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ASYMPTOTIC STABILITY OF LATTICE SOLITONS IN
THE ENERGY SPACE

TETSU MIZUMACHI

ABSTRACT. Orbital and asymptotic stability for 1-soliton solutions to
the Toda lattice equations as well as small solitary waves to the FPU
lattice equations are established in the energy space. Unlike analogous
Hamiltonian PDEs, the lattice equations do not conserve momentum.
Furthermore, the Toda lattice equation is a bidirectional model that
does not fit in with existing theory for Hamiltonian system by Grillakis,
Shatah and Strauss.

To prove stability of 1-soliton solutions, we split a solution around
a l-soliton into a small solution that moves more slowly than the main
solitary wave, and an exponentially localized part. We apply a decay
estimate for solutions to a linearized Toda equation which has been re-
cently proved by Mizumachi and Pego to estimate the localized part. We
improve the asymptotic stability results for FPU lattices in a weighted
space obtained by Friesecke and Pego.

1. INTRODUCTION

In this paper, we study asymptotic stability of solitary waves to a class of
Hamiltonian systems of particles connected by nonlinear springs. A typical
model of these lattice is Toda lattice

(1) §(t,n) = e~latn)=atn=1) _ =(altntl)=atn))  for t ¢ R and n € Z,

where ¢(t,n) denotes the displacement of the n-th particle at time ¢ and

denotes differentiation with respect to t. Let p(t,n) = ¢(t,n), r(t,n) =
q(t,n+1) —q(t,n), u(t,n) = {(r(t,n),p(t,n)) and V(r) = e — 1 +r. Toda
lattice (]) is an integrable system with the Hamiltonian

H(u() = 3 (g0l + Virte) .
nez
(see [7]) and it can be rewritten as
du

(2) = = JH'(u),

0 e? —1
J_<1—e_8 0 >’

and e*? = ¢Tox are the shift operator defined by (e*9)f(n) = f(n % 1) for
every sequence {f(n)}nez and H' is the Fréchet derivative of H in [ x 2,

where
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Toda lattice ([2]) has a two-parameter family of solitary waves
M ={uc(t+6) | e>1, 6 € R},
where u.(t,n) = t.(n — ct), t.(x) = (Tc(x), pe(z)) and

(3) () = log M — L}

(4) ﬁc(x) = _Cax(jc(x)’ 'Fc(x) = @:(x + 1) - QC(x)?

and k = k(c) is a unique positive solution of ¢ = sinh x/k.

Friesecke and Pego [9, 10] have proved asymptotic stability of solitary
waves to FPU lattice in a weighted space assuming an exponential linear
stability property (H1) below.

To state the assumption explicitly, we introduce several notations. Let [2
be a Hilbert space of R2-sequences equipped with the norm

1/2
[ull;z = (Z 62a"IU(n)|2> )

neN

)

Let (u,v) := Y, cz(u1(n)uz(n) + vi(n)va(n)) for R?-sequences u = (u1,us)

and v = (v, v) and ||ullz = ((u, u))"/2.

(H1) Let a > 0 be a small number. There exist positive numbers K and
B such that if

(5) (v(s), J  ie(s)) = (v(s), J " Ocuc(s)) = 0,
then a solution to
dv 14
(6) = TH" (uc(t))o

satisfies
(7) e Du(t, e < Ke PE9)||e?C=e)y(s)||2  for every ¢ > s.

Remark 1. Solutions .(t) and J.u.(t) to (@) correspond to infinitesimal
changes on t and ¢ and they do not decay as t — oo. Since J'4.(t) and
J~10,u.(t) are the corresponding neutral modes to the adjoint equation

dw I
i H" (uc(t))Jw,

the condition (H1) says that a solution to (6] decays exponentially as t — oo
if it does not include neutral modes 4. (t) and Ocuc(t).

Remark 2. In (Bl), we set

J—l _ < 0 22:—00 6k8>

ZI;:l—oo ek@ 0
so that J~! is a bounded operator in [2,. (Note that u decays exponentially
as n — +oo if u € 13, and a > 0 and that |le %ulz = e %|ull;z .) Since

e and d,u, decay like e 21" —<tl ag n — +00, we have J 4., J10.u. € 2,
for every a € (0,2k(c)).
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Friesecke and Pego prove in [9] that solitary waves to FPU lattice are asymp-
totically stable in 2 if (H1) holds. They have also proved in [0, 1] that
small solitary waves of FPU lattice can be approximated by KdV solitons
and that they satisfy (H1). In [I8], we use the linearized Béacklund transfor-
mation to show that every 1-soliton of Toda lattice satisfies (H1) and prove
that it is asymptotically stable in I2 without assuming smallness of solitons.

Our goal in the present paper is to prove asymptotic stability of 1-solitons
in 12,

Theorem 1. Let cg > 1, 19 € R and let u(t) be a solution to ([2) with
u(0) = ue,(10) + vo. For every € > 0, there exists a positive number § > 0
satisfying the following: If ||vgll;z < 0, there exist constants ¢y > 1 and
o € (1,cy) and a C'-function x(t) such that

[ut) = tiey (- — ()12 <,
tILI& Hu(t) - ﬁc+(' - x(t))Hp(nZJt) = 07

sup (|e(t) — ol +[&(t) = col) = O([[volli2),

teR
li = lim () = cq.
Jim e(t) = ¢y, lim @(t) = ey

Remark 3. By a simple computation, we see dH (u.)/dc > 0 and lim.—,1 H (u.)
0 (see e.g. [24]). So we have arbitrary small 1-solitons in /2. However, small
solitary waves do not belong to an exponentially weighted space if ¢ is close
to 1 because u.(t) decays like e~ 2=l a5 n — 0o and lim.); k(c) = 0.
Thus from Friesecke and Pego [8] 9, 10, [11] and Mizumachi and Pego [1§],
we cannot see whether a solitary wave can be stable under perturbations
which include small solitary waves. Theorem [Il and Theorem 2] below insist
that a solitary wave does not collapse by small perturbations including other
solitary waves.

Since Benjamin [I] and Bona [2] studied stability of KdV 1-solitons, a
lot of results have been obtained on stability of solitary waves to infinite
dimensional Hamiltonian systems (see [5] and references therein). In those
results, they utilized the fact that the Hamiltonian systems have another
conservation law (like momentum for KdV and charge for NLS) and a soli-
tary wave solution is a local minimizer of the Hamiltonian among solutions
whose momentum or charge is the same as the solitary wave solution.

However, Toda and FPU lattices are bidirectional models like Boussinesq
equations (see [3, [4, 20]) such that a solitary wave solution is a saddle point
of the sum of Hamiltonian and the momentum multiplied by the speed of the
solitary wave whose second variation has infinite dimensional indefiniteness.
Furthermore, a solution to Toda lattice does not conserve momentum in
general because Noether’s theorem is not applicable to spatial variable n €
7Z. Hence stability of solitary waves does not follow from the theory of
Hamiltonian system by Grillakis, Shatah and Strauss [I3, [14] and Shatah
and Strauss [23]. For the same reason, it is not possible to use a Liouville
theorem like [I5] to prove asymptotic stability of solitary waves.

Luckily, solitary waves for a class of lattice equations including the Toda
lattice equation separate from each other as ¢ — co. As can be seen from
@) and @), speed of solitary waves which move to the right is larger than
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1 and the larger a solitary wave is the faster it moves, whereas the absolute
value of group velocities are less than 1. So a solution to () is decoupled
into a train of solitary waves and a remainder term as t — oo.

Friesecke and Pego [8, 9] [10], 11] utilized this fact and prove asymptotic
stability of solitary waves to FPU lattice in an exponentially weighted space.
They decompose a solitary wave as

®) u(t) = ey (V(t) + 0(t) = te(r (- — 2(1)) + 0(t),
2(t) = c(t)y(t),

where w4 (7(t)) denotes a main solitary wave, and c(t) and z(t) are mod-
ulation parameters of the speed and the phase shift of the main wave, re-
spectively. They prove that a solution which lies in a neighborhood of M is
absorbed into M exponentially in {2-norm as ¢ — co. Their proof basically
follows the idea of Pego and Weinstein [21] and impose the symplectical
orthogonality condition () on v. One of the difficulty to use their method
in the energy space is that J~'0.u,. tends to a nonzero constant as n — 0o
and () is not well defined for v € I2.

Our strategy is to decompose v(t) into the sum of a small solution v (t)
of ([2) and va(¢) that is driven by an interaction of u. and dispersive part of
the solution. Since v(t) is exponentially localized in front, we can estimate
v2(t) by using exponential linear stability (7). Since v;(t) moves more slowly
than the main solitary waves, it locally tends to 0 around the solitary wave.
To fix the decomposition, we impose the constraint

(v, J 7 e(v)) = (v2, T~ Oeue(v)) = 0

instead of ({)).

Recently, Martel and Merle [16] give a direct proof of the asymptotic
stability results in H'(R) for generalized KdV solitons based on a virial
identity (which first appeared in Kato [19]). Because the Toda lattice and
KdV equations have a similarity that the dominant solitary wave outruns
and is separated from other part of solutions as ¢t — oo, their idea seems
promising. We prove a wvirial lemma [Lemma [0 in Section 3] for v;(¢) and
apply local energy decay estimates for other part of the solution instead of
proving a virial lemma around solitary waves.This enables us to prove our
results without numerics whereas [I5] [16] need some numerical computation
to prove positivity of a quadratic form. We expect our proof is applicable
also for Hamiltonian PDEs like KdV equation by using the renormalization
method by Ei [6] and Promislow [22] (see [I7] for an application to the
generalized KdV equation in a weighted space).

Now, let us consider asymptotic stability of solitary waves to FPU lattice
equations. It is interesting to see whether solitary waves to non-integrable
lattices are robust to perturbations in the energy class. Let u(t,n) =
fr(t,n),p(t,n)) be a solution to

d
9) d—;‘ = JH)y(u) forte R,

where

Hr(u(t) = 3 (gote.l + Ve(r(en)) )
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and VF is a potential satisfying
(H2) Vp e CHR;R), Vir(0)=VAH(0)=0, VZ£0)>0, VZ(0)#D0.

If ¢ > ¢ := /V}(0) and c is sufficiently close to c¢;, Friesecke and Pego [§]
show that there exists a unique solution @.(z)
(10) — cOptic(v) = JHp(t.(z)) for z € R

up to translation and its profile is close to that of a KdV soliton. We remark
that a solitary wave solution u.(n — ct) has small amplitude and satisfies
dH (t.)/dec > 0 if ¢ > ¢s and ¢ is close to c¢s. See Friesecke and Wattis [12]
for existence of large solitary waves. Friesecke and Pego have proved in [11]
that small solitary wave solutions of (@) satisfy (H1) and are asymptotically
stable in /2. Assuming (H2), we can prove orbital and asymptotic stability
of small solitary waves in [? exactly in the same way as Toda lattice.

Theorem 2. Suppose (H2). Let 6. be a small positive number and let
co € (cs,¢s +6x) and 10 € R. Let u(t) be a solution to (@) with u(0) =
Ueo(T0) + vo. Then for every € > 0, there exists a § > 0 satisfying the
following: If ||voll;z < 0, there exist constants c4 > ¢s and o € (cs,c4) and
a C'-function x(t) such that

[u(t) = tieo (- — 2(8)) 12 <,

}g{}o Ju(t) = tic, (- — x(t))HlQ(nZUt) =0,

sup ([e(t) = co| + [2() = col) = O([|vollz2),

teR
tlggo c(t) = ey, tlggo z(t) = cy.

Our plan of the present paper is as follows. In Section 2] we introduce a
variant of the secular term condition for solutions in the energy class and
some estimates that will be used later. In Section B, we derive modulation
equations of z(t) and ¢(t) and prove

(11) c(t) = O(llvr(®) [y + [lv2(®)]%)

for some weighted space W C 12N {2, and X C [2. On the other hand, we

show that -
(12) A(WWNw+MMWﬂ%ﬁﬂ%%

by using a virial lemma for v;(¢) and a local energy decay estimate (Corollary
in Section [2)) for vy(t). Combining (II]) and (I2]) with

(13) @7 < Clllvolliz + le() = col),

which follows from the convexity of the Hamiltonian and the orthogonality
condition, we will prove Theorem [II In Section @ we give a brief proof of
Theorem 2

Finally, let us introduce some notations. For a Banach space X, we denote
by B(X) the space of all linear continuous operators from X to X. We use
a < band a = O(b) to mean that there exists a positive constant such that

a < Chb.
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2. PRELIMINARIES

Let u(t) be a solution to (2) which lies in a tubular neighborhood of M.
We decompose u(t) as [8). Since . = —cOptu.(- — ct) = JH' (u.), it follows
from (3) and (@) that

Dy (1(8)) =0ty (n — 2(8) — () (n — 2(0)
—TH (1)) + &(8)Oetuc()) + W“c“’ (4(2)).

Thus by the definition of v,

(14) — = JH" (ueqy (v(t)v(t) + 1 (t) + N (),

where
ll(t) - - é(t)acuc(t) (V(t)) - T_t)uc(t) (V(t))a

N1(t) =T {H (uey (v(8)) + v(t)) — H' (ue(ey (¥(£))) = H" (uey (v(t))v(t) } -

Let P.(t) be a spectral projection associated with a subspace of neutral
modes span{,(t), d.u.(t)} and let Q.(t) = 1 — P.(t). Then for v € [2
(0 < a < 2k(c)),

P.(t)v = 0(c) (v, J (1)) Ouc(t) — 0(c) (v, T 0cuc(t))tic(t),

where 0(c) = (dH (u.)/dc))™'. We remark that the projections P(t) and
Q.(t) cannot be defined on 12 because J'0,u. does not decay as n — o0o.
Now, we decompose v(t) into the sum of a small solution to ([2) and a

remainder term that belongs to 2 for some a > 0. More precisely, we put
v(t) = v1(t) + vo(t), where

d?)l /
(15) { E =JH (vl)a
’Ul(O) = o,

and vy(t) is a solution to

dv
{ W2 TH (o (1) + (1) + No(t)
v2(0) = o (T0) — ¥e(0)(7(0)),

where No(t) = Ni(t) — JH'(v1(t)) + JH" (uery(y(t)))v1. To fix the decom-
position, we will impose the constraint

(17) ((t), T e (1(1))) = 0,

(18) (va(t), T Bty (1(1))) = 0.

We remark that u(t) — vi(¢) remains in 2 for every 0 < a < 2k(cg) and
t € R. More precisely, we have the following.

(16)

Proposition 3. Let cg > 1, 19 € R and vg € I2. Let u(t) be a solution to
@) satisfying w(0) = uc,(10) + vo and let vi(t) be a solution to ([IBl). Then

u(t) € C*(R;1%) and u(t) —vi(t) € C*(R;12)  for 0 < a < 2k(cp).
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Proof. By [9], we have u, v; € C?(R;I1%). Let v3(t) = u(t) — v1(t). Then
03(0) € mO§a<2m(co)l(21 and

dvs
dt

Let u(t) = {r(t),p(t)), vi(t) = (r1(t),p1(t)) and let

ViO-Vie)
F(u,v) = T—r1 ]

(19) = J(H'(u) — H'(v1)).

0 1

Then we have F(u,v1) € CY(R; B(I2)) for every a € [0,2x(cp)) and (I9) can
be rewritten as

d
(20) % = JF(u,v1)vs.

By [9, Appendix A], we see that there exists a unique solution vz € C?(R;1?N
12) to 20) for every a € [0,2x(cp)). Thus we prove u — v; € C?(R;[2) for
every a € [0,2r(cp)). O

If u(t) and wu(t) — v1(t) lie in a tubular neighborhood of a solitary wave
in /2 and 2 respectively, we can find modulation parameters c(t) and ~(t)

satisfying (I7)) and (I8).

Lemma 4. Let ¢cg > 1, 19 € R, v(t) =t + 719 and a € (0,2k(co)). Let
u(t) be a solution to ([2)) and let v1(t) be a solution to (IB)). Then there exist
positive numbers dg and 41 satisfying the following: If

sup (Hu(t) - uco(")/O(t))”l2 + e—acm/o(t)”u(t) — Ucy (VO(t)) — U (t)”lg> < 50
te(T1,T3)

for some 0 < Ty < Ty < oo, there exists (c(t),1(t)) € C*(T}, Tol:R?)
satisfying (), (D), () and

sup  (|v(t) —0(t)| + |e(t) — col) < 1.
tE[T17T2}

FEspecially, it holds |c¢(0) — co| + |v(0) — 0] = O(||vo]l;2)-
Proof. Put
(21) Fi(u, i, c,7) = <u_uc(7)"]71uc(7)>a
(22) Fy(u,a,¢,7) = (@ — ue(v), ™ 0euc(7)))-
Then
2
O ey ).t ohscon) = — (1 H () ) 0.

Let U(do) ={(u, @) € I x 12+ [lu—uc(0)ll;2 + |G —uc(y0)lliz < do} and

B(61) := {(c,7) € R%: |c — co| + |y — Y0| < 61}. Using the implicit function

theorem, we see that there exists positive numbers dg and §; and a mapping
®: U(do) > (u,a) = (¢,7) € B(d1)

satisfying I} (u, @, ®(u, ) = Fo(u,d, ®(u,@)) = 0. Since F} and Fy are C?
in (u,@,7v,c) € U(d) x B(d1), we have ® € C*(U(dp)).
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Let (e(t),v(t)) = ®(u(t),u(t) — v1(t)) for t € [Th1,T5]. Then c¢(t) and
v(t) satisfy (I7) and (I8) and are of class C? because ® € C?(U(8)) and
(u(t),u(t) —v1(t)) € C*(R;U(dp)). Furthermore, we have

le(t) = col + () = 20(D)]
Sllu(t) = uey (o) liz + =7 fult) = uey (30(t)) = v1(t)]iz-
Especially for t = 0, we have |c(0) — co| + |7(0) — 70| = O(|lvo||;2). This
completes the proof of Lemma [4l O

To estimate the exponentially decaying part of a solution, we will use the
following decay estimate for non-autonomous linearized equations.

Lemma 5 ([I0,[I8]). Letcop > 1, a € (0,2k(co)) and b(a) := ca—2sinh(a/2).
Let Uy(t, )¢ be a solution to

dv "
(23) == JH" (te,)v.
(1) = .

Then for every b € (0,b(a)), there exists a positive number K such that for
every ¢ € 12 and t > 1,

e~ U Ug(t, 7)Qel(r)plliz < Ke ™™ o2

(]
Now let v = () be a C'-function and let U(t, T)vy be a solution to
dv .
(24) E - fYJH/I(uCO (7))07
(1) =

If a modulation parameter «(¢) is an increasing function and %(¢) is bounded
away from 0, we have the following.

Corollary 6. Let ¢y, a, b and K be as in Lemmald and let 0 < T < oo. Sup-

pose infycio ) Y(t) > 1/2, 0 € 12 and (p, J ™ iey (7(1))) = (@, T ety (v(7)))
0. Then

Ut T)ellxwy < Ke P2 pl gy for0<T<t<T,
where ||v]|x () = e~ ||v||2.

Proof. Let s = y(t), 71 = v(7) and ©(s) = v(y~1(s)). Then for s € [0,7(T)],

di
d_: = JH"(ue,)v and  v(s) € Range Qe ().

Lemma [0l and the fact that 4(¢) > 1/2 imply
lo(®)lx) = e [5(s) |l <EeMe=m=ae0m g
SKe—b(t—T)/Qe—aco'y(T) H(PHIQ )
This completes the proof of Corollary [Gl O

We can estimate ||v(t)||;2 by applying an argument from [9] that uses the
convexity of Hamiltonian and the orthogonality condition (I7)).
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Lemma 7. Let u(t) be a solution to (2)) satisfying u(0) = wue,(10)+vo. Then
there exist positive numbers do and C' satisfying the following: Suppose there
exists T € [0,00] such that v(t) satisfies [8) and ([I0) for t € [0,T] and
supyefo,7 [e(t) — col + [lvollz < 02. Then

(25) lv(®)llfe < C(le(t) = col + llvolli2)  fort € [0,T].

Proof. By (IT), we have (H'(u(;)(v(t)),v(t)) = (J~ e (4()), v(t)) = 0.
Since H(u(t)) does not depend on ¢, it follows from the convexity of the
functional H and the above that

0H :=H (ucy(10) + v0) — H(te,)
=H (ue(yy (7(1)) +v(t)) — H(uc,)

= H () + (H (e (1(0)), 0(8)) + 5 G ey (1 6)) (), ()
~ H(uey) + O(o()l)
> S0 — C'letd) — ol + Oo(0) ).

where C” is a positive constant. Noting that [0 H| = O(]|vol|;2), we have (25)
for a C' > 0. O

Because [2 C " for every r € [2,00], Lemma [T allows us to control every
{"-norm with r» > 2.

3. PROOF OF THEOREM [I]

First, we derive from (I7) and (I8) a system of ordinary differential equa-
tions which describe the motion of modulating speed ¢(t) and phase shift
x(t) = c(t)y(t) of the main solitary wave.

Lemma 8. Let u(t) be a solution to [2)) and vi(t) be a solution to (I3)).
Suppose that ¢ and y are C'-functions satisfying ([T) and ([I8) on [0,T] and
infte[O,T] c(t)
> 1. Then it holds for t € [0,T)] that

&(t) = O(llvr )y + 23 o)),

() — c(t) = O(llor(®)llw e + ([o®)lli2 + [lor(@)l2) lv2 ()| x 2

_ — 1/2 —
where [[ullw @ = (Zpez e O Olu(m)?) 7, Jlullx@ = e Olull;
and a is a constant satisfying 0 < a < infcjo m K(c(t)).
Proof. Differentiating (7)) with respect to ¢ and substituting (I4)) into the
resulting equation, we have
d

% <Ua J_1ﬁ6(7)>

:@7 J_1u6(7)> + %@7 J_luC(7)> + é<va J_lachC('Y»
=(JH" (uc(y))v, J " 1e(7))) + (v, T Viie(7))

0k 8 ) + (2 1) 0 i) + el T (0)

=0.
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Substituting . = JH" (u.)t. and J* = —J into the above, we have

(26)

. d 1. T 1. 1.

{ ) = o 0~ (£ 1) 0T i) = 0, i)

dc c

Differentiating (I8]) with respect to t, we have

im0}
=i, T 0etcl)) + 7 (2, (7)) + v, T ORue(7)
:<JH”(UC('Y))U2, Jﬁlacucw)» + (v2, Jﬁlacucw»

+arHWJ1@%w»+(f—Q@mJI@mw»+de1£%w»

c
=0.
Substituting d.t. = JH" (u.)0.u, into the above, we obtain

<% _ 1> {%H(uc) + (vg, J‘lacﬂc(7)>} + é(vg, I Zuc(v))

= — (No, J 7 0cuc(v)).

(27)

Since |N1(t)] < [v(@®)]? and |J Yi(t,n)| < e 25@In=2O] a5 n — oo, we
have

(N1, T Vae(7)) = O([v(®) I r))-

Let Na(t) = Ny (t) + Na(t) + N3(t), where

Ni(t) =Ny(t) — JH' (v(t)) + Jo(t),
No(t) =JH'(v(t)) — JH' (v1(t)) — Jua(t),
N3(t) =J (H" (ue(r) (7(£) — 1) va(t).

We put G(v) := H'(v) — H'(0) — H"(0)v so that JG(v) denotes a part of
Ni(t) that does not interact with the solitary wave u.(7y). Since |u.(t,n)| S
e~ 26(0)n—z(®)] and ¢ < infyepo, #(c(t)), we have Huc(t)UQHX(t) < Hv”%/[/(t)'

Hence by the definition of N; and Ng,

(28) INL By = IN1(8) = TG @) lx(e) S 1oy e)»

(29) INo(8)llx 0y =T G(o(t)) = TG (o1 (D) x
Slv@lliee + [[or (@) lliee) lva (D) x ) -

We see from () and (@) that H” (u.) — 1 decays like e=2#"=*() a5 n — +o0
and for a € (0, k(c(t))),

(30) IN3 ()|t < Nloa ()|l ey-
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Let [[ull x (- = e ullz, and [[ullw ) = (3,7 €™ OOl u(n)[?)1/2.
In view of (26]), ([27) and the fact that

tS[%PT] (1™ iey (YE lwr = + 1T Ocveqey (YD) lwr <) < 00,

€10,

tSEéPT} (1™ Octveqay (YD I x 1y + 1™ 02 ue(ey (YD)l x(y+) < 00,
€10,

we have

¢é(t) _ O(||v(t)\|12/v(t))
A) (a‘c(t) - c<t>> - <0<Hv1<t>uw<t> (o) + um<t>ulz>uv2<t>ux<t>>> ’

where A(t) = diag(dH (uc)/dc, dH (uc)/dc) + O(|lvr(t)llw ) + llv2(@)llx))-
We have thus proved Lemma [8] O

Since vy (t) is smaller than the main wave, it moves more slowly and will
be separated from the main wave. The following is an analog of virial lemma
for small solutions in Martel and Merle [16].

Lemma 9. Let vi(t) be a solution to (5.

(i) Suppose vg € 12. Then supep ||[v1(t)]| < Cllvoll;2, where C can be
chosen as an increasing function of ||vgll;2.

(i) Let ¢ > 1 and Z(t) be a C*-function satisfying infyer ¢ > c1. Then
there exist positive numbers ag and d3 such that if a € (0,a9) and
[[voll2 < 03,

t ~
la () 20r(1) 1 +/O 1a(t)or(s)lIfods S [[a(0)!2uollE,
where Y, (t,x) = 1+ tanh a(z — Z(t)) and 4 (t,z) = a'/?sech a(z —
(t))-

Corollary 10. Let vi(t) be a solution to (IH)). For every ¢y > 1, there exists
03 > 0 such that limy—eo [|01 () |12(n>e,0) = 0 4f [lvolliz < d5-

Proof of Lemmald. Since v1(t) € C?(R;I?) is a solution to (5], we have
H(vi(t)) = H(vo) for t € R. Noting that V() is coercive and inf ;< g |z| 2V ()
> 0 for every R > 0, we have

dNv(t)lle < H(v(t)) = H(vo) < C(llvoll2) ]| vollfe,
where C' can be chosen as an increasing function of ||vg||;2 and ¢’ is a positive
constant depending only on ||vg||;2.
Next, we prove (ii). Put
1
vl(t) = t(rl(t’ n),pl (t’ n))a hl(t’ ’I’L) = 5])1 (t’ n)2 + V(Tl (t’ n))
By (2) and the fact that there exists a C' > 0 such that for every n € Z,

r1 (t7 n)2

V(ri(t,n)) < Cllvolliz|r1 (8, m)[,

V' (r1(t,m)) = r1(t,n)| < Cllvollie|ra(t,n)],
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we have
d
- > wa(t,n)ha(t,n)
nez
=> pit,n)V'(r1(t,n — 1)) (a(t,n — 1) = ¥a(t,n)) + > ditba(t,n)ha(t,n)
nez nez
- B S Gt (tn)?
nez
+ (L + Clvolliz) Y [walt,n — 1) = gha(t, n)] [pr(t, n)ri(t,n — 1)
nez
=B G O le) 3l n— 1) (0 — 1)
2 0112 =~ a 1\l )

where C’ is a positive constant. Let d3 and a be sufficiently small numbers.
Since inf Z; > ¢; > 1 and

Yal(t, n)N— Ya(t,n —1)
Yo (t,m)?

there exists a & > 0 such that for ¢ € [0, T7,

sup
n,t

—1‘ =0(a) asal0,

(31) % > et n)ha(t,n) < =6 Yalt,n)?(pr(t,n)* +r1(t,n)?).

nez ne”L

Integrating (31) over [0,t], we have

Zzpatnhltn —}—52/1%871 (p1(s, n) +71(s, n) )ds

nez ne”L

<> e (0,1)h1(0,1) < Ilvol?.

nel

We have thus proved Lemma O

Proof of Corollary[IQ Let ¢y € (1,¢1) and let Z(¢) = cot. Then by Lemma
0, we have [|v1 () |12 (n>cor) S |44 (0)Y2v0]| ;2. Let ng(t) = [(c1 —c2)t], a largest
integer which is smaller than (¢; — ¢)t. Then we have ng(t) — oo as t — oo
and

[or(D)l|2(nzerty <llor(E - +n0(E))l2(nzest)
SN0, 200 (- + 10 (1)) |2

Letting t — oo, we have lim; e [[v1(?)[l12(n>c,ry = 0. This completes the
proof of Corollary [0} O

Next, we will show the decay estimate of vs.

Lemma 11. Let ¢g > 1, a € (0,k(co)/3) and 04 be a sufficiently small
positive number. Suppose that the decomposition (8), (I7)) and ([I8]) exists
fort €[0,T] and that [lvo||;2 +supyepo, 7 (Ic(t) — col + [2(t) — col) < da, where
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x(t) = c(t)y(t). Then
(32)
t
1Qe(ry (Y02 (B) || x5y < C (e-bt/ﬂ\voup + /0 e—b“—”/“|rv1<s>|!w<s>ds) :

fort€[0,T], and

T
(33) /0 Joa (&)1 oyt < Clooll:,

where C'is a positive constant independent of T and ||v]|x) and ||vllw
are as in Lemma[8.

Proof. Let 03(t) = Q) (v(1))v2(t) and w(t) = Qey (Y(#))02(t), where ¥(t) =
x(t)/co. Here we choose ¥(t) so that u.q(v(t)) and uc,(7(t)) have the same
phase shift and for 0 < a < min(x(c(t )) k(co)),

1Qe(ty(7(1)) = Qe (V)| Buz) = O(le(t) — col)-
By (I7) and (I8),
(3) T2(t) =va(t) = O(c(t)) (va(t), I~ iac(y(#))) Deuc(v(t)
=va(t) + 0(c(t)) (v (), T e (7 (1)) Detie(1(1))

Thus we have

Y2 JH () ()2 + 1 (8) + 1a(D) + 10) + Nalt)
where
2(1) {‘9 )s I Vg (7(8))) Dty (7(8)) }
I3(t) = —6(c(t ))( 1(t ),J Yoy (7(4))) Defiveqy (V(1))-
Since
T (e (7)) Qu(3)] =0,
we have

w — 'yJH"(ucO( Nw =Qc, (¥ {vg—'yJH’ Ueo (7 1)2}

(35) e { Y e Y Nk}

1<k<4 1<k<3

L) =T {H" (e (7(t))) — H" (ueo (3(t))) } 02(2)
— (Y(t) = 1) TH" (uey (7(t))) D).
In view of Lemma [§, we have for a € (0,2k(c(t))),
(36) [[Lllx@y S llor(@llwy + (vl + vi @1z + o2 (Ol x @) 2 (Ol x 1) -

By (@) and the fact that J 'u.(v), &7 c(y), Qeuc(y) and Ldeuc(y)

—2k|n—2x(t)

decay like e | as n — +00, we have

(37) N2l xe S llvr@)llwe-
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Similarly, we have
(38) 1@ lx @y S lvr(llwe
Since (1) = o’ () = e(t) (1),
1@ x 1) S(e(t) = col + |2(E) — col)[D2) [ x(2)
SOa(llor (@) llw ey + o2l xe))-
Let U(t,s) be a flow generated by
d’U) E ~
W 5071 (wea GO

Applying Corollary [6] to (B5) and substituting ([28)—30) and B8)—(39), we
have

(39)

[w(®)]lx )

<IU(E 0)w(0)]x (o +Z / 1t )@y (3(5))(5) o

+Z/|!Utsczco DKl

t
SOl + e el ds

t
+/0 e I {Jlor(s)lws) + (01 + l[oa(s)lli2 + oz (s) ) loa () xs) } -

Here we use [lullw ) S [lullie and [[ullw @) S llullxq for a € (0, £(c(t))/2).
By the definition of ¥y and w,

(40) [o2(t)llx ) S [102(0)Lx ey + [0 () lw ey,
(1) o2 lxy <lw®)lxe + Qe (V(#) = Qoo (7(8)))02() 1 x(2)
Sllw@®)lx ) + le(t) = colllv2() L x )

If 44 is sufficiently small, Eqs. ({@0) and (1) imply [|92()[|x @) S [lw®)llxe
and

(42) lo2(8)llx @) S lw@lx@) + lor@)llw)-

It follows from Lemmas @ (i) and [0 that [jvi(f)]l;2 + [[v2(0)[I% < llvollz +
lc(t) — co|- Thus as long as supg<s<; [w(s)| x(s) < V04, we have

()l x ) Se™"/?[1w(0) ] x(0)

t
+/0 e bt=s)/2 <H711 (8)[lws) —i—\/&Hw ”X(s>

Applying Gronwall’s inequality, we have
(43) lwo(®)llx Se” OV |w(0)]]x o

t
+/ e~ CRHOWINE=) 1y (5) |3y ds
0
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By the definition of w, (I6]), (84) and Lemma [4]
(44) [w(0)llx0) < [lv2(0)llx(0) + l[v1(0)[liz S [lwollez-
In view of Lemma [ (i), (43)) and ({@4)), we have [[w(t)|[x@) < [[volliz = O(d4)
and (@3] persists for ¢t € [0,T] if §, is sufficiently small. Thus by @),
we have ([B2) Combining (B2]), (34), and Lemma [ (ii) and using Young’s
inequality, we have

HU2(’5)HL2(0,T;X(t)) Sllvolliz + ”eibt/4HL1(0,T)Hvl”LQ(O,T;W(t))

Sllvollez-

We have thus completed the proof of Lemma [I11 O

Now, we are in position to prove the following proposition.

Proposition 12. Let ¢y > 1, 19 € R and let u(t) be a solution to [2)) with
u(0) = ugy(10) + vo. For every e > 0, there exists a positive number § > 0
satisfying the following: If ||voll;2 < 0, there exist a constant ¢y > 1 and a
Cl-function z(t) such that

(45)  [lu(®) = e (- — z(8)lle <,
(46 tlgglo |w(t) = e, (- — w(t))ng(an(t)_R) =0 for every R >0,

46)
(47) jg}g(!dt) — co| + |(t) — col) = O([lvolls2),
48)

li = lim @(t) = cy.
Jim e(t) = ey, lim @(t) =y

(48
Proof. Let 05 = minj<;<4 0; and

Ty :=sup{t: [®), (I7) and ([I8) hold for 0 < 7 < ¢},

Ty :=sup {t < Tp : [voll + Sup (le(T) = col + [&(7) — co]) < 55} -

<r<t
If § is sufficiently small, Proposition Bl and Lemma @l imply that 77 > 0. We
will show that Ty = T; for small 6. Suppose that ¢ € [0,77). Lemmas [§
and [T and (0] imply
(49) |2(t) — ()] Sllor®)llw ) + o) x e
Sllor@llwe + 02Ol x ) S llvollee-
By Lemmas d and [8],

e(t) — col <]e(0) — ol + /0 é(s)ds

¢
Slolla + [ (o) + ey ) ds.
In view of Lemmas [ (ii) and [[1] we have
(50) le(t) = ol S llvollee-
It follows from (49) and (B0) that Tp = T3 if § is sufficiently small.

Next, we will show that Ty = oo for small §. Suppose that for every § > 0,
there exists vy such that |lvgll;z < d and Tp < co. By Lemma [7 and (B0,

(51) sup [lo(®)l7 < llvollee.
tE[QT()]
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Using ([@0]), Lemmas [Tl and [@ (i), we have

2) s [le@llxe S sup (lvi@®llwe + 1920)lxw) < llvolle
te[0,To] te[0,To]

By (1) and (52), we get [o(To)lz + e~ oy (To)lliz < [lvoll;2- Hence it

follows from Lemma @ that the decomposition (), (I7) and (I8]) can be

extended beyond t = Tp if |[vg||;2 is small. This is a contradiction. Thus we

prove Ty = oo for small vy € [2.

Let § be a small positive number such that Ty = 77 = co. Then Lemma
(ii) and Lemma [T imply [Jo1(¢)|lw ) + llo2(t)] x @) € L?(0,00). Thus by
Lemma [§ we see that ¢(¢) is integrable on [0,00) and that there exists ¢y
satisfying limy_, ¢(t) = ¢y

Next, we will prove ({#6]). As in the proof of Corollary [[0] we can prove
limy o0 |01 (%) |l (ry = 0. Combining this with (B4]), we have
(53) tlggo x(t) = tlgélo c(t) = cy.

By (@), Lemma [[T] and the fact that |lv1(t)[lw ) € L?(0, 00),
[o2(O)llx ) Sllor@)llw ey + 1028 x0)

Sllor @ llwey + e leolliz + sup Jor(s)llws)

4 t/2<s<t
(54) 2

£/2
1 ebt/8 (/0 ”Ul(s)”%/[/(s)d3> —+0 ast— oo.

Since [lv2(t)liz(nza@)-r) S lv2(t)|lx () for every R > 0, Corollary [0 and
(B4) imply (@6). Combining this (53)) and (G4]), we have
tliglow(t) - tli>nolo o(t) = ey

We have thus completed the proof of Proposition O

Combining Proposition [[2] and the monotonicity argument given in [16],
we obtain Theorem [I1

Proof of Theorem[1. Put
t(?’(t,n),ﬁ(t m) = v(tn),  hltn) = 2p(n)” + V(F(En)),
Na(t) = 7 {H (e (1 (1)) + 0(t)) — H (e (1(8))) — H'(0(2)) }.
o

Let 0 € (1,C+) t1 > 0and #(t) = x(t;)+o(t—t1). Let ¥,(t,n) and ¥, (t, n)
be as in Lemma [0 Then

d
% Z %(E n)h(t7 n)

neZ
=(H'(v(1)), a(t)5(8)) + Y Otba(t, n)h(t, n)
ne”L
_Zpt n t n_l))(wa(tan_l)_w(tvn))
neL

+ (Wa(OL (1), H' (1)) + (La(t)N3(t), H'(0(t))) + Y Betba(t, n)h(t,n).

ne”
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Here we use % = JH'(v(t)) + l1(t) + N3(t). Suppose that a > 0 and ||vg||;2

are sufficiently small. Since ||v(¢)];2 < |lvoll;2 follows from Proposition 2]
we see that there exists a ¢’ > 0

% Sty )t n) < — 8 S Galtyn) (7t 0)? + (1, 0)2)

nez nezZ
+ (o (O (1), H'(v(£))) + ($a(t) N3 (t), H' (v()))

in exactly the same way as the proof of Lemma[d By the definitions of {1 (¢)
and N3(t) and Lemma [§]

[Ns(t)] S [uew (v(2))v ()],
[0 (8), H ()] < (lor@)llw ey + o2 (®)llx)*.
Combining the above, we have

Z Ya(t,n) (F(t,n)? + p(t,n)?)

nel

S Yalty, n)h(ty,n) +/t (s ()llws) + llv2(s) | x(s))*ds

nel

S talts,n) (Jor(tr,n)” + [va(ts, n)?) +/t (lor(s)lws) + llva(s)llx (s))*ds-

nez
As in the proof of Corollary 10 we have

i, 3 v ) =0
ne

On the other hand, Lemma [T1] implies

> dalty,n)|va(ty, n)]* S oa(t) k) — 0 as ty — oo

neL
Furthermore, Lemmas [@ and [IT] and Proposition [[2] imply
o
. 2 2 _
Jim [ oy + Foate) o s = 0

Combining the above, we obtain

I =0.
i sup ol mzot) =0

Thus we complete the proof of Theorem [Il O

4. PROOF OF THEOREM

In this section, we will prove orbital and asymptotic stability of solitary
waves to FPU lattice ([@). For a two-parameter family of solitary wave
solutions {u.(t +9) : ¢ € [c1,c2], 0 € R} that satisfies the condition (P1)-
(P4) below, we can prove the orbital and asymptotic stability of solitary
wave solutions in exactly the same way as Theorem [I1

(P1) There exists an open interval I such that V”(r) > 0 for every r € T

and that {r.(z) : z € R} C I for every c € [c1, ca].

(P2) There exists a > 0 such that the map R x [c1, o] D (t,¢) — u.(t) €

2ni2, is C2
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(P3) The solitary wave energy Hp(u.) satisfies dHp(u.)/dc # 0 for ¢ €

[Cl, 62] .
(P4) Let ¢y € [c1,¢2] and a € (0,2k(co/cs)). Let Up(t, 7)e be a solution
to
dv
(55) pri JH (e )v.
o(T) = ¢
Then there exist positive numbers b and K such that for every ¢ € 12
and t > T,

e~ | Uo (8, 7)Qe(m)plliz < Ke "l

Proof of Theorem[2. If ¢ > ¢, and c is sufficiently close to cs, there exists a
unique solitary wave solution to (I up to translation ([8, Theorem 1.1]). By
[8, Theorem 1.1], we see that a solitary wave solution satisfies (P1) and (P3)
if ¢ is close to c¢s. Slightly modifying the proof of [8, Proposition 6.1] and [9,
Proposition A.3], we obtain (P2). Since (P4) holds for small solitary waves
(see [11]), Theorem [2 can be proved in exactly the same way as Theorem

il O
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