces immersed in su(N) algebras, obtained from integrable models, are better
understood for low-dimensional CPY~! models. In that case, the geometric fea-
tures of surfaces so obtained are interesting and the subject of ongoing study.
A review of recent developments related to integrable models can be found in
10, [T} 12, [13].

Over the last century and a half, the Weierstrass formula for immersion
of surfaces in Lie groups, Lie algebras and homogeneous spaces has been used
extensively in various areas of mathematics, physics, chemistry and biology. We
now list some of the most important examples.

In mathematics, the topic is of central importance in the formulation of the
classical theory of surfaces. In particular, immersions are useful for studying
surfaces with techniques of completely integrable continuous and discrete sys-
tems, as well as for the development and application of numerical tools [T4L [15].
A description of the monodromy of solutions of Painlevé equations is yet another
important application [16].

In physics, the concept has numerous applications in, e.g., two-dimensional
gravity [I7], field and string theory [I8, [19], statistical physics (e.g., growth
of crystals, surface waves, dynamics of vortex sheets, the two-body correlation
function of the two-dimensional Ising model [20]), fluid dynamics (e.g., motion
of boundaries between regions of differing densities and velocities [21]), plasma
physics (geometry of magnetic surfaces and constant pressure surfaces in various
fusion devices like tokomaks, stellarators, magnetic mirrors [22]).

In chemistry, descriptions of energy and momentum transport along a poly-
mer molecule constitute a significant area of application for the theory of immer-
sions [23]24]. In biology, the theory is frequently used in the study of the model
for the Canham-Helfrich membrane and its continuous deformations [25] [26].

In general, the algebraic approach to the equations describing surface im-
mersion has been proven to be very fruitful from a computational point of view.
In addition, the geometric approach is of primary importance to the deriva-
tion and characterization of the governing equations for related phenomena in
physics and other applied sciences.

This paper follows-up on research in [6], where surfaces immersed in su(N +
1) algebras obtained via CPY models were investigated. We generalize the
results and also correct some formulae. To be precise, the new results presented
in this paper include the Lie-point symmetry algebra of the CPY~! model for
arbitrary N. We also give new examples of surfaces immersed in the su(N)
algebra invariant under the scaling symmetries whose Gaussian curvature always
vanishes. We delve deeply into the geometrical aspects of surfaces in su(3)
obtained from the CP? model. For that case, we identify the moving frame and
the structural equations, as well as the Willmore functional and the topological



charge. The main goal of this paper is to provide a comprehensive, self-contained
approach to the subject.

The paper is organized as follows. In Section 2l we briefly review some
basic notions and properties concerning the Euler-Lagrange equations associated
with the CPY~1 models. In Section B] we discuss the Weierstrass formula for
immersion in connection with the CPY~! model, derive the induced metric and
compute the scalar curvature. Section [l is devoted to the Lie-point symmetries
of the equations of the CPN~1 model for arbitrary N. Section [l covers the
analysis of the immersion of surfaces in the su(3) algebra arising from the CP?
model. In Section [(] we investigate the Weierstrass aspects for immersion of
surfaces in the su(2) and su(3) algebras which are associated with the CP! and
CP? models, respectively. Section [Tl deals with applications of the Weierstrass
formula for the immersion of surfaces in the su(2) and su(3) algebras, as well as
surfaces immersed in the su(N) algebra invariant under the scaling symmetries.

2 The Euler-Lagrange equations associated with
the CPV~! sigma models

To keep the paper self-contained, we briefly review basic notions and properties
of the CPN =1 sigma models (see e.g., [10, 27, 28] and references therein). The
domain of definition for the sigma model is assumed to be an open, connected
and simply connected set 2 C C with the Euclidean metric

ds? = ded€ = (d€h)? + (de?)?, €=¢ i€, (1)

where ¢ and £ are local coordinates in . In the case of the CPN~1 models the
target space is a (N — 1)-dimensional complex projective space CPY =1 which
is defined as the set of all complex lines in CV. The manifold structure on it is
defined by an open covering

Uy ={[2]| ze CN, 2, 0}, k=1,...,N, (2)

where [2] = span{z} and the coordinate maps hy, : Uy, — CV~1 are defined by

A Rlo— z V4
h(>(———+—N> 3)
Zk Zk Zk Zk

We are interested in maps of the form [z] : Q@ — CPV~!, which are stationary
points of the action functional

S = E/Q(Duz)T(D“z)dfdé_, Zz=1. (4)

Here, D,, and D* (1 = 1,2) are the covariant derivatives acting on z : @ — C¥,
defined by the formula

Dyz=0,2— (21 9,2)z, (5)

where 0,, = O¢». The action S does not depend on the choice of a representative
of the class [z]. As usual, the symbol { denotes Hermitian conjugation, whereas



the Hermitian inner product of z = (21,...,zy) and w = (wy,...,wy) in CV
is denoted by

N
< z,w >= zT~w:Zij]—. (6)
j=1
Introducing
s=th U= (DY, ™)

the action functional [) can be expressed as
1 1 ~ - _
S = —/ ———(0fTPOf + 0fT POf)dedE, (8)
4)o f1-f

where 9 and 0 denote the partial derivatives with respect to ¢ and £, respectively,
ie.,

1 . 5 1 .
0= 5 (851 — 2652) s 0= 5 (851 + 1652) . (9)

The N x N matrix P is an orthogonal projector on the orthogonal complement
of the complex line in CV. Therefore,

b
fr-f

where Iy is the N x N identity matrix. Since P is an orthogonal projector it
has the properties

P=1Iy— fert, (10)

pPt=p, P2=pP. (11)

The map [z] is determined by a solution of the Euler-Lagrange equations
which are associated with the action (8). In the homogeneous coordinates f,
the equations of motion take the form of a conservation law

OK —0K' =0, (12)

where K and KT are N x N matrices given by

K =[0P,P|= 7 (0f © fT — f@ dfT) + L2L- (0T - f - f1-f),
(13)
KT =—[0P,P] = i~ (f@0ft —0f @ f1) + L2 (afT - f - f1-0f) .

Using the projector, the Euler-Lagrange equations (I2)) can also be written
in the form of a conservation law

O[0P, P + 9[0P,P] = 0. (14)
Through explicit calculation one can verify that the complex-valued functions

1

B 1
ot f

/ il

offtpaof,  J= oft Pof, (15)

satisfy
0J =0, 0J =0, (16)



for any solution f of the equations of motion (I2I).

Note that the action (@), as well as J and .J, are invariant under a global
U(N) transformation, i.e., f — uf, where u € U(NN). Due to this invariance,
without loss of generality, we can set one of the components of the vector field
f equal to 1. For instance, fi = 1. Consequently, the CPY ! model can be
expressed in one less variable through the relation

_fi

=L =2
f

... N—1. (17)

Wi —1

3 The Weierstrass formula for immersion

For a given projector P satisfying the conservation law (I4l), we give the ana-
lytical description of a 2D smooth orientable surface F immersed in the su(N)
algebra. This is accomplished by constructing an exact su(N) matrix-valued
1-form dX for which its “potential,” which is a matrix-valued O-form X, deter-
mines a surface immersed in the su(N) algebra. Once the 0-form X is calculated,
we can treat the components of X as the coordinates of a surface in su(N) and,
hence, we can compute an explicit formula for immersion. In what follows, we
shall refer to this as the generalized Weierstrass formula for immersion. Next, we
investigate some geometrical properties of the surface F in the su(N) algebra.

In order to construct and investigate surfaces in multi-dimensional spaces
by analytical methods it is convenient to identify the su(N) algebra with the
(N? — 1)-dimensional Euclidean space through the relation

RY*~1 ~ su(N). (18)
For the sake of uniformity, we use the following definition of scalar product on
su(N)
1
<A B>= —§tr(AB) , (19)
where A, B € su(N).
Let us assume that the matrix K in ([I3) is constructed from a solution
P of the Euler-Lagrange equation (I4)) defined on some connected and simply

connected domain 2 C C. According to Poincaré’s lemma, there then exists a
closed matrix-valued 1-form,

dX = i(K'd¢ + Kd), (20)

which is also exact and takes its values in the su(N) algebra of skew-Hermitian
matrices. This means that X is a well-defined su(N) real-valued function on 2

and ~
0X =iK', 00X =iK. (21)

It follows from the closedness of the 1-form dX that the integral
i [ctie s xca) = x (6.9, (22)
.

is locally independent of the path of integration. As a matter of fact, the integral
only depends on the end points of the curve v in C.



The integral (22) defines a mapping

X023 (6,8 = X(§,€) € su(N), (23)

which is called the generalized Weierstrass formula for immersion [6] [7].
As a consequence of [23)), we can determine a surface F in su(NN) from a
solution f of the Euler-Lagrange equation (IZ) defined on the domain Q C C.
The complex tangent vectors to a surface F are given by (2I)) using (I3).
For the components of the induced metric one gets

gee = (0X,0X) = —J, gee = (0X,0X) = —J,
9eg = 9z = (0X,0X) = ¢, (24)

where J and J are holomorphic functions defined in (I5]) and the quantity ¢ is
a positive real-valued function given by

- 1
1= T

Thus, the first fundamental form of a surface F takes the form

aftPaf>0. (25)

I = —Jd&* + 2qdedé — JdE* . (26)

Using the Schwartz inequality, it was shown in [6] [7] that this first fundamental
form (20)) is positive definite.
The scalar curvature is given by

K=t 5[‘181 < qw it 740 (27)
=——20|—=0In| —= , 1
2V V9 J
and -
K=—-q'00Ingq, if J=0, (28)

where
g = det(g;j) = |J* — o*, (29)

and the indices i and j stand for & and &, respectively.

Let us now discuss the existence of certain classes of surfaces in the su(N)
algebra when the CPN~1! equations are subjected to specific differential con-
straints (DCs). These constraints allow us to reduce the overdetermined system
to a system admitting first integrals. Doing so considerably simplifies the pro-
cess of solving the initial CPN~1 equations (I2)). Consequently, certain classes of
non-splitting solutions can be constructed and they provide us with an explicit,
simplified form of Weierstrass formula for immersion of a surface in su(N).

Proposition 1 If the complex-valued vector function
C3¢— f(6) e CM\{0} (30)

satisfies both the equations [I2) for the CPYN =1 model equations and the differ-
ential constraints

frof—oft-f=0,  fraf-at-f=o, (31)



then the generalized Weierstrass formula for immersion of a surface F in the
su(N) algebra has the form

_ T t. AP ) t_(ft.8AP _
¥ =i [LEU O Py OSSOy

f fT . f ’
where P = In — P. The first fundamental form is given by

off-of  (Oft- F)(fT-9f)
fref (ft- 12

where J; and J, are holomorphic functions,

I=—J1de? +2 ( ) dédé — J1dé? (33)

oft-of <f*~af)2 - oft-of <5fT-f)2
Ji = - Ji = —~ 34
TN fioF ) T fioF ) (34)
which satisfy
0J1 =0, 0J1 =0, (35)

whenever (I2) and {31)) hold.

Proof If we append the two DCs in (31 to the CPN~1 equations (I2)) then the
matrices K and KT in (I3)), become
Ki = ——@f © fT — f 0 Of1),
AR
1

ot f

Hence, the Weierstrass formula for immersion takes the form

K] (fooff —afe ff). (36)

X8 = / (K de + K,df)
Y

_ g f{eor-oreft,  Ofef — /ol

- fr-f ft-f

On the other hand, from (I2]), we are able to deduce that the matrix K can be
decomposed as

aé.  (37)

K=M+L, (38)

where - -
M =(I—-P)oP, L=-0P(I-P). (39)

It can be shown that the matrices M and L satisfy the same conservation laws
[@2) as the matrix K, e.g.,

OM =0M", 9oL =0L'. (40)

Note that the two conservation laws in ([{) are not independent since M and
L differ by a total divergence,

M=L+0P. (41)



Taking into account the overdetermined system composed of the conservation
laws (I2) and DCs 1)) for the function f, the matrices M and L become

_fedff—(t-anp Cofe ff—@ft-np

My = Frof M= i f :
af @ f1—(f1-af)P feoft—(ff - fHP
Ly = i . L= i . (42)

As a consequence of the conservation laws [{Q) for the matrices My and Ly, the
Weierstrass formula for immersion ([22)) takes the following simple form

X8 = i / (M dg + M, df)
Yy
foaft —(ft-afHP .

_ (e ft - HP
_ A ey ds + ay d€ ,(43)
or
X6 = i [(Llde+ Liag
_ (e -@f NP, Ofe fT-(f1-ONP
- L ey de + o dg ., (44)

respectively. As a consequence of {Il), (@3) and (44)), it can be shown that
the two different Weierstrass data (Lq, LI) or (M, M}L ) correspond to different
parametrizations of the same surface F in the su(N) algebra.

In this case, the quantity J takes the simple form

J_8f7~8f_<fT~8f)2 j_ng.gf_<5fT.f>2
T ) LTy )
Using the conservation laws (I2)) and DCs (B1) for the function f, we find that

Ji is a holomorphic function, e.g., dJ; = 0 whenever (I2) and (BI) hold. As a
consequence of [@3)), (@) and ({3)), the components of the induced metric are

. _aftar  @F-nUt-af)

gffz_Jla géiz_‘]la ggg_ fo (fo)Q )

(45)

(46)

which completes the proof. (|

Note that the complex-valued vector function C > ¢ — f(¢) € CM\{0}
is a holomorphic (0f = 0) solution of the CPN~! model ([2) if and only if
the generalized Weierstrass formula for the immersion of a surface F has the
skew-Hermitian form

X (£,€) = —iP € su(N). (47)

If f is holomorphic, i.e., df = 0, then by virtue of equations (39) and the
differential consequences of the identity (Iy — P)P = 0, we obtain

M =0, OPP=0. (48)
Using the differential consequences for the projector P, we get

OPP=0, POP =0,
0P =PoP, OP = 0PP. (49)



Substituting ([@9) into (I3)), we obtain

K =—-0P, K'=—-0P. (50)

Hence, the Weierstrass formula for immersion ([22)) of F is expressed in terms
of the projector P and is a skew-Hermitian matrix given by ([@). This result
coincides with the one obtained in [29].

The converse is also true. Indeed, if we assume that the Weierstrass formula
for immersion (22)) of F is a projector P then the differential of X leads to
(B0). Using the differential consequences of the relation P2 = P, we obtain the
relations ([@9) which lead to M = 0. In view of equations (B89), this implies that,
in the generic case, solutions of the CPY~! model (IZ)) must be holomorphic.

Also, note that in the case of the holomorphic solutions of the CPY~! model,
the corresponding complex-valued function ([3]) vanishes, i.e.,

1
J=—=0fPof=0. 51
7 &

An analogous statement can be made for anti-holomorphic solutions (9f =
0) of equation (I2). For this case, we have

L=0, POP =0, OPP=0. (52)
Hence, from (3], the matrices K and KT become
K=0P, K/ =0P. (53)

Finally, one can see that the Weierstrass formula for immersion of F is the
skew-Hermitian form

X(&,€) =iP € su(N). (54)

4 The Lie-point symmetries of the CPY~! sigma
models

In this section, we present the explicit formulae for the Lie-point symmetries
of the CPV~! model ([[2) for arbitrary N. To do so, we first compute the
symmetries for the CP!, CP? and CP? models. We then generalize the results to
the CPN ! case by induction. For the computation of the Lie-point symmetries,
we search for the most general (point) transformations of the independent and
dependent variables which leave the solution set of (I2]) invariant. Locally, such
transformations are given by a vector field of the form [30]

N-1 N-1
T=n'0+n*0+ Y ®1ou, + Y 20y, , (55)
j=1 j=1

where 1, 1, <I>J1< and @? are functions of &, € and the affine coordinates wy , @1,

.o, WN—1,WN—1. According to the symmetry criterion [30], the second pro-
longation of ¥ acting on (I2) must vanish on the solution set of (I2). This
requirement leads to the so-called determining equations, whose solution yields
the functions 7', #°, ®; and ®3.



Generating the determining equations is entirely algorithmic. Reducing
and solving them can be done fully automatic with sophisticated software, or,
perhaps more reliably, by interactively adding information extracted from the
simplest determining equations before computing the full set. Many software
packages have been written to perform Lie symmetry computations. In-depth
reviews of such packages can be found in [311 [32] B3] [34].

For low dimensions, e.g., for N < 4, we did the computations independently
with SYMMGRP.MAX and by hand. For the latter, we took advantage of the
discrete symmetries of the model. For the CPV~! models with N > 4, after
eliminating all single-term determining equations and their differential conse-
quences, we were left with several hundred of determining equations. Using
SYMMGRP.MAX interactively, these determining equations were further re-
duced and eventually completely solved.

We now discuss the Lie-point symmetries of the CPY~! models for N = 2, 3,
and 4, separately.

The equations for the CP! model, expressed in terms of the homogeneous
coordinate w; defined in (7)), are given by

85101 — %811)15101 = 0, 85’&)1 — %8@15@1 = 0, (56)
1 1

where A; = 1+ wiw;. The general solution of the determining equations asso-
ciated with vector field (B3] is given by

=0, 7 =n*f,
1 = aqwi + frwr + 71,
7 = ywy — Py + o, (57)

where n' and n? are arbitrary functions of ¢ and &, respectively and oy, 1 and
v, are arbitrary constants. Thus, the corresponding symmetry algebra £ is
spanned by five generators, namely

Xl = 771(5)87 X2 = 772(5)85
X3 = wf@wl +8u71 5
X4 = w10y, — 010y, ,

X5 = O, + 0700, - (58)

The algebra £; can be decomposed as a direct sum of two infinite-dimensional
simple Lie algebras and the su(2) algebra generated by {Xs, X4, X5}, i.e.,

Ly ={X1} & {X2} @ su(2). (59)

Likewise, in terms of homogeneous coordinates wy and wsy in (), the equa-
tions for the CP? model read

_ 2N _ o _ _
9w, — %&ulawl - %(awlawg + Jwi dws) =0,
2 2

_ 2W _ 0 _ _
8w, — Ai;awgawz - Z—;(awlawz + Bundws) = 0,

85@1 — %8@15’&)1 — %(5’@18@2 + 8@15’&)2> =0,
As Ao

85152 — _211)2 8@25’&)2 — ﬂ(é’wlaﬂ& + 811115@2) =0, (60)
As Ao

10



where As = 1 4+ wiw; + wewy. Upon integration, the determining equations

yield
=€), 7 =n*f),
@] = kywi + kewiws + kqwy + kswa + ke
D) = kows + kiwyws + ksws + krw + ks
D2 = kew + kg1 Wy — kg — kyig + Ky
D2 = kg3 + ka1 Wy — k3y — ks + ka2, (61)
where k; (i = 1,...,8) are arbitrary constants. The associated symmetry alge-
bra Lo of ([60) is thus spanned by the following ten generators:
X1 =0"€)0, Xo=n7(&)0,
X3 = w0y, + wiws0y, + O, ,
Xy = wiwady, + wFy, + O, ,
X5 = w20y, — W20y, ,
Xo = w10y, — 010, ,
X7 = w20y, — W10g, ,
Xg = O, + W0, + W01W20g, ,
X9 = w10y, — W20y, ,
X10 = Ow, + W1W20,, + 050, - (62)

As in the previous case, the symmetry algebra Lo can be decomposed as a direct
sum of two infinite-dimensional simple Lie algebras and the su(3) algebra.
In like fashion, in terms of wy, wy and ws in ([T), the equations for the CP3

model are
_ 20 _ N _ _
00wy — ﬂawlawl - %(awlﬁwg + Jwr0ws) —
A3 Az
_ 2D _ N _ _
DIws — 2 Qwadwsy — <L (JwBuws + wy dws) —
Az As
w1

_ 2 - - 5
D0ws — =2 dwsdwg — = (Hwr Dws + duwn dws) —

As As
_ 2 _ _ _
00w, — ﬂawlawl — %(awlawg + 0wy 0ws) —
As As
_ 2 _ _ _
89D — 222 0a By — UL (O019Dy + i1 Oibs) —
As As

wy
Az
%(8111251113 + 5w28w3)
As

@
As
U3 (9w, 0w5 + D, 0D3)
As

(8w1 5’(03 + 3’[1)1 8w3)

(8w25w3 + 5w28w3)

Z—z(awgéwg + 0wy 0w3)

=0,
=0,
=0,
=0,

=0,

00w3 — %awgéwg — Y O, Dy + 01 03) — <2 (e + FsdWs) = 0,
As As As

(63)

where Az = 14+wiw; +wawe+wsws. After straightforward but long calculations

the determining equations yield

n=n"¢), =1,

1 2
D = crwi + cowrwe + cswiws + crwy + crpwe + criws + ¢4,

1 2
D5 = cows + crwiwe + cawaws + cr3ws

11

+ cgwe + ci1aw3 + C5,



3 = caws’ + crwiws + Cowaws + c14w1 + C15Wa + cows + cg
(I)% = 0471}12 + cswWa + CgW1W3 — Crw1 — C13W2 — C14W3 + C1
B2 = c5W3 + C4W1Wa + CeWaW3 — C1oW1 — CgWa — C15W3 + Ca
(I)g = 061532 + C4’LD1’[I)3 + C5’LT)2’[I)3 — Cll’lf)l — 012’@2 — Cg’lf)g + Cc3, (64)

where ¢; (i = 1,...,15) are arbitrary constants. Hence, the generators corre-
sponding to the symmetry algebra L3 of (63)) are given by

X1 =70, Xe=n*(£)d,
S; = wiawi — ;0

i

Tij = wiawj — ’lf)ja@i 5 Z 7& ] 5
3

Y, = wf(’)wl + Zwiwj(')wj + au—,i ,
J#i

3
Zi = _1-28@1. + Z’J)ﬂﬂja@j + Ow
J#i

(65)

i

where 4,5 = 1,2,3. From S;, Y; and Z; we get nine generators; from T;; we
obtain six generators. The symmetry algebra £3 can be written as a direct sum
of two infinite-dimensional simple Lie algebras and su(4). The results for the
low-dimensional cases reveal an emerging pattern: the symmetry algebra is a
direct sum of two infinite-dimensional Lie algebras and a finite-dimensional one.
Furthermore, the finite-dimensional part of the symmetry algebras for the CP!,
CP? and CP? models are associated with the su(2), su(3) and su(4) algebras,
respectively.

We now turn to the CPY~! model for arbitrary N. In homogeneous coor-
dinates w;, the equations are

N—-1
= 210, = 1 _ = =
00w; — ma’u}za’wl — m ; wWj (811)1'811)]' + 8w18wj) =0,
2w 1 =
85@1 — ! 8@15’@1 — Z wWj (8’&)1‘8@]‘ + 5’&)1‘8’@]') =0, (66)
AN—I N—-1 i

where i =1,2,...., N —1and Ay_1 =1+ Ziv_l Wi W;.
By induction, it can be shown that the symmetry algebra Ly_1 of (60]) is
generated by

X1 =19,  X2=n%(&)d,

Si = w0y, — w; 0y, ,

Tij = wiawj - ’lf)ja@i 5 ) 7& ] 5
N-1

Y, = ’Ll}?awI + Z wiwjaw]. + Ow
J#i
N-1

Zi = 0}0, + Y 0i0;0, + Ou
J#i

79

i
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where i, = 1,2,..., N — 1. Furthermore, it can be shown that the symmetry
algebra L_; is a direct sum of two infinite-dimensional Lie algebras and the
su(N) algebra, i.e.,

Ly_1={X1}®{X2}® su(N). (68)
Finally, we consider two limiting cases:

1. Ifwy—1 — 0 then the CPY~! model reduces to the CPN~2 model. Also, if
all N —2 homogeneous coordinates vanish, then the CPY~! model reduces
to the CP! model.

2. Iifw; — \/% fori=1,...,N —1, then the CPV~! model reduces to the

CP! model.

Hence, in the CP? case, we have a significant simplification.

5 Immersion of surfaces into the su(3) algebra
arising from the CP? sigma model

In this section we explore the metric aspects of surfaces immersed in the su(3) al-
gebra associated with the CP? model. From the properties of the Hermitian ma-
trix 0K we determine explicitly a moving frame on a conformally parametrized
surface F in R®. We also derive the corresponding Gauss-Weingarten equations
expressed in terms of any holomorphic solution of the CP? model. This in-
vestigation is a follow-up to earlier work [6 [7]. It allows us to communicate
our new insights into the subject, as well as to present additional geometric
characteristics of surfaces obtained from the model.

The assumption that the set {wq, w2} is a holomorphic solution of the equa-
tions for the CP? model implies that the quantity J in (I5) vanishes. The
induced metric on F given in (28]) is then conformal. In the CP? case, the 3 x 3
projector matrix in (I0) reads

1 1 w1 w9
P = I3 — A_ ’lf)l wlwl ’w2’LT}1 y (69)
2\ W wiWy  wowy

where I3 is the 3 x 3 identity matrix. Assume that we are dealing with the
generic case. That is, where the projector P is a solution of the Euler-Lagrange
equations (60]) such that the induced metric g has a non-vanishing determinant
in some neighbourhood of a regular point (£y,&) € © C C. Further assume
that a conformally parametrized surface F, given by (22)) and associated with
the CP? model is described by a moving frame on F in R®

F:(Th:aX)n2:5Xa773a"'an8)Ta (70)

where superscript T stands for transpose. Here, the vectors 71, ..., ns are iden-
tified with 3 x 3 skew-Hermitian matrices through the isomorphism (I8)). Fur-
thermore, assume that the vectors form an orthonormal set,

(Uyaﬁk): jk s j,kil,...,s, (71)

13



where d; is the Kronecker delta. Due to the normalization of the su(3)-valued
function X on ), we can express the moving frame in (70) on F in terms
of the adjoint SU(3) representation. In the neighbourhood of a regular point
p = (£0,&) € C an orthonormal moving frame 7 on F satisfies

m = Z€%¢Ty7¢,
n2 =ie2Pply o,
nj=d's;0,  j=3,....8, (72)

where u is a real-valued function of ¢ and £. The function ¢ in (72)) belongs to
SU(3) and can be decomposed into the product of three SU(2) factors, i.e.,

1 0 0 €' cos a —sin« 0 1 0 0
¢ = 0 a b1 sin o e “cosa 0 0 az bo ,
0 —b; ap 0 0 1 0 —by ao

where a;, b; i = 1,2 are complex-valued functions of & and &, subject to the
constraints |a;|? + |b;|? = 1 and «, ¢ are real-valued functions of ¢, £ € C. Here,

the set {s1,...,ss} forms an orthonormal basis of the Lie algebra su(3) (e.g.,
the so-called Gell-Mann matrices [35]) given by
0 0 O 0 0 O 0 0 O
si=[0 0 —i], sa=| 00 -1 |, ss=[0 —i o],
0 —2 O 01 O 0 0 =
-2¢ 0 0 0 -1 0 0 0 -1
54:% 0 i 0 ].,s5=1 0 0 |,ss=(00 0 ,
0 0 ¢ 0 0 O 10 O
0 ¢ O 0 0 ¢
s;=| i 0 0], ss=[00 0 (74)
0 0 O i 0 0

These matrices satisfy the following trace condition

tI‘(Si Sj) = 7251j . (75)
We also introduced the following notation
i 0 0 0 i 0 00
Yy = 5(81 — ZSQ) = 0 0 O y Y+ = 5(51 +i82) = 0 0 1
0 1 0 0 0O
(76)

As a direct consequence of the moving frame (2] we get

(¢'y—8)t = Ty, 6. (77)

Note that, over the space R, the set {y_, y+} spans the same space as {s1, s2}.
Requiring that the parameterization of a surface F be conformal leads to
the following conditions:

1

gee = (0X,0X) = —§e“tr(y_)2 =0,
- 1

gee = (0X,0X) = —Le*n(y.)? =0,

= 1 1
geg = (0X,0X) = §e“tr(y_‘y+) = 56”, (78)
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and

1
(0X,m;) = —56”1"(3’—8]') =0,
_ 1 w
(aXa 77]) = —§e2tr(y+5j) = 0)
1
(nj,me) = —§tf(SjSk) = djk (79)

where j,k = 3,...,8. Thus, we have the following proposition.

Proposition 2 In the adjoint SU(3) representation, the moving frame (73)
of a conformally parametrized surface F is described in terms of holomorphic
solutions {wy, w2} of the CP? equations (60) by the formulae

m=-—gz| wd wmpf wy |, m=—g=| 8 wp wph |, (80)
Wold  Wafl  Way yowi1y w2y
and
u=n(-5), (81)
2
where we define
6 = w1 0wy + WeOws ,
ﬂ = wlwgﬁwg — (1 + |’LU2|2)(9’LU1 5
Y= wlwgﬁwl — (1 =+ |’LU1|2)(9’LU2 5
p = |0w:]? 4 [Ows|? + |wedw; — w1 Ows|? . (82)

Proof Using the polar decomposition of the SU(3) group given by (73)), and
calculating the products in the frame (72), yields

—a1bysin?a —b; sin o ¢ —bisinapu
m=ie? [ xaisina X ¢ X :
vV a)sina v( Vol
—@151 sinQQ X G1 sina v a sina
ne=te2 [ —bisina( X ¢ v ) (83)
—bisina 1 X [ vn
where
X = —ai1by — aobie™® cos a, = —b1by + ajaze” ™ cos a,
p = by + a1bae ™ cos o, v =ajas — bibse™ cosa. (84)

Comparing (B0) with (83]) we obtain an underdetermined system of eight equa-
tions for nine unknown functions a;, b; € C, i = 1,2 and «, ¢, u € R. This
system has a unique solution up to a U(1) transformation. In other words, the
phase e*¥ remains arbitrary.

A straightforward algebraic computation gives a;, b; and « in terms of the
fields wy and wq for the CP? model. Explicitly,

a; = v dK 67u/4 bl _ 5/K 67u/4
Ay sino ’ Ay sina ’
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. ew&Dg(wgawl — wlawg) b 6“’95’&)1 (w28w1 - wlawg)

a2 = . s 2 = . )
P SIn o Cos & P SIn (v Cos &
Ow1|? 4 |Owo|? Owi — w1 0ws|?
sin? o = M ’ cos2a — |w2 w1 — Wi w2| ’ (85)
P P

with u as in (8T and
dcosa i
k= —————¢ %, 86
’w28’w1 - wlawg ( )
With the above, we can determine the moving frame (72) on F, expressed in
terms of the w; and wa, in the required form (B0). That ends the proof since
by direct computation one can check that the compatibility conditions, i.e.,
00X = 00X, for ([[2) are trivially satisfied. O
Remark: The explicit expressions for the complex normals 713, ...,ns to this
surface immersed in su(3) have been calculated. However, the resulting expres-
sions (in terms of wy and wy) are rather involved. A specific example is given
in Appendix A.

The real-valued function u given by (B8] represents the total energy [27] of
the CP? model defined over 52, since

u=2In(|Dz|*> + |Dz|?), (87)

holds.
Using the components of the induced metric ([28]), we can write the nonzero
Christoffel symbols of the second kind as

1 1-
Fh = gaQ7 F§2 = ga‘f (88)

In this case, ¢ defined in (28]), becomes

10w [P + [0ws]? + w1 8wy — wyduwn ? (89)
q 2 (1 + [wi|? + |we]?)? '

Finally, taking into account (1), ({8) and (79), the moving frame ([fQ) on
F satisfies the following Gauss-Weingarten equations

0
82X = ?an + Jj?]j,

65X = Hj?’]j y
A3 =

and

a2x = 5% 1 I,

q

58X = Hj?’]j s

_ A3 - = 5

on; = _27(JjaX + H;0X) + Sjrn (91)
where 1 1

J; = —§tr(62X77j), H; = —Qtr(aéXm), (92)
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and - -
SijrSkj:O, SijrSkj:O, j#*£k=3,...,8. (93)

The Gauss-Codazzi-Ricci equations, which are the compatibility conditions
for @0) and (@I, coincide with the equations of the CPY~! model. However,
the explicit forms of the coefficients H; and .J; depend locally on the chosen
orthonormal basis {ns,...,ns} of the space normal to the surface F at a given
point p = (&,&) € X. Note that quantities H; and J; are not completely
arbitrary. Using (78)) and the fact that J = 0, it becomes clear that the complex
tangent vectors have to satisfy the following differential constraints

(02X ,00X) =0, (02X ,00X) =0. (94)

For any holomorphic solution (w;,w;) i = 1,2 of the CP? model, we com-
puted explicitly the form of the first and second fundamental forms, I and I17,
and the mean curvature vector H of a conformally parametrized surface F at
some regular point p = (£p,&p) € X. They are

p

I = “5dede,
Y 3

Il = (32)( _ Y 6X) d¢? + 200X dedE + (62X _ Y aX) de?,
q q
2 _
H= gaax, (95)

respectively. The second derivatives of the Weierstrass representation X can be
computed from (83).

One can also compute some of the global properties of surfaces associated
with the CP? sigma model, using the well-known formulae (see e.g., [36} [37]).
For instance, for any set of holomorphic solutions (w;,w;), i = 1,2, of the CP?
model, the Willmore functional assumes the form

i [ Yiap api12gess
W= —di /Qq[ap,ap] dedé | (96)

whose values depend only on the fields and their derivatives on the boundary
09 of the open set .

Under the above assumptions and provided that the CP? model is defined
on the whole Riemannian sphere S2, the topological charge becomes

1 _
Q=g | adede. (97)

If the above integral exists, then it is an integer which globally characterizes the
surface.

6 The Weierstrass formula for immersion of sur-
faces in the su(2) and su(3) algebras

In this section we apply the general idea of Weierstrass representation of surfaces
given in Section [l to two specific cases, namely, the CP! and CP? models.
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For each case, we first find the concrete form of the generalized Weierstrass
representation of surfaces associated with these models and then we give the
corresponding Weierstrass data for the holomorphic solutions.

It is known [6], [7] that, with the projector P given by (I0), one can compute
explicitly the formula for immersion ([22]) in terms of the complex fields w; of
the equations of motion of the model.

We start with the case N = 2. The orthogonal projector P and matrix K

are then given by
1 1 w1
P=L—-—| _ 98
LA < > ’ (58)

Wy  wWi1W
and

K= (99)

i u?léwl — w@u’q —(5}01 + w%é@l)
A12 (61@1 + u?%@wl) w1 0w — w1 0wy ’
where, as usual, w; is the homogeneous coordinate defined by (7). Based on
the expression of the matrix K for the CP! model, the Weierstrass data follows
from ([20). In order to obtain real-valued 1-forms we decompose dX given in

[@0) into its real and imaginary parts,
dX =dX' +idX*. (100)
So,

dx! = % [(KT — K)d¢ + (K — KT)dg‘} ,

1 _ -
ax? = S[(K" + K)dg + (K + K7)ag] (101)
It is easily seen that dX'! is skew-symmetric and dX? is symmetric. Realizing
that the 2D surface associated with the CP! model is immersed in the su(2)
algebra, the two real-valued 1-forms can also be expressed in terms of the Pauli
matrices. Since dX! is skew-symmetric and dX? is symmetric, the 1-forms can
be represented as

dX' =idX00,  dX?=dXy01 +dX303, (102)

where o1, 02 and o3 are the Pauli matrices

alz((l)(l)), agz(goi), 03:((1)01). (103)

After substituting the matrix K from (@9) into (I0I)) and comparing the result
with ([I02)), it is easy to see that the real-valued 1-forms dX;, i = 1,2, 3, can be
expressed in terms of the solutions of the Euler-Lagrange equations of the CP!
model. Indeed,

dX, = ﬁ ([(1 — @)ow, — (1 — uﬁ)awl}dg + c.c.) ,

dXs = 21;2 ([(1 +w?)owy + (1 + u?f)&wl}dg - c.c.) :

dXs = % ([wlaﬂ)l - wlawl}dg n c.c.) , (104)
1
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where “c.c.” denotes the complex conjugate. In fact, these real-valued 1-forms
constitute the generalized Weierstrass formula for immersion for the CP* model.
Now, we further restrict ourselves to the holomorphic solutions of the CP*
model. This restriction is necessary if the model is defined on S? with a finite
action [27]. Using holomorphic solutions, dX;, i = 1,2, 3, can be reduced into

1 w1+1D1
dX, = - d
1 28< Al > §+CC5
7 w, — W
dXo=—- 0| ———— | d¢ —
’ 2[ ( Ay ) ¢ CC]’
2
dxgz_a<|w1| )d§+c.c.. (105)
Ay
Integration gives
w1y + W1 w1 — W1 Jwi |
X =—- Xo=1——— X3=— 106
1 2141 ) 2 ? 2A1 ) 3 Al ) ( )

where the constants of integration are set to zero.

It is well-known that the 2D surface associated with the holomorphic solu-
tions of the CP! model is the surface of a sphere [27]. Confirmation of that
result follows from (I06). Indeed, upon elimination of w; and @, we obtain

2
X12+X22+(X3+%) :i' (107)
So, all points of the 2D surface lie on the surface of a sphere of radius 1/2
centered at (0,0, —1/2).
We now consider the case N = 3. The corresponding orthogonal projector
P is given in (69) and matrix K = —iny with 72 in [80). Since the 2D surface
associated with the CP? model is immersed in the su(3) algebra, the two real-
valued 1-forms, dX! and dX?2, obtained by decomposing dX = i(K'd¢ + Kd€)
into real and imaginary parts, can be expressed in terms of the orthonormal
basis of the Lie algebra su(3). Keeping in mind that dX! is skew-symmetric
and dX? is symmetric, the real-valued 1-forms are given by

dX' = dXss0 + dXs585 + dXgsg ,

dX? =i(dX1s1 + dX3s3 + dX4s4 + dX7s7 + dXgss) , (108)
where the Gell-Mann matrices s;, i = 1,...,8, are given in (74).

Using K = —iny and comparing ([0I) with (I08), it follows that the real-
valued 1-forms dX;,i = 1,...,8, can be expressed in terms of the solutions of
the Euler-Lagrange equations of the CP? model as

iX: = ——([(w? = w?) (0102 — ws01) — (2 — 02) (w1 Dws — wsd
X, = T4z [(w2 wi) (1 0Wg — Wedw1) — (W5 — w7 ) (w1 0ws — wadwy)
3

7102(917}1 + ’Lf}ga’wl — wlaﬂ)g + ’lf)la’u}g} df + C.C.) ,
dX2 = 21: ) ([(wf + w%)(wgaﬂ)l — 1D181D2) + (’lf)% + w%)(wgﬁwl — ’LU1(9’LUQ>
2

+’LU2(9’J)1 + ’Lz)ga’wl — wlaﬂ)g — ’lf)la’u}g} df — C.C.) ,
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1

dXs3 = — ([’LUQ@’LTJQ — w1 0w — Wwelws + w10w:

245

+2|’w1|2(w26’w2 — 'LDQ&'LUQ) — 2|w2|2(w16’w1 — wlawl)} d€ + C.C.) ,
dX, = i32 ([wlawl + we Wy — w1 0wy — ’wga’wg] d€ + C.C.) s

245
dXs = 7222 ([(1 F @2+ wa|?)0wr + (1 + w? + |wa]?) 0w
2

+(’LU2(9’LT}2 — ’Lf}ga’u}g)(’u}l - ’lf)l)} d& - C.C.) y

dXs = ,%([(1 @2+ |wy|2)0ws + (1 + w2 + w1 |?)0s
9A7
+(’LU18’LT}1 — wlﬁwl)(wg - ’lf)g)} d& — C.C.) y
1
iX; = — ([(1 —w? + |wa|2)Aw; — (1 — @2 + |ws?)dwr
243
+(1D28w2 — ’u}ga’a}g)(wl + ’lf)l)} d& + C.C.) y
1
iXs = —s ([(1 —w + |y |2)0ws — (1 — @2 + [wi|?)dws
243
+(w18w1 — ’wla’lf}l)(’wg + ’LTJQ)} d€ + C.C.) . (109)

These eight real-valued 1-forms constitute the generalized Weierstrass formula
for immersion for the CP? model.

Remark: Note that the reflection transformations in independent or dependent
variables and their complex conjugates preserve the form of the CP? model.
So does the generalized SU(2) transformation. Indeed, if the complex-valued
functions u; and uo are solutions of the CP? model, then the complex-valued
functions wy and we defined by the generalized SU(2) transformation,

a?uy — b%us — V2ab
V2(abuy + abug) + |al2 — |2’

—1_72u1 + (_12u2 — \/5&1_7
V2(abuy + abusy) + |a|? — |2’

w, —

wy — (110)

for a,b € C such that |a|? + |b|> = 1, are also solutions of the CP? model.
These transformations can be used to restrict the range of parameters ap-
pearing in the explicit form of solutions of the CP? model. They allow one to
simplify the Weierstrass representation.
Again, we restrict ourselves to the holomorphic solutions of the CP? model.
In that case, the eight real-valued 1-forms dX;,i =1,...,8, are

71 ’LU1’LT}2+’[I)1U)2
dX128< 5 >d§+c.c.,
) W1We — W1 W2
Xo = — e T— — c.C.
dXs 5 8( 5 )df cc},
A e
X3 =— _ .C.
dXs 5 ( 5 d€ +c.c.,
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V3 |w |2 + |wel?
Xy = —— .
dXy 5 8( 5 )df—i—cc,
7 w, — Wy
Xy = —— - _
dXs 2[8( 5 )d«f cc},
_ wa — Wa B
dXe = 5 0 5 )d§ cc},
o 1 ’LU1+’LT}1
dX7 = 28< 5 )d§+cc,
1 _
dXs = =0 (2272 ge 4 ce. (111)
2 Ay

Ignoring integration constants, after integration we obtain

W1 Wy + W1 We W1y — Wi We |wy |? — |wal?
X, — — = ' 7 7= Xy — j———=2 172 X, — " 172
1 2142 ’ 2 ! 2142 ’ 3 2142 ’
|wi]? + |wa|? LWy — Wy Wo — Wy
X, — /322 T 172l Xr — —j— % Xy = —j—= =
4 \/_ 2142 ’ g ! 2142 ’ 6 ! 2142 ’
w1 + Wy wy + W2
X, = —— 1T 71 Xg=—— " 2 112
7 2142 ’ 8 2142 ’ ( )
which determines the coordinates of the radius vector X = (Xy,...,Xg) of a

two-dimensional surface in RS.

Note that in the limiting cases w; — w/\/§7 i=1,2, or wy — 0, or we —
0, the generalized Weierstrass formula (I09) for immersion of the CP? model
reduces (after straightforward manipulations) to the generalized Weierstrass
formula (I04)) for immersion of the CP! model. Consequently, the coordinates
of radius vector X in (II2) for the holomorphic solutions of the CP? model
then reduce to the coordinates of X in (I06) for the holomorphic solutions of
the CP! model.

When dealing with the 2D surface associated with the holomorphic solutions
of the CP? model, all points lie on the affine sphere,

2
AX7+4X5 +4X5 + =Xy + X2+ XG+ X7+ X3 =0. (113)

V3

It is straightforward to show that the coordinates of the radius vector (I12))

satisfy (I13).

7 Examples of surfaces associated with the CPY~!
sigma models

Using elementary examples, we will illustrate the concept of constructing sur-
faces associated with the CPY~! model.

7.1 Examples of holomorphic solutions of the CP? sigma
model

From the form of the CP? model, it is readily seen that the holomorphic func-
tions are solutions of the CP? model. We now concentrate on the following class
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of holomorphic solutions of the CP? model:
w1 = alf’" 5 wo = agfn N (114)

where a1 and as are complex constants and m and n are real constants. For
holomorphic solutions J = 0 and the induced metric is conformal. Using the
solutions in (II4)), that metric is given by

_ laaPIEP™ (m? + ao|*(m — n)?€°") + |ag|*n?|]*"

= IE2(1 + a1 |2]€[2™ + |az|?|€]?7)? dgdg . (115)

The Gaussian curvature K is computed from [28). After simplification,
2|a1*|az[Pm®n® (m — n)* [P (1 + Jaa [P [€[7™ + |az|*€]™)?

(laa Pl (m? + [azl?(m = n)2lg[2") + |as|n?lé ] )

K=4 . (116)

In general, K is not constant. However, K is constant for certain values of aq,
az, m and n. For example, if the second term in (II6) vanishes or equals to a
constant, then the surfaces associated with the holomorphic solutions (I14) of
the CP? model will have constant Gaussian curvature. This happens when

(i) a1 =0, a2 =0, m =0, n =0 and m = n or a combination thereof. For
these choices the second term in (II6]) vanishes; or

(ii) m = 2m and |a;|* = £2|az| simultaneously. The second term in ([I16]) then
reduces to a constant.

Not surprisingly, constant Gaussian curvature occurs when a; = 0 or as =0
because the CP? model then reduces to the CP! model. Hence, the surfaces
must have constant Gaussian curvature.

We now consider a case of constant Gaussian curvature surfaces associated
with specific holomorphic solutions (II4) of the CP? model. For simplicity, we

take
1

wi=¢ = e (17)
The first fundamental form and the Gaussian curvature then are
4 _
I = ———-d&dg,
(2 + [€]7)?
K=2. (118)

Upon substitution of (IT7) into (IIZ), the coordinates of the radius vector X
become

CMEPEr O JPE-O U lep)
M=ot T e T 2eEpe

_ VB (4 _ 29
Y= 2@ wme’ o= i e 19

_,@-8) _ 2649 __e+&)
Y= TarEp T TR T et epE

Of course, the above coordinates satisfy the relation (IT3]). Hence, the surface
associated with the specific solutions (IT7) of the CP? model is an affine sphere.
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7.2 Mixed solutions of the CP? sigma model

In this subsection we analyze the mixed solutions of the CP? model and give
the first fundamental form, Gaussian curvature and the Weierstrass data for a
specific example. It is well-known [27] that if the CP? model is defined over S2
and the finiteness of the action (8] is required, then the solutions of the CP?
model split into three cases: holomorphic solutions, anti-holomorphic solutions
and mixed ones. Among these, the mixed solutions can be constructed either
from the holomorphic or anti-holomorphic solutions according to the following
procedure [6, 27].

Consider three arbitrary holomorphic functions g; = ¢;(§), i = 1,2,3, and
define the Wronskian

Gij = 9:09; — 9;09:,  1=1,2,3, (120)
based on any pair. It can be verified that the functions
3
fi=> aGri, =123, (121)
k#i

are solutions of the CP2 model. The mixed solutions are associated with the

ratios
L b
fs’ TR
Likewise, mixed solutions can be obtained from anti-holomorphic solutions
by using O instead of 0.
We now continue with the holomorphic functions

g=1, g2 = sech(§), gs = tanh(¢) . (123)

Using the above procedure, the mixed solutions of the CP? model are

g
2

wy (122)

_ tanh(&) + tanh(§)
sech(&) + sech(§)

) (124)

wy = tanh(
which are of soliton-type. These fields satisfy the equations of the CP? model.
J = 0 for this case, as can be readily verified. Hence, the induced metric is
conformal and given by

2 _
e S L L (125)
Note that holomorphicity of the solutions of the CPY~! model implies that
J = 0. The converse is false as seen from the above example (I24)).
The Gaussian curvature is computed from the formula given in (28) (since
J = 0) and found to be
K=1. (126)

After substituting the solutions (I24)) into (I09) for the CP? model, the Weier-
strass representation becomes

___ sinh(§) _ | cosh(©) o
dX, = 1+cosh(£+€)d€+C'C" dXg =1 1+cosh(£+€)d§ c.c.| ,
dX7 = ;df +c.c., (127)

1+ cosh(¢ +€)
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and
dXs =0, dX3=0, dX;=0, dX5=0, dXg=0. (128)

Integrating (I27), we obtain the coordinates of the radius vector X:

X1 =sech (i{) cosh <§—§_> )
2 2

Xg = tsech (#) sinh (%) ,

X7 = — tanh (5%5) , (129)

They satisfy X7 + X2 + X2 = 1. Hence, the constant Gaussian curvature
surface associated with the soliton-like solutions (I24)) of the CP? model is
really immersed in R? which, in turn, corresponds to the immersion of the CP?2
model into the CP! model.

7.3 Examples of surfaces in the su(N) algebra

We briefly discuss the non-splitting solutions (w;,w;), i = 1,...,N — 1 of the
CPY~1 model invariant under the scaling symmetries {S;} as given in (7). To
do so, we subject system (66) to N — 1 algebraic constraints

w;w; = D; € R, i=1,...,N—1. (130)
If, for simplicity, we choose D; = 1, then the simplest solutions of this type are

_ F(©

i =

——— i=1,...,
Fi(§)

where F; and F; are arbitrary complex-valued functions of one complex variable
each. Substituting (I31]) into (G6]), we obtain a class of non-splitting solutions
of the CPY~! model which depend on one arbitrary complex-valued function
of one variable ¢ and its conjugate. Indeed,

_ 1?1(«?) Wiy =9 Fl(}c)eiw
RE TSRO

N -1, (131)

1 j=1,...,N—2, (132)

where ¢;, ¢; are complex constants and
1/)::|:§+27rm, mez. (133)

For brevity, from now on we suppress the subscript 1 and also the arguments
of the functions F' and F'. For this class of non-splitting solutions, the induced
metric g;; has the following components

N —3(F')? N — 3 (F")? 2N — 3 |F'|?

9= "2 Tp2 0 Yé— N2 fp2 0 JeT TN TaEk

(134)

where prime denotes differentiation with respect to the argument. The deter-
minant of the induced metric then is
3(N —2)|F'*

24



Two interesting examples occur when N = 2 or N = 3. For N = 2, the
determinant of the induced metric vanishes. Hence, the associated surface for
the CP! model, subject to the DCs in ([I30), reduces to a curve in R3. For
N = 3, the diagonal components of the induced metric vanish (since J = 0).
Hence, we have a conformal metric for the CP? model subject to the DCs in
(0.

From (27) and (28] it is straightforward to show that the Gaussian curvature
vanishes for the associated surfaces of the CPY~! model (N > 3), subject to
the DCs ([I30)). Thus, we conclude that for N > 3 the surfaces associated with
solutions of the CP~! model, which are invariant under dilations, always have
zero Gaussian curvature, i.e.,

K=0. (136)

Finally, let us give the coordinates of the radius vector X for the non-splitting
solutions of the CP? model. After substituting the non-splitting solutions (I[32))
of the CP? model into the Weierstrass representation (I0J) and subsequent
integration, the coordinates of the radius vector X in RS are

7: i - .
X1 = ——|F|"2"(&*F — AF|F|*V3),
1 6\/§|c|2| 72 ( [F[*V7)
1 i - .

Xy = ———|F|72"(@F + 2F|F|%V3),
2 6¢§|0|2| 72 [F[*V7)
1 _

X3 = 6((1 —iV3)InF + (1 +iV3)InF),
1 _
X, = 76((i+\/§)lnF+(fi+\/§)lnF),
2 2
X, - I
6v/3|F|2
1 i — .
X¢ = ———|F|72¢"(BF + AF|F|*V3),
6 6\/§|C|2| 72 [F[**V7)
2 2
X - i(F F)’
6v/3 | F|2
) i) - ;
Xs = —=—|F|7%*"(PF - F|F?V?), 137
8 6\/§|C|2| 7= [F[*Y7) (137)

where 9 is given in (I33) and c is a complex constant. The corresponding first
fundamental form is immediately obtained from (I34]) for N = 3 and given as

[F'[?
|F[?

I= % dg dé . (138)

Note that the components of the radius vector X in (I37) satisfy the following
relations

1

X12+X22:X52+X72:X§+X82:2—7. (139)
Eliminating the functions F' and F in (I37) we obtain
T = it o _
X _ 767(v+v)e B2evV _ C2ev€z\/§(u+u) :
SRVATEE ( )
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1

X, = — e—(v+f;)eiw (E2€U + CQeﬂei\/g(v—i-i))’
6v3 |
1 3
X5 = 7@ COS 5(\/§X3 +X4) s
1 i _ . _
Xg = e—(v—i—v)e (EQGU + 02€U€Z\/§(U+U)) ,
6v3 |
1 . (3
X7 = *ﬁ Sin 5(\/§X3 +X4) y
te = 6\/§| e T @ — e ), (140)
C

where ¢ is given in ([33) and v = 2(1 4+ iv/3)(X3 + iX4). The surface is
parametrized in terms of X3 and X4. Now, the corresponding first fundamental
form becomes

3
I= 5(dX§ +dX3). (141)

Note that this is just the real form of (I38) when ¢! = X3 and €2 = Xj.

8 Summary and concluding remarks

The objective of this paper was to revise and expand on theoretical results in
[6] concerning surfaces related to the CPN~! sigma model. In addition, we
gave a comprehensive summary of geometric properties and corrected mistakes
in [6]. For example, Proposition 4 in [6] concerning the structural equations
for the CP? model (where only the holomorphic solutions were assumed), has
been restated as Proposition 2. In doing so, we covered in greater detail the
geometrical aspects of surfaces immersed in the su(N) algebra. Furthermore,
we have derived the formulae in terms of explicit functions in the CPY~! model,
which makes the results in [6] more transparent and useful.

We also computed the Lie-point symmetries of the CPY ! model equations
for arbitrary N. The resulting symmetry algebra is decomposed as a direct
sum of two infinite-dimensional simple Lie algebras and the su(N) algebra.
Using the Lie-point symmetries, the method of symmetry reduction can now be
applied to find solutions which are invariant under subgroups of SU(N) with
generic orbits of codimension one. In [38], this analysis was carried out for
N = 2. The obtained invariant solutions are complicated expressions in terms
of elliptic functions. As was shown in [38], for some cases the reduced ordinary
differential equations (ODEs) can be transformed into the standard form of
the P3 Painlevé transcendent. Matters get worse when N > 3. Although the
reduction can still be carried out, the resulting ODEs are coupled and do not
appear to be separable. One can prove the existence of solutions but ‘how to
find them’ remains an open problem.

For the CP? model, we characterized the immersion of surfaces in the su(3)
algebra. Explicit formulae were found for the moving frame, the structural
equations (Gauss-Weingarten and Gauss-Codazzi), the first and second funda-
mental forms, the Gaussian, the mean curvatures, the Willmore functional and
the topological charge. These quantities are expressed in terms of holomor-
phic fields of the CP? model. The theoretical concepts have been illustrated
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with various examples. We also have shown that non-degenerate affine surfaces
in R® associated with the CP? model are affine spheres. Finally, we discussed
dilation-invariant solutions of the CP¥ ~! model, holomorphic immersion of sur-
faces associated with CP? models, and mixed soliton-type solutions of the CP?
model and its corresponding surfaces.
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Appendix A

In this Appendix we give the explicit form of the vector normals,

nj=¢'s;6, j=3,....8,

to the surface immersed in the su(3) algebra. The general expressions are too
complicated to be useful. Instead, we consider the case of a 2D surface associ-
ated with the CP? model with solution (IIT).

We present the normals in the equivalent matrix form.

The first normal is

N3 = Bls3p =ind

where
= 4(1¢)> — 1) 0, = 26(4 + €1°Ty) e = 2¢°Ts
11 F22 s 112 F1F22 > 113 F1F22 )
g = BOEEPT) s A+ PO+ EPT)
21 F1F22 9 22 F12F22 )
s 4g(g2-1) 3, = 28°Ts
# rerg 0t g
(e T O R )
M2 =~ Ha2n2 33— 7 p2p2 0 (142)
I'iT's I'iTs
with T'; (j =1,...,5) defined as
I =j+[¢7?, j=1,...,5. (143)
The second normal is
= ¢sad = ing; |
where
o= 2P ) - 2v3lee
11 \/§F22 ) 12 1—\22 ’
P 1V TSR NE 1135
13 F22 ’ 21 F22 )
o A+EPUEP-8) 4 4vB¢
Uzz—W, 23 = F22 )
A _ 238 - 4v3¢
31 1—\22 ) 32 F22 3
4 1€’ Ty — 8
==\ 144
N33 \/gFQQ ( )

The next one is

317

s = ¢l ssp =i = 0,
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where

= 20¢[(e¥ve? &) 5 VE(4eMPET + (2 + [¢°Ty))

11 — F22 ) Mo = — \/E_Fll—‘% )
s 2B/ (2e39¢T, — &) s VE(AET + €322+ |€7Ty)
7713 - 5(3/2) F1F22 ) o1 = \/EF1F22 9
s ASE @)+ [EPT) 5 2VERE + g2+ [EPT))
Tloo = |€|F1F22 ) 7723 5(3/2):[‘11—‘22 )
s 2£B/D(eHegd —28ry) o 22708 + (2 4 [¢T))
N31 = 5(3/2)1—,11—,22 ) N3 = — g(3/2)Fll—,22 5
s = Aeee - &) (145)
% %Y
Normal 7 is given by
. 3i
e = ¢l sed =ie” 2 0l
where
M = e My = 207 (270 — &)
rs VED TS
6 76(3/2) (463i<,01'\1 4 |€|2€2F3) 6 725(3/2) (2 _ eSi:,agQ + 2|§|2)
7713 - 5(3/2)1—\1:[‘22 9 o1 = \/EFlFQQ 9
o = 4lg](e¥ee ~§) - 26(3/2) (26719 4 £2T3)
22 rrg % VED T2 ’
6 5(3/2) (4 + 4|£|2 + €3i<p|5|2£21'\3) 6 _ 725(3/2) (2 4 e3i<p€21’\3)
7731 - 6(3/2)F1F22 ) 7732 \/Erll—\; 9
s, = AT (146)
33 = 2 :
I'Is
Normal 77 is given by
31
m=¢lsrp=e 2 nl;,
where
7 2[¢] (e*2€? + £2) ;  VE(4PPET — (24 [¢°Ty))
1 = — T2 v The = \/EF1F22 5
_26B(@ yaetieery) L VE(AET — M2 4 [¢1T))
7713 - 5(3/2):[‘11—\22 ) No1 = \/EF1F22 9
p 2P+ )2+ K)o 2vE(2E° — XL + [EPTY))
e = [¥1%; » T EB/2T 5 ’
;o 2£C(SwB L 2dly) L 20/E(2e%9€3 — £(2 4 [¢°T)))
7731 - 6(3/2)F1F22 ) 7732 - 5(3/2)F1F22 9
777 _ 74(631‘9052 +€2) (147)
% 0TS

31



The last normal is given by

3ip g

s = Plsgp =€ 2 Mij >

where

s _ 2lEl(e¥E +€) = 2B (& 4 265

11 F22 ) 12 \/EF1F22

s 5(3/2) (4631'@1’11 _ |§|252F3) s 725(3/2) (2 4 631'@,052 4 2|§|2)
s = 5(3/2)F1F22 ) 21 = \/EF1F22 ’
o M L 2 e

. nry VEDrs

s 5(3/2) (4 + 4|£|2 _ 63i<p|6-|2§2rs) s 25(3/2) (63i¢§21'\3 _ 2)
7731 - 5(3/2)F1F22 9 7732 - \/El—‘lr; )

2le| (%€ + )Ty
77;3 = - ( 2 j . (148)
ITs
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