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GLUING CONSTRUCTIONS FOR ASYMPTOTICALLY
HYPERBOLIC MANIFOLDS WITH CONSTANT SCALAR
CURVATURE

PIOTR T. CHRUSCIEL AND ERWANN DELAY

ABSTRACT. We show that asymptotically hyperbolic initial data satis-
fying smallness conditions in dimensions n > 3, or fast decay conditions
in n > 5, or a genericity condition in n > 9, can be deformed, by a de-
formation which is supported arbitrarily far in the asymptotic region, to
ones which are exactly Kottler (“Schwarzschild- adS”) in the asymptotic
region.
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1. INTRODUCTION

One of the key problems in mathematical general relativity is the under-
standing of the space of solutions of the vacuum constraint equations. In
this context an important gluing method has been introduced by Corvino
and Schoen [12,13] for vacuum data with vanishing cosmological constant.
The object of this paper is to present related gluing results when the cosmo-
logical constant A is negative. The question we address is the possibility of
deforming an asymptotically hyperbolic Riemannian manifold of constant
scalar curvature, and hence a time-symmetric vacuum initial data set, to
one with a Kottler metric (sometimes known as Schwarzschild — anti de Sit-
ter metric) outside of a compact set. We establish deformation or extension
theorems in dimensions n > 3 under a smallness condition for metrics suffi-
ciently close to (generalized) Kottler metrics, or under smallness and parity
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2 P.T. CHRUSCIEL AND E. DELAY

conditions for metrics close to a standard hyperbolic metric, or assuming a
rapid decay condition in dimensions n > 5.

More precisely, we consider n-dimensional manifolds containing asymp-
totic ends

(1.1) Moyt := (ro,00) X N,

where N is a compact manifold. We are interested in constant scalar curva-

ture metrics which asymptote, as 7 goes to infinity, to a background metric
b of the fornd]

dr?
r2+k

where k € {0,£1}, and where b is a (r—independent) metric on N satisfying

o~

(1.2) b= + 7%,

Ric(b) = k(n — 2)b. A family of examples is provided by the (generalized)
Kottler metrics,

=———F5—+71.
r2+k— r%ﬁz
Note that by = b, with b as in (2.
For the purpose of the next theorem define the manifold M to be

M = (7“0,7‘2] X N,

and suppose that g is a constant negative scalar curvature metric on M close
to b, or to b,,. There are two natural questions:

First, choose 1y satisfying ro < 71 < 79, can one deform g, keeping
the scalar curvature fixed, so that the resulting metric coincides with g
on (rg,r1] x N, and with b,,, for some m, near {ro} x N7 In this case we
set M' = (ro,r1] x N, M" = [rg,00) x N, and we refer to this case as the
deformation problem.

Next, let rg > ro, can one extend g to a new metric of constant scalar
curvature on (rg,00) x N so that the extended metric coincides with b,,, for
some m, on [rg,00) x N7 In this case we set M’ = M, M" = [r3,00) x N, and
we refer to this case as the extension problem. It is shown in [8, Section 8.6]
how to reduce this problem to the deformation one.

Our aim here is to show that those problems can always be solved when

(1.3) by

g is sufficiently close to b, except perhaps when (N ,/l;) is a round sphere
and m = 0, in which case we need to impose a restrictive condition: For
(r,q) € M let ¥(r,q) = (r,¢(q)), where ¢ is the antipodal map of the sphere.
A metric g on M will be said to be parity-symmetric if ¢*¢g = g. At the end
of Section [ we prove:

~

THEOREM 1.1. Letn >3, N> (> [§]+4, A€ (0,1), m e R. If (N,b) is a
round sphere and m = 0, we suppose moreover that g is parity-symmetric.
There exists € > 0 such that if |g—bm|| ey < €, then there exists on Meg
a CY metric of constant negative scalar curvature which coincides with g
on M', and which is a Kottler metric on M". If g is smooth, then so is the
solution of the deformation problem.

IThe constant k in ([2)-(3) is of course unrelated to the order of differentiability k
used elsewhere, we hope that this will not confuse the reader.
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We emphasize that g and b, are only required to be close to each other
on an “annulus” as above, and in fact b,, is not even defined throughout the
original manifold.

We can also prove a result without smallness assumptions which, however,
excludes dimensions three and four. Moreover the decay rates are undesir-
ably restrictive in dimensions five, six and seven; they are satisfactory, but
not as weak as one would wish, in higher dimensions.

Let g be an asymptotically hyperbolic metric as defined in Section 2], and
let p?u) be the momentum vector of g, obtained by passing to the limit as r
goes to infinity of the integral (5. below over submanifolds r = const. Let
bp,,, denote a (generalized, boosted) Kottler metric with momentum vector
P(u)- Suppose that

8, n=0567,
(1.4) n>5, a>{8+Tnv n> 8

(This can be compared with the conditions a > n/2, n > 3, needed for p(()u)

to be well-defined, or @ = n, which holds for Kottler metrics.) For a < n
we assume that g has the following asymptotic behaviour

(1.5) g = bls + 1D(g = B)lp + ... + [DET2 (g — by = O(p®) ,

where D is the covariant derivative operator of b. For a > n, if (N ,/5) is a
round sphere, we assume that the momentum vector p(()u) of g is timelz’keE SO

that an associated (perhaps boosted) Kottler metric bp(() ) exists. Whether
w

or not (N,b) is a round sphere, for « > n instead of (LI)) we suppose that

(16) lg=byg o+ 1D(g = byg Yot o+ 1DED (g b )y =0();

in fact, (L6 is equivalent to (LA if a < n.
Letting M; be as in (1)), and Aj 45 as in ([22)), in Section @ we prove:

THEOREM 1.2. Letn > 5, N> € > 5] +4, A € (0,1), and let a > 0
satisfy (LA). Let g be a C“* asymptotically hyperbolic metric with constant
negative scalar curvature satisfying (L6l with k = ¢ — 4. We furthermore
assume that (L8] holds with k = £ — 2 and o = 0, and that the energy-
momentum vector is timelike if (N,/l;) is a round sphere. There exists dg > 0
such that for all 0 < & < dg the metric g can be deformed across an annulus
Asas to a constant scalar curvature metric, of CY differentiability class,
which coincides with g on M\Mys and with a Kottler metric bp(m on Ms.
The solution is smooth if g is.

A key role in our analysis is played by the kernel of the operator P} given
by (28] below; it is known that this kernel is trivial for any open subset of
M for generic metrics [4]. Deforming first the metric as in Section [6] and
applying Theorem to the new metric one concludes:

COROLLARY 1.3. Let n > 9. Under the remaining hypotheses of Theo-
rem L2, suppose instead of ([LA4) that o > n/2. If there are no neighbour-
hoods of the conformal boundary at infinity on which P; has a kernel, then
the conclusions of Theorem [1.2 hold.

2Both past and future pointing p?m are allowed.
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It might be helpful to the reader to recall briefly the Corvino-Schoen
method, as adapted to our setting. We work on an end (rg,+00) X N,
where we have a metric g asymptotic to a background metric b. We also
have a d-parameter family of references metrics b,, all asymptotic to b, all
having the same, constant scalar curvature. The gluing is performed on an
annulus Ap = {R <r < 4R}, with R > 1, in four steps:

Step 1): Do a scaling in order to work on a fixed annulus A,

Step 2): Establish a weighted estimate of the form |P*u|r2 > clu|ge,
where P* is the adjoint of the linearized scalar curvature operator P and
u is orthogonal to the d-dimensional kernel K of P*. The constant ¢ has
to be uniform in the family of metrics under consideration, with controlled
dependence upon R. In fact, in previous applications ¢ was R—independent.

Step 3): By step 2), and up to weighting functions, the operator L = PP*
is an isomorphism modulo projections onto K+. By the inverse function
theorem, for R > 1, the gluing of g with any b, can be done modulo
weighted L2-projection onto K.

Step 4): Estimate the projection onto K and show that you can adjust
the parameter p to obtain a solution.

So, the overall strategy is the same as in [8,12,13]. However, in our case
essential new difficulties arise: the scaling transformation in the asymptoti-
cally flat case leads to a family of uniformly equivalent operators on a fixed
annulus, while this is not the case anymore for negative A. To handle this we
prove a sharp estimate on the family of operators which arise in our context;
unfortunately the estimate degenerates as the gluing annuli recede to infin-
ity, as the sharp constant ¢ in step 2) above goes to zero. This results in the
undesirable restrictions described above. A possible approach to improve
this state of affairs could be to devise a method which, first, deforms any
asymptotically hyperbolic metric to one for which our Theorem (or some
variation thereof) applies. Alternatively, a completely different method of
approaching the problem is needed.

Our work has been largely motivated by [1], to remove the sign condition
on the mass aspect function imposed there. Our deformation produces a
metric with a constant mass aspect without a priori assuming such a sign in
dimensions larger than eight; our result is, however, irrelevant for the main
result in [1], which has only been proved so far for n < 7.

2. DEFINITIONS, NOTATIONS AND CONVENTIONS

Let M be a smooth, compact n-dimensional manifold with boundary
OM. Let M := M\OM, a non-compact manifold without boundary. In
our context the boundary dM will play the role of a conformal boundary
at infinity of M. We will choose a defining function p for OM, that is a
non-negative smooth function on M, vanishing precisely on dM, with dp
never vanishing there.
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We will work near the infinity of M, so it is convenient to define, for small
€ > 0, the manifold

(2.1) M, ={z e M,p(z) < e}
We also define for small ¢ > § > 0, the “annulus”
(2.2) As e == M\ Ms.

We continue by deﬁnlng a class of background metrics of interest. For k
equal to —1, 0 or 1, let b be a metric on M satisfying Rlc(b) =k(n — 2)b
For pg such that 1 — k(%)? has no zeros on (0, py), consider the metric

4 —kp®)’~ -
(2.3) b=p 2 (dp2 + %b) = p %
defined on (0, pg) x OM. Then b is Einstein, Ric(b) = —(n—1)b, in particular
it has constant scalar curvature R(b) = —n(n — 1), and in fact provides

initial data for a static solution of the vacuum Einstein equations with a
negative cosmological constant. These are of course identical to (L2) (use
r=p '[1—k(5)?]). The basic example of such a background is the standard
hyperbolic metric. In that case M is the unit ball of R", with

(2.4) b=w"%5,

§ is the Euclidean metric, w(z) = 3(1 — |z[3).

A metric g will be called asymptotically hyperbolic if g tends to a back-
ground metric as in (Z3]) when approaching OM. The precise decay rates
will be indicated whenever needed. The terminology is motivated by the
fact that the sectional curvatures of g tend to —1 as p approaches zero; cf.,

g., [17]. One should, however, keep in mind that b does not necessarily
have constant sectional curvature in space-time dimension other than four.
Moreover, metrics which asymptote to hyperbolic metrics in cuspidal ends
do not necessarily belong to our class.

An important class of asymptotically hyperbolic metrics is given by the
(generalized) Kottler metrics [14] (compare [5]) as given by (L3). In the
coordinate system of (Z3]) they read

(2.5) by = p_2{ [1 — 2mp" <1 - k(g)2>2fn <1 + k(g)2>1 - dp?
+(1 - k(5)%)%}
= p 2 [b+2mp"(1+ O(p*))dp?] |

where, as before, b is a fixed metric on the boundary at infinity N satisfying
Ric(b) = k(n — 2)b. Those metrics satisfy R(bp,) = —n(n — 1), and again
proviAde initial data for static Einstein metrics.

If b is not the round metric on a sphere, the only energy-like Hamiltonian
invariant of by, is m, see e.g. [6] and references therein. Otherwise b is the
standard hyperbolic metric, and the energy-momentum vector of b,,, say
Py (as defined in [10] or [22], see ([LI8]) with 7 — +00)), is proportional to
(m,ﬁ) Under isometries of hyperbolic space, p(, transforms as a Lorentz
vector, and a metric with any timelike p(,,) can be obtained by applying such
an isometry to some b,,
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In this way we generate a family of metrics with any timelike p(,), as
needed for the Brouwer fixed point argument when compensating for the
cokernel below. (On the other hand we are not aware of existence of such
metrics with non-timelike non-zero p(,), whence the restriction of timelike-
ness in our results when (N, /b\) is a round sphere.) We denote by bp,,, the
resulting metrics, and we will refer to them as Kottler metrics, or boosted
Kottler metrics when ambiguities are likely to occur.

Recall that the linearized scalar curvature operator P = P, is

P,h:= DR(g)h = —V*V(try h) + V*V'hy — RF by
so that its L? formal adjoint reads
(26)  Pif = DR = —V*Vifg+VVf— f Riclg) .

(We use the summation convention, indices are lowered with g;; and raised
with its inverse g”.) We note that

Te P f = (n—1)V*Vf - Rf.

Let
(2.7) by = 22 (dz2 + 5*23(&))
be a hyperbolic metric scaled up in p from As 45 to
(2.8) A=Ay = (1,4) x OM .
We have Ric(bs) = —(n — 1)bs, thus
(2.9) Ppu = VVu+ ((n —Du — Vkvku) bs ,

where V is associated with the metric by.

It is well known that the kernel of P* has dimension at most n + 1,
see [12] for instance. For the hyperbolic metric b on the unit n-dimensional
ball B"(1) C R", in the representation (Z4]), the kernel of P} is spanned by
the following functions,

which are the restrictions to the hyperboloid H” of the coordinates func-
tions in Minkowski R™!:

1+ [af? -1 A%
(2.10) Vo = == (14 (5) )
2k 1 o\ 2\ z*
(2.11) Vi = T (1 _ <§) > TR
with p = 2(1 — |z])/(1 + |z|). We can also rewrite ([2.4]) as
(2.12) b=p2(dp” +b(p)) ,

~ 2.~ ~
with b(p) = (1 - (5)2) b(0), where b(0) is the round unit metric on S™.
Setting p = dz, defining
(213) ‘/5,(#) (Za 6) = ‘/(N) ((52’,9) s
and letting 4 tend to zero, the functions 6V () tend to

2.14 =271 =—z —.
( ) U(0) Z U(k) z |
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For nonspherical boundary metrics b = 3(0) we still write {V{,,} for any
basis of Ker P, and then Vj () is defined by ([2.13]). By hypothesis the scalar

curvature of b is constant, so that we can invoke a theorem of Obata [20]
(see also [15] Theorem 24) to conclude that the only Riemannian manifold
(Z\/Z ,/5) of dimension n — 1 with non-constant solutions v to the equation
DDv + ZZDvp — 0 is a round sphere. For metrics of the form (23] with

n—1
b different from a round sphere, this implies (compare appendix [A]) that
dim Ker P* = 1, and V(o) = V(gy(p), with the u(,)’s proportional to ug) =

z~1 (compare (EI9) and @F20)).

Definition 2.1. Let k£ € N, C,0 > 0. Let b be a of the form (23)), with b an
Einstein metric on 9M with scalar curvature (n — 1)(n — 2)k, k € {0,£1},
and with p € (0,2pg]. We will say that g is (C, k, 0)-asymptotically hyperbolic
if we have

(2.15) g = bls+[Vgls + ..+ [VF gl < Cp7,

where the norm and covariant derivatives are defined by b. For a € (0,1)
we will say that g is (C, k + «, 0)-asymptotically hyperbolic if the derivatives
of order k of g — b further satisfy a weighted Holder condition of order «, as
in [16].

Let g be a Riemannian metric on M, recall that (M, g) is conformally
compact if there exists on M a smooth defining function p for M (that is
p€C®(M), p>0on M, p=0on dM and dp nowhere vanishing on IM;
the symbol p will be used throughout this work to denote such a function)
such that g := p?g is a Riemannian metric on M, we will denote by g the
metric induced on M. The background metrics b considered above are
conformally compact in this sense.

It is well know that, near infinity, for any sufficiently differentiable con-
formally compact metric g we may choose the defining function p to be the
g-distance to the boundary. Thus, if € is small enough, M. can be identified
with (0,¢) x M equipped with the metric

(2.16) 9=p""(dp” +3(p) = p~*(dp” + Gan(p)do*de"”),

where {g(p)},e(0,c) s a family of smooth, uniformly equivalent, metrics on
OM, with g(0) = g. However, the introduction of this system of coordinates
might lead to a loss of up to two derivatives of the metric. This can be

circumvented for (C, k, o)-asymptotically hyperbolic metrics by introducing
a coordinate system as in [2, Appendix B] in which g takes the form

(217) g=p" <(1 +O0(p"*))dp* + Gap(p)dodo” + O(p’“+”)Adpd9A) ,

with all metric coefficients of original differentiability class.
If g is (C, k, 0)-asymptotically hyperbolic with k£ > 2 and o > 0, we have
(2.18)

Pju = VVu—V*Viug—uRic(g) = VVu+ <(n—1)u—Vkau)g+O(po)u ,
where the covariant derivatives are related to g, and the O(p?) term is

bounded (in b-norm) together with its b-derivatives up to order k — 2, by p°
times a constant depending on C and k.
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3. A UNIFORM ESTIMATE FOR P*

Let y be the function on A defined by:
(3.1) y: (1L,4) xoM — R,
' (2,0) — %(1—%)(2—1) .

We claim that:

ProrosiTioN 3.1. Let cg,o0 > 0 and s > 0. There exist constants
1 = c1(n, s,co,0) >0 and 5o = do(n, s,co,0) > 0 such that for all (co,4,0)-
asymptotically hyperbolic metrics g, for all 0 < § < 8y, and for all u satis-
fying

(3.2) Vu=0,...k /Ae_s/yuu(u)dub(S =0,

where k =n if b is the standard hyperbolic metric, and k = 0 otherwise, we
have

(3.3)
Ae‘sfnyrP;;ursédﬂ% > o6 /Ae‘s/%yngwr; o |Vulg, +u)dug; |

provided that the right-hand-side is finite. Similarly (3.3)) holds (with perhaps
a different constant ¢q) if

(3.4) Vp=0,...k /Ae_s/yuv&(u)dﬂga =0,

or if in B2) the measure z~"dz d,ug(o) is used.

REMARK 3.2. There is little doubt that the result remains valid for (cg, 2, 0)
asymptotically hyperbolic metrics, or for those conformally compact metrics
which are C? up-to-boundary after the conformal rescaling, by using coor-
dinates as in (2ZI7)). For simplicity of calculations we assume (2.I6), since
our main gluing results require (cg,4,0) asymptotically hyperbolic metrics
anyway.

REMARK 3.3. The power of § in (3.3]) cannot be improved, which can be seen
by considering a function of the form u(z,0) = v(6)/z, with a nontrivial v

of vanishing integral on M, such that DDuv + D*D”/b\(O) # 0, where D is

n—1
the covariant derivative operator of b(0), and such that v is L?(0M, b(0))-
orthogonal to the kernel of Pék(o) (see (BI5) below).

PROOF: In some of the calculations of this proof the reader might find it
convenient to use the coordinate system of ([2.I6]). Without loss of generality
we can assume that o < 1. Let us define dv,; = 5"_1d,ugé, and note that

the measure dug; can be replaced by dvy, in (B2)-B4); e.g., B2) can be
replaced by

(3.5) Vu=0,...,k /Aes/yuu(“)dyg& =0.

Suppose that (33) with dyg, there replaced by dvy, does not hold, then there
exist sequences 8, — 0, ¢ and u,, satisfying (32) (respectively ([B4)) such
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that the right-hand-side equals one, while the reverse inequality to (B.3])
holds with ¢; replaced by 1/n:

54
— 8 * 2
(3.6) /Ae s/yy |P5nun|gndygn < f ,

B0 [ ATV, 4y T, i, =1
where we have set
n = g((s:) and Pj =P, .
Let y be the function on A defined in (31]). Using (2I8) to express VVu,

in terms of P; u, and u, one obtains (compare ([3.22]) below)

/Ae_s/ny\VVun\gndugn < CAe_S/y(yS\Pgn\gn—i—ui)dugn

On -
(3.8) < C <— +/Ae /yui> dvg, ,

n
which together with (B.7)) implies that there exists ¢ > 0 such that

(39 [ e vz, v, = e
A

Now,

(310 Vualy, = 2 (100l + 81001, )

where | - |5, denotes the norm of a tensor field on OM with respect to the
metric

Gn(2) = 9" (5n2) .
Note that, decreasing the constant pg of Definition 2] if necessary, all the
gn’s are uniformly equivalent to E(O) From (B.9) we obtain

(3.11) AG_S/y(y4|azun|2 + ui)dugn >c,

for some ¢ > 0.
Clearly the trace of P, u satisfies an estimate of the form (5.6) (compare

Appendix [A])
54
(3.12) / efs/yy8|Agnun — nuy, + 089 )up|*dv,, < C;" .
A

Let

A, u
E :=VVu, — g?'; " 9 = VVU, — Uy gn + error

where the error term is bounded, after integration, as in (3.12]). From (3.6)
and (BI2) we conclude that

54
(3.13) / e~ Vy8 B + O(ég)un]?]ndugn <C>2.
A n
Since FE is trace-free we have E,, = —¢ 2§5D Ecp, so that
(3.14)
4

6 ~
|Blg, = 24((1 + ) Eaaf? + 200 | Eeal}, + 03| Eap — %DECD%AB%”) |
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which together with the formulae in Appendix [A] (recall we have assumed
o < 1) leads to

(3.15)
/A ey (102 + 21Dzt — =g + O(5F Jun
+0210:04t + 2 D atn + O(6,0pun) + O(57 unl2,
+62DADBU, — G (8,)°P DeDpun (Gn) an + O(6Z)un|%n)dvgn < C % :
Next, ([B.6) together with the formula for (P u)., in Appendix [Al gives
(3.16)

/A e~y [(n = 1)z + O(67)] D + [(n = 1) + O(F)] wn

2 2 5
—0,Ag; un| dvg, < C’z" .

Choose 6, # 0 and let H! and H? be the Hilbert spaces with norms defined
by the left-hand-sides of ([3.9) and BX1) with n = ng, and norms, covariant
derivatives and measures related to by,

(3.17) i i= [ 190, ),

B18) b= [ OV, 4y IVl + )i,

Now, (@BX) shows that wu, and y?0.u, are bounded in L? =
L*(A e/ ydybéno). Equation ([BI2) proves that y* times the Laplacian of

u, is bounded in L2 Further, (3I5) establishes that y*9%u, is bounded
in L?. Simple algebra gives then that y* times the tangential Laplacian of
uy, is bounded in L2. Coming back to (ZI5) we obtain that all tangential
derivatives of u, are L?*-bounded, when multiplied by relevant powers of
y. Standard interpolation gives an L?-bound for 42 times the first tangen-
tial derivatives of u,. But (B3] shows now that the functions y10,0 1up,
are L2-bounded. Finally, an interpolation will bound every (weighted) first
derivatives of wu,,.

So, the sequence u, is bounded in H?, therefore there exists a subse-
quence, still denoted by wu,,, which converges strongly in H'. But (3.8 with
uy, replaced by u,, — u,, shows that u, is Cauchy in H?, hence there exists
u € H? such that u, converges to u in H?. From (BI5) we infer that

|6Zu + 27 '0u — 27_2u|2 + [0,04u + Z_laAU@(gno

(3.19) +DaDpu = b(0)” DeDpub(0)aply, = 0,
no

while (BI8) implies

(3.20) 20;u+u = 0.

Solving (BI9)-(@B20), we conclude that u is a linear combination of the
u(,)’s as given by ([Z.I4]) for a standard hyperbolic metric, while u = const/z
otherwise. But the integral in (B3] is continuous on H?, which implies
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that (3.2) is satisfied in the limit. Similarly, 6" times the integral (3.4))
is continuous on H?. Recalling that the family {u(w } is orthogonal with
respect to the scalar product defined by the integral in (3.2]), we obtain
u = 0. This contradicts ([B3]), and proves the result. O

Let 1) = e 5/2Y, ¢ = y2. We will use spaces HEF = Hgé of tensor fields on
A (compare [8]) for which the norms

1
k 2
(3.21) HUHH[’; = </A(Z ¢2i‘v(i)u‘§6)w25(nl)dug6>
=0
are finite, where V() stands for the tensor V...V u, with V — the Levi-
i times
Civita covariant derivative of gs; we assume %chroughout that the metric is
at least VV&)’COO ; higher differentiability will be usually indicated whenever
needed. The factor 61 in front of the measure dpigs has been included
so that 6("_1)d,ug(5 is equivalent to the Lebesgue coordinate measure dzd#,
uniformly in §.
Note that H 35 involves weights, but L? does not.
An equivalent norm, and therefore the same space, is obtained if g5 in

B21)) is replaced by bs.
We will need the following:

LEMMA 3.4. Let cg,0 > 0 and s > 0. There exist constants C =
C(n,t,s,c9,0) > 0 and 69 = do(n,t,s,co,0) > 0 such that for all
(co, ¢ + 2,0)-asymptotically hyperbolic metrics g and for all 0 < § < §y

lullse < (16 Byyullng, + g, ) -

PROOF: For ¢ = 0 the result has been established in the course of the proof of
Proposition B see the first line of [B8]). For ¢ = 1 we start the calculation
that follows with k& = 2 and we stop at the second line, invoking weighted
interpolation and the result for £ = 0 to conclude. Otherwise, suppose that
the result is true for k — 1 < ¢y with ¢y > 1. Using [8, Equation (A.4)]

(one can check that the constants in equations (A.2) and (A.3) there, thus
also in (A.4), do not depend on §) to control the first term when passing
from the second to the third line below, we find for 2 <k —1+2 < {5+ 2

1oV ED (VP — Augs)llg = [[¢"H VIV (P u— (0~ Du+ O(67)u) | g,
< ||¢k+1v(k71)P*u”H86

+C1|| ¢* " IVED[(1+0(67))ull| g
~— 9%
<c

(1P ull s+ Gl )
———

SC(||¢2P*U||H§6—3 +”u”H85 )

IN

< C(1+CC)[[¢°Prull s + C*Collull g, -
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This is the desired inequality, to see this set
T:=vFEy 5= vED (V2 — Augs) ,
or, in index notation,
Ty i k= Vi -V ' ViViu
Sivoin ik = Vi Vi ViVieu— Vi Vi VVou (g5)1
straightforward algebra shows that
(3.22) T2, <82,

and the Lemma follows. O

As in [8] we set

(3.23) Lgs =12 Py, ¢41,Z)2P;6 ,
and
(3.24) Kyps = ker Py, .

The proof of [8, Theorem 3.6] shows that
L HE K, g
g5 795 0 — Hgs

exists for ¢ small enough. However, uniform boundedness in § of L;sl does
not hold in our case, instead we have:

COROLLARY 3.5. Let k € N, ¢g,0 > 0 and s > 0. There exist constants
C = C(n,k,s,¢co,0) > 0 and o6y = do(n,k,s,co,0) > 0 such that for all
(co, k + 4, 0)-asymptotically hyperbolic metrics g, for all 0 < § < &g, and for

all w satisfying B.2) or (34)
125 ull e < C (g, + 0~ lullag, ) -
PROOF: By Proposition Bl we have (recall that H is weighted but L? is
not)
49, 112 2 px 112
Bl < 162 Fullyy
<¢2¢2P;5u5 ¢2PJ5U>L§6 = <71Z)2u’ 7/)_2ng¢4¢2]39*5 u>L§6
—_————
Lgg
= (W ¥Lgu)rs < (WLl Wulz = |Lgullug lullag -
Replacing u by L;gu we conclude that
(3.25) e8| Ly ullmz, < llullm, -

In order to finish the proof we will use the following elliptic estimate, which
is standard except for the uniformity in §; the proof can be found in Appen-

dix B}

LEMMA 3.6. Under the conditions of Corollary [3.4, there exists a constant
C, independent of g and 9, such that for § small

(3.26) lull s < € (1 Lgsull, + g, ) -
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Returning to the proof of Corollary B3l we replace u by L;Slu in (3:26])
to obtain

(3.27) 125 ull s < C (llullag, + 1125, ullag, )
and the Corollary follows from (B.25]). O

Summarizing, we have proved:

THEOREM 3.7. Let k € N, 0 >0, ¢g > 0 and s > 0. There exist constants
C = C(n,s,0,c0) > 0 and §y = do(n,s,0,c9) > 0 such that for all (co, k +
4, 0)-asymptotically hyperbolic metrics g, for all 0 < § < dy and for any
k4 Lg
uw€ Hgm™ N Kb5 °, )
Colull gprs < [ Lgsull . -
In particular the operator HKL% Ly, where HKL% denotes orthogonal pro-
bs bs
. Lo, . . ) . 1 L
jection on K, in Hy , is an isomorphism from ng‘lﬂf(b&g“ to H§6 NK, "
such that the norm of its inverse is bounded by C 1674,

O
At this point, we have established Step 2) of the Introduction, as well as
some elements of Step 3). We continue with further details of Step 3).

4. THE GLUING CONSTRUCTION ON A MOVING ANNULUS

In this section we prove Theorem We set k = ¢ — 4. We consider
conformally compact asymptotically hyperbolic metrics g which asymptote,
with k42 derivatives, to a fixed AH metric b. We fix a small dg > 0 and define
the space ka Jr4’OO(M450) of symmetric two tensors with £ 4 4 b-covariant
derivatives bounded on Mys,, relatively to the norm of b. Following [8], we
assume that g — b is close to zero in W:+4’°°(M450).

Similarly to (Z7)), we denote by g; the metric on A;4 obtained by re-
stricting g to As 45, and rescaling the p coordinate to Ay 4. Unless explicitly
specified otherwise, covariant derivatives on A; 4 are related to gs.

As in [8], consider the map

fos o WPOPHIT? — HfNKj
h — T{y?[R(gs + ) — R(gs)]},

where Ky, = Ker P, where Py is as in 23), and II is the HY projection
onto K lé, the Hg—orthogonal of Kj,; all the spaces here are spaces of tensors
on A174.

One should keep in mind that we are interested in h’s of the form h =
2P u, u € H§+4 N KJ;, with u small in the last space.

Near h = 0 the map f,,; is a smooth map between Hilbert spaces. We
consider now [8, Proposition G.1] with x = gs so that f, there equals f;

here. One checks that f satisfies conditions (2) and (3) of [8, Proposition
G.1] with the set A there being

(41) A={gs, 0<d <6y, (g—0b) sufficiently small in Wf+4’°°(M450)} .

Furthermore,
V, = ¢2¢2H§+27 W, = Hf m[(é )
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Now, f,s satisfies a modified version of condition (1) there: here, by The-
orem 37, we have that Df,(0) has a right inverse 1,[)2(;54P;6L;51 bounded
by C16~4, where C; does not depend upon z € A. For the sake of nota-
tional legibility we present the argument without using the smoothing oper-
ators of [9]; the latter provide what is needed to obtain the differentiability
claimed. Note that we haven’t assumed any uniformity in 4 on the modu-
lus of the Holder continuity of g, as the solution will exist, and will have
Holder regularity, without any such assumptions. Any further hypotheses
about uniformity of that modulus would be reflected in associated unifor-
mity for the metrics obtained by the gluing procedure, but such uniformity
is irrelevant for our purposes.

A repetition of the proof of Proposition G.1 of [§8] with C there replaced
with C16~ yields:

THEOREM 4.1. There exist constants € > 0 and C' > 0 such that for all §
sufficiently small and for all functions f € Hf with

1711 < 5%,
there exists a unique h = ¢2¢4P;6u, with Hw*2¢*2hHH§+2 close to zero,
satisfying fgs(h) =11f and
172672 hllgrve < C'llull grra < COH| ]| gp < Ce.
We will use Theorem [Tl to glue an AH metric g, with timelike energy-
momentum vector, with a Kottler one bp(u)’ on an annulus As4s. Let x be

a cutoff function equal to zero on A; 2 and to one on A3 4. We define a first
glued metric on A 4 as

(4.2) Iop = X5 + (1= X)bsp,,,, -
It is clear that the metric g5, , belongs to the set A of ([@.I]). Set
(4.3) f= w_Q[R(bé) - R(g&p(m)] = w_Q[R(b&p(u)) - R(gtip(u))] :

Let p? . be the momentum vector of g. We will assume that ¢ has the
following asymptotic behaviour

4.4 - D(g — o+ | DEF2) (g = O(p*
(44) 19 =by lo+1D(g—byo o +... +] (9= by o =0(p"),

for some a > 0, to be restricted shortly; here D is the covariant derivative

of b. Recall that

(4.5) oy — Ol + [Dbp, lo + - + Db, 1y = O(p").

Under (£4]) we have

(4.6)

|g(57p(u) _b(S,p(()H) |b5+|v(95,p(ﬂ) _b57p?u))|b5+' . +|v(k+2) (957]2(“) _b5,p?ﬂ))|b5 = 0(606) )

where the norm and covariant derivatives are defined by bs. This implies
(47) |g(57p(u) - b(ip(u) |b5 S |95,p(ﬂ) - bé,p?ﬂ) |b5 + |b5,p(ﬂ) - bé,p?ﬂ) |b5
—0(6") + Ol — 16"
= 0(5") + 0",



GLUING CONSTRUCTIONS FOR NEGATIVE SCALAR CURVATURE 15

provided that p(, is assumed to satisfy

for some 5 > 0. An inequality similar to (£1) holds for derivatives of order
up to k + 2. It follows that the function f defined in (£3]) satisfies

1fll = 0% + O™+
By Theorem [£.1] if
(4.9) a>4, B+n>4,

then for all § small enough there exists a solution hsp,,, to the equation

Fosny,, (i) =117
with
(4.10) ||¢*2¢*2h5,,,w||H§+2 =00 + O0(s7 1y
Summarizing, for all p(,), we have constructed a solution h57p(u), modulo
kernel, to the equation

satisfying (L.I0). This finishes Step 3) of the Introduction.
We now proceed to Step 4). Set

96.040) = 9600 + Mo -

We consider now the projection onto the kernel as follows. For all § small,
and for all p(, satisfying (L)), we define

(411) I5(p0) = 570 (R(@ap)) — R(ba))]

where 7 is the Hg orthogonal projection onto K;;. We want to show that
we can choose p(,) such that L;(p(u)) = 0. We need the following identity,
from [10]:

(412)  VaeTg N(R, — Ry) = 0; (U/(N)) + vdetg (0 + Q) ,

where

(413)  U(N)i=2vdetg (Ngtg/Dign + DiNglkes)
(4.14) p = (—N Ric(b);; + D,D]N — Ab]vbij)gikgﬂekg ,
(4.15) Q= N(g"7 — b7 + g gllers) Ric(b)i; + Q'

Brackets over a symbol denote anti-symmetrisation, with an appropriate
numerical factor (1/2 in the case of two indices), and D denotes the covariant
derivative operator of the metric b; note that p here should not be confused
with the defining function of the boundary. Here )’ denotes an expression
which is bilinear in

e = el-jd:cidxj = (gij — bl-j)dxidxj ,
and in lo)keij, linear in N , dN and HessN , with coefficients which are con-

stants in any ON frame for b. The key is that p vanishes when N is in the
kernel of P, and then @ is at least quadratic in e near e = 0. Indeed, the
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first term at the right-hand-side of ({.I3]) does not contain any terms linear
in e;; when Taylor expanded at g;; = b;;.

The integral of U at the boundary at infinity provides the momentum
vector, and we need to know how fast the limit is approached. The simplest
case arises when ¢ is a Kottler metric b,, with mass parameter m, so that

(see (I2) and ()
(4.16) b = I, b= 9T 2y
w

where h is the unit round metric on the sphere S"~1. If {r} x "1 is
positively oriented, a calculation gives
(4.17)
UldS; = 2wp1(n — D)WW 'm = 2w,_1(n — )ym 4+ O(r~") ,

{r}xsn—1
where w,,_1 is the volume of S"~!. An identical formula, with w,_; replaced
by the b-volume of N, holds for the non-spherical Kottler metrics 2.5).
Next, assume that [g—b|, = O(r~%), where r is a coordinate for b as in (£I6I),
and h is an (r—independent) metric on the compact conformal boundary
N, with the same decay rate for first derivatives, and with R(g) = R(b).
Integrating (£12) over [r,00) x N one finds, for a > n/2,

(4.18) / Ui(V(“))dSi =P + O(r"=2) |
{r}xN

which coincides of course with (A7) if & = n; we note that a = n is the
appropriate rate for Kottler metrics, whether boosted or not.

To calculate (1)) explicitly, let Vj ) be a basis of Kj,, the vanishing
of ([@IT) is then equivalent to the vanishing of the collection of integrals

Js(p) = (Js ), where p = (p,,)) and
sy = . VYA (R(Gsp,.y) — R(5)) Vs, )i -
1,4
In order to use (@IZ) we need to change the measure duy; to dpg, - the
Pu

following estimates are useful for that:
R(?&p(u)) - R(b5) = 0(604) + O(6n+6) )

dpu = (1 +0(8°7Y) + 0" + 0(5n)) iz, -

Keeping in mind that Vj ) behaves as 5~1, and that the volume form grows
as 017", this leads to

Jsw) = ; W* 2 (R(Gs p,,) — R(05)) Vs, w) diigs ,
1,4
+O(8%0747m) + O(82FHM=4mm) 1+ O(6%) + O(8" )
_ p(()l/) —Pw) + 0(52(04—4)—71) + 0(52(6+n—4)—n) + O(5n) + 0(52a—n)
0

p v) Pw
_ 55( (v) (v) +O(52a—8—n—6) +O(5ﬁ+n—8) +O(5n—ﬁ) +O(52a—ﬁ—n)) )

&b
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Here the terms O(6%(*=9=") and O(52(5+7=4=7) in the third line arise from
the terms quadratic in (£12)) and from the first two terms in the second line,
while the terms O(6") and O(§?~") arise from the difference between the
boundary term and its limit (namely p(()u) —P()) When 6 goes to zero, compare
(#I7) and (£I8), and also contain the last two terms in the second line. To
close the argument all error terms should go to zero as § tends to zero, thus

(4.19) 20—-8—-n—-p>0, f+n—8>0, n—pF>0.
(Note that (3] does not impose any further restrictions.) This is equivalent
to
8
o +n+ﬁ’
2
So /3 can be chosen consistently with those bounds provided that (4] holds.
If the kernel of P is one-dimensional, with p(()ﬂ) = my, then for § small,

(4.20) n>5, max(8 —n,0) < B <n.

using the intermediate value theorem, there exists pg) = m in an interval
[—mo, 2mg] such that Js(m) = 0 = I5(m), proving existence of a solution.

Otherwise, under ([A20]), we can use a Brouwer fixed point theorem as in
Lemma 3.18 of [8] with:

e U: a bounded open ball of centre 0 in R**1;

o G=1Id: g = 4,

o V=U,

e A=1/§and G) = G1/5 = 5_5J5(p?u) + 56(1(#))’
o y=0.

This shows that for small §, we can choose p(,) so that I5(p(,)) = 0, which
again proves existence of a solution.

Regularity follows from [9, Theorem 4.9]. This completes the proof of
Theorem O

5. THE GLUING CONSTRUCTION ON A FIXED ANNULUS

The question addressed in Theorem [[T] is a special case of the following:
In dimension n > 3, consider an n-dimensional submanifold M C My,
where My has been defined in ([LT]), with compact, connected, nonempty
boundary OM which separates Meyt into two components, one of which is
bounded. We further suppose that M is included in the bounded component,
and that M is equipped with a metric g € C*, ¢ > 5] +4, A€ (0,1), of
constant negative scalar curvature.

Let My C M be a one-sided collar neighbourhood of M contained in M,
we will refer to M; as the interior collar.

Let My C Moy be a one-sided collar neighbourhood of dM which lies in
the unbounded component of My, we refer to My as the exterior collar.

The extension problem is to find a constant scalar curvature metric on
M U Ms which coincides with g on M, and which coincides with a Kottler
metric near OMo ~ OM. In this case we set M’ = M and M" = M U Ms. In
this problem one would presumably want Ms to be small: a solution with a
small M provides a solution for any bigger one.

The deformation problem is to find a constant scalar curvature metric on
M which coincides with g on M ~ M7, and which coincides with a Kottler
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metric near OM. In this case we set M’ = M ~ M and M"” = M. Similarly
to the previous problem, one would presumably want M7 to be small.

Let p(()u) denote the energy-momentum vector of 9M,

defined as:

5.1 Y :/ U (Vi )dS;
(5.1) =/, V)

with U as in (@13), and V,) defined in Section @l If (IV ,b) is the round
sphere, then p(()m is a vector in R"*!. Otherwise p(()ﬂ) is simply a number,
say my.

Denote by

Yo b +—>/ UH(V,))dS; ,
OM - Ppy) onr (Viw)

the map which to a Kottler metric bp(m associates the energy-moment vector
of OM, where U’ is calculated using (I3 with g there replaced by bp(#).

REMARK 5.1. As an illustration, assume that OM = {r} x N for some
r. Suppose that (N,/l;) is mot a round sphere, then 1/)5]\1/1 is a smooth dif-
feomorphism between an interval of masses around mg and its image; this
follows immediately from the (non-spherical equivalent of the) first equality
in (AI7). The result remains true in the spherical case when one restricts
Yanr to the standard, unboosted Kottler metrics b, as given by (L2]).

-~

Similarly, consider OM = {r} x N for some r, with (N,b) — a round
sphere, and assume moreover that p(()m lies in the image of ¥gy,. It is then

easily seen from (£.I8)) that ¢5J\1/[ provides a smooth diffeomorphism between
a neighbourhood of pou and its image provided that r is large enough.
We have the following:

THEOREM 5.2. Letn >3, N> /(> 2|44, A€ (0,1). Assume that the map
1/18_1\14 is a homeomorphism of a neighbourhood of p(()“) and its image. There
exists € > 0 such that if

lg — bw—l(p?u))HCZ’A(M) <&,

then there exists a C* metric of constant negative scalar curvature which
coincides with g on M', and which is a Kottler metric on the unbounded
component of Mey ~ OM away from M". If g is smooth, then so is the
solution of the deformation problem.

PRrROOF: We proceed as in [8, Section 8.6] but we use the refined versions of
Theorem 5.6 and Proposition 5.7 of [8] used there, as given by Theorems 3.1
and 4.9 of [9] (compare Section 6.3 of [9]). The gluing is done on the collar
neighbourhood [0, 1] x OM, with go there being by, , K = §J = 0, g there
equal to xg + (1 — X)bp(u) where x is a cutoff function which vanishes near
OM, which we identify with {1} x 9M; finally, p(,) is close to ¢5A1/[(p(()ﬂ)).
One thus obtains a solution modulo kernel (note that for the estimates on
pp. 53-54 of [8], we have to replace p there with R+n(n—1)). For the kernel
projection (see [8, Equation (8.24), p. 55]) we proceed as in [8], p. 55, where

@ there is replaced by p here. By [11, Lemma 3.3] the kernel at bw—l(p? ) is
"
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one-dimensional except in the spherical case with b, @) = b, so except
n

for this last case this is a straightforward continuity argument by varying
masses in an interval around mg. The Holder regularity of the final metric
follows from Theorem 4.9 of [9]. O

PRrROOF OF THEOREM [T The result follows immediately from Theorem [5.2]
and Remark 5.1l except in the spherical case with bw—l(p? )= b. In this last
m

situation, the supplementary hypothesis of parity insures that all construc-
tions can be made within the class of parity symmetric metrics. The kernel
within this class is one-dimensional, and the solution can be adjusted by
changing b, in the exterior region within the family of unboosted Kottler
metrics; compare the proof of Theorem 2.1 in [7]. O

6. b-CONFORMAL DEFORMATIONS NEAR INFINITY

Let M be a compact manifold with boundary, set M = M ~ OM, and
let p be a defining function for M. Let b be a C*+>* metric on M. Let
h be covariant symmetric two tensor field such that ¢ = b + h is positive

definite, and for functions v > —1set u=14v. For § > 0 and h € C§+2’a

Ck:+2,a

we consider the function F, defined on a neighbourhood of zero in Cj

to Cg’a as

n+2

-1
Fy(v) = —4Z — QVkau + R(g)u +n(n — un—2,

where covariant derivatives are related to g = b + h, with the spaces C’f’a
of tensors fields or functions as in [16]. Note that F,(v) = 0 if and only if

4
the scalar curvature of un=2 g equals —n(n —1). The map Fj is smooth near
zero and, if R(g) = —n(n — 1), the derivative at v = 0 given by

n—1

Fj (0w =4 (=V*Vi +n)w .

n—2
The map F(0) is an isomorphism from C§+2’a to C’f’a when 6 € (—1,n) [2,
Theorem 7.2.1], so in particular when § € (0,n). The implicit function
theorem then shows:

PROPOSITION 6.1. Let k € N, § € (0,n), o € (0,1), and for hc C§+2,a let
g = b+h be a metric on M as described above with constant scalar curvature
—n(n—1). There exists ¢ > 0 and a constant C such that for any h € C§+2’°‘

k+2,a
Cé

with norm less than € there exists a unique v € satisfying

F§+h(v) =0, v>-1, HUHCJ;H,Q < CH}LHC(I;+2,Q ,

4
so that the tensor field un=2(g + h) defines a Riemannian metric with con-
stant scalar curvature —n(n — 1). The map h — v is smooth near zero.

Given a Riemannian metric ¢ as in the statement of Proposition 6.1} we
will use that Proposition to construct metrics which are arbitrarily close to ¢
on compact sets, and which are conformal to the background b near infinity,
as follows. Let 0 < d < 0, § < n, and let g, be the metric interpolating
between ¢ and b on the annulus A, 44, as in [£2). Then g, = g + hq,
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where h, € Cat?® c CFP?* with [hall gk+2.0 going to zero when a does.
§

Proposition shows that for all a small enough there exists v, € C§+2’O‘
satisfying v, > —1 such that the metric

4
(6.1) o = (1 +v4) "2 g4
k+2,a

has scalar curvature —n(n — 1), and v, goes to zero in Cfy when a does.
In particular, v, goes to zero with (k + 2, «) derivatives uniformly on any
compact subset of M.

The metric g, is conformal to b near the conformal boundary at infinity.
If we assume that p?b is smooth up to boundary at OM, then the conformal
factor u is polyhomogeneous at the conformal boundary [2,3] . Further [3],
the asymptotic expansion of u, = 14wv, is identical to that of the background
metric b up to terms O(p™). This implies that u, is in fact smooth up to
boundary and, for small p,

(6.2) [ga — by = O(p") .

If b has the form (T2]), with b — Einstein, and if o > n/2, then the energy-
momentum vector p(,y of g is well defined. We can then choose § > n/2,
in which case it immediately follows from the definition of p(,) and from

(I12)-(@I5) that the energy-momentum vector of (1 + va)ﬁ ga tends to
that of g as a goes to zero.

As we have seen, the construction can be done rather generally, resulting
in a small conformal deformation of the metric on compact sets. It turns
out that the deformation can be localized to the asymptotic region if one
supposes, moreover, that g is not static in the asymptotic region; by this
we mean that P has no kernel on M. for all € small enough. Then the
deformation can be localized to the exterior region, in the sense that for any
€ > 0 we can find a constant scalar curvature metric g. which coincides with
g on M ~ M., with M, as in (2], and which is conformal to b near the
conformal boundary. The construction goes as follows: By the arguments
in [4] there exists a sequence of annuli Ag, 4, on which Pg* has no kernel.
Choose a;, < €/4, for all a < a;, small enough let g, be as in (6.]), then
Ja restricted to Aa¢074ai0 approaches zero in C**%% By the gluing results
of [8,9], for k> [ 5] + 2 and for a small enough g, can be deformed within
Aai0 JAa;, tO a metric g with constant scalar curvature which coincides with
gon M ~ 1\44(11.0 C M ~. M,, and which coincides with g, on Maio, hence
is conformal to b near the conformal boundary at infinity. In particular g.
approaches b as O(p") by ([6.2]).

Summarizing, we have proved the following result, somewhat reminiscent
of [21, Proposition 4.1]:

PROPOSITION 6.2. Let dimM =n >3, C,o0 >0, e N, ¢ > 2, a € (0,1)
and suppose that g = b+ h is a Riemannian metric with scalar curvature
—n(n —1) with p?b € CL*(M) and h € C™. Then:

(1) Foralle > 0 there exists a metric ge with scalar curvature —n(n—1),

conformal to g away from M, and conformal to b near the conformal
boundary.
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(2) Furthermore §. converges to § in C*(%) topology on any relatively
compact open subset U of M.

(3) If p?b is sufficiently differentiable at the conformal boundary (e.g.,
smooth), then the metrics g approach b as O(p™) for small p.

(4) If b is of the form (L2]) with b Einstein, and if o > n/2, then the
energy-momentum of g. approaches that of g as € tends to zero.

(5) If > | 5] +4 and if there exists g > 0 such that P} has no kernel
on Ay /4.0, then g can be chosen to coincide with g away from M,

but then the convergence of point (2) to § is in C*=2%(%) topology
only.

APPENDIX A. THE ASYMPTOTICS OF P*

A.1. Conformally compact metrics. In this section, we study the be-
haviour of the operator P}, when rescaled from As 45 to Aj 4, with ¢ tending
to zero, for conformally compact metric, asymptotically hyperbolic in the
sense of [18]. We consider on Mys a metric of the form

(A1) 9=rp"2(dp* +3(p)) = p°F.
This metric is conformally compact and |dp|g = 1 at infinity, so
Ric(g) = =(n —1)g + O(p),
where O(p) is a symmetric covariant two tensor with g-norm of order O(p)
(equivalently g-norm of order O(p~1)).

We study the metric on As 45, of course this calculation is valid for g = b
with b as is (23] or (L3]). This can be pulled-back to A = A; 4 using the
change of variable p =z to

g5 = 2 2(d2” + 672 °9(2)),
where %G(z) = §(0z). The determinant reads
det(gs) = 27267271 det( %) .
The non-trivial Christoffel symbols of g5 are
6F§z = _Z_l’

22

Tip = —5(—22_35_2 °Gap + 2720720, °Gan),
1 _ . .
TH. = Ty = 5(=22 55 + °57€0. °Gap),
5F§B = FgB( 5@ =: 5F§B'
We note that 9, °Gap(z) = §0,§ap(62) = O(5). The Hessian of a function
u takes the form
6V282u = Bzu + z_lazu,
OV.04u = 0,04u + (27169 + 0(6)%)dcu,
0V 40pu = °Vadpu — (271672 %Gap + O(6 1) ap)d.u,
thus ~
OVFOpu = 220%u — [(n — 2)z + O(6)]0;u + 226% °VA04u.
This gives

(P;(;u)zz = [(n - 1)2_1 + 0(5)]32u - URiC(gé)zz — 5 6$A3Au7
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(Pyuw)ea = 0:0au+ (27169 + 0(6)3)dou — uRic(gs)-a,
(Pru)ap = °Vadpu— °V9cu "gap — 6 20%u *Gap
+[(n = 3)27"07" °Gap + O(6~ ") aB)0-u — uRic(gs) ap-
Now, recall that Ric(g) = —(n — 1)g + p~'T, where T is g bounded. As
g =dp? +g(p) = 6%2dz% + °G(2), we have that T,. = O(6?), T4 = O(5) and
Tap = O(1), thus the coordinate components of Py u are
(Pru).. = [(n— 1)z + 0(0)]d.u + [(n — 1)z + O(6)]u — 62 °V A9 4u,
(Pru)oa = 0:04u+ (27165 + 0(6)%)dcu — uO(1)..4,
(Pru)ap = °Vadpu— °V9cuGap — 6720%uGap
+[(n=3)27"07> *Gap + O(6~ ") ap)0-u
+u(n —1)(z7%07* °gap + O(6~") ap)-
A.2. The (C,k,o0)-asymptotically hyperbolic case. In this section we
compare the behaviour of the operator Py with that of P, when rescaled

from As 45 to Ay 4, for (C, k, o)-asymptotically hyperbolic metrics of the form
(A1)). We also give an explicit formula for P} and its kernel for metrics of

the form (23)).

If keN,o>0,and g is (C, k, o)-asymptotically hyperbolic with b of the
form (2.3)), we have

Ric(g) = Ric(b) + O(p”) = =(n = 1)b+ O(p”) = —(n — 1)g + O(p?),
where O(p?) is a symmetric covariant two tensor with g-norm (or b-norm)
of order O(p?) (equivaleEtly g-norm of order O(pz*Q)) .

First, we have g(p) — b(p) = O(p?) and 9,[g — b](p) = O(p°~1), so that
’5(2) ~ °b(z) = 0(%) .
0:[°g~ b)) =5 0(6" 1) = O(&").
The non-trivial Christoffel symbols of g5 are
TZ =21 = TL(bs),
T = "Tap(bs) + 067 2) b,
Tq. = Toa = Tq.(b5) +0(5°)%,
"Tp =T45("9) = T4s(0) + 0(6")5s.
Let v be a one-form on A. To make things clear, let ¢ V denote the covariant
derivative operator of the metric bs and °V the one for gs, we have
W, = 0, + 27 M,
V.4 = Vs +0(87)5ve,
0V avs = OV qv. + O(67)S e,
5VAI/B = 6%AVB + 0(5072)143’/,2 + O(ég)gBVC’

where the error terms are measured with any fixed metric on the compact

set A, e.g. dz? _{_3(0)_
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If v = du, then
0 Qu = (fu + 27 '0u = °V.0.u,

OV.04u = °V.0au+ O(67)G0cu,

0V 40pu = °V 40pu + O(8°72) 450.u + O(6%)S z0cu,
thus

IV Ou = *VFou + 0(87)8.u + 087 AB OV gdau + 0671 .
We obtain for the components of Py u:
(Pru)zz = (Pu)2+0(87)0:u+0(67 Jut0 (37 )48 9V 9 4u+0(5712) dc,
(Pru).a = (Ppu).a + O(67)30cu + 087 1) gu,

(Pru)ap = (Pju) ap+0(07~2) apd.u+0(67)G *VedautO(87)G pcu+0(0 %) apu .
Next, we compute the explicit expression of PI;Z for a metric of the form
23). In that case we have

b,

2 2
b(z) = [1—14(%) ] b
8.(°b)(2) = —k82 [1 —k (%"’)2] b.

The non-trivial Christoffel symbols of bs are

5F§z — _Zfl
52\° 52\ | =
5]:’1243 — 52,1 [1 —k <§> 1+ k& (;) ] bap,

soC -1 52\ 02\*| ¢
PAz:_z 1—k 7 1+k 7 5A7

SC C
Iap =Tap(b).
We thus obtain for the components of the Hessian of w:

66282u = Bzu + 27 '0,u,
271 2
ce(G)] () o
2
1+k <%Z> ] /b\AB 0.u,

2
66,48321 = @A(?Bu — 5_22’_1 [1 —k <%Z>
o7 -
IVkou = z28§u +<1—(n-1) [1 —k <5_Z> ]

then

)

‘SﬁzaAu = 0, 0u+ 2"

\V)

thus
2

2
& <5z>
2

+2262
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One checks that Ric(b) = —(n — 1)b, which implies
Ric(bs) = —(n — 1)bs.

We obtain for the components of Pb*éu:

(P :(n—n{b—k<%>14
_ni152[1—k<%>2

5\2] 52\
1—k<§>] [1+k<§>]8w,

5z\° -1 -2
1+ k 5 z r0u+ 2 %u

@ABAu},

(Ppyu)za = 0,0au + z1

2
_ _ - 52\?
(Pg;u)AB = Va0pu — Vcacu bag — 0 2272 [1 —k <§> ] {223§u
14k (%) -
+2 <1 —(n— 2)%) d.u — (n — l)u}bAB.
1=k (5)
Now, a function u is in the kernel of Pb*é if and only if
IV Ou = u bs.

One checks that

Uy = 271

62\ 2
Lk (7) ] |
is indeed in this kernel. Further, if v is a non trivial solution of the Obata-
type equation
VA0pv = —kv bap
on the boundary at infinity, then the function

o)

satisfies (P u).. = (P u).a = 0, with (P u)ap = 0 if and only if k = 1).
Finally, it is an easy exercise to show that these functions generate the
kernel of Pg; . Here one can use the well known fact that the kernel of P*
has dimension at most n + 1 (see, e.g., [12]).

APPENDIX B. PROOF OF LEMMA

Throughout this appendix we write As for As4s and A for Ay 4; we hope
that the clash of notation with the A—spaces occasionally used elsewhere
will not confuse the reader. We start by scaling As to A = (1,4) x IM.
Recall that the weight function ¢ = y? on A relevant for the calculation
at hand equals (2 — 1)?(z — 4)2/9, where 2z runs along the (1,4) factor of
A. The argument that follows actually applies to any non-negative function
¢ = ¢(z) which vanishes precisely at the boundary of A and satisfies:

$(1) =¢(4) =¢'(1) =¢'(4) =0, ¢"(1)>0,¢"(4)>0.
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The idea of the proof is to cover (1,4) by intervals I;, with sizes chosen
so that on each interval the ratio sup ¢/ inf ¢ is bounded independently of
i. Furthermore, the size of each interval should be of the order of the value
of ¢ on the interval, to ensure good scaling properties. We then use interior
elliptic estimates after a cube decomposition of I; x OM; this requires a
second family of thickened intervals ./T\Z-, with properties similar to the ones
satisfied by the I;’s. Summing over the cubes provides the desired estimate,
after having ensured that the E’s do not overlap too much. We note that
the scalings in z and 64 are different; the former is tailored to account for
the degeneracy in the “radial” z-direction, measured by ¢, and the latter
accounting for the ¢d-dependent degeneracy in the “angular” 64-direction.

So we divide (1,4) into intervals

(B.1) Iy CIy € (1,4), Uply = (1,4),

as follows: There exists 1 < 27 < 5/2 such that ¢ : [1,21] — RT is strictly
increasing. Choose a > 0 small enough so that

z—2a¢(z) >1on (1,z1] and z1 +a(p(z1)) <4.
Define z; by induction using
Zit1 = zi — ad(z;)

thus 1 < z;41 < 2, and lim; .o 2z; = 1. For any function f € L'(A) we thus
have

B.2 / f= / f-
(B-2) [1,z1]xOM ; [zi41,2i] xOM

We want to show that there exists a constant C such that for all ¢ small
enough and for all positive integrable functions f we have

B.3) >/ B
5 Y [zi—2a¢(2:),zi+ag(2i)| xOM [1,4]xOM

In order to do that we need to count how many of the intervals [z; —
2a0(2;), zi + ap(z;)] overlap. Letting b := a¢”(1)/2, one easily finds

5= 2ap(z) —1 = (z— 1)(1 — (2 — 1)) + O((zl- - 1)3> ,
(zi — 1)(1 ~ kb(zi — 1)) + 0((% - 1)3) ,
Ziow +ad(zigr) — 1 = (z— 1)(1 — (k — 1)b(z — 1)) + O((zl- - 1)3) ,

where the error terms in the second and third equation depend upon k.
Choosing k = 4, it follows that

Zitk + a9(zivk) < zi — 2a¢(z;)
for all ¢ large enough. So for i large enough [z; — 2a¢(z;), z; + ap(z;)] will
intersect at most six such other intervals, and (B.3) with a constant C' > 6
follows.
An obvious modification of the above construction, decreasing a if neces-
sary, will lead to a sequence zj, — 4 satisfying

Zivk — 1

5/2 <21 < 2=z —ad(2iy) < 2141 < 4,
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with, for f € L'(A),
B.4 / f= / f
( ) [2],4]xOM ; [#5,2{ 1] xOM

and if moreover f is positive then

(B.5) f<co

i x/[z;2a¢(zg),z;+a¢>(z;)}><8M [1,4]xoM
Letting {I }ren be the collection, without repetitions, of the intervals
{[217 Zi]v [Zi+17 Zi]v [257 z_;“f’l]}ivjeN* )
——
=1
and letting {./f k tren be the collection, without repetitions, of the intervals
{[z1 — ap(21), 21 + ad(2)]; [zi—2a9(2), zi+ag(z)], [2j—2ad(2)), 25 +ap(2))] i jen-

N~

=TI

we obtain (B.I) together with
(B.6) / f= / [
[1,4]xOM Z I, xOM

k
(B.7) o f§Z/A f<c s
[1,4]x0M Y IkxOM [1,4]x0M
for positive f € L'(A). We set
Zr =sup I .

The above construction provides a d-independent decomposition of A into
stripes I, x OM, the size of which in the z-direction is comparable to ¢(z)
for any (z,v) € I x OM; similarly the sizes of I, x M are comparable to
¢(z) for any (z,v) € I, x OM. Mapping A to As provides an associated
decomposition of Ag into stripes I,‘g x OM with sizes uniformly comparable
to ¢(p/d) for any (p,v) € I x OM; similarly for fl‘g X OM.

We continue with a d—dependent, and stripe dependent, cube decom-
position of dM, as follows: Let {(&;,1;)}i=1,... N be a covering of M by
coordinate charts with each coordinate system ;" ! mapping &; smoothly
and diffeomorphically to a neighbourhood of [0,1]"~!; the local coordinates
on [0,1]"~! will be denoted by 4. We further assume that Uy;([0,1]"71)
covers OM as well. Let ¢; be an associated decomposition of unity, thus
> ;i = 1. Setting f; = (¢; f) o 1y, for any integrable function f we have

N
f= / fi-
/[1,4]xaM ; [1,4]x[0,1]"—1

Given ¢ satisfying 0 < § < 1/sup[174] ¢ and given an interval [ define
m = m(k,d) € N by the inequality
1 1
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Let {K;} be the collection of closed (n — 1)-cubes, with pairwise disjoint
interiors, and with edges of size 1/m, covering [0,1]"~1. For any K let K j
be the union of those cubes K; which have non-empty intersection with K.
Note that there exists a number N (n) such that K ;j is consists of at most
N (n) cubes K. It follows that for any integrable function f; we have

/[1,4}><[0,1]"1 fi= ; /[1,4]ka i
and if f; > 0 then

< n fi-
/[14]><[01 Z/ 4ka N )/[1,4]><[0,1}”—1

We are ready now to pass to the heart of our argument. Let {%}scn be
the collection, without repetitions, of the sets

{Ik X¢Z( )}kEN i=1,...,N, j=0,...,mn—1 -

Similarly let {?} ¢}een be the collection, without repetitions, of the sets

{Ik X¢Z( )}kEN i=1,...,N, j=0,...,mn—1 -

From what has been said we have, for any positive integrable function f,

/[14]><8M <Z/ fen 14><6ij
/[ 4xOM <Z/ f<NN /[1,4]><8Mf.

If % = I, x ¥;(K;) set ¢y = ¢(Z). Scale the local coordinates (z,64) in
Uy as
(,0%) = (2/¢¢,mo%) .
Up to translations, this maps all %, C U ¢’s to fixed cubes
Uy — [0,a] x [0,1]" C [—a,2a] x [-1,2]" «— X, ,

except for those which correspond to I; x v;(K;), which are mapped to

U — [0, a(z1—21)/$(2))]x[0,1]" C [—a, a+a(2}—21)/d())]x[-1,2]" «— %y ,
By construction there exists a constant C' > 0, independent of 7, such that
we have

sup¢<C 1nf¢7 sup ¢ < C inf ¢,
I;xOM T, xOM I;xOM
hence the same is true on each %, and U 0. Let ¢ = e=%/2¥; it is shown at
the end of [8, Appendix B] that one also has
supi/)<C 1nf¢, sup¢<C’1nf1/)
I; xOM I <OM I;xOM
(with perhaps a different constant C'), and again such f(-independent in-
equalities hold on the %;’s and % ¢’s. At this stage in is important to realize
that
Lg(s = B(gbaz’ ¢6a¢9’4)5
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where B is uniformly elliptic of order 4 (see equation (A.4) in [8]) on the
relevant cubes. We can also write

gs = 2 2(dz* + 6%Gap(02)d02dOP) = 272(d2® + Gap(62)d(60)2d(56)5).

It then follows from the usual elliptic interior estimates [19, p. 246] for the
operator B and scaling that (here g = g5)

w2¢2iv(i)u2§0 /w2¢2iv(i)Lu2+/ T/JQUQ ’
> [ et <e( X [ vty [ vt

i<k+4 i<k

where C' does not depend upon § nor g close to b. Summing over ¢,
Lemma follows. O
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