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Abstract
We consider a generalization of Einstein-Sasaki manifolds, which we
characterize in terms both of spinors and differential forms, that in the real
analytic case corresponds to contact manifolds whose symplectic cone is
Calabi-Yau. We construct solvable examples in seven dimensions. Then,
we consider circle actions that preserve the structure, and determine con-
ditions for the contact reduction to carry an induced structure of the same

type. We apply this construction to obtain a new hypo-contact structure
on §% x T3,
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Introduction

Einstein-Sasaki manifolds can be characterized in terms of real Killing spinors
[14]; infinite families of explicit examples of Einstein-Sasaki manifolds have been
constructed in [16, [10]. These examples are in fact toric contact manifolds (see
[21]). More generally, one can consider the geometry associated to a gener-
alized Killing spinor [2]. Both Killing and generalized Killing spinors can be
associated to other geometries (see [1]), but we shall only consider generalized
Killing spinors associated to SU(n)-structures on manifolds of dimension 2n+ 1.
These structures correspond ideally to restrictions of Calabi-Yau structures to
a hypersurface. In fact, we can think of an SU(n)-structure as given by a real
one-form «, a real two-form F and a complex n-form 2, and the associated
spinor is generalized Killing if and only if

dF =0, d(anQ)=0.

Every hypersurface M in a Calabi-Yau manifold of real dimension 2n + 2 has an
SU(n)-structure of this type, where F and a A2 are the restriction of the Kéhler
form and complex volume. In the real analytic category, the converse also holds
(see [9] for the five-dimensional case, and Proposition 2] for the general case).
Realizing M explicitly as a hypersurface in a Calabi-Yau manifold is
generally a matter of solving certain evolution equations; in the Einstein-
Sasaki case, however, the Calabi-Yau structure is simply the induced conical
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SU(n + 1)-structure on M x Ry. Thus, the Calabi-Yau manifold M x R, is
both the Riemannian and symplectic cone over M. In this paper we consider
the intermediate case in which we have a generalized Killing spinor, and the
SU(n)-structure on M is a contact metric structure, thereby inducing a conical
symplectic form on M x R4 ; by [15], a-Einstein-Sasaki manifolds belong to this
class. In this context, contact means that da = —2F. If (M, ) is a real an-
alytic contact manifold with a real analytic SU(n)-structure as above, it turns
out that the symplectic cone M x R has a compatible Calabi-Yau metric; in
other words, the Calabi-Yau metric whose existence is guaranteed by the above-
mentioned embedding result has conical Kahler form, although the metric itself
may not be conical (Theorem [3)).

Not many examples of SU(n)-structures of this type are known, excepting
those that are actually a-Einstein-Sasaki. There are solvable non-compact ex-
amples in five dimensions [IT], an example in seven dimensions related to gener-
alized Go-structures [13], and a two-parameter family of examples in the sphere
bundle in TCP? [8]. Notice however that examples of a-Einstein-Sasaki mani-
folds which are not Einstein are known, the simplest being the Heisenberg group
in arbitrary odd dimension [24]; more complicated a-Einstein-Sasaki structures
were constructed in [3].

The 7-dimensional example in [I3] is constructed as a compact quotient of
the Lie group SU(2) x, R%, where ¢ is given by quaternionic multiplication.
In Section [B] we show that this example is unique in the class of semidirect
products H x V of dimension higher than three, with H compact Lie group and
V representation of H. Motivated by this uniqueness, we consider semidirect
products H x V with H solvable, obtaining new seven-dimensional examples of
contact SU(3)-structures associated to a generalized Killing spinor. In fact, we
classify the three-dimensional solvable Lie groups H which give rise to structures
of this type on a semidirect product H x R* (Theorem [).

Our main result is aimed at constructing more examples by using the contact
reduction. We start with a manifold M of dimension 2n+1, a generalized Killing
spinor ¢ and an SU(n)-structure which is a contact metric structure. Moreover,
we assume that S acts on M preserving the SU(n)-structure. Under certain
conditions on this action, one can define the contact reduction M//S*, which is
a contact manifold of dimension 2n — 1 [I7], and inherits a Riemannian metric
and spinor as well. In Theorem [I2] we prove a necessary and sufficient condition
for this induced spinor to be generalized Killing; more precisely, this condition
involves the derivative of the norm of the fundamental vector field, and it is
satisfied by circle actions with constant orbit length. The proof depends on a
study of “basic” spinors in the context of Riemannian submersions, which we
carry out in Section Ml

Whilst serving as motivation for the study of these structures, the existence
of a Calabi-Yau cone is not used directly; in particular, our main result holds
in the smooth category. However, if Calabi-Yau cones do exist, then the cone
over M//St is the symplectic reduction of the cone over M. It is well known
that the symplectic reduction of a Kahler manifold is again Kéhler [20], but



Ricci-flatness is not preserved in general. Thus, our result gives in particular
sufficient conditions for the Calabi-Yau condition to be preserved under Kéhler
reduction. The odd-dimensional analogue of Kéhler reduction was considered
in [18], where it was shown that the Sasaki condition is preserved under contact
reduction. Neither is the Einstein condition preserved in this situation; however,
our result gives sufficient conditions for the Sasaki reduction of a Einstein-Sasaki
manifold to be a-Einstein (Corollary [I4]).

As an application of our theorem, we obtain a new example on the compact
manifold S$? x T3.

1 Generalized Killing spinors

Let M be an oriented spin manifold of dimension n; the choice of a Riemannian
metric g on M determines the principal bundle Pso of oriented orthonormal
frames. More generally, if G is a subgroup of GL(n,R), a G-structure Pg
on M is a reduction to G of the bundle of frames. In this section we shall
consider two types of G-structures associated to a spinor, corresponding to the
subgroups SU(n) C GL(2n,R) and SU(n) € GL(2n + 1,R). The first type
corresponds to Calabi-Yau geometry; more precisely, an SU(n)-structure Psy
on a manifold of dimension 2n is called Calabi-Yau if it admits a torsion-free
connection. In particular, a Calabi-Yau structure determines a Riemannian
metric with holonomy contained in SU(n).

The Lie group Spin(n) acts on Pso on the right via the 2:1 homomorphism

Ad: Spin(n) — SO(n) . (1)

A spin structure on M is a principal bundle over M with fibre Spin(n) and an
equivariant 2:1 map

Ad: PSpin — Pso .

Let ¥ = ¥™ be a complex irreducible representation of the Clifford algebra
Cl(n) D Spin(n); a spinor on M is a section of the associated bundle

PSpin X Spin(n) .

We shall need explicit formulae for the representation ¥. Let vg,v; be a

basis of C? with vg = (}) and v1 = (9); a basis ug, ..., ugn_1 of ¥ = (C?)®" is
given by
Uk = Vg,_, @+ @ Vqq , where k= Z a2 .
0<r<n

We think of the a, as elements of Z/2Z. The Clifford algebra Cl(2n) acts
irreducibly on ¥ by

€2 - Uk = _(_1)aj—1+"'+llovan71 R ® Va, ® Vl—a;_, ® Va;_y ® - @ Vg,

— j—2t-+
egj1 - up = i(=1)W2T Ty @ @ Ve, @ Vi—a,, @V, @+ @ Vg



where j ranges between 1 and n. The representation 3 is also an irreducible
representation of Cl(2n + 1); more precisely, denoting temporarily by © the
Clifford multiplication of Cl(2n), we set

an—1+-taotn;

eant1 - up = (—1) iU,

€j Uk = —€2n41 - €5 O UL , j=1,...,2n.

There is a choice of sign involved in this definition; in this paper we shall only
consider this representation of Cl(2n + 1), which is characterized by the fact
that the volume element e; - - - ea,41 acts as L.

Restricting the action to the groups Spin(2n), Spin(2n + 1), one finds that
the stabilizer of wg is SU(n) in both cases. However, % is only irreducible
as a Spin(2n + 1)-module, whilst as a Spin(2n)-module it splits into the two
components

Y+ =Span{ug | an—1+---+a =0 mod 2},
Y_ =Span{ug | an—1+---+a =1 mod 2}.

As a consequence of the above, Calabi-Yau manifolds, namely Riemannian
manifolds of dimension 2n with holonomy SU(n), can be characterized by the
existence of a parallel spinor. Indeed, the orbit Spin(2n)ug defines a bundle

Pspin Xspin(2n) SPIn(2n)ug C Pspin Xspin(2n) > (2)
and a section ¢ of this bundle defines a principal bundle
Psy = {u € Pspin | [u,uo] = ¥},

which has the stabilizer SU(n) as its fibre. Since the kernel of () is not contained
in SU(n), the principal bundle Psy = Ad(Psy) is in fact an SU(n)-structure.
Hence, the covariant derivative of 1) with respect to the Levi Civita connection
can be identified with the intrinsic torsion of Psy. In particular, if ¢ is parallel,
one obtains a Calabi-Yau structure on M.

There are other, weaker conditions that it is natural to impose on a spinor.
The authors of [2] propose the following: a generalized Killing spinor M is a
spinor v satisfying

Vit = 5Q(X) ¥, QET(Sym(TM)). )

Here, as throughout the paper, V denotes the Levi-Civita connection. Gener-
alized Killing spinors arise naturally, by restriction, on oriented hypersurfaces
in manifolds with a parallel spinor; in this setting, the tensor ) corresponds to
the Weingarten tensor. There are also partial results in the converse direction
(see [22,[2,[9]).

In particular, consider the case of a hypersurface M inside a manifold with
holonomy SU(n+ 1). The restriction of the parallel spinor gives a section of (2]



on M, thus defining an SU(n)-structure Psy on the 2n+ 1-dimensional manifold
M. To this SU(n)-structure one can associate forms a, F and 2 such that

a = 62n+17 F — e12 R e2n71,2n

Q=(e' +ie?) A A (21 4 i),

)

(4)

where e!,...,e?"t! is the coframe associated to to any local section of Psy,

and e/* is short for e/ A e¥. One can also read off the forms F and Q A a as
pull-backs of the Kéahler form and the complex volume form on the Calabi-Yau
manifold. We shall say that Psy is the restriction of the Calabi-Yau structure
to the hypersurface.

Regardless of whether the SU(n)-structure on M arises from restricting a
Calabi-Yau structure, assuming (3)) holds, one can relate the covariant derivative
of the forms «, F' and Q to the tensor ). This will enable us to rewrite the
generalized Killing spinor equation (B]) in terms of differential forms in the next
section.

Lemma 1. Let M be a Riemannian spin manifold of dimension 2n+1, and let
¥ be a section of @) satisfying @)). If o, F and Q are the forms associated to
the SU(n)-structure defined by 1, then

Vxa=(-1)"Q(X).F
VxF = (-1)"aAQ(X)
VxQ=(—1D"Mia A (Q(X)1Q)+i(—1)"Q(X, e2,11)

where we have used the identification TM = T*M given by the metric.

Proof. We work on the principal bundle Psy 22 Ad(Psy). Let w be the restric-
tion to Psy of the Levi-Civita connection form. According to the orthogonal
decomposition
s0(2n+ 1) = su(n) @ (J) @ u(n)*,

where

J=e€z1 —e2+ -+ €man-1— €2n_12n
we can decompose w as wey + kJ + wt. Here, ey, is the square matrix of order
2n 4 1 with entries a5, all equal to zero except apr = 1. Then

1 1
Vxth = w(X)ug = k(X)Jug + wH(X)ug = —im'k(X)uo - i(wl)ijei - e - U,
where
wl = Z (wL)Z—j (eij - ejl-) .
1<i<j<2n+1
Now, by @),

ni k(X)) ug — (wl)ij (X)ei-ej-ug = Q(X) - uo;



looking at the definition of the Clifford action, from which it follows in particular
that for 1 <j <n

— _ n+1
€2 - €an 41 U) = —€apy1 - €5 - Ug = (—1)"" ey

j—1 U0,
€2j—1 " €2n41 " U) = —€2p41 €251 " U) = (—1)n62j " Uo,
one concludes that
(WH)ig =0, j<2n+1, (W )i2nr1(X)=(-1)""QX, J(e:)),
1
k(X) = —E(—l)"Q(X, €2n+1)-
Now observe that
Ja=0 JF =0, JQ=-—nif;
hence,
Vxa=wX)a=w"(X)a=(-1)"J(Q(X)) .
The rest of the statement is proved in the same way. O
Remark. The forms «, F' and © determine the SU(n)-structure Psy. Therefore,

one can express the intrinsic torsion of Pgy in terms of Va, VF and V,;

however, the intrinsic torsion turns out to be entirely determined by da, dF
and dS) (see [T]).

2 Calabi-Yau cones

In this section we restrict to the real analytic category, and give a twofold
chacterization of contact SU(n)-structures associated to a generalized Killing
spinor, in terms of differential forms and Calabi-Yau cones.

First, we need to consider a broader class of SU(n)-structures.

Proposition 2. Let M be a real analytic manifold of dimension 2n + 1 with a
real analytic SU(n)-structure Psy. The following are equivalent:

(i) The section of the vector bundle @) associated to Psy is a generalized
Killing spinor.

(ii) The differential forms a, F and Q associated to Psy satisfy
dF =0, danQ)=0.
(iii) A neighbourhood of M x {0} in M x R has a Calabi-Yau structure which
restricts to Psy.

Proof. Assume that (i) holds, and let e; be the local orthonormal frame associ-
ated to a section of Psy. Since @ is symmetric, it follows that

Zei AQ(e;) =0.



By Lemma[Il and using the fact that the Levi-Civita connection is torsion-free,

dF = e ANV, F=(=1)"Y e AaAQ(e) =0.

A 7

Likewise,

daAQ) = (=1)" e A((Qei)2 F) +iQ(ei, eani1)a) AQ;

2

since for any vector field Y one has
(YoF —iY +ia(Y)a) AQ =0,

we find that
Ao AQ) = (—1)" Y e NiQ(es) A =0,
K2
meaning that (ii) holds.

The fact that (ii) implies (iii) follows from the theory of exterior differential
systems. Reference [9] contains a detailed proof of the five-dimensional case,
which can be generalized to arbitrary dimension because the exterior differential
system associated to the group SU(n) is involutive [5} [7].

Finally, (iii) implies (i) because every Calabi-Yau manifold carries a parallel
spinor v, and its restriction to a hypersurface satisfies

Vi = 3Q(X) (V).

where @ is the Weingarten tensor (see e.g. [2]). O

Remark. The assumption of real analyticity in Proposition 2] is certainly neces-
sary to prove that (i) or (ii) imply (iii), due to a result of Bryant [4]. However,
the fact that (i) implies (ii) does not require this hypothesis. A five-dimensional
version of Proposition[2is proved in [9], where the SU(2)-structures defined by
a generalized Killing spinor were introduced under the name of hypo structures.
In that paper it was also proved, by considering the intrinsic torsion, that (ii)
implies (i) without assuming real analyticity. We expect a similar result to hold
in arbitrary dimension.

Remark. The passage from (ii) to (iii) can be described in terms of evolution
equations, in the sense of [19]. Indeed, suppose there is a one-parameter family
(a(t), F(t),82(t)), of SU(n)-structures on M, with ¢ ranging in the interval (a, b);
then the forms

at) Ndt+ F(t), (at)+idt) AQ(t) (5)

define a Calabi-Yau structure on M x (a, b) if and only if (ii) holds for, say, t = 0
and the evolution equations

) ) .
B () = —da(t), 5 (a(t) A Q) = id2) (6)



are satisfied. Conversely, if M is compact (iii) implies that one can find a solution
of these equations with («(0), F(0),€(0)) corresponding to Psy. Indeed, the
exponential map enables one to identify a tubular neighbourhood of M in M xR
with a product M X (a,b), in such a way that the vector field % has unit norm
and is orthogonal to the hypersurfaces M x {t}, with the effect of casting the
Kéhler form and complex volume in the form (Bl). Thus, Proposition 2 can be

viewed as an existence result for solutions of (@).

A special situation of Proposition 2] is when @Q is a (constant multiple of)
the identity. Then the spinor ¢ is called a real Killing spinor, and it is the
restriction of a parallel spinor on the Riemannian cone over M. The general
situation has been studied in [I]; in our case, the restriction of the Calabi-Yau
structure is an Finstein-Sasaki structure. In particular, this means that M is
a contact metric manifold, with contact form «. We define the symplectic cone
over (M, a) as the symplectic manifold

<M x Ry, —%d(rza)> : (7)

If M is Einstein-Sasaki, the symplectic cone is Calabi-Yau with the cone metric
r2g + dr?; it is understood, here and wherever we refer to Calabi-Yau struc-
tures on symplectic manifolds, that the Kahler form coincides with the given
symplectic form.

More generally, we say that an SU(n)-structure on a manifold M of dimen-
sion 2n + 1 is contact if doo = —2F; this means that « is a contact form, and
F is the pullback to M = M x {1} of the conical symplectic form (7). We
shall consider a weaker condition than Einstein-Sasaki, corresponding ideally to
contact SU(n)-structures Psy such that the symplectic cone is Calabi-Yau, but
not necessarily with respect to the cone metric.

Theorem 3. Let M be a real analytic manifold of dimension 2n+ 1 with a real
analytic, contact SU(n)-structure Psy. The following are equivalent:

(i) The section of (@) associated to Psy is a generalized Killing spinor.

(ii) The differential forms a, F and Q associated to Psy satisfy

da==-2F, aNndQ=0.

(iii) A neighbourhood of M x {1} in the symplectic cone M x Ry has a Calabi-
Yau metric which restricts to Psy.

Proof. The fact that (i) implies (ii) and (iii) implies (i) is a consequence of
Proposition

To see that (ii) implies (iii), one applies Proposition 2 deducing that a
neighbourhood N of M x {0} in M x R has a Calabi-Yau structure restricting
to Psy on M 2 M x {0}. Under the diffeomorphism

M xR3 (z,t) = (z,e!) € M xRy,



the conical symplectic form reads
wo = e (aAdt+ F).

Thus, it suffices to prove that there is a diffeomorphism of a neighbourhood N’
of M x {0} into N that is the identity on M x {0} and pulls back the Calabi-Yau
symplectic form into the conical symplectic form.

Let «, F, Q be the forms on N given by the restriction of the Calabi-Yau
structure to each hypersurface NN (M x {t}). By construction, the Kahler form
is given by

w] =« A dt =+ F

Consider a time-dependent vector field X5 on N, and let ¢4 be the flow of X,
which satisfies

0
—(bS(I,t) = (XS)¢S(;E,t) .

(bO(xvt) = (:E,t), Os

It is a general fact that for every form 3, one has

0
GiLx.B = 5015 (®)

Up to restricting N, we can define a one-parameter family of symplectic forms
by

(Ws)(@py = (1 = s)e* (az,0) Adt + F(z,0)) + s (a(x, t) Adt + F(z,t)),

thus interpolating between the conical symplectic form wy and the Kahler form
wi. We shall determine X in such a way that ¢s: N’ — N is well defined for
0<s<1,and

wo = Prws. 9)

Equality certainly holds for s = 0; taking the derivative with respect to s and
applying (), we get

0=¢%(Lx,ws+ws —wy) =k (d(Xsaws) + w1 —wp) .

The two-form w; — wg is cohomologically trivial on N, because it vanishes on
M x {0}, that we may assume to be a deformation retract of N. It follows that
w1 — wo = df for some 1-form . Thus, it suffices to require

Xsaws = _ﬂa

which determines X, because the ws are symplectic forms, to ensure that ()
holds. With this definition, X vanishes on M x {0}. Hence, the flow ¢4 is well
defined for all s (indeed, constant) at ¢ = 0, and up to restricting N’, we can
assume that ¢, is well defined for 0 < s < 1. Now set ® = ¢1: N’ — N; this



is a diffeomorphism that pulls back the K&hler form to the conical symplectic
form. Since ®(z,0) = (z,0), we have the following diagram

(N, wp) —2— (N, w1)

.

MX{O}L>M><{O}

where the vertical arrows are inclusions. Since the diagram commutes, the
pullback under ®* of the Calabi-Yau structure on M X R restricts to Psy on
M x {0}. O

Remark. Again, the assumption of real analyticity is only essential to prove the
implication (ii) = (iii). We shall not need this hypothesis in the rest of the
paper.

Remark. In the proof of Theorem [l the Calabi-Yau structure on N can be
described in terms of the evolution equations (@), by requiring that each M x {t}
be orthogonal to the unit vector field %. However, the map ® does not preserve
this description. Thus, when working on N’; the one-parameter family of SU(n)-
structures induced by the inclusions M x {t} C N’ will not satisfy, in general,
the evolution equations. From the side of N, this means that one should not
expect “conical” evolution.

Hypo-contact manifolds, namely five-dimensional manifolds with
SU(2)-structures satisfying Theorem Bl have been studied in [II], which
contains a classification of solvable Lie groups with invariant hypo-contact
structures.

3 Seven-dimensional semidirect products

In this section we give new examples of SU(3)-structures in seven dimensions
satisfying Theorem [Bl More precisely, we consider semidirect products H x V/,
with H a Lie group, and V a representation of H, generalizing the example
SU(2) x R* of [I3] (also reviewed in Section [B). We show that this example is
unique among those with H compact and connected, at least when the overall
dimension is higher than three. We then classify the solvable 3-dimensional Lie
groups H such that some semidirect product H x R* admits a left-invariant
contact SU(3)-structure whose associated spinor is generalized Killing.

Proposition 4. Let H be a compact connected Lie group, and p: H — V a
representation of V. Then the semidirect product H X,V has a left-invariant
contact structure if and only if H <, V is either SU(2) x, H or U(1) x C.

Proof. By definition, H x, V is the product H x V with multiplication law
given by
(hyv)(W ") = (hh ,o(h)v + v).

10



Now let a be a left-invariant one-form. We can write O(e,0) = (apr)e+ay, where
o is a left-invariant one-form on H and «ay is in V*. Then

Qp0) = Lzﬁh,v) (ag +ay)=Lyag + <P(h71)av. (10)
Hence if e1,...,e, is a basis of h and e',...,e" the dual basis of 1-forms, at

h = e, we find

n

(da)(ew) = (dopr)e — Z ' A (pucei)av.

i=1
If « is contact, then

dim{(¢scei)ov} = dim { X (da)(e,) | X € V} > dimV — 1.

Hence, the orbit of ay in V* has at most codimension 1, and since H is compact,
this means that H acts transitively on the sphere in V*.

Now let K be the stabilizer of ay in V*; suppose by contradiction that K
is not discrete, and take k in K. Then (I0) gives

Qrw) = Liap + ay.
Restricting o to K X, V/, we find
dolgw,v = (dog)|k.
Now consider the element
B = (da|kx,v)e € N(EB V)Y

by above, f3 is really contained in A2€*. Moreover, since K is compact, the exact
form dag cannot be a symplectic form on K, and so there is a subspace W C ¢
with 1

Blw =0, dimW > idimK.

In particular, the restriction of da to V& W C T )(H x V) is zero. Since
H/K is the sphere in V, we have

dimH =dim K +dimV — 1,
and therefore
. . . 1. 1, . 1
dimV +dimW > dimV + §d1mK:§(d1mV+d1mH)+§.

Thus, « is not contact.

We have shown that, if « is contact, then H acts transitively on the sphere
in V with discrete stabilizer K. If V has dimension two, this implies trivially
that H = U(1). If V has dimension n > 2, the exact homotopy sequence

0= Fl(Sn_l) — WQ(H) — WQ(K) —0
implies that K is connected, and therefore trivial. Then H acts on S™~! both

transitively and freely, giving H = SU(2) and V = H. O

11



Now let H be a solvable 3-dimensional Lie group, and let e, e%, € be an in-
variant basis of one-forms, where the indices have been chosen for compatibility
with @) (see Lemma [l below). Up to a change of basis (see [12]), the structure
equations of H are given by exactly one of the following:

de' =0, de* =0, de® = 0; (11)
de' =0, de* = +e'®, deb = e, (12)
de' =0, de* = e'4, deb = e, (13)
de' =0, de* =0, de® = e'%; (14)
de' =0, de* =0, deb = et (15)
de' =0, de* = Ae'?, de® = et + e'°. (16)

In (I€), A is a non-zero real constant; the case A = 0 corresponds to (I4]) under
a change of basis.
We can now state the main result of this section.

Theorem 5. Let H be a solvable 3-dimensional Lie group. Then there exists
a semidirect product H x R* admitting a left-invariant contact SU(3)-structure
whose associated spinor is generalized Killing if and only if H has structure

equations ([THIZ).

The rest of this section consists in the proof of Theorem Bl We shall start
by giving a “structure lemma”. As a preliminary observation, notice that “ro-
tating” €, i.e. multiplying it by a constant e?, preserves the condition of
Theorem

Lemma 6. Let H be a three-dimensional Lie group and V a four-dimensional
representation of H. Suppose the semidirect product G = H x V has a left-
invariant SU(3)-structure (o, F, ), with

da==2F, dQANa=0.

Then, up to rotating 2, we can choose a left-invariant basis e',... e” of one-
forms on G satisfying @), with
de?,de3, de® € Span{e?, e®,e®, e} A Span{e!, e?, €5}, (17)

and e*, e*, e invariant extensions of forms on H x {0} C G.

Proof. By invariance, we can work on the Lie algebra g of G. As a vector space
g=h®V, and the Lie bracket satisfies

[b,b] b, [b,V]CV, [V,V]=0. (18)

We first show that the characteristic vector field is in V. Consider the linear
map

gBXﬁXJFeg*;

12



by construction, the kernel of ¢ is spanned by the characteristic vector field e7.
Since the restriction of the exact form F' to the abelian Lie algebra V is zero,
¢(V') is contained in h*; by a dimension count, this implies that ker ¢ C V', and
so the characteristic vector field is in V.

Now consider the restriction of {2 to V. This is a complex 3-form satisfying

€71 (Q|V) =0.

Since V' has dimension four, this means that Re ]y and ImQ|y are linearly
dependent, and one can multiply €2 by some €, obtaining Re |, = 0. In other
words, (e7)* NV is special Lagrangian in (e7)*. Now recall that the structure
group SU(3) acts transitively on special Lagrangian subspaces of C3; hence, we
can complete e7 to a basis ey, ..., e7 of g, consistent with (], such that

(e7)t NV = Span{es, e3,e5}.
Accordingly, h* = Span{el, e?, e®}, so by ([X)

d(g*) C Span{e!, et e} A g*. (19)
Imposing now dS2 A «, we find

(€130 4 M5 4 235 _ 246y 5 T —
which by ([[3) splits into
d(e'30 4 e5 _ 216) p T — () @B peT =0

from the second of which ([IT) follows. O

Next we prove the “if” part of Theorem [, by giving explicit examples for
each solvable Lie group ([IHI4).
Abelian case. Let a, b be real parameters with

c=a2+b2>0.

Every choice of @ and b as above determines a semidirect product R3 x R*, with
an invariant basis of one-forms satisfying

de! =0,

2 a, 9 256, Vo 2 2\/ 15 26 34 b*a 121 47
de” = ——(a® —2b%)e”® + —(2a° — b°)(e™° + e°) + ae™* —3—e —5ce
C C C

1
de® = be3% — be®® + ae'® + ae®* + =ce?,

2
de* =0,
b ba? 1
de® — _E(az — 2b2)(e1® + €28) 1 be34 4 (202 — b2)el2 — 324 56 4 50667,
c c c
deS =0,
de” = —2¢e'? — 2¢3* — 2656,
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Consider the SU(3)-structure determined by the choice of basis el,... e". It
is straightforward to verify that da = —2F and d2 A a = 0; it follows that
this structure is contact and, by Theorem [3] the associated spinor is generalized
Killing. Applying Lemma [l we see that in the chosen frame the tensor @ is
given by the diagonal matrix

1 1 1
diag<1—Z(a2—|—b2),1+Z(a2—|—b2),1+1(a2+b2),
1 2 2 1 2 2 1 2 2 3 2 2
1—Z(a +b),1+1(a —l—b),l—z(a +b),—3—1(a +b°) ).

Case ([I2). This is a twofold case, since there is a choice of sign involved. Let
a be a real constant; consider the semidirect product H x R* with structure
constants determined by

0,0, —ae'®, —ae'® ae'3, ael®, —2e12 — 2¢34 — 2¢°9) .
) b) b) b b) b)

By the same argument as before, the frame e!,...,e” determines a contact

SU(3)-structure whose associated spinor is generalized Killing, and the tensor
Q is given by

diag(1,1,1,1,1,1,-3).
For the opposite sign, consider the group given by
(O, —2a%e'" + 2ae%¢ — 2ae45, ael5, aew, ael3, ael4, —2¢12 —2¢3% — 2656) .

The frame e',...,e” determines a contact SU(3)-structure whose associated

spinor is generalized Killing, and @ is determined by
diag(1 — a®,1+a?,1,1,1,1, -3 — a?).

Case ([I3). Let a be a real constant; consider the semidirect product with
structure constants determined by
L o7 34 56 1 o2 a7 24 14 1 2 67 26
0,—5(1 e +ae’” +ae ,Ea e’ —ae“,ae ,§a e’ —ae”,

aew, —2e12 —2¢34 — 2656>.

The frame e!, ..., e” determines a contact SU(3)-structure whose associated

spinor is generalized Killing, and @ is determined by

1 1 1 1 1 1 3
diag (1 — Za2, 1+ Za2, 1+ Zaz, 1-— Zaz, 1+ Za2,1 — Za2, -3 - Za2> .
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Case ([[4). Consider the semidirect product with structure constants deter-
mined by

1 3 1 1 3 1
<075613_§617+5624+656,5612_634+§e47+§e56,07

_ 626 4 %ese _ %645 n 2667,616,_2612 _9e34 _ 2656)

The frame e!, ..., e” determines a contact SU(3)-structure whose associated

spinor is generalized Killing, and @ is determined by
1
16 diag (13,19,19,13,19,13, —57).

There are exactly two cases not appearing in the above examples, and so the
proof of Theorem [l is reduced to the following non-existence result.

Lemma 7. Let H be a solvable Lie group with structure equations ([I3]) or (I8]).
Then there is no representation of H on R* for which H x V has a contact
SU(3)-structure whose associated spinor is generalized Killing.

Proof. Suppose H X V has an SU(3)-structure of the required type, and choose
a basis of invariant one-forms on H x V as in Lemma [6l Since SO(3) C SU(3)

acts transitively on two-planes in R = (e!, e*, €%), we can assume that

{a€bh* | daAa=0}DSpan{e’,et}.

By acting further with an element of U(1) C SO(3), we can also assume that
de! = 0. Tt follows that

de* =0, de* = Ae'*, de® = Be't 4+ Celf,

where A B, C are constants. If A is zero, then by hypothesis H is nilpotent,
and C = 0; otherwise, A, B and C are all non-zero.

Let j3; be a basis of the space (7)), and set de* = 3", a;;3;. Imposing the
linear conditions dF = 0, dQ) A a = 0, we find

de? = (2C — azg)e™ + ar7(e*® — €®) + ar3(e'® + ) + (24 — ags)e®

—(C+ A—azg —ass)e'? + an (e + 624) + arge” + a1,12667 + arse'”,

45 636) 2 17

3 4 12 47 67
de’ = a2710(e —e“ags + a21e”” + agge”’ + ag 12 — ajge

— (a1 —ag11)e** — (B + air)(e'® + €*®) + (A — ags)e’® — az 1€,

5 13 26 34 12 67 15 47
de® = —ayre’” — azge”” — az10€” +aize " +agiz2e + (C — agg)e + a9 12€

—ay 12" — (B +ai7)e®* — (a13 — a2,10)e” + ag 11 (e — €3°).

Now, the condition d> = 0 determines an ideal J of real polynomials in a;;,
A, B and C. Lie groups with a structure of the required type correspond to
points in the affine variety V(J) determined by J. For the nilpotent case, we
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are interested in points with A = C' = 0. Calculations with CoCoA[6] show that
the polynomial B? lies in the ideal J + ({A,C}), and so V(J) has no points
with A = C' = 0, proving the statement in the nilpotent case.

For the case of ({10, an analogous computation yields

az,12((a14)* + (az2,12)%) € J.
It follows that V(J + az,12) = V(J). On the other hand, it turns out that
BC'(B2 + 902) € J+az 2.

This means that V(J) has no points with both B and C different from zero,
proving the rest of the statement. O

4 Spin structures and submersions

A contact reduction is a two-step process, in which one first takes a submanifold,
and then a quotient. The purpose of this section is to establish some formulae
which will be needed to study the second step. It is in the context of Riemannian
submersions that these formulae are presented most naturally.

To begin with, we study the relation among the Levi-Civita connections on
the base and total space of a generic Riemannian submersion, using the language
of principal bundles. Let M™ be a manifold with an SO(m)-structure P,,. Let
MP* be a manifold with an SO(k)-structure Py, and let 7 : M™ — M* be a
Riemannian submersion. The tangent bundle of M™ has an orthogonal splitting
H @V, where V = ker w,. This defines a reduction of P, to

G = SO(k) x SO(m — k) .

Indeed, if we let G act on R™ according to the splitting R™ = R*¥ @ R™ % the
reduction Pg is defined by

H=PsxcRF, V=P;xgR""

We have a commutative diagram

Py —" . p,

|

M™ —— M*
where dm maps a frame u : R™ — T, M™ to a frame
dr(u) = my o ulge : RF — Ty MF
We say that a (local) section s, of Pg is m-related to a section sy of Py if the

diagram

ft)c;déﬂ-ft)]c

T

M™ —— MF
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commutes. Then s,g is m-related to sy for all SO(m — k)-valued functions g.
If V is a G-module, an equivariant map f,, : Pg — V is basic if the diagram

d

g P,
AA

Vv

Pqg

commutes for some fi. Then fi is uniquely determined, and SO(k)-equivariant;
we say that f,, is w-related to fi.

One can also regard f,,, as a section [$,,, 2] of P xgV where z,, = fn08p,.
In this language, a basic section [s,,, 7*x] is m-related to [sp,xp] if sy, is 7-
related to sp. Moreover, all basic sections have this form. For instance, a section
of H is basic if it is 7-related to a vector field on M* in the usual sense.

Let wg be the Levi-Civita connection form on Py, so that the tautological
form 6, satisfies
dfy +wi ANO, = 0. (20)

The tautological form on P,, restricted to Pg can be written as 6,, = (05,0,).
By construction 8, = (dn)*65. Then ([20) yields

0= (dﬂ)*(dok + wi A Hk) =df, + (dﬂ')*wk AOy . (21)

On the other hand, the connection form w,, restricted to Pg is an so(m)-valued
1-form, which we can decompose into blocks as

_ [Wh —AT
wm=1{"4 o )
Lemma 8. If X is a “horizontal” vector field on Pg, in the sense that 6,(X)

is zero, then
wh(X) = (dw)*wk(X) .

Proof. At points of Pg, the analogue of (20)) yields
0= (d0h +wn A0y — AT A0,,d0, + AN +w, AB,).
Comparing with (2I)), it follows that
(wh — (dm)*wi) A O = AT A6, (22)

This means that wy is not m-related to wyx. However, consider the standard
isomorphism
J:R* ® A’R* — AR @ RF.
Equation (22)) tells us that, if we define a map
8:Pg = RFQARY,  (8,04(X)) = (wh — (dr)*wi)(X),
then 98 = 0 and so 8 = 0. Thus, if X is horizontal then
(wh — (dw)*wk)(X) =0. O

17



Remark. To illustrate the meaning of A, apply the formula
VRl[s, 2] = [s, s"wm(X)z + de(X)] ;

for a horizontal vector field Y, which we write as a section [s, h] of H, we find
that the component in V of its covariant derivative satisfies

(VRY), = [s,s"A(X)A] .
Thus, A is the principal bundle version of the O’Neill tensor.

In order to pass from SO(n)-structures to spin structures, consider the chain
of inclusions

SO(k) — SO(k) x SO(m — k) — SO(m) ,

which gives rise to a commutative diagram

Cl(m) =<—— Spin(m) Ad SO(m)

j;“T j;“T j,z"T (23)

Cl(k) <—— Spin(k) —2L~ SO(k)

Explicitly, if ey, . . ., e, is the standard basis of R™, we define the homomorphism
of Clifford algebras j;** by

Ji(ei) = expr1- €.

The homomorphism is not unique, but this choice has the advantage that
it makes the two half-spin representations 33" into (irreducible) Cl(2n — 1)-
modules. A more relevant consequence of the definition is the equality

Mok =jmfork<l<m.

We can now return to Riemannian submersions, and introduce spinors in the
picture. The first problem is defining the spin structure on M” in terms of the
spin structure on M™. We shall assume from now on that V is parallelizable.
Then we can replace G with SO(k) in the construction; indeed, in the rest of
this section we set

G = SO(k) C SO(m) .

Suppose that M™ is spin, and fix a spin structure on M™, i.e. a principal
bundle Pspi, with structure group Spin(m) and a 2 : 1 equivariant projection
Ad : Pspin — Py,. We define a principal bundle with fibre Spin(k)

P =Ad"Y(Pg)
on M™. The diagram (23] shows that P is a good candidate for the pullback

to M™ of a spin structure on M*. We shall now make this notion precise.
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Denoting the generic point of Pg by (x;u), where x is in M™ and u is a point
in the fibre of z, the manifold Py can be identified with the quotient Pg/ ~,
where (x0;u0) ~ (z1;u1) if and only if 7(z¢) = 7(z1) and there is a basic section
s such that s(z;) = wu;. By construction, sections of Pg/ ~ can be identified
with basic sections of Pg. Similarly, we say that a section s of P is basic if
Ad(3) is basic, and define an equivalence relation on P by (xo;70) ~ (z1;71) if
and only if m(x¢) = 7(z1) and there is a basic section § such that §(z;) = ;.

Lemma 9. P/ ~ is a spin structure on M*. Accordingly, a spinor on MF* is
given by a basic section of P Xgpin(k) ¥, and its Levi-Civita covariant derivative
is given by

V[, 7] = [3,8 (dm)* (weth) + 7]

where § is a local basic section of P and ¢: M* — 3F.

Proof. For the first part, it suffices to show that Ad : P/ ~— Pg/ ~ is a two-
sheeted covering. Suppose that Ad(zg;v9) ~ Ad(z1;791). Then there exists a
section s of Pg with s(z;) = Ad(y;). Since Pg is trivial on the fibres of 7, we
can lift s to a unique section § of P with §(xg) = vo. Hence Ad(5(z;)) = Ad(v:),
and

(z0;70) ~ (v1571) = 3(2:) = Vi -

The pullback (dm)*wy, is clearly a torsion-free, so(k)-valued connection form,
and therefore coincides with the Levi-Civita connection. O

Remark. The operator Vx defined in Lemma [9 is defined for arbitrary X on
M™. It represents the Levi-Civita covariant derivative on M* when X is the
basic lift of a vector field on M*; when X is vertical, Vx is zero.

The spinor bundle on M™ can be identified with
P Xgpiney &M

where the action of Spin(k) on X" is induced by the map j;* of Diagram 23} the
connection form w,, defines a covariant derivative operator V'™ on this vector
bundle. The operator V of Lemma [0 can clearly be defined for basic sections of
any bundle associated to P; in particular, we can compare V and V™ on basic
sections of P Xgpin(k) 2. This will be the main result of this section, which
will only be stated for k = m — 1, since we are ultimately interested in U(1)
reductions. This assumption, by which nothing would have been gained up to
this point, has two useful consequences: we can represent A(X) by a H-valued
one-form, namely

A=[s,s"Ajej),

and w, vanishes. To state the result, we need to introduce the vector bundle
map

Jt P Xspin(k) CL(k) = P Xspin(r) Cl(m),
induced by ;" = j;m_1.
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Proposition 10. Let 5 be a basic section of P and 1, : M* — X™. Then

VR, Y] = Vx5, Y] = 3 (A)X) - 5,7 ]

Proof. By Lemma [8 and Lemma @] if X is horizontal

Vx[5,¢m] = [8,8"(dm)" (wkm ) (X) + 7 dip (X)] =
= [8, 5% wp (X)) 7" Yy, + 7 dihy (X)) .

On the other hand, recall the expression of w,,, which can be rewritten as

W, = wp, + Z Aj(em; — €jm) ;

1<j<m

the second component acts on spinors as
1
— 5 Z Aj €m €5 .
J
Thus, for the covariant derivative V™ we obtain

V% (8, 7 m] = [8, § wm (X)7 Yy, + 7" dihy, (X))

= {5, S wp (X)) T s — %S*Aj(X)em € Ym + T A (X)

The statement now follows from the definition of J- O

5 Contact reduction and spinors

This section contains the main result of this paper. We return to the situation of
Theorem Bl with a slight change of language: now, we regard the contact struc-
ture and metric as fixed, and identify a rank one complex bundle of “compatible”
spinors, determined by the U(n)-structure. The reduction from U(n) to SU(n)
is represented by the choice of a unit section of this bundle. We show that, in
the presence of a circle action that preserves the contact metric structure and a
compatible spinor, one can define a compatible spinor on the contact reduction.
Applying Proposition [I0] we are able to determine sufficient conditions for the
generalized Killing condition to be preserved by the reduction process. In the
language of Theorem [3 at least in the real analytic category, this means that
the symplectic reduction of a symplectic cone with a Calabi-Yau metric is again
Calabi-Yau, under certain conditions.

Let M be a 2n + 1-dimensional manifold. A U(n)-structure Py on M iden-
tifies differential forms «, F' by

a = e2n+1, F — e12 Lt e2n71,2n :
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like in Section [l we say that the structure is contact if da = —2F'. In this case,
we shall also refer to Py as a contact metric structure.

Now suppose that M is spin; let Pspin be a spin structure compatible with
the given metric and orientation. The preimage of U(n) under Ad is a connected
subgroup U(n) C Spin(2n + 1). Passing to the principal bundles, the preimage
of the U(n)-structure under Ad is a U(n)-reduction of Pspiy; we shall denote it
by Pg. Thus, a spinor on M is a section of

Pﬁ Xf}(n) E2n+1 .

By [15], X271 splits as ¥2" 1 @ - .- @ X271 as a representation of U(n), where
in particular

P eNt = 2ty =Ty 2L Ly = iy, (24)
Thus, we have identified the bundle of compatible spinors
Py X0y T0" (25)
whose sections 1 are characterized by
a-p =iy F o= —niy .

Assume now that S' acts on M preserving both metric and contact form,
so that the fundamental vector field X satisfies

ﬁxa =0= ExF .
The moment map is defined by
p=a(X);

we assume that 0 is a regular value of . Denote by ¢ : My — M the hypersurface
p~1(0). The contact reduction of M is by definition [17]

M//S' = My/S*.

By construction, a(X) = 0 on My, and the tangent bundle of My consists of
vectors Y with

0=d(X))Y = —(X1da)Y = —2da(X,Y) = F(X,Y) . (26)

In the pullback bundle +* Py, consider the set Py(,—_1) of those frames u such
that
[uv 621171] = tXp(u) )

where t is a positive function. This defines a U(n —1)-structure on My, inducing
in in turn a contact U(n — 1)-structure on M//S. Moreover, we can define a
unit normal vector field v, by

Vp(u) = [U,€2n],  © € Py -
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We can also think of v as the vector field dual to the one-form ¢t~' X F, and
write
v=(t"'XJF)"

We now show that the choice of an invariant compatible spinor on M de-
termines a compatible spinor on M//S!. By (28], the inclusion of R?>"~! into
R?"*+1 that determines the U(n — 1)-structure on M//S! corresponds to the
basis

€1,-y€am—2,Comt1 - (27)
Accordingly, the algebra homomorphism j2" 1 of 23) is given by
jlex) = ean—1- ek .

Using j, we can view X2" "1 asg a C1(2n—1)-module that splits into two irreducible
components, one of which is isomorphic to £2"~!; it can be identified by the
action of the volume element.

Lemma 11. The space of spinors in 2"t C X2"+! that are compatible with
the U(n — 1)-structure determined by the frame [27) is given by

Egnil = {¢ — €2p—1 " wv dj S E?)nJrl}'

Proof. If a spinor in X?"*1 satisfies the compatibility conditions (24) with
respect to to the U(n — 1)-structure, then in particular it belongs to
n2n=1 ¢ 27+l Therefore, it suffices to check that for v in E(Q)"H

jleant1) - (Y —e2n—1-10) = €an—1-€ant1- (Y —ean_1-9) = i*" "1 —eapn_1 - 1),
and, for 1 <k < n,
GeFTI2RY (i —egpq - 1h) = (1 —ean_1) - 212K h = —i(h —egp_q - 1p). O

Now define a principal bundle Pﬁ(nq) on My so that

Pono1y —= 1" Py

L

PU(nfl) —*Py

is a commuting diagram of principal bundles on M, and all maps are equivari-
ant. A section ¢ of (28] pulls back to a section ¢t*1 of
2n+1
Pﬁ(nfl) ><ﬁ(nfl) Eon :
Now assume that 1 is S'-invariant. With Lemma [II] in mind, we define
Y™ =¥ —t71X - ¥, which we rewrite as

YT =Yt

By Section[] the spin structure and the spinor )™ on My induce a spin structure
and spinor on My/S!. By Lemmal[Idl this spinor is compatible with the contact
metric structure of My/St. We can now state our main result.
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Theorem 12. Let M be a manifold of dimension 2n + 1 with a contact U(n)-
structure (g, a, F) and a compatible generalized Killing spinor 1, so that

1
VT =50) v, Y eTM,

where Q is a symmetric endomorphism of TM. Suppose furthermore that S
acts on M preserving both structure and spinor, zero is a regular value for the
moment map p, and S* acts freely on p=1(0). Then the spinor Y™ induced on
M/ /S is compatible with the induced contact metric structure; in addition, ™
is generalized Killing if and only if at each point of n=1(0)

dt € Span{X J F, a},

where X is the fundamental vector field associated to the S' action, and t its
norm. In this case,

LiBay) v, veTa//8Y,

v2n71 T _
Y 1/} 2<

where B is the symmetric endomorphism of T(M//S*) given by
B(Y,2) = QY. 2) - Q(t~' X, X)a(Y)a(2).

In the statement of Theorem [ V?"*! denotes the covariant derivative
on M, and V?*~1 the covariant derivative on M//S! defined in Lemma [} we
shall also consider the covariant derivative V on My. Our calculations will also
involve the Weingarten tensor W of My C M, and the H-valued one-form A
determined by the Levi-Civita connection on M (see Proposition [I0). Finally,
from now on Y represents a generic basic vector field on My. We can now
establish some useful formulae.

Lemma 13. In the hypotheses of Theorem[I2 (with no assumptions on ¥™), at
each point of My

(—1)"Q(Y,v)a+ A(Y)+W(Y).F e Rv, (28)
QY. t71X) = (=1)"a(W(Y)), (29)
W(X) =2(dt)* s F 4+ (-1)"Q(X,t ' X)a. (30)

Proof. By definition, the tensor A is characterized by
(AY),Z) = (Vy Z,t ' X) = 2F (V"1 Z,v)

for all horizontal vector fields Y, Z on My. By Lemma [T} it follows that

0=LyF(Zv)= (V3" F)(Z,v) + F(V¥' Z,v) + F(Z,V3 ) =
1

= 5(=1)"a(2)Q(Y,v) + (A(Y), Z) + 2F (2, =W (Y))).
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This expression also vanishes trivially for Z = X, and so (28)) follows.
To prove the second equation, one uses Lemma [l and the fact that Q is
symmetric, from which

WY, O‘u) = <v§/n+1a7’/> = (=1)"2F(Q(Y),v) ,

which is equivalent to (29).
Finally, one can write

W(X)=-V¥Tt ' XoF) = (-V¥TH X)L F + (-1)"Q(X, t ' X)oy
on the other hand, one has

0= £X<t71X7 > - <V§?+1 (tilX)v > - <t71X7 V%;l+1>
= (V¥ 1X, ) — 71X, V2 TLX), (31)

whence V3T (71X) = —2(dt)?, giving (B0). O
We can now prove Theorem

Proof of Theorem[I4. By the analogue of Proposition [I0 for immersions (see
e.g. [2]), the covariant derivatives on My and M are related by

1
Uyt = (V) + v W(Y) -0y
Hence, applying this formula to ¥™,
1
Vil = (T i) + g W) (i)
— (i) (Vo= ) ),

where we have used V*'v = —W (Y). By Proposition [IT], denoting by A the
‘H-valued one-form on M?° determined by the Levi-Civita connection on M,

_ 1, - . n 1 .
VI = Tyt A 7 = (L) (T A+ W) )
and so by hypothesis
VT = S (1) - (Q(Y) = A(Y) —iW (Y)) - 4. (32)
The induced spinor 1™ is generalized Killing on M//S! if and only if

VIlYT = ZH(B(Y)) 4"

N =
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for B symmetric, or equivalently,

VT = LB (L i) b= — L i) BOY)

Comparing with ([32]), we find that ™ is generalized Killing if and only if
(I+w)- (BY)+QY)—-AY)—iW(Y))- -1y = 0 for some symmetric B . (33)
Now
W) F) - ¢ =iW(Y) ¢+ (=1)"a(WI))y,

so B(Y) is characterized by

(1+i)(BY)+QY) - AY) =W )1 F+ (-1)"a(W(Y))) -4 =0,
which we can split into components as

BY)+QY)-AY) W) F) ¢
—(BY)+QY) = A(Y) = W(Y)SF) -v-i
+ (=1)"a(W(Y))y
+ (—2Q(Y,v) + 2W (Y, t 7' X))it
+ (-D)"a(W(Y))v -ip = 0.

This is only possible if all four summands are in Spang{v -, 9}, and equivalent
to requiring that at each point (using also (29)))

BY)+QY)-AY)-W({)uF
=QV,t ' Xt X +(Q(Y,v) - WY, t ' X)) (1) "a+v). (34)
By (28)), we obtain
B(Y)+ Q)+ (-1)"Q(Y,v)a — Q(Y,t 7' X)t'X
—(Q(Y,v) =W (Y, t ' X)) ((=1)"a+v) € Ry,
which is equivalent to
B(Y)=-QY)" — (-1)"W(Y.t"' X)a, (35)

where the superscript ‘1’ denotes projection on the orthogonal complement of
Span{X,v}. In light of (BH), we can rewrite ([B4) as

—AY) =W(Y)sF — (=1)"Q(Y,v)a+W(Y,t ' X)v =0,

which by Lemma [13]is automatically satisfied.

Summing up, [B3) is equivalent to the tensor B defined in (3H) being sym-
metric. This is equivalent to W (Y,t71X) being zero whenever Y is horizontal
and a(Y") is zero, or, by the symmetry of W, to

W(X) € Span{o®, X }.

By Lemma [T3] the first part of the statement follows. The second part is now
a straightforward consequence of ([B3]) and Lemma O
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Remark. The statement of Theorem is essentially local. In fact, if one re-
places the Lie group S' with R the proof carries through, provided the contact
reduction M//R is well defined and smooth.

In our language, an a-Einstein-Sasaki structure on M?"*! n > 1 can be
characterized as a contact U(n)-structure admitting a compatible generalized
Killing spinor with

QY)=aY +ba(Y)a

where a and b are constants (see [15]). By [I8], the contact reduction of an
a-Einstein-Sasaki structure is Sasaki. As a consequence of Theorem 2] we
obtain the following:

Corollary 14. Let M be a manifold of dimension 2n + 1 with an a-FEinstein-
Sasaki structure (g,a, F,1)), and let S* act on M preserving the structure in
such a way that 0 is a regular value for the moment map p ans S* acts freely
on u~1(0). Then the Sasaki quotient M//S' is also a-Einstein if and only if

dt € Span{X _ F, o}

at each point of u=1(0), where X is the fundamental vector field associated to
the S* action and t is its norm.

6 Examples

In this section we apply Theorem to two concrete examples in dimension
seven, obtaining hypo-contact structures in dimension five; one of the resulting
structures is the nilpotent example appearing in [I1], and the other is new.

6.1 The Heisenberg group

As mentioned in the introduction, the Heisenberg group Ga,4+1 of dimension
2n + 1 has an o-Einstein-Sasaki structure (see also [24]). We can represent
G241 by a basis of left-invariant one-forms e!, ..., e?"*! satisfying

de' = 0,...,de*" = 0,de*" ™ = —2 (! 4. 2712

The choice of a basis e!, ..., e?"T1 determines an SU(n)-structure by (@), which
is a-Einstein-Sasaki with

Qlei ei) = (=)™, Q(eany1, e2nt1) = (—1)"n,

and the other components of @) equal to zero. Now let X be the right-invariant
vector field with X, = es,,—1. The Lie group {expues,_1} is closed in G, and
acts on G on the left, preserving the SU(n)-structure, with associated funda-
mental vector field X. By construction,

p(g) =0 = Ly X, € (ean—1),
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so 1~ 1(0) is the subgroup with Lie algebra (ey,...,e2,_1,€2,+1), Which con-
tains {expues,—1} as a normal subgroup. It follows that the contact reduction
Gani1//St is the Heisenberg group Ga,_1, consistently with Theorem

Remark. This is not the only way one can obtain the Heisenberg group by means
of a reduction; for example, the above construction applies equally well to the
examples of Section Blrelative to the Lie group H with structure constants (I2)),
setting X, = e2. On the other hand, quotients of semidirect products H x V
do not generally satisfy Theorem [I2] when H is solvable.

6.2 A new compact example

Consider the semidirect product SU(2) x4 H, where ¢: SU(2) — GL(H) is
given by quaternionic multiplication. By [I3], this Lie group has a left-invariant
weakly integrable generalized Go-structure; in fact, we shall see that this struc-
ture satisfies Theorem [[Z] giving rise to a hypo-contact structure on S? x T3.

We shall use quaternionic coordinates, following [23], and write the generic
element of SU(2) x H as (p, ¢). There are two natural left-invariant quaternionic
forms, which give rise to a left-invariant basis of one-forms e!, ..., e” by

ptdp = —2ie' — 2jet —2ke® , pTldg= e +ie® + jeT + ke .
Notice that p~! = p. Also, conjugation and right quaternion multiplication are
equivariant, and

(dp)p =p~ldp, p 'dgj=—e" —ie* + je + ke’

are also invariant forms. From the identities
d(p~"dp) = dp A dp = (dp)p Ap~"dp,
d(p~'dg) = dp A dq = (dp)p Ap~dg,
we deduce that the structure constants are given by
((4646, 2(_636 ey 617)7 2(_615 426 _ 647)7 —4¢19,
2(613 e 667),4614, _2(612 1t 656)) .

Again, the basis e!,...,e” defines a contact SU(3)-structure by (@), and an
identification of left-invariant spinors with ¥ 22 C8; the associated spinor 1) = g
satisfies ([B]) with

Q = diag(2,0,0,2,0,2,0).

In quaternionic terms, denoting by © the symmetric product, we can describe
the metric tensor as

1— - 1
g= Zp‘ldp®p‘ldp+p‘1dq ©p ldg = 19 © dp +d7 © dg,
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which coincides with the standard product metric on S% x R* up to rescaling
the first factor. The contact metric structure is given by

1 _— 1
a=—Repldqj, F= §Rep_1dp Aptdgj = §Red]3/\dqj,
and the reduction to SU(3) by

Q

1 o 1 (11
= a(pdp)3 + ZRepdp(pdqj)2 +i (gRe (pdp)*pdq j + g(pdqﬁ’) :

Now introduce the real coordinates

p=po+ipr+jp2+kps, q=qo+iq +jg2 + kgs,
and consider the closed one-dimensional subgroup
K ={(0,jg2) € SU(2) x H, g2 € R}.

The left action of K on SU(2) x H preserves the SU(3)-structure, and has the
right-invariant vector field

0
X =—
0q2

as its associated fundamental vector field. It follows that the moment map is
= a(X) = —(podgz + prdgs — p2dqo — p3dq1)(X) = —po,

and t = 1. Then p~1(0) = S? x H, where S? is the two-sphere of imaginary unit
quaternions, and the contact reduction is well defined and smooth; explicitly,

(SU(2) x H)//K = S? x R3.

Since H is normal in SU(2) x H, at each point X lies in the span of eq, €3, €5, e7.
Hence, Q(X) = 0, and by Theorem [[2 we obtain a hypo-contact structure on
52 x R? with

B = diag(0,—-2,0,—-2,0).

We can repeat the construction starting with M = Z*\(SU(2) x, H), where
7Z* C H consists of points with coordinates in Z. Since K and Z* commute
a free circle action is induced, and we can apply Theorem To identify the
contact reduction, observe that the above description of 1 remains valid. Hence,
we obtain a diagram

pot0) ——=M

d

M//S? T4 T4

28
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with each arrow corresponding to a trivial torus bundle; in particular,

M/)S* = 8% x T3 .

Acknowledgements. We would like to thank S. Salamon for helpful sug-

gestions.
References
[1] C. Bar. Real Killing spinors and holonomy. Comm. Math. Phys.,

2]

[11]

[12]

[13]

154(3):509-521, 1993.

C. Bér, P. Gauduchon, and A. Moroianu. Generalized cylinders in semi-
Riemannian and spin geometry. Math. Z., 249:545-580, 2005.

C. P. Boyer, K. Galicki, and P. Matzeu. On eta-Einstein Sasakian geometry.
Comm. Math. Phys., 262(1):177-208, 2006.

R. L. Bryant. Nonembedding and nonextension results in special holonomy.
In Proceedings of the August 2006 Madrid conference in honor of Nigel
Hitchin’s 60th Birthday. Oxford University Press.

R. L. Bryant. Calibrated embeddings in the special Lagrangian and coas-
sociative cases. Ann. Global Anal. Geom., 18:405-435, 2000.

CoCoATeam. CoCoA: a system for doing Computations in Commutative
Algebra. Available at http://cocoa.dima.unige.it.

D. Conti. Embedding into manifolds with torsion. Math. Z. In press.

D. Conti. Invariant forms, associated bundles and Calabi-Yau metrics. J.
Geom. Phys., 2007.

D. Conti and S. Salamon. Generalized Killing spinors in dimension 5. Trans.
Amer. Math. Soc., 359(11):5319-5343, 2007.

M. Cveti¢, H. Lii, Don N. Page, and C. N. Pope. New Einstein-Sasaki
spaces in five and higher dimensions. Physical Review Letters, 95:071101,
2005.

L. C. de Andres, M. Fernandez, A. Fino, and L. Ugarte. Contact 5-
manifolds with SU(2)-structure. Q. J. Math., 60:429-459, 2009.

W. A. de Graaf. Classification of solvable Lie algebras. Experiment. Math.,
14(1):15-25, 2005.

A. Fino and A. Tomassini. Generalized G2-manifolds and SU(3)-structures,
2006. arXiv:math/0609820.

29



[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

[22]

23]

[24]

T. Friedrich and I. Kath. Einstein manifolds of dimension five with small
first eigenvalue of the Dirac operator. J. Differential Geom., 29:263-279,
1989.

T. Friedrich and E. C. Kim. The Einstein-Dirac equation on Riemannian
spin manifolds. J. Geom. Phys., 33:128-172, 2000.

J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram. Sasaki-Einstein
metrics on S? x S3. Advances in Theoretical and Mathematical Physics,
8:711, 2004.

H. Geiges. Constructions of contact manifolds. Math. Proc. Cambridge
Philos. Soc., 121(3):455-464, 1997.

G. Grantcharov and L. Ornea. Reduction of Sasakian manifolds. J. Math.
Phys., 42(8):3809-3816, 2001.

N. Hitchin. Stable forms and special metrics. In Global Differential Ge-
ometry: The Mathematical Legacy of Alfred Gray, volume 288 of Contemp.
Math., pages 70-89. American Math. Soc., 2001.

N. J. Hitchin, A. Karlhede, U. Lindstrém, and M. Roc¢ek. Hyper-Kéhler
metrics and supersymmetry. Comm. Math. Phys., 108(4):535-589, 1987.

E. Lerman. Contact toric manifolds. J. Symplectic Geom., 1(4):785-828,
2003.

B. Morel. The energy-momentum tensor as a second fundamental form.
DG/0302205, 2003.

S. Salamon. A tour of exceptional geometry. Milan J. Math., 71:59-94,
2003.

A. Tomassini and L. Vezzoni. Contact Calabi-Yau manifolds and special
Legendrian submanifolds. Osaka J. Math. In press.

Dipartimento di Matematica e Applicazioni, Universita di Milano Bicocca, Via Cozzi
53, 20125 Milano, Italy.
diego.contiQunimib.it

Dipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, 10123 Torino,

ITtaly.

annamaria.fino@unito.it

30



	1 Generalized Killing spinors
	2 Calabi-Yau cones
	3 Seven-dimensional semidirect products
	4 Spin structures and submersions
	5 Contact reduction and spinors
	6 Examples
	6.1 The Heisenberg group
	6.2 A new compact example


