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Abstract:  At first, we state some results in arXiv: 0707.2639, and then, using a positive kinetic 
energy coordinate condition given by arXiv: 0707.2639, we present an action with positive kinetic 
energy term for general relativity. Based on this action, the corresponding theory of canonical 
quantization is discussed. 
 
 
 
1  Some results in arXiv: 0707.2639 
1.1  Basic form of the theory 

Considering the tetrad field α
µ
ˆe  by which the metric tensor µνg  is 

να
α
µ

β
ν

α
µβαµν η ˆ

ˆˆˆ
ˆˆ eeeeg == .                          (1)    

Define 

( ) ( ) ( ), 
2
1

2
1

2
1

 , ˆ , ˆ
ˆ

 , ˆ , ˆ
ˆ

 , ˆ , ˆ
ˆ

 ;ˆ
ˆˆˆˆ

ˆˆˆ

µνανµα
α
λµλαλµα

α
ννλαλνα

α
µ

λνα
α
µ

γ
λ

β
ν

α
µγβαµνλ

eeeeeeeee

eeeeerF

−−−−−=

==
 

where γβα ˆˆˆr  is the Ricci’s coefficients of rotation: 
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The Einstein-Hilbert action 
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The corresponding Euler-Lagrange equations 
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There are six identities and ten independent equations being equivalent to the Einstein equations 
in the sixteen Euler-Lagrange equations. 
1.2  The Schwinger time gauge condition 
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    Under the condition (3), (2) is simplified to the following form 

( ) ( )
( )

( )

( ) ( )
( ) . 

2
1           

2
1

, 2

, 
2
1

4
1

, 

, 
2
1

, 2

ˆ
 , 

ˆ
 , ˆ

ˆ
0

ˆ
 , 

ˆ
 , ˆ

ˆ
0ˆˆ

ˆ
 , 

ˆ
 , ˆ

ˆ
0

ˆ
 , 0

ˆ
0 , ˆˆ

ˆ
 , 0

ˆ
0 , 

ˆ
 , 0

ˆ
0 , ˆˆG0

ˆˆˆˆˆ
ˆ

ˆˆˆˆ

ˆ
 , 

ˆ
 , 

ˆ
 , 

ˆ
 , ˆˆˆˆˆ

ˆ
ˆˆˆ

ˆ
GV

ˆ
 , 

ˆ
 , 

ˆ
ˆˆ

G0
20

0̂
ˆ

 , 
ˆ

 , 0̂
ˆ

 , 
ˆ
 , 0̂ˆˆG0

GV
0̂

 , 0
0
0̂G0G






 −−+






 −−−





 −−=

−+=






 −−






 +−−=

−=

=




 −−=

++=

b
jm

b
mj

m
d

da
il

a
li

l
c

cij
ba

b
jm

b
mj

m
d

da
i

a
i

ij
ba

b
j

b
j

a
i

a
i

ij
ba

j
b

i
a

i
b

j
a

j
c

ic
ba

ij
ba

b
jm

b
mj

a
il

a
li

j
b

i
a

i
b

j
a

j
d

id
ba

m
c

lc

a
ij

a
ji

kbj
b

i
a

k

b
j

b
j

a
i

a
i

ij
ba

k
k

eeeeeeeeM

eeeeeeMeeeeML

eeeeeeM

eeeeeeeeeeeeL

eeeeeU

LeeeeeeeML

LUeeLL

η

η

νν
ν

µµ
µ

      (4) 

In (4), time derivative term only appears in G0L  and there is not the term α̂
0 , 0e  in G0L . 

The sixteen Euler-Lagrange equations 0ˆ =αµΘ  under the condition (3) read 
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Because there is not ie0̂  in G
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0 Lee , there is not the corresponding equation 00̂ =iΘ  in 

the Euler-Lagrange equations. On the other hand, we can prove 
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It shows that 00̂ =iΘ  does not provide new independent equation. 

The rest nine equations are 



 3

, 08~                

                

~11

ˆ0̂
04 , ˆ , ˆ

ˆ0̂
0

ˆ0̂
ˆ

ˆ
0

ˆ0̂
ˆ

ˆ
0

ˆ

 , 0ˆ0 , ˆ
ˆ0̂ˆˆ0̂

 , 0

ˆ0̂
0

ˆ0̂
ˆ

ˆ
0

ˆ0̂
ˆ

ˆ
0

3
3

ˆ0̂3
03

ˆ0̂
0

=−




 −




 +−+






 −−+





 





 +−

∂

∂
+







∂

∂
−=

ai
jkbkjb

bikbki
c

cbik
c

cja

jbjb
bijaija

j

aijaji
b

baij
b

b
j

aiai

Te
c

GeeseSeeSeee

eeSeUee

seSeeSeee
xe

Se
xe

e

π

Θ

      (8) 

where iU  and aiS ˆ0̂  are given by (4) and (7), respectively; 
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1.3  The non-positive definiteness of the quadratic term of time derivative in GL  

The quadratic term of time derivative in G0L  given by (4) is non-positive definitive. This 
conclusion is obvious from the following expression: 
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    G0L  can be written to the following form: 
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1.4  A coordinate condition insuring positive definiteness of the kinetic energy term in G0L  
    The following formula is proved: 
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and the quadratic term of time derivative in G0L  given by (9) is thus positive definitive. 
1.5  A group of variable substitution 

 
Using (3) and (1) we have 
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Based on (16), we define 
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Taking advantage of (17), ijg  as an independent variable is separated from the six dynamical 

variables ijg . Contrarily, we can obtain easily the expression 
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from (17). And, if there does not exist gravitation field, and 1332211 === ggg , 

0  312312 === ggg  (Minkowski metric), then 0    ,1 543210 ====== hhhhhh .  
1.6  The Cholesky decomposition 
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The form of iae ˆ  given by (20) is so called Cholesky decomposition in algebra. 
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2  An action with positive kinetic energy term for general relativity 
In §1, we state some results in arXiv:0707.2639, one among the results is that the quadratic 

term of time derivative in G0L  given by (4) is non-positive definitive; but, generally speaking, 
the quadratic term of time derivative in an action corresponds to kinetic energy of the system, if 
this term was non-positive, then it was weird. On the other hand, the non-positive definiteness of 
the quadratic term of time derivative in an action leads to the principle of variation failure[2]. 

On the other hand, yet based on the results given by §1, we can present an action with 
positive kinetic energy term for general relativity. 

Substitute (13) into (5), (6) and (8), we obtain the Einstein equations with the character (13) 
under the condition (3), whose concrete forms no longer be written down here. 

In (9), the negative kinetic energy term in G0L  is 
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λ

λ

λλ
λ

            (24) 

It is important that we can prove that the action 

GPK
44

3
 d

16
Lxe

G
cS ∫=
π

,                          (25)            

GV
0̂

 , 0
0
0̂GNKG0GNKGGPK 2 LUeeLLLLL k

k ++−=−=                  (26)       

can leads to the Einstein equations with the character (13) under the condition (3), where GL  is 
given by (4); especially, in GPKL , time derivative terms only appear in the term 
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( )
2

 , 
00

0

 , 00

0

0 , 
00

0̂0̂GNKG0 2
1

2
1

3
2 

























++−−=−

i

i

ilm
lm

i

lm
lm

lmij
lmijjmil

g
ggg

g
ggggggggeeLL νµ

νµ ΓΓ . 

It is obvious that there is not any negative kinetic energy term in GPKL , we therefore can use 
(25) to quantize gravitation field by various methods of quantization. In this paper, we only 
discuss the method of canonical quantization. 

 
3   The Hamiltonian representation 

As a first step of the Hamiltonian representation, we need 3+1 dimensional decomposition of 
space-time manifold, this can be realized by the well-known ADM decomposition: 

( )( ) ji
ij

i
i

ji
ij xxhxxNxNNhNs dddd2dd 02022 ++−−= ,             (27) 

where j
iji NhN = . For using the form of the foregoing formulas, we still use ijg  to denote ijh . 

Under (3), both (14) and (15) hold in this case, and especially we have 

jai
a

ijijiiia
ii

iaa eeghNeeNeNeeNe ˆ
ˆ

0
0̂0̂

ˆˆˆ
0

0̂
0  ,  ,   , ==−==== .           (28) 

For the action (25), substituting (21) into (26) and considering (28), we have 

) , , ; , , ; ;( d
16  , 0 ,  ,0 , GPK0

4
3

ijiiiuu hNNhNNhhLNhx
G

cS λπ ∫= ,  u = 1, 2, 3, 4, 5,    (29) 

defining  
( ) ( )( )

0 ,

GNKG00

0 ,

GPK0

uu
u h

LLNh
h

LNh
∂

−∂
=

∂
∂

=π , u = 1, 2, 3, 4, 5,             (30) 

and from (30) we obtain 0 ,uh  as the functions of vπ : 

)(0 ,0 , vuu hh π= , u, v = 1, 2, 3, 4, 5.                   (31) 

Substituting (31) into (29), we have 

) , , ; , , ; ; ;( d
16  , 0 ,  ,0 , GPK0

4
3

ijiiiivvu hNNhNNhhLNhx
G

cS π
π ∫= ,  u, v = 1, 2, 3, 4, 5.   (32) 

From the above expression we can obtain five constraints: 

Hamiltonian constraint: 
( ) ( )

0
 ,

GPK0GPK0 =
∂

∂
∂−

∂
∂

i
i N

LNh
N
LNh

,             (33) 

Diffeomorphism constraint: 
( ) ( )

0
 , 

GPK0

 ,

GPK0 =
∂

∂
∂−

∂
∂

ji
j

i N
LNh

N
LNh

,           (34) 

0h  constraint: 
( ) ( )

0
 , 0

GPK0

0

GPK0 =
∂

∂
∂−

∂
∂

i
i h

LNh
h
LNh

.                (35) 

After realizing quantization, the commutation relations are 

[ ] [ ]
[ ] .5 , 4 , 3 , 2 , 1 ,      ; 0) ,( , ) ,(

; 0) ,( , ) ,( ; )(i) ,( , ) ,( 3

==′
=′′−=′

vutt
ththtth

vu

vuuvvu

xx
xxxxxx

ππ
δδπ h             (36) 

(33) ~ (35) change to five constraint equations for wave function )]([ xhuΨ , the five equations of 
motion of operators are 

[ ] .5 , 4 , 3 , 2 , 1     ;  , ) ,() ,(i == uHtt uu xx ππ&h                   (37) 
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In (37),   











−= ∑∫

=

) , , ; , , ; ; ;()( d  , 0 ,  ,0 , GPK0

5

1
0 ,

4
ijiiiivvu

u
vuu hNNhNNhhLNhhxH πππ .     (38) 

All the concrete forms of (29) ~ (38) obtained by computer are complicated. 
 
 
 
 

References 
 
[1] T. Mei. On the vierbein formalism of general relativity. arXiv:0707.2639 
[2] Л.Д.ЛандауЁ.М.Лифшиц.Теория поля (Гостехизд

ат, 1948), § 11-3 

. 
 
 
 


