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Abstract

In this work, we show that a class of metric-affine gravities can be reduced to a Riemann-
Cartan one. The reduction is based on the cancelation of the nonmetricity against the
symmetric components of the spin connection. A heuristic proof, in the Einstein-Cartan
formalism, is performed in the special case of diagonal unitary tangent metric tensor. The
result is that the nonmetric degrees of freedom decouple from the geometry. Thus, from the
point of view of isometries on the tangent manifold, the equivalence might be viewed as an
isometry transition from the affine group to the Lorentz group, A(d,R) — SO(d). Fur-
thermore, in this transition, depending on the form of the starting action, the nonmetricity
degrees might present a dynamical matter field character, with no geometric interpretation
in the Riemann-Cartan geometry.
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1 Introduction

The renowned article by T. W. B. Kibble [I] describing gravity in a gauge theoretical approach,
with 1SO(d) = SO(d) x R? local symmetry group (with global translations), has inspired many
consequent works on the field. In particular, the generalization of the theory to the affine group
A(d,R) = GL(d,R) x R, with global translations, has led to a new class of theories, the Metric-
Affine gravities [2, [3]. The former [I] puts gravity in a Riemann-Cartan geometry (RCG), where
torsion, 7%, is allowed and spinorial matter can couple to gravity. The gauge fields of the theory
are the v1elbe1nH e®, associated with global translations, and the spin connection, w®, associated
with the SO(d) grouplﬂ and is directly related to the affine connection, I'. The second case [2] [3],
describes a metric-affine geometry (MAG) where not only torsion, but also nonmetricity, Q,
is allowed. In this case, the relation between the spin and affine connections entails also the
deviation tensor, M. As it will become evident in this work, the deviation tensor is directly
related to the nonmetricity.

Basically, the difference between RCG and MAG is the nonmetricity tensor, which appears
as a non-vanishing quantity in the MAG. However, the nonmetricity cannot be derived from the
algebra of the covariant derivatives, and thus, from the gauge procedure standpoint, it seems
unnatural to consider it as a field strength. On the other hand, the nonmetricity is commonly
used as a field strength or even as a propagating spin-3 physical field; see for instance [2, [3], [4].
In that context, the nonmetricity appears explicitly in the action of a gravity theory.

Therefore, to highlight the issue of the physical role of the nonmetricity, we discuss in this
work if the nonmetricity may or may not be eliminated from the geometry. To do so, we consider
the full covariant derivative of the vielbein, De = M, where M is the deviation tensor. This
equation is taken here as the fundamental equation of the MAG. When M = 0, we are dealing
with the RCG [I]. Further, we consider only Euclidean metrics on the tangent space. This
restriction enforces a particular case of the MAG. We then show that the nonmetricity eliminates,
in a natural way, the symmetric degrees of freedom of the spin connection in the full covariant
derivative of the vielbein. To be more specific, the symmetric part of the deviation tensor and the
symmetric part of the spin connection cancel, eliminating all the symmetric degrees of freedom
of the referred equation. Thus, we have on this equation just Lorentz algebra valued quantities.
The antisymmetric part of the deviation tensor is then absorbed into the antisymmetric part
of the spin connection, resulting in the usual constraint for the RCG, De = 0, where D, carries
just the Lorentz affine and spin connections, I and &. Thus, as a consequence one identify a
kind of geometric reduction in the form A(d, R) — SO(d), on the tangent manifold. Obviously,
the restriction to Euclidean tangent metrics plays a fundamental hole on the cancelation of the
symmetric degrees of freedom. A more general and formal proof is left for a future work [5].

We also discuss the consequences of this geometric transition from the curvature and torsion
points of view, as well as a from a general gravity action, not explicitly depending on the
nonmetricity. It is shown that the nonmetricity is not completely eliminated, but it appears
as a matter field decoupled from the geometry. The same result is obtained by considering as
starting point an action with an explicit dependence on the nonmetricity.

This work is organized as follows: In Sect.Il, we provide a brief review of the properties,

*The vielbein is identified to global translations. In fact, the gauge field of translations can be associated to a
part of the vielbein. See [3] and references therein.

fFor mathematical purposes, always that is possible, we avoid noncompact groups in this work. Also, we call
the SO(d) group by Lorentz group since we are considering Euclidean tangent spaces.



notation and conventions of the MAG, used in this work. In Sect.III, we establish a few state-
ments in order to show the reduction of MAG to RCG. After that, the physical consequences of
the reduction are discussed. Finally, in Sect.IV, we display our Conclusions.

2 Generalities of Metric-Affine geometry

To describe the MAG, we can think of a d-dimensional manifold M which is characterized by a
metric tensor, g, and an affine connection, I', independent from each other. This is the so called
metric-affine formalism. The geometry is associated with a A(d,R) diffeomorphism invariance.
We define the covariant derivative, V, by its action on a tensor field v according to

Vo = 9" +T,,70%,
Voo, = v, — FWO‘UQ , (1)

where Greek indices stand for the coordinates in the manifold M. The curvature and torsion
can be identified from

[vlﬂ VV]UOl = _Ruuaﬁvﬁ - Tuuﬁvﬁva ) (2)
where R is the Riemann-Christoffel curvature and 1" the torsion tensor
_ B vy B
Ruuaﬁ(r) - a[,ury]a - F[/Mx F1/]'y )
(7
TWO‘ = F[W] . (3)

The effect of the independence between g and I' is a nonmetric geometry characterized by a
non-trivial nonmetricity, @,

Quua = vugua . (4)

One may also study the MAG through the isometries of the affine group in the tangent space,
T, the well-known Einstein-Cartan formalism. The gauge fields associated with translations on
T and GL(d,R) rotations are, respectively, the vielbein, e, and spin connection, w. The vielbein
maps M quantities in 7 quantities, v* = e, v*'. The gauge covariant derivative D acts on the
tangent space according to

a a a b
D" = Oy +w, v,

Dy, = 0,vq — w“abvb . (5)
In (@) the vielbein does not appear as a connection due to fact that, strictly speaking, it is not a
connection. The vielbein is associated to the connection of translations modulo a compensating
part that ensures the vector behavior of the vielbein. In fact, as discussed in [3] and references

therein, the equivalence between translational connections and vielbein occurs when one assumes
a breaking on the local translational invariance to a global one.

From (Bl we can write
[Dl“ DV]Ua = Quyabvb ’ (6)

where () is the spin curvature

Q,u,uab(w) = a[ﬂwu}ab o w[,uacwu]cb : (7)



Further,

[Da, Dy|v° = Qabcdvd - KabdDdUC ) (8)

where K is the spin torsion
K, =€ D[aeé‘} : 9)

Also, nonmetricity appears as given by
ab _ D ab 10
Qp - /.177 9 ( )

where 7 is the flat metric tensor of 7. In general, n = n(z). However, we restrict ourselves to
the case that 7 is strictly Euclidean. This restriction enforces a particular case of the MAG.
As said before, the results on this work are restricted to this particular class of the MAG and,
therefore, is taken as a heuristic proof of the geometric reduction from the MAG to the RCG.

In order to characterize the MAG by a single geometric equation, we adopt to work with the
full covariant derivative, D, acting on a M-T mixed object. Here, for the sake of convenience,
we take the vielbein itself,

a __ a aa a a_a a b
Dye, = Dyey, — T, “eq = e, — T, eq Fw, pey (11)

Notice that, with this definition, Quab = Dun“b = Dlm“b. Now, by defining the deviation tensor
M as
M,°, = Dyey , (12)

we rewrite expression (IIl) as a constraint characterizing the MAG
ouey, — T, %q + wuabelb, =M,",, (13)
from which we can easily write the relation between the affine and spin connections

L% =eqoue; + wuabege,b, -M,°, . (14)

This constraint fixes I as a function of w, e and M. Thus, I' is completely determined from
the properties of the tangent manifold 7 and M. We remark that the RCG is obtained from
M = 0. As a consequence we can interpret the deviation tensor as a measure of how the MAG
differs from the RCG.

Let us develop some useful algebraic properties of the symmetry of the tangent manifold.
The group decomposition of the affine group is

A(d,R) = GL(d,R) x R 2 S(d) ® I1SO(d) . (15)
The space S(d) is formally defined as the coset space,
5(d) = GL(d,R)/S0(d) , (16)

where S(d), which is not a group, can be represented by the collection of all symmetric matrices
[6, [7, [8]. This space possesses d(d + 1)/2 dimensions. The Poncaré group, also with d(d + 1)/2
dimensions, is decomposed according to

IS0(d) = SO(d) x R? | (17)

where SO(d) is the group of pseudo-orthogonal matrices, the Lorentz group, with rank d(d—1)/2
and the semi-direct product with R? characterizes the extra global translational symmetry.



The affine group decomposition might be used to decompose the algebra-valued spin con-
nection. For that, we expand it on the generators of the GL(d,R) group, T,

Wy = wuabT“b . (18)

also, 7% may be decomposed into the generators of the symmetric sector A% = AP and the
Lorentz group ©% = —%%@ Thus,

1 ab ab
wy, = 3 (Wu(ab)A + Wu[ab]z ) . (19)
From (I0) and (I2]), we deduce that the nonmetricity is referred to
Qpuab = Wi(ab) = Miu(ap) - (20)

It is important to emphasize again that we are considering FEuclidean tangent metric tensors.
This condition is fundamental to obtain the first relation in (20). Thus,

Wy = % (qMabAab + wu[ab]zab> ) (21)
Where ¢, associated to the nonmetricity through (20)), is the symmetric part of the spin con-
nection. The fact that we are restricted to Euclidean tangent metrics, implies that the vielbein
transforms always through O(d) group transformations. Thus, to preserve (20) one has to re-
strict the GL(d,R) transformations to its Lorentz sector also for the symmetric part of the spin
connection. Thus, a kind of symmetry breaking is enforced by the Euclidean condition on the
tangent metric at the same level of the case of the vielbein and translations. This property is of
remarkable importance in what follows.

3 Reduction of MAG to RCG

3.1 Heuristic proof

We now provide simple arguments concerning the relationship between the MAG and RCG.
The final conclusion being that MAG and RCG are essentially equivalent to each other modulo
a vector space. We start with the most general MAG based on the local affine gauge group,
including local translations. Thus, we demand two ad hoc requirements:

e The vielbein transforms as a vector under the Affine group transformations. As discussed
at the Introduction, see [3], this requirement implies that the local translations breaks in
favor of global ones.

e The metric tensor on the tangent space are restricted to Euclidean ones, n = 1. This
second requirement is consistent with the topological nature of the GL(d,R) group, which
is noncompact. The compact sector is the SO(d) subgroup. Thus, the coset space S(d) is
trivial and carries only trivial topological information [6l [7, [8]. Moreover, this requirement
ensures the validity of (20) in any gauge.

Those requirements suggests that the general MAG is automatically driven to a subclass of it in
which the gauge connection is the Lorentz spin connection while the vielbein and the symmetric
spin connection are tensors. In fact, that is what occurs and the proof is straightforward:



e Statement 1: There is no tangent manifold geometry without SO(d) group.

Proof : From the decomposition (IH]) into a trivial part and a compact one, we see that the
connection character of the spin connection lives at the Lorentz sector. Also, the Lorentz
group is the stability group of the affine group. This property establishes that the Lorentz
group is the essential ingredient to define a geometry on the tangent manifold. Physically,
it means that the Lorentz group is the sector which establishes a gauge theory for gravity.
Thus, the vielbein and the symmetric part of the GL(d,R) spin connection are taken as
tensors under SO(d) gauge transformations. This statement is very supportive for the two
requirements above stated.

e Statement 2: In the full covariant derivative of the vielbein, the nonmetricity and the
symmetric part of the spin connection mutually cancel.
Proof: Substituting (20]) in (I3]) we find
1 —
ouey, — T, %eq + 3 (wuab - M“ab) el =0. (22)
where @/2 is the antisymmetric part of the spin connection and M /2 is the antisymmetric
part of the deviation tensor.

e Statement 3: The MAG can be reduced to the RCG.
Proof: The previous statement establishes that the nonmetricity and the symmetric part
of the spin connection decouples from the MAG constraint (I3]). This means that, in ([22]),
we have just Lorentz algebra valued quantities, i.e., @ and M. The quantity @ = (w—M)/2
behaves exactly as a RC spin connection, since M is a tensor. Thus, defining the RC spin
connection, w, according to

- 1/_ —= a
8.y =5 (@5 -1,0%) . (23)
we have, from (22)) and (23),

Dyel = dyel =T, % + @, % el =0, (24)
which is the well-known constraint of the RCG. Thus, expression (I3)), characterizing
the MAG, is reduced to the expression (24)), characterizing the RCG. The cancelation of
the nonmetric degrees of freedom with the symmetric sector of the spin connection and
the redefinition of the spin connection according to (23) provides then a kind of natural

geometric reduction of the tangent manifold
A(d,R) — SO(d) . (25)

We can then interpret the cancelation between the symmetric spin connection and the
symmetric deviation tensor as an evidence of the decoupling of the nonmetric degrees of
freedom from the MAG. Also, the redefinition (23]) seems to be compatible with background
field methods [9], since M is Lorentz algebra valued. In expression (22)), the relevant
quantity of the geometry is the spin connection, which is algebra-valued on the Lorentz
group. The tensor field M is irrelevant for the geometry, since it can be absorbed into the
spin connection. Thus, to carry M or not is just a matter of convenience. Absorbing it,
we are just changing the tetrad, e, in other to fit it into geodesic curves. Further, in (22]),
since there are no nonmetric degrees of freedom, one can infer that Q=0, independently
of M.



A more deep analysis of this section makes possible the following logic chain, more suitable
for the heuristic proof: Statement 1 says that, one can reduce the affine gauge group
to its compact and nontrivial sector by continuously deforming the trivial compo-
nents, namely R? and S(d), see [6], 7, [8]. Thus, such reduction implies on the two
requirements first proposed: The braking of local translations to global ones by
assuming a vector behavior of the vielbein and its association with the gauge field
of translations [3] and also the imposition of n = I, which is just the continuous
deformation of the general linear group to the orthogonal subgroup. Therefore,
Statements 2 and 3 follows naturally.

3.2 Physical discussion

Let us now exploit the physical consequences of the geometric transition (25) and the spin
connection redefinition (23]). We start with the simplest case, where the action has no explicit
dependence on the nonmetricity. For that we first consider the metric-affine formalism. In this
case, from (I4]), we see that, the effect of the nonmetric degrees of freedom cancelation, together
with (23]), on the affine connection results on the relation,

L, =T.". (26)

Thus, applying (26]) on the curvature and torsion, given in (B]), we find

R,uuaﬁ(r) = R,uzxaﬁ(r) )
T,“T) = T,%I). (27)
Those relations show that, if we start with a gravity theory with action S(R,T'), then the action
is invariant under (23). Thus, one can equally work in a MAG or RCG. From the metric-affine
formalism point of view, both geometries are totally equivalent (when no explicit terms on
nonmetricity are considered).

We can also analyze the previous effect from the Einstein-Cartan formalism. In this case,
the relations (2I]) and (23]) provide

1 -
w:§(q+w):M+w (28)
Thus

Quuab(w) = Quuab(Q/2 + 5/2) )
K,'w) = K,%/2+w/2). (29)

In this case, things are not so easy as in the metric-affine formalism. From the tangent manifold
isometries, the transition (20]) costs the explicit appearance of the symmetric degrees of freedom
of the GL(d,R) spin connection. However, the interpretation of this effect is not difficult:
There are two equivalent possibilities to work with. The first is to work in the
MAG and deal with nonmetric properties of the geometry. The second is to work
in a metric geometry, the RCG, with the dynamical field ¢, which has no geometric
interpretation after the transition (25]). In this case, ¢ behaves as a matter field
living in a RCG.



It remains to discuss what happens if a gravity action depends explicitly on the nonmetricity.
In this case, a general gauge invariant dependence on the nonmetricity will not be eliminated
by the reduction (25]). In general, nonmetricity terms survive the transition (25]). However, as
in the previous case, no geometrical interpretation is assembled to ¢. In fact, ¢, again, is just a
matter field embedded in a RCG.

4 Conclusions

In this article we have discussed the possibility of reducing the metric-affine geometry to a
Riemann-Cartan one. This relation follows from the cancelation of the symmetric GL(d, R) spin
connection against the symmetric part of the deviation tensor, in the full covariant derivative of
the vielbein. The effect is the transition described in (25]).

On physical grounds, the transition ([25]) does not affect neither the affine nor Lorentz sym-
metries; it simply shows that the non-SO degrees of freedom decouple from the theory, resulting
on a pure Lorentz gauge theory a ld Kibble [I]. In terms of a gravity action with explicit non-
metricity dependence, to maintain the validity of our results, the nonmetricity should always
appear in the combination w — ¢/2. Otherwise ¢ manifests itself as a dynamical matter field
coupled to a RCG. Thus, there would be, essentially, two possibilities for constructing a gravity
theory: a.) Accept (28] and construct theories with no @ dependence at the Riemann-Cartan
sector. In that case, the theory would be totally equivalent in both geometrical descriptions.
b.) Start with a general nonmetric geometry and deal with a dynamical matter field after the

reduction (23]).

We emphasize that the main result of this work, described by the geometric reduction (25)
is based on the heuristic approach of Sect. 3.1. A formal analysis of the reduction ([25) and a
rigorous proof, and also their physical consequences, will be discussed in a future work [5].
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