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ABSTRACT

The possible existence of black holes has fascinated &ttt least since Michell and
Laplace’s proposal that a gravitating object could existrfiwhich light could not escape.
In the 20th century, in light of the general theory of relayivit became apparent that,
were such objects to exist, their structure would be fareridihan originally imagined.
Today, astronomical observations strongly suggest thla¢reblack holes, or objects with
similar properties, not only exist but may well be abundaraur universe. In light of this,
black hole research is now not only motivated by the fastigaheoretical properties such
objects must possess but also as an attempt to better wantbthe universe around us. We
review here some selected developments in black hole dsdaom a review of its early
history to current topics in black hole physics researctacBlholes have been studied at
all levels; classically, semi-classically, and more rélgeas an arena to test predictions of
candidate theories of quantum gravity. We will review hemegpess and current research
at all these levels as well as discuss some proposed aites#t black holes.
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1 Introduction

This paper presents some developments in black hole réskeanc its very early history to
modern day. Any manuscript undertaking such a task is baubd incomplete, the subject
matter being enormous. What is intended here is a coheezrspnably self-contained (and
relatively brief) article capturing essential featureblack hole history and research at the
classical, semi-classical, and quantum level. The goa givie the interested researcher
or student an overview of some of the research that has beenatal is currently being
pursued in all these areas within a single manuscript. THe & more of a survey than an
in-depth study and it is hoped the interested reader willtledreferences useful for further
information. Given limited space and time, there are reégbt many, sometimes glaring,
omissions and entire fascinating areas of research hadédt loat. It was therefore decided
that the bulk of the effort go into reviewing a few selectepli¢s in four dimensional black
holes within the context of the original general relativityeory of Einstein and Hilbert and
their natural extensions into the quantum realm. A sincemogy goes to the authors of
works not included here or accidentally missed. Some ofdpis$ are chosen due to their
lasting impact in the field as can be seen, for example, by tinger of papers appearing
on the arXiv related to these topics, and are not necessaily It is hoped that this type
of review will give researchers in other areas of gravity iafowverview of the phenomena
that these recurring topics comprise.

Black hole research has turned from an obscure, almostdgramea of research to one
of the most studied segments in gravitational field theoogay it is common to see more
than a few black hole papers appear on the pre-print archivaedaily basis. It seems that
the black hole still has many interesting surprises, froemghrely classical, to the purely
guantum, and everything in between.

The presentation here is done in a somewhat historical @etigp. However, the bulk
of the results focus on more recent developments as thegerarmber of excellent books
and reviews from a purely historical point of view ( [1], [2B] and references therein).

In section 2 we give a brief history of black hole researchictitates at least back
to the 1780s. In section 3 we present the classical blaclslarid the fascinating research
that accompanies them to this day. In section 4 we look at-stassical research which
also includes a section on Hawking's amazing result of blzak radiation. In section 5
we study results from quantum gravity, primarily the loopgach, which is not to imply
that other approaches are not fruitful. In starting to witiitat section of the manuscript it
seemed that with several differing theories, either nagastould be paid to any of them,
or else the section had to focus on the research occurringtrope of them. It seems that
loop quantum gravity is closest to the spirit of the rest efplaper and has also produced a
number of interesting results.

Of course, black holes would not be nearly as interestingtfor the fact that there is
now reason to believe that they may well exist (perhaps evabuindance) in the universe.
We therefore focus on current astrophysical black holearebein section 6 (much of the
discussion in this section also applies to the possiblecteteof primordial black holes [4]

- [6], although many would have evaporated by the presenk €has is perhaps the fastest
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changing area in black hole research and it seems that tivéyait this field will not be
dying down any time soon. Finally, in section 7 we also discsmme alternative theories
of collapse which avoid the formation of a singularity or eike black hole altogether.

2 Black holes: a short history

The idea that a gravitating object could exist from whichewn light could escape seems
to date at least back to the work of the Reverend John Michdll’B3 [7]. At this time it
was already known that light traveled at a finite speed fromrRer’'s studies of Jupiter’s
moon lo [8]. If light behaved like a particle, with finite spkewvhy then could it not be
affected by gravity like other objects?

In 1796 Pierre Laplace, apparently unaware of Michell's kvpostulated exactly the
same thing; that a “dark star” could exist from which no ligituld escape [9]. Both
Michell and Laplace calculated that an amount of miasmust be present within a radius
R= ZfQM in order for light not to escape from the object. The circumfee corresponding
to this radius was called theritical circumference As is well known, this value is in
(surprising) agreement with the value given by generativthatheory.

Although it was initially believed that these dark starslddae populous in the universe,
they were later considered to be at best an academic cyriasithe size or density such a
body would possess was considered unphysical. Micheliradig calculated that an object
with a similar average density to that of the sun, would nedaktapproximately 500 times
larger in order to stop light. Put another way, an object withsame mass as the sun would
need to possess a diameter of a mere 20 kilometers. As wallestin the 1800'’s indicated
that light was a wave possessing no mass and therefore iteliagdd that it would not be
influenced by gravitational effects.

The situation changed in 1915 when Einstein and Hilbert tdated the now famous
field equations of general relativity [10], [11], which inetlnotation of this manuscript are
presented a&

T @

It was not long after the formulation of the field equationattastrophysicist Karl
Schwarzschild came up with an exact solution which desdribe gravitational exterior
of a perfectly spherical star [12]. The Schwarzschild sofuts probably the most famous
non-trivial solution of the field equations and it admits thbowing well-known line ele-
ment in the spherical coordinate chart:

1
R,uzx - iR.g/Jl/ =

2G M dr?
2 2 2 2 2 .2 2
ds:—(l— c2r>dt +W+r df* + r*sin” 6 d¢* . (2
Two things are immediately apparent [d (2): (i) A singubaiig present whem = 0.
This singularity was believed to be of exactly the same mafisrthe corresponding one in

In subsequent sections we shall be utilizing geometrizéts whereG = ¢ = 1.
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the Newtonian theory and was of little concern. (ii) Therestsxa singularity in the metric
whenr = 29} exactly the same radius value for which an object in Nevstdheory
yields an escape velocity equaldoHowever, even though it was well known that ligtes
affected by gravity in this new theory, it was still believitht stars whose radius was less
than ZfQM were to be considered as pathological and not existing ureat

This period of complacency did not last particularly longahy scientists at the time
began to worry that something seemingly unnatural appdaré gravitational field the-
ory and appealed to Schwarzschild’s constant densityiamteolution [13]. For a constant
density sphere of densipy and radius:, Einstein’s equations along with the conservation

law 7", = 0 yield the following for the (isotropic) pressure:

B V1-2Mr?/a® — /1 —2M/a
P03 /T 2Mja — /122

: ®3)

with r < a. In this expression it was noted thatcaapproache§M , the central pressure
becomes infinite. Thus, it was argued, systems with smaltius-to-mass ratios could not
exist in nature. This argument, however, relied on the usanafinphysical matter model
and perhaps could not be trusted.

Einstein himself was uncomfortable with the fact that thieitsan to his field equations
admitted such bizarre structures [1]. He attempted to digpthe existence of such compact
objects by studying the circular orbits of massive partictethe Schwarzschild space-time.
As he made the orbits smaller and smaller, the particle itedegncreased until they finally
reached the speed of light when located at a radius of 1.5t critical radius. The
conclusion was that a spherical object could not exist whadiis was less than this one
since no particle could exceed the speed of light [14]. Thidys though perfectly correct,
neglected radial motions of the particles which are inétgresent for all particles with
geodesic orbital radii of less than 1.5 times the criticdiua.

In the same year as Einstein’s paper was published (193%emR®@ppenheimer and
Hartland Snyder performed an extremely difficult and piomgecalculation. They studied
the gravitational collapse of a spherically symmetricrigpic dust cloud within full gen-
eral relativity. Their seminal results were published inaaticle entitled*On Continued
Gravitational Contraction”[15]. In this study they demonstrated how the dust cloudatoul
collapse and how, when viewed from an external vantage ,pibiatcollapse would slow
down and asymptotically halt as the critical radius washedc They also showed that, to
an observer co-moving with the dust, the collapse takesptatinite time. Although dust
is by no means a realistic matter field, Oppenheimer and $8yciculations provided the
most complete argument of gravitational condensationeatithe.

One of the continuing opponents to black hole formation was Wheeler. Wheeler
and many other scientists at the time were quite certaingbiaie physical process must
intervene during the collapse, and that the scenario playethy Oppenheimer and Sny-
der’s idealized calculation would not occur. One proposas ¥hat the nucleons present in
a realistic structure would, under extreme conditionsijatadaway [1]. Interestingly, this
idea turns out to be partially correct in the paradigm of blacle evaporation.
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By the 1960s computers were at the stage where a more reatiatter model could
be utilized in gravitational collapse calculations. Suchadculation was carried out by
Colgate and his collaborators at Livermore laboratory [IBhese calculations, although
still perfectly spherically symmetric, took into accourdwrwell known nuclear physics
processes inside the matter. These calculations indi¢htgdfor a star of mass greater
than approximately two solar masses, collapse into a blatdk Wwas inevitable. Similar
calculations were carried out in the Soviet Union by Zelidbvand collaborators yielding
similar results [1]. Such simulations along with the disegvof new coordinate systems to
describe black holes [17] [18] aided in easing the scientifimmunity’s skepticism about
black holes. In fact, it is well known that Wheeler becamegdgiliever and is the originator
of the term “black hole”.

With the possible formation of black holes now accepted bymaof the scientific
community, black hole research saw the birth of the now fartéawking-Penrose singu-
larity theorems [19], the no-hair theorem [20], and of ceutke Kerr solution to the field
equations with all its interesting properties and pecitiégs, and the laws of black hole
mechanics.

The laws of black hole mechanics arose from the analysis @uwartous talented sci-
entists and were put in their final form by J. Bardeen, B. Cantel S. Hawking [21]. In a
nutshell, they can be stated as follows:

0. The surface gravity is constant on any surface correspgrid a black hole event
horizon.

1. If an amount of material of magd/, angular momenturii./ and chargé() accretes
into a black hole, the area of the event horizon respondsdicgpto

S SA=Q8T+D6Q -6 M, 4)
81G
where k is the surface gravity of the horizod; the electrostatic potential at the
horizon and the angular velocity of the horizon.

2. The aread, of the event horizon cannot decrease.
3. Itis impossible to reduce to zero by a finite sequence of operations.

Although some of these laws have caveats, it was not lost@sdientists of the day their
amazing resemblance to the laws of thermodynamics. Spedbjifithe first law of black
hole mechanics and the first law of thermodynamics would ladogous if one associated
entropy with the area and temperature with the surface tyraltiwas J. Bekenstein who
took this analogy most seriously and today black hole egtispcommonly associated
with his name. (For an interesting survey of black hole tlmtymamics see [22], [23] and
references therein.)

Some research at this time started to focusgoantumproperties of black holes. A
theory of quantum gravity is notoriously difficult to come, lgithough today there are
some serious candidate theories. In the late 70s and 80w mbisence of a full theory of
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guantum gravity, scientists started to study black holesifasemi-classicaperspective.
That s, the geometry of space-time was treated classidaityhe matter fields propagating
on the space-time were treated quantum mechanically. Tlds fieere usually “test fields”
in much the same way as test particles are used. They areizpdhonh the background
space-time using techniques similar to many of those emegloy quantum field theory
in Minkowski space-time. There are, however, some issuabjaquities and subtleties in
curved space-time that are not present in the correspotioiagy in flat space-time. Some
of this will be discussed in later sections. Excellent eximss of this subject may be found
in [22] and [24].

One very important result that has emerged from semi-cdalsstudies is that black
holes do indeed, as Wheeler suspected, evaporate. This libde evaporation was first
suggested for rotating black holes by Zel'dovich and latet,974, Hawking quantitatively
discovered thaall black holes must radiate [25]. This was confirmed and exire
D. Page and W. Unruh [26] [27]. To this thermal radiation onald associate a tempera-
ture, which for the Schwarzschild hole is given by

he?

T = 5
Sbth = ST 5)

as well as an entropy,
kc?
Ssph ~ ———
Sbh N Ap s

with A being the area of the black hole’s horizon. The temperagivery small, approx-
imately 10~7 K for a black hole of the order of a solar mass. The entropy,henather
hand, is very large, being of the orderl@* for a solar mass black hole (ifKI"!). As we
will see, theories of quantum gravity may explain the origirihis large entropy from the
gravitational degrees of freedom associated with the boriz

Since these results, the arena of semi-classical blackrieskarch has been a very
fruitful one. However, a more fundamental problem remaijreedull theory of quantum
gravity was still (and in many ways still is) elusive.

(6)

3 Classical Black Hole Research

3.1 Review of important solutions

Here we briefly review some of the important classical blaale Isolutions and their prop-
erties. These solutions are amongst the most studied matrigeneral relativity theory.
A detailed exposition on the mathematical aspects of dakbilack holes may be found
in [28] and [29].
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3.1.1 The Kottler-Reissner-Nordstbm black hole

Perhaps the most famous solution to the gravitational figicatons is the Schwarzschild
metric. With charge and cosmological constant it yieldslithe element:

oM Q* A 2
d82:_<1__+%_§r2> dt2—|- d?" 2+T2d92+r2sin29dg02.

2
1——2i”+—?2 — &
(7)

Horizons exist whergy; = 0.
It is actually not difficult to derive this solution. Conside general, static, spherically
symmetric line element:

ds? = =) dt? 4+ 20 dr? + 12 462 + 2 sin®(0) d? . (8)

Expression[(8) yields the following, from the field equatdd):

e_a(r) 1
Gy === (1= ralr),) - - = 8T (92)
, e—a(r) 1 .
G =—— (1+ry(r),) — 2= 8T, (9b)
e_a(r) 1 1
6% =65 =5 (100 + 5 60V + 2 60) - alr),
1
_§a(r),rfy(r),r> = 87T = 8nT%, (9c)

For simplicity the cosmological term and the charge termsateto zero, however, it is
straight-forward to implement these, by including them as pf 7%,.
Equation [[9h) may be utilized to give the following:

6—04(7”) — 877( (7“,)2 (Ttt(r')) dT, +1=1— 2m(7°) )

(10)

Since the system of equations is under-determined, twdibumecmay be prescribed. Since
the Schwarzschild solution, if considered in the domaig r < oo, corresponds to the
gravitational field of a point mass of mas$, we can postulate a stress-energy tensor for a
point mass with the following™) component:

M

£y —
Tt(r)——m

o(r) . (11)
Ther dependence is motivated by dimensionality arguments aglécteng the factor of
47 would simply correspond to a rescaling of the mass. Themnssarbitrariness on what
the other function to be prescribed can be. However, tofgatiaction conditions implied
by the above equations supplemented with the conservatw7T. should be continuous,
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and therefore set to zero. The remaining unknowns may beddbr by straight-forward
manipulation of the field equations and conservation law:

(") —e=alr) gho, (12a)
M(r
TG =T% = 167574)%. (12b)

The constankt can be absorbed into the definition of the time coordinate.

For the case of a charged black hofg & 0, A = 0) there are two horizons, one at
r=ry = M++/M? — Q? and another, inner, horizonat=r_ = M — \/M? — Q2. In
the extremal cas€) = M and the horizons are coincident.

In closing this sub-section we quote the form of the line eptiin several other well
known coordinate systems which historically have shed lighthe causal structure (now
with Q@ = 0 = A). In Painlevé-Gillistrand coordinates, the Schwar2dahietric is cast in

the form:
[2M ?
ds? = —di? + (dr = d£2> +72df + r?sin? 0 dp? . (13)

These coordinates are regular at the horizon (althaygglstill vanishes there) and readily
display the no-escape property of this surface. Consigesedial light-rays s = 0, df =
dy = 0), the equation of motion yields:

d_v: =41 % .
dt r
Note that forr < 2M the quantity% is negative for both solutions, indicating that both
ingoing and “outgoing” null rays approaeh= 0.
The ingoing Eddington-Finkelstein coordinates are alstiquaarly useful in elucidat-
ing the “no escape” property of the event horizon. In thesgdioates, the Schwarzschild
metric yields:

oM
ds? = — (1 — —> dv? 4+ 2dv dr 4+ 12 df? + r?sin? 0 dyp? . (14)

T

The nature of these coordinates, along with the causaltstriis demonstrated in figulré 1.
Of course, there also exists the outgoing Eddington-Fat&&l coordinates:
T

ds? = — (1 — %> du® — 2dudr + 12 d6? + r?sin? 0 dp? | (15)

which are also illustrated in figufé 1.
Finally we present the line element in Kruskal-Szekeresg8ycoordinates, which
eliminate the coordinate pathologyrat 2M altogether:

M3
ds? = _3276—7«/2M dadv + r? do? + r?sin® 0 dp? | (16)
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} u = constant line:

singularity

event horizon >

collapsing

surface \

Figure 1. The ingoing Eddington-Finkelstein coordinates (left) aheé outgoing Eddington-
Finkelstein coordinates (right). The dashed line reprissam in-falling time-like particle.

wherer now represents the solution to:

-~ r r/2M
UV = (1 — m) er/2M
The Kruskal diagram (also known as the maximally extenddthv@czschild space-time) is
illustrated in figuré 2. The two coordinate patches corredp® tor > 2M andr < 2M
in metric [1) (recall = 0, A = 0 in this discussion) are capable of describing regions |
and Il respectively of the maximally extended Schwarzskcigace-time.
Further discussion of horizon-regular coordinate systerag be found in [30].

3.1.2 The Kerr-Newman-de Sitter black hole

This space-time describes a charged rotating ring or, iasygnptotic regime, the space-
time outside a rotating charged star. It is the rotationall@yue of the Kottler-Reissner-
Nordstrom black hole. Unlike the previous case, here tieer® Birkhoff’s theorem [31]
guaranteeing uniqueness of this solution as the exteriaredlistic rotating star.

The solution, without charge or cosmological constant, diasovered by Roy Kerr
[32] in 1963, although several others had attempted to firth susolution before him.
Kerr’s original metric yielded the line element:

ds? = — <1 — 2]\?7“) (du+ asin29dcp)2
p
+2 (du + a?sin% 0 dgp) (dr + asin®6 d<p)
+ p? (d92 +sin? 6 d<p2) , 17)
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Figure 2:The maximally extended Schwarzschild space-time.

where
2

p*=1%4a’cos’h, (18)
with a the angular momentum per unit mass addhe black hole mass.

With the addition of charge({), and in the presence of a cosmological constAptthe

line element is expressible in the following formidablerfutilizing the Boyer-Lindquist
coordinates:

i = — (A, — Aga®sin® 0) dt* + L + 2 g
P22 A, Ay
+p2122 |:A9 (7“2 + a2)2 — A,a?sin? 9] sin? 0 dy?
—pZQ;Q [Ag(r2 + a®) — A,] sin® 6 dt dp | (19)
with
A, = (7‘2 + a2) (1 — %72) —2Mr+Q?, (20a)
Ay =1+ éAa2 cos? 6, Y=1+ éAa2 . (20b)

This metric is quite complicated to work with and we will teéore focus attention on
the cas&) = 0 andA = 0. It will also be assumed that< M.

In summary, the) = A = 0 metric possesses the following properties: In the limit
a — 0 this solution goes over to the Schwarzschild solution. The= 0 limit yields flat
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Minkowski space-time in oblate spheroidal coordinateswa$, a true singularity exists at
p = 0 as can be seen from the computation of the Kretschmann scalar

1
Rangaﬁw = E48M(r2 — a?cos?h) [p4 — 16r2a® cos? f] . (21)
p

The singularity is located at = 0, § = 7/2, which in a Cartesian-type coordinate system
corresponds ta? +y? = a2, z = 0, indicating a ring-like structure to the singularity. Othe
domains of interest are:
i) r =ry = M £/ M? — a?; these are the inner and outer event horizons.
i) The coordinates and are not orthogonal. This implies that a geodesic observev*m
ing” in the time direction must necessarily move in thalirection. That is, the observer
is dragged around the black hole in the direction of rotatidhis is the famous Lense-
Thirring effect [33].
iii) Related to the previous item;, = re, := M + vV M? — a2 cos? § are inner and outer
ergosurfaces. A time-like observer cannot resist the dnggeffects while in this region.
The light cone structure is studied in, for example, [198][@nd [34].

Figure[3 illustrates the relative locations of these domain a Cartesian-like set of
coordinates.

There are relatively few treatises on the Kerr geometry,nijaiue to the technical
difficulties involved in working with the metric. The intesid reader is referred to [35],
[36].

3.1.3 Exotic Solutions

Here we briefly describe some solutions which are “exoticsame sense. By exotic we
mean solutions that are unlikely to exist in nature but aifeaftgreat interest on a the-
oretical basis. If one allows for megativecosmological constant, then solutions exist in
general relativity which can describe black holes withnar, cylindrical, or higher genus
topology. These are sometimes known as topological blatsh sufficiently general
metric to describe such solutions (here with vanishing gdaand angular momentum) is
given by:

2M dp? ,
2_ (.22 2 2 (102 2 2
ds® = <a r*—b " > dt” + (?r? — b — 20 +r (d@ + dsinh (\/59)dg0> )
(22)

with 0 < ¢ < 27. Here,« is related to the cosmological constant wia= —A/3, M is
the mass parameter, ad@ndb are constants that determine the topology, ef=constant
surfaces. The cases are as follows:

i) b=—1,d = —1: In this case constart, ) surfaces are spheres (the Kottler solution).
i) b=0, %%d = 1: In this case constart, p) surfaces are tori.

i) b = 1, d = 1: In this case constarit, r) surfaces are surfaces of constant negative
curvature of genug > 1, depending on the identifications chosen.
An event horizon exists whefn?r? —b— 24) = 0. Such topologies were studied in

T
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F* Ergosphere

P +— Outer
) ) 3 : Ergosurface
Inner Event Horizon——

(r-)

Inner Ergosurface Outer Event

Singularity Horizon(r, )

Figure 3:Various regions of a Kerr black hole in a Cartesian-type divate system.

detail in [37]. The formation of such black holes from gratiibnal collapse was studied
in [38].

The metric [[22) does not uniquely describe such topoloditadk holes. Lemos and
Zanchin, for example, have studied a class of black holestwtan be cast in the following
form [39] [40]:

st <a2r2 _ %) QP+ 2dvdr + 2 (d6° + dg?) . (23)

Here, the values aBy and the identifications make up either toroidal, cylindrimaplanar
topologies. Specifically:
) 0<6<2m0< <2 By =2 yields the flat torus model.

i) —oo < 0 < 00,0 < ¢ < 2w By = 4 yields the cylinder, with\/ the mass per unit
length and the linear axis coordinatg s related t& via § = az.

i) —oo <0 < o0, —00< < oo, By= % yields the planar case, with/ the mass per
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unit area.

This metric differs slightly from the metri€ (22). Graviianal collapse forming such black
holes was studied in [40]. It can be checked that in all thevalmases, the Kretschmann
scalar blows up at = 0. Another construction of topological black holes may benfbu
in [41]. Research involving the black holes described ia sgiction will be presented below.

3.2 Developments in classical black hole research
3.2.1 Quasi-normal mode analysis

Broadly defined, black hole quasi-normal modes arise frontugeations in some black
hole space-time. However, the modes are affected by thesiemisf gravitational radiation,
which generally has a damping effect on the modes, and tirertiese modified modes are
named quasi-norm&. The oscillations can in theory be reconstructed via thdyaisaof
their corresponding gravitational wave emissions. Réwgrhe argument, the vibrational
modes of the black hole are closely linked to the correspandmitted gravitational wave
pattern and they are therefore important in light of grdigteal wave astronomy. (In the
case of pure gravitational perturbations, the oscillatiare by definition the gravitational
wave patterns.) It is believed that the gravitational waglae to oscillations produced
during black hole formation may be strong enough to detett wirrent or near future
gravitational wave detectors. The wave signature will dgum the frequencies tending not
to depend strongly on the perturbing process and which wgeld a direct measurement
of a black hole’s existence and give information on its masbkangular momentum. Two
or more modes may give useful information such as helpingedisif general relativity
is valid. In particular it may prove or disprove the no-hdieérem of general relativity
[42]. An excellent exposé on quasi-normal modes may bedanrhe thesis by Cardoso
[43] as well as the works [44] and [45]. Also, a good referennenon-spherical metric
perturbations of the Schwarzschild black-hole spacetirag be found in [46].

Perturbations of black holes were originally studied by ¢gRegnd Wheeler [47]. For
the Schwarzschild black hole one may, for example, pertlmtetric in a way appropriate
for “axial” perturbations:

2
ds? = — <1 — ¥> dt® + n dTZM +r2d92—|—rzsin29[d<p—wdt—qur—q3d9]2.
(24)

T

We write
w(r, 0, t) = w(r, H)ei”t, (25)

and similarly forg, andgs.
For perturbations of this form, it can be shown that the sygjeverning the perturba-
tions can be reduced to a single second-order differergizghtion, which can be solved by

2Here we ignore subtle, but important, mathematical questiegarding the completeness of quasi-normal
modes.
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separating the variablesandé (for example, see [28]). Briefly, the perturbed field equa-
tions give a relation between andg, andgs, allowing the elimination ofu. The quantity

Q = (1 —2M/r)r?sin® 0 (9pq2 — O,q3) is written asQ = R(r)©(#) and the resulting
radial equation is

7‘2<1—%>d[1_¥@ ,(1- 2 R

—p———F—+— +0*R=0, (26)
.

r ) dr r2  dr

where/ual2 is the eigenvalue of the angular equation and may take on ahES/u% =
(l+2)(l—-1)fori=2, 3, ... .
We can make a change of coordinates,

r
=7 +2M1 <——1>,
r r 4 n M

so that[(26) reduces to a Schrodinger-type equation:

[d—z - vm] Zy=—0iZ (27)
dr2
where
Zy(r) = RZY*) )
and
Vi(r) = (1 - w) [“l; b_ %} . (28)

The equation[(27) is often referred to the Regge-Wheeleatamuwith [28) the Regge-
Wheeler potential. The above expression is valid for sqadaiurbations, the coefficient of
the last term differing for vector and tensor perturbati(ses [48] for details). Later, Zerilli
derived a similar equation for polar perturbations with aencomplicated potential [49]:

2(r —2M)

2 3 2.2 2 3

W (T)pol =

with n := %(l +2)(1-1).
One can compute frequencies for functions which possesssgmaptotic form [50]

e for r, — oo,

Z(r) = { e~ for r, — —o0. (30)

The frequencies are complex and will be denoted as o, + ioy. For every value of
there exist a tower of modes, denoted here by the integ&ome of the lowest frequencies
for the Schwarzschild black hole are summarized in table ithvhold for both the axial
and polar perturbations.

One item of particular interest in modern quasi-normal ntedearch is that of radiative
tails. The tail refers to the non-trivial fall-off propegs (in time) of the perturbation. This
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Table 1: A summary of the first four quasi-normal mode frequenciesnitsuof Mo forl = 2, 3
and4. The conversion to Hz is given by multiplying the given numﬁeﬂw% 5142Hz. This data
is from [48] and [51].

I = O N = N N = W
Moy Moo Mo, Moy Moy Moo
0.3737 0.0890 | 0.5994 0.0927 | 0.8092 0.0942
0.3467 0.2739 | 0.5826 0.2813 | 0.7966 0.2844
0.3011 0.4783 | 0.5516 0.4791 | 0.7727 0.4799
0.2515 0.7051 | 0.5120 0.6903 | 0.7398 0.6839

Il
W= O

3333

phenomenon is sometimes known as black hole ringing, dusetodcillatory behavior of
the tail. An example of such a tail is given in figlide 4, for afailing particle perturbing
a Schwarzschild black hole. The vertical axis represemgthvitational wave amplitude.
The dashed line represents an analytical fit using a lineabawation of the first twd = 2
modes.

-8l -8 -4(} -20 W] 20 40
(7N

Figure 4: A computation of the gravitational wave amplitude of a Sctasehild black hole per-
turbed by an infalling particle (solid line) along with anedytic fit (dashed line) utilizing the first two
modes corresponding fo= 2. Figure courtesy of V. Ferrari and L. Gualtieri, Roma. (Frt].)
(figure quality reduced for arXiv file size)

The Kerr black hole is much more difficult to analyze. Somekntas been performed
in [52] - [56]. Studies find that as the angular momentum iases ¢ is bounded, whereas
oo IS not. However, as approaches the value éf, o, tends to zero and the oscillations
would therefore continue without damping [52]. These madey not be realized though
as some studies indicate that the amplitudes of these mésdetead to zero [57].

Another interesting phenomenon associated with the Kewckbhole is that of super-
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radiance. For massless vector and tensor perturbationsodsmattering off of the Kerr
potential, the reflection coefficient can exceed unity if il@ming wave possesses a fre-
quency below a certain critical value. This is believed tadbe to an interplay between
particle creation in black holes and the Penrose energaaidn process [58] [59].

The understanding of quasi-normal modes from black holéet®ming a very im-
portant issue in black hole physics due to the possibilitydetiection with gravitational
wave detectors. There are several astrophysical proctsgesan give rise to quasi-normal
modes. For example, an infalling particle could providehsagerturbation. The pertur-
bation due to infalling extended bodies has also been styd®. In this case, the effect
is smaller than in the point particle case due to interfezesifects. In the case of fluid
material orbiting the black hole, modes are only signifigagkcited when- < 40, and
is therefore important in the case of unstable orbits. Megdistic processes involve large
scale computations and make up an important area of studgdem black hole research.
The collapse of a neutron star core has been studied [61agsimamodes caused by thick
accretion disks [62] and [63]. We will discuss the case otklaole mergers separately
below.

3.2.2 Critical behavior

From the point of view of classical black hole physics theme @avo possible outcomes
that result from the evolution of regular Cauchy data: Eitaélack hole forms or it does
not. In this paradigm, an interesting question to ask is viagpens in the regime that
straddles this bifurcation? This question was originatlydsed by Choptuik utilizing a
spherically symmetric massless scalar field minimally éedipo gravity [64]. This choice
of matter field is convenient as one does not need to worrytadmasible formation of field
condensates (stars) in this model. Complete field dispemiblack hole formation are the
only possible outcomes. Samples of the two outcomes ariagepin figurd b.

masz %
sn @

Figure 5: Evolution of scalar field data undergoing gravitationall@gse. In the left diagram a
black hole forms at late time whereas in the right diagranfitidd disperses. Figures courtesy of
M. W. Choptuik, Yukawa International Seminar. (figure gtyateduced for arXiv file size)

The problem was tackled as follows: The initial data corgdinne tunable parameter,
usually denoted ag. By changing this parameter the numerical evolution woltdee
form a black hole or not. Ideally, the problem is set up so thaite is a simple relationship
between the size of this parameter’s numerical value antstrength” of the gravitational
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interaction as there is no way a priori to know if the evolotwill result in an event horizon.
Therefore many evolutions need to be run, in each trial dngrthe value of the parameter,
before the critical point is reached.

For the minimally coupled massless scafarthe field equations yield:

1

1 1o
R;w - §Rgul/ = 8w <¢7M¢,l/ - 5(13704(25’ gul/> > (31)

whereas the conservation law gives rise to the wave equation
i =0. (32)

With a metric admitting the line element aslif (8), except ttave? (") — (1) —; p?
ande®(”) — (1) =: ¢2 the field equations go over to:

a, a*-1 a? 9
7 + o — 27r |:b_2(¢,t) + ¢,r:| =0 5 (338.)
b, roa?—1
L - (33b)
b a T
% — 47?7"(;577«% =0. (33¢)
The wave equation, after some mild manipulation yields thradion:
a 1 [ 5b
(500), = (5er) . 59

)

Dirichlet and Neumann boundary conditions were used fonie&ic and the scalar field.
At r = 0, the condition of space-time regularity was imposed. Ad,wieé initial (¢t = 0)
scalar field profile is also fully specified along with an iaitvelocity.

Choptuik found some unexpected and very interesting behavhen studying the
above system of equations. In the cases that were barely-suipeal (i.e. cases where the
parameter was tuned to values just above the black hole fammiamit), Choptuik found
an unexpected relationship. He found that the masses ofntiv@“black holes formed
followed a scaling law of the form

M = C(p—pc)". (39)

Here,p. is the critical value of the adjustable parameter. Thatesvdue (within numer-
ical precision, which wag0~' for the original study) attains when it is exactly at the
bifurcation point.C' is a constant that depends on the particular initial datélerchosen
and, perhaps most interestingly, the expongpbssesses a value thatusiversalfor all
initial scalar field datd For the minimally coupled, massless scalar field, Chopftuikd

3This exponent is often labeled asn the literature. However, in this manuscripplays multiple roles and
thereforen is used to avoid confusion.
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thatn ~ 0.374 . No matter what the initial data profile, the masses of smattkbholes
followed the law[(3b) with this numerical value of the expohe

Since Choptuik’s original work, various authors have egtxhthe domain of study to
other coordinate systems [65], different matter model$] {§75]) and different numbers
of dimensions ( [73], [76] - [79]). Also, work in non-sphesicsymmetry has been done as
well as other couplings and some analytic analysis of thelpro ( [80] - [87]). Some of
the possibilities and results are summarized in table 2hEgrthe collapse can be classified
as type-l, where there is a minimum finite black hole size saiype-Il, where it is possible
to form arbitrarily small mass black holes. The phenomenisougsed here applies to the
type-Il case.

Table 2:A summary of some fields studied and their critical exponents

Field n
Massless real scalar field 0.37
Massless complex scalar field 0.39
Massless complex scalar field (angular momentum) 0.11
Massive real scalar field (small mass) 0.37
Radiation 0.36
SU(2) 0.20
Gravitational waves 0.36

The behavior discussed in this section is reminiscent dfrephase transitions in
statistical mechanics. One example is the liquid-gas phasesition. Near the critical
temperature],, a substance on its boiling curve will possess a discorttinnithe density
of the two phases of the form

pL—pg o< (T, =T)", (36)

wherep, andp, are the densities in the gas and liquid phases respectivelyomagnetic
materials obey a similar law near the Curie temperatfire,

mo (T.—T)", (37)

wherem represents the magnitude of the magnetization vector.

There is another interesting phenomenon associated wétlthtleshold of black hole
formation, namely that of self-similarity of the space-¢&imAs this phenomenon is mainly
of interest on the side of the transition where black holemaoccur (i.e. slightly sub-
critical) it is beyond the scope of this review and is omittle to article size considerations.
As well, we have only scratched the surface in citing thedamgmber of works in this field.
The interested reader is referred to the thorough revieW88hand [89] and references
therein.
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In closing this section we quote the words of C. Gundlach [@8}his topic “Critical
phenomena are arguably the most important contributiom fiamerical relativity to new
knowledge in general relativity to date.”

3.2.3 Black hole mergers

The two-body problem in general relativity is extremelyfidiilt to analyze, mainly due
to the non-linearity of the field equations. Any, even somawiealistic, system needs
to be evolved numerically in the strong-field regime and ewéh modern computational
technology it is still a taxing problem. Black holes, beirgirtiple” objects, and having
the possibility of producing a strong enough gravitatiomale signal to detect are natural
objects to consider in the two body problem. This systemidessan excellent arena to
study the strong-field effects in G. R. without the complimas introduced by material
(i.e. non-gravitational) effects. Since the two black h&ystem is unstable, it is expected
that at late times the solution will approach that of a Keachlhole. The case of a black
hole-neutron star merger in full general relativity hasrbeezently analyzed in [90].

Binary black hole systems were first numerically modeled @641 by Hahn and
Lindquist [91] on a51x151 mesh utilizing axial symmetry in a head-on collision scemar
Within 4 hours the evolution had proceeded 50 time stepseiin §mulation. A decade later
Smarr [92] and Eppley [93] also constructed simulationseadion collisions in the hope
of studying the gravitational wave emissions. With the amoement in 1990 of the LIGO
gravitational wave observatories to be constructed, tatwnal wave simulations and the
two body problem were taken up in force. In such studies thmearical methods almost
invariably involve some form af + 1 split or null variants of it.

The black hole merger is usually separated into 3 regimesiridpiral stage, the merger
stage and, finally, the ringdown stage (see [94] for full detavhich includes an earlier
fourth stage, the Newtonian phase).

In the inspiral stage, gravitational wave emission has tkatgst effects on the dynam-
ics. Itis expected that in the case of small to medium magsstdarge eccentricities in the
orbit will decay, yielding a roughly circular orbit by the @wf this phase [95], [96]. Ex-
treme mass ratios are expected to possess high eccesr{8i], [98]. This phase is often
well modeled by post-Newtonian and higher-order methotithel mass ratio is extreme,
the smaller partner may be viewed as a test particle in thkgbagnd space-time of the
larger partner. Methods exist to calculate gravitationavevemission in this “test-particle”
case (see, for example [99] and references therein).

An interesting point is that the orbit of the small companioran extreme mass-ratio
scenario will not generally lie in a plane, due to frame-ding effects. Therefore, the
geometry of the surrounding space-time can be well probethé&wmall companion and
this information would be transmitted by the gravitatiomalve emission which is believed
to lie within the future LISA detector’s bandwidth.

The merger stage is extremely complicated and requiresifimierical investigations.
This is a very short lasting phase, perhaps lasting two syaidhe emitted gravitational
waves. The luminosity of gravitational waves emitted as #iage may approach the order
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of 10°2 J/s and the frequency of the gravitational wave approadiesof the dominating
quasi-normal mode of the resulting black hole. An enormauswant of energy is liberated
in this phase which totals in the neighborhood of three pgroéthe rest mass energy of
the system [94].

Finally, the ringdown phase refers to the settling down efghngle black hole formed
to a Kerr black hole. Quasi-normal mode analysis is quitediigmt in this stage as one has
a perturbed black hole space-time radiating away energgraatational wave emission.
The ringdown is dominated by the following frequencies [42%], [100]:

2N Mo |, AN
o ~(32 kHz) i [1 0.63 <1 M2> , (38a)
oyt m(20,us)£ ! ) (38b)

M@ (1 . #)0.45 |:1 . 063 (1 _ #)0.3]

with J the angular momentum of the final resulting black hole. Thawdent of one or
two percent of the rest mass energy is radiated during ringddt late time the emission
is dominated by the radiative power-law tail.

As discussed above, much work in this area is numerical, dubdg complications
presented by the Einstein field equations. However, theist e@nstraints in the system
of equations which must hold throughout any evolution sahéon it to be valid and this
complicates the numerical evolution. Mathematically,stheonstraints arise as follows:
Consider a metric with elemengsg, and define a unit normat,, , to a class of time slices.
We also defingj,, := g, — n,n,. On a space-like hypersurface the following (Gauss-
Codazzi) relations hold:

Rlypo =0\ Ry 595 55 — Ky Koo + K Kyp (392)

DyKyo — D)Ko = =Ry, 5% 35,7, - (39b)

Here R‘Lm is the curvature tensor constructed withD is built with the connection of
g, and K, is the extrinsic curvature of the hyper-surface. It showddnbted that these
relations hold regardless of the field equations. By pulliagk [398) and (39b) to the
hyper-surface, and utilizing the field equations, one olstéhe constraints for the Cauchy
problem in general relativity. Therefore, the constrauaions enforce solutions to be the
allowable data sub-sets permitted within general relstivieory.

It is a major focus of modern numerical research to find a sehetmnich ensures that
the constraints are not seriously violated in the subsdgesiution. As the continuum
ADM form of the field equations are weakly hyperbolic, thishs trivial task and gener-
ally some clever method needs to be devised such as consisbelifications to the equa-
tions of motion. An evolution program often “crashes” or tees “unstable” when con-
straint violating modes grow to a size that is consideredoggtably larger than discretiza-
tion/truncation errors. A breakthrough in the long-evioatstability problem occurred re-
cently in 2005-06 with the advent of two methods that yieldipalarly stable evolutions (at
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least relatively). These are the generalized harmonicdboates with constraint damping
(GHCCD) method [101] [102] and an improved variant of the Bgarte-Shapiro-Shibata-
Nakamura method with moving punctures (BSSN) [103], [10405], [106]. Briefly, in
the GHCCD method one adds to the field equations a functiomeottonstraints which
is designed to minimize or dampen the constraint violatidmecent proposal for such a
counter-term in the case of the harmonic coordinates waiseatkin [107]. In the BSSN
scenario one defines a conformal metric,

Gij = e %gj, e = g3, (40)

with g the spatial three-metric in the ADM decomposition, as wekha&onformal trace-free
extrinsic curvature quantity

_ _ 1_
Aij =€ @ |:KZ] — ggin:| s (41)

with K the trace of the extrinsic curvature. The conformal conoads given by
I = g/'T, . (42)

Inthe BSSN schem®, A4;;, ' and the lapse and shift are considered the basic variables
of the evolution. The reason this scheme is utilized is thatlong ranged degrees of
freedom can easily be isolated from the non-radiative orfesother reason is that the
constraints can easily be substituted into some of the Bgalaquations thus implementing
some of the constraints at the dynamic level. Also, with appate implementation of
gauge, the evolution equations are hyperbolic, which &eelto the fact that the connection
(42) is treated as an independent quantity. The “moving fowes” refer to the fact that the
black hole singularities are represented by punctureshwhiave within the grid although
there is no evolution at the puncture itself.

An excellent review of the progess in black hole mergers n&jolnd in Pretorius’
review [94]. We summarize here some recent results.

For the scenario involving two equal mass black holes withimmal spin and eccentric-
ities the amount of energy released in the last stages baf&er black hole remnant is
approximately 3.5% of the system’s total energy. The rexuKerr black hole possesses
a spin parameter of ~ 0.69 ([94], [105], [106], [108] and references therein). Aftaet
“collision” the gravitational waveform is dominated by thendamental of the quadrupole
moment of the quasi-normal mode of the final black hole. Algloen the flux is near its
maximum, and subsequently, the waveform may be closelgsepted as a sum of quasi-
normal modes, which is surprising as this is expected to bhghdyhnon-linear regime.

If one removes the restriction of equal mass, but maintaimsnmal eccentricity and
spin there is a decrease in the total energy emitted as wiea®al spin of the resulting
black hole. Also, although the quadrupole is still domindngher modes become non-
negligible due to the reduction in the symmetry of the probl&his symmetry reduction
is also responsible for an asymmetric gravitational rémtidbeaming. This delivers a recoil
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to the produced black hole in the orbital plane as there isnmhentum carried away by
the radiation. The maximum velocity imparted due to thieetfseems to be approximately
175 Km/s when the mass ratio is 3:1 [94].

For the case of equal mass, hominal eccentricity but norirmairspin, a new degree of
freedom is introduced in this case as the individual bladk& Bpins can be aligned in various
directions compared to the orbital angular momentum. Ifrtbiespin angular momentum
has a component parallel to the orbital angular momentumrtire energy will be emitted
than in the corresponding zero-spin case. If there is a camm@nti-parallel, less energy is
emitted. Some particular studies indicate that a pair aéfadach withn ~ 0.76, radiated
approximately7% of their rest mass energy when the spins were aligned wittortbital
angular momentum. In the case where the spins were antiealjgpnly approximatelf%
of the rest mass energy was radiated. The final black holes spéne approximatel§).89
and0.44 respectively [109], [110].

The next case presented is for two equal mass black holeswiitimal spin but large
eccentricity. This is the case studied in the first complegegar simulation by Pretorius
in [101]. In this study two localized scalar field profiles wenitially employed which
collapsed to form black holes. The outcome of the collapsergglly yields a two black
hole vacuum. The two field profiles were given equal magnitogieopposite direction
boosts, with zero boost corresponding to a head-on cailisithe final result, merger or
separation, depends on the value of the single paranietereasuring the strength of the
boost. An interesting result was found. Near the threshaldevof the boost parameter, for
a given class of initial profiles, the number of orbitsscale as

e o |k — k|7, (43)

wherek. is the threshold value of this parameter. The exporewis found to possess a
value of approximately.34. As it was noted in [94], this behavior is similar to that oftte
particles in equatorial orbit around a Kerr black hole. Tehtesst particles which are near
the capture threshold approach unstable circular orbiteeoKerr space-time and possess
a scaling behavior similar t@_(43).

Recently, there have been studies providing simple forsnidathe calculation of the
final spin in a binary merger [111], [112].

4 Semi-Classical Black Hole Research

4.1 Review of semi-classical theory

Before discussing semi-classical relativity, we shallcthagesult from flat space-time for
future use. Let us begin by studying the real massless doathim Minkowski space-time.
Such a field obeys the wave equation:

¢ i = 0. (44)
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The field can be decomposed into Fourier components of pesitid negative frequency
¢ = Z [anfn(x)e_i“”t +al fr(x)ent| (45)
n=0

As is well known, the number of particle excitations assmdavith a particular state may
be deduced from the number operator:

N = Z ailan. (46)
Under proper Lorentz transformations we have (droppingatufits onw)

o o
> an (e +al £ | = 37 |l fr (e - all fr()e ] @7)
n=0 m=0
where the prime denotes quantities calculated in the bodstene. The relation between
the primed and unprimed modes is

n

fo = [t = Bum b (48)

m

wherea andS are the Bogoliubov coefficients of the transformation.
The unprimed and primed vacua are defined via:

an|0) =0, a}, [0y =0. (49)
In particular, the unprimed and primed creation and aretiloih operators are related as
ap, = Z [anma;n + ﬁfimaﬂ (50)

m

under Lorentz transformations, as can be seen by insed#igirito (47). Note that if the
 coefficients are not zerd()) # |0) and the two vacua wilhot be the same. That is,
one observer's zero particle state will not be a zero parsthte for a Lorentz transformed
observer. Another way to view this is that the number opeiatthe primed frame does not
agree with the number operator in the unprimed frame. In bliviki space-time, proper
Lorentz transformations respect the conditjgy), = 0 and therefore uniformly boosted
observers will agree on particle content. This is not truetlie case of observers which
are accelerating, even in flat space-time. This leads totaresting effect known as Unruh
radiation. Discussion of this is beyond the scope of thisusaript.

The semi-classical approach is based on the premise thatabigational field remains
classical, but the matter content is quantized. The masgsi-forward way to incorporate
this into Einstein’s theory is to write Einstein’s equatces

R = 5 R g = 87 (1 Ty (60) [9) = 87 () (51)
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That is, the expectation value of a stress-energy tensoatypdhat depends on quantized
fields, ¢;, is utilized as a source term in the gravitational field emqust Of course, one
may still add a purely classical piece to the right-hana-ifithe equations],, , so that
(Y| T (¢4) |1) yields quantum corrections to the classical theory. Thepkaity of equa-
tion (51) is deceptive. The matter fields themselves arepofse, quantized on the curved
space-time, generally leading to a complicated dependengg, on the right-hand-side.
There is also the issue of what state the fields should be imeNsthe quantity(7},,,) will
diverge and therefore a regularization of the effectivéoackading to(7),,) needs to be
performed.

There are several states of particular importance in séassical black hole physics.
These include, but are certainly not limited to, the Harkwking vacuum, the Unruh
vacuum, and the Boulware vacuum. The Hartle-Hawking vacuoamesponds to a black
hole in thermal equilibrium with a bath of thermal radiatitime Unruh vacuum corresponds
to a state with a particle flux at future infinity, and the Boal®& vacuum to a state where
particles do not traverse to infinity, as measured from reabtack hole.

In the case of a scalar field, the regularization leads to arnealized value of the
cosmological constant and a renormalized value of the N@aogravitational constant.
As well, the divergence in the effective action also leada term possessing fourth-order
derivatives of the metric and terms quadratic in the cureafis the divergences possess the
form:

1
<Tuy>div X ; [Ag/,u/ + BG/»“’] + <(1)C (I)HMV + (2)0 (2)H}/«V) Ino. (52)

Here () H,, and ) H,, are given by:

|
() Hyw :=2R = 20 B, + 5 9uwR*—2RR,, , (53a)

@Huw =2, %00 — B%p —

%guuR;?p - 2RuaRau + %guyRaﬁRaﬁ ) (53b)
ando is Synge’s world function [113], which is equal to one-h&l square of the geodesic
distance between two nearby points. The limit> 0 needs to be taken and the logarithmic
divergence may be removed by renormalization of the cotsstai’ and ) C. Although
these terms are due to the metric dependencd gf) itself, they are often written on the
left-hand-side of the field equations:

(2)HNV = 8m |:TNV + <Tl“’>(ren)] ’

(54)
where the subscripfren) denotes renormalized values. Equatidns (54) are sometimes
known as the semi-classical Einstein field equations.

An approximation often employed in semi-classical rede&a perturbative approach.
That is, the metric is written as:

G;w(ren) + A(ren)g;w + (I)C (l)H/w + (2)0

(ren) (ren)

Guv = (O)QMV + €l (55)
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whereg) g, Is a classical “background” metric and the small constardrpatere vanishes

in the limit ~ — 0 so thath,, represents first-order quantum corrections to the cldssica
metric. One customarily limits calculations to order lingec. The Einstein equations then
yield an Einstein tensor of the form:

G;w = (O)Guu +e€ (h)Guu s (56)

with (G, being due to the quantum part of the metric qpd~,, satisfies the usual
Einstein equation for the classical stress-energy teue. then constructs a stress-energy
tensor on the classical background by some means, denateddagy (7,.,,), and attempts

to solve ) G, = 8 (g (T} for hy,,. This is theback-reaction problem

4.2 Developments in semi-classical black hole research

Perhaps one of the most amazing predictions to come out afcdassical theory is the
evaporation of black holes. The calculation was first cdrdet in Hawking’s papetPar-
ticle creation by black holesin 1975 [25]. Although this is now an old result, given its
importance it is appropriate to review it in this section.

We will study this effect in the Schwarzschild black hdlé i2}he forms given by (14)
and [15). We will also be considering Hawking’s original amgent where he considered
a collapsing star with asymptotically flat regions. The Beardiagram for the collapsing
star is shown in figurel6. Any direct interaction of the quamtparticles with the material
making up the stellar body will be ignored since the graigtal field of the star is the main
ingredient for this effect and not the star itself.

Surface of star

Figure 6:Penrose diagram depicting the surface of a collapsing star.

For simplicity a null scalar field will be used to illustrateig effect. AtZ—, there are
no particles present and the state will be denotel@;a$. It will be found that, aZ ™, this
state corresponds to a state with@n-zeroparticle content. This is due to the presence of
the non-trivial gravitational field.
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SinceZ~ corresponds to approximately Minkowski space-time, we defime modes
there with frequency.’ and therefore the solutions to {44) in Schwarzschild spiace-
may be written as ,

Pt = Far (), (57)
i.e. the standard particle states of flat space-time. The figs written as before, with
appropriate creation and annihilation operators satigfyi, |0;,,) = 0:

¢ = / [a;/f:ﬂ(x)e_m,” + ag, Fi(x)e™" | dw . (58)

(Note that in this argument we only have inward propagatirayes so only inward
components are necessary here.)

At 77 the space-time is also Minkowski. We can define modes theneebiswhich in
terms of the null coordinate have the form:

Puu = (X", (59)

which again correspond to the usual flat space-time modéspetitive frequency. These
are outgoing modes.
Now, we can expresg in terms of’ utilizing a similar transformation as ih_(48):

p= / [OZZ/WQD/ — ﬁw/wcp/*} dv. (60)

As in the flat space-time case, should the second Bogoliubefficient not vanish, there
will be a disagreement in particle content between an “irsesleer and an “out” observer.

Let us consider the transformation between the in and owrebss. For a single out-
going mode we have:

—iwu __ —iw(v—2r*)

e — ¢ _ e—iw[v—?r—4Mln(ﬁ—l)]. (61)

Consider now tracing back the path of a particle (outgoirsg) skims the horizon, near=
2M. If the star is collapsing, the level surface representigstellar boundary (assumed to
be near = 2M) changes with time as the particle traverses through tme&ta equation
describing this surface is given by~ 2M + ro(v — vg) + O(v — vp)?. Adopting the
eikonal approximation, and assuming most of the changedretkonal takes place near
this surface we get

wu R w |v—A4M + 2ko(v —vg) + ... —4M In <%+...>] , (62)

with v < vyg.
Concentrating on the dominant part of the eikonal, we cantsgehe ingoing eikonal
(which we denote af) corresponding to the outward eikonal{62) is given by:

Q(v)  —4Mwln ((vo — v)) + constant (63)
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the constant shift being irrelevant. Comparing this exgoes with [60) it may be seen
that, as a Fourier transform,, , has bothe=*"* ande™™'* components and therefore the
correspondings,., does not vanisin the transformation. There are therefore out particles
even in the absence of in particles. The conformal diagramesponding to the collapse
into, and subsequent evaporation of, a black hole is showfigime[7. A much more
detailed calculation, which includes a derivation of théuatparticle spectrum, may be
found in [114].

Surface of star

Figure 7:Penrose diagram of stellar collapse taking into accoursemgieent black hole evaporation.

This evaporation issue is related to what is sometimes kremvine information loss
problem where “information” falling into a purely classidadack hole is presumably lost
due to the fact that a black hole is described solely by itsspasarge and angular momen-
tum and therefore the evolution is not unitary. It is thoutjtat if the resulting black hole
radiation spectrum is not truly thermal then the informatioay re-emerge from the black
hole in this way. Later it will be shown that a full theory ofanptum gravity may resolve
this in another way.

Since the Hawking result, much work has been done in serssicial gravity, major
advancements having been made in the 1980s. Much of thewarks concentrated on
methods to obtain sensible, convergent quantities withini<lassical theories. The inter-
ested reader is referred to [24] and references thereimelfotlowing we limit our survey
to some issues which directly involve the back-reactiorblgnm as the literature and topics
in the field of semi-classical gravity are almost as vast ahénclassical theory making
anything resembling a complete coverage nearly impossible

More recently, semi-classical black hole research hassttiwn modeling the pertur-
bations on the classical background geometry due to quafiélais and their fluctuations.
Study of the latter effect makes up the arena of stochasdiditgr These problems require
computation of the renormalized stress-energy tensor @balckground, which is then to
be used as a source for the metric perturbations.
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In the black hole context, Hiscock, Larson and Anderson lealeulated the back-
reaction effects of scalar, spinor and vector fields insi@etawvarzschild black hole’s event
horizon [115]. To construc(tT,u,>4 they utilized various approximation schemes developed
in the literature [116] - [120] and the DeWitt-Schwinger argion [121]. They studied
the quantum field’s back reaction on the anisotropy of theriot as well as the first-order
correction to the Kretschmann scalar. In summary they fahedollowing: Spinors and
minimal and conformally coupled scalars tended to decrémsanisotropy as the singular-
ity was approached whereas vector fields tended to increasanisotropy. Regarding the
effect on the Kretschmann scalar, it was found that the maflintoupled massive scalar
field and spinor fields tend to slow down the rate of increassipfature as one approaches
the singularity whereas other couplings and fields tendedd®ase the rate of curvature
growth.

A similar problem was studied for the case of cylindricaldil&oles (or black strings)
in [122] utilizing the stress-tensor approximation in [1I6r quantum scalar fields. It
was found there that the conformally coupled scalar alsdegno increase the growth of
curvature near the horizon. In this case, utilizing thermjical version of the metri¢ (23)
as a background space-time, with cylindrical (rather thaa mull coordinate) it was found

that -
3ot _a® (2 (4M)Y/3

whered K is the perturbation on the background Kretschmann scakxe’His the interior
time coordinate (corresponding to the radial coordinatisida the black string) and the

horizon is located &' = W

Of course, the above results are only valid insofar as theuetion is valid and the
results cannot be extrapolated right down to the singylarit

In spherical black holes an enormous amount of work has beae th calculating
field expectation values and stress-energy tensors ofugfields and couplings. There
has also been much work in trying to produce thét entropy of black holes from semi-
classical theory. The amount of work in this fascinatingaaisetoo large to even begin
reviewing here. We refer the interested reader to [159] aferences therein along with
the books [24] [22].

For cylindrical black holes the amount of work is much moredest. Very briefly, in
the context of the cylindrical black holes, Piedra and de Rmae studied the quantization
of massive scalar and spinor fields over static black straackggrounds [123] [124]. They
have calulated7),,,) up to second order in the inverse mass value. Dias and Lenves ha
studied magnetic strings in anti-de Sitter general ratgt[it25] and the scalar expectation
value,(¢?), has been computed in [126].

Interestingly, critical behavor has also been studiederctintext of semi-classical grav-
ity. For technical reasons, much of this work has been dortevindimensional tensor-

4From now on in this section we drop tt{@) subscript in front of(7},,) and it is understood th&f},. )
refers to the first-order quantum correction to the stregsegy tensor and is constructed with the zeroth-order
(classical) background metric.
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dilaton gravity as(7},,) may be determined from the trace anomaly along with the mild
assumption of conservation. Ayal and Piran, for examplé&iobd a critical scaling expo-
nent ofy ~ 0.409 [127]. A slightly different model, utilizing a conformallgoupled scalar,
was analyzed in [128] and a critical exponenddf was found. In [129] yet another model
was employed which allows one to turn the quantum effectsnohodf. A critical scaling
exponent ofy =~ 0.53 was found in this study. In [130] the authors calculated thangum
stress tensor on a classical background spacetime witagbdifiid source. The quantum
effects then were treated as perturbations of the clasBigdl gravitating system. They
found that a mass gap exists wher> 0.5 so that there is a minimum size to the black
holes formed. The case < 0.5 could not be studied as the semi-classical approximation
breaks down in that regime.

In stochastic gravity one takes the level of guantum appmakbn one step further, con-
sidering the effects of the field fluctuations. Given limisgghce we cannot cover stochastic
gravity here. The interested reader is referred to the wew[@31] - [134] and references
therein.

5 Quantum Black Hole Research

5.1 Quantum gravity

Attempts to quantize gravity go almost as far back as the ddwonantum mechanics. One
of the earliest arguments for the quantization of gravityfact almost as old as general
relativity itself, is that ifT,, is inherently quantum, then so it should be with the gravita-
tional field which it produces [135]. However it can be argtieat this is not necessarily
the case [136]. Although it is now generally believed that ¢inavitational field must be
guantized in some way, there is still some debate on thisssdge

In the early days of quantum theory, the first person to reafmat there would be
serious problems applying those techniques to gravity séeimave been Matevi Bronstein.
Bronstein had the insight to deduce that quantum theorydamat be applied in any obvious
way to a theory that was background independent. It waspdessiccording to Bronstein,
that the ordinary notions of space and time would have to lan@dned [137]. Other
pioneers in the field included P. Bergmann and P. Dirac.

After quantum field theoretic techniques were sufficienttyaloped, an obvious ap-
proach to quantizing gravity was implemented as a simpl&dracnd expansion:

Guv = Nuv + Eh,uz/ + 0(52) . (65)

As is now well known, treating the perturbations as fieldstanliackground metriay(, )
yields a non-renormalizable quantum field theory with dpegrces commencing at the one-
loop level for gravity with matter couplings.

In the early 60s, Feynman, working at tree-level, computadsition amplitudes and
demonstrated that reasonable results are obtained. Twéshggoe for this line of quan-
tum gravity research. However, he noted that at loop levablpms began to arise which
required the introduction of Faddeev-Popov ghosts by Dg\M89]- [142].
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In the 70s it became generally accepted that gravity coufdeahatter will be non-
renormalizable. It was, however, found that one could adﬁita% particle to general
relativity which yields a theory finite at two-loops. Thugjlaa the field of study known as
supergravity [138].

Finally, it was shown explicitly in 1986, by Goroff and Sagrtbat, at two-loop order,
finite S matrix elements could be attained if the gravity@ttiontained a counter-term of
the forn® [143]:

1 209
(d — 4) 2830(167)

Lo = SV—gRY. s R, R™ (66)
with d the effective regularized dimension of the space-times #xplicitly showing the
divergent properties at two-loop level.

On the canonical side, DeWitt in 1967 publishes what wasralty thought of as the
“Einstein-Schrodinger equation” also known as the WheBleWitt equation [144]. Some
argued at the time that the problem of quantizing the grtiwital field had been solved.

This Hamiltonian approach begins with the familiar ADM degapsition of space-time,
as illustrated in figurgl8. In the figurg; is the metric of the three-surfaégand N and N7
are the usual lapse function, and shift vector associatddthhé ADM decomposition.

/|/ , Xinal t

dt

N

[/ Xinit

T~

ds?= -(N= N N ) dts 2de>ﬁ dt + q, d¥ dx’

Figure 8:ADM decomposition of space-time into “space” and “time”.

With this decomposition, the gravitational action may bétem as:

1
I = — [at | do? [Hab'
167 /E X dab

+2N, VO (q—1/2nab> + Ng¢'/? <R<3> — ¢ L T + %q—lmﬂ . (67)

with IT = T%g,, TI% = ¢7V2 [K® — K ¢?], K = K%q,. K is the extrinsic
curvature tensor and over-dots denote differentiatioi waspect to the slicing time, In

®At one loop order the divergence possesses terms propalrtio®? and R,,, R** and is therefore finite
in the absence of matter.
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this scheme, the field variable§&® and its conjugate momentumIE?. The equations of
motion go over to

20 g7 | =0 =~V |

1
q'/? {R(i”) — ¢ M, 1% + —q—lnz] =0=:-5.

2
The action leads to a Hamiltonian density:
L . b
Ho= 1w —Loc=NV’+ NS,
167

and the following symplectic structure:
{17 60), qealy) | = 1676%8% 0 (x, ).

{160, () } = 0= {4, gea(y)}

which after quantization leads to the famous Wheeler-De#gtiation:

— - 2 T(q) = 0.
|:|: Qablcd + 2Qacq17d:| 5Qac 5de +4q R (Q) 0 (68)

The Wheeler-DeWitt formulation suffers from some problerfike configuration field (3-
metric) does not appear as a gauge field. As well, there aomnsmstencies with certain
transition probabilities in the path-integral version.

There are several other candidate theories of quantumtgrdihiese include the sum-
over-Euclidean geometries developed by Hawking [145] @amd.orentzian counterpart,
the causal set approach of Sorkin [146] [147], dynamicahgulations [148], and other
theories, including loop quantum gravity. Interestinghg causal set approach predicts the
existence of a small positive cosmological constant of tlaeioof that required to provide
the observed acceleration of the universe.

5.1.1 The loop quantum gravity program in brief

Loop quantum gravity provides a promising quantizationese@ for general relativity.
There is a Hamiltonian approach and a covariant approaelding a spin-foam model,
so named due to the resemblance of the Feynman diagram analagoam of bubbles.
We will concentrate here on the Hamiltonian approach, wisgberhaps a bit more per-
spicuous. For a nice review of the spin-foam approach, theearis referred to [149].

It was noted by Ashtekar [150] that general relativity canvbey neatly reformulated
in terms of a densitized triacEj? instead of the metric:

qq*" = ESEYY
with

1 . o
o b J k _ J
E% = 56“ ‘eijpee, Wwhere gqq = €',e’ 0.
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This is sometimes known as the phase-space representatidheaindices, j etc. denote
the orthonormal components. In terms of the new variables ADM action [67) may be
written as

1 . . )
[=— / dt / [E%K’a — NyVP — NS — N’eijkEa]K]Z] &z (69)
87'(' »

with K%, := ———K,,E%6% . In this scheme, the canonically conjugate variables are

det(F)
E¢andK®,.
The symmetry group it is SO(3). We can writeK*, in terms of the fiduciako(3)
connectiofi on X, T :

/VKia = Aia - Fia )

wherey is known as thémmirzi parameter The “modified” connectiom’, can be defined
by this equation. In terms of this new connection the actiay e written as

I o= 2 / [EC;Aia—Nbe—NS—N"Gi Bz | (70)
87'(' »
Gi = aaEC; + EZ]kAJa
with symplectic structure:
{E“- x), A% (y )} = 8myd5, 52 i(x,y),
{Eg%( ), E%(y } {47, (x), Ai(y)} =0.

The above formulae do not distinguish betwesn(3) and SU(2) and both these groups
possess the same algebra so it is customary to wasK/if2), the indices, j now coupling
quantities to thew(2) algebra. The quantization of this system yields the cambrirsion
of loop quantum gravity.£% and A?, are theAshtekar - Barbero variablesThe quantum
versions of the equations of motion yield theantum Einstein equations

Gi|¥) =D, E}|¥) =0, (71a)

Va [0) = |BSFY, — (1= 92)KGy] |9) =0, (71b)

S|w) = L pepp i p 21+~ )K’ KJ W) =0, (71c)
det(E) i3 kT ab

with
Fly =0,A% — Oy A", + € ;1 Al AR,

o j K
Davi =0qV; — EijkAglU .

5The fiducial connection is that yielded by the solution of t8ais structural equationa[aeib] +

e"jkl“j[ae";)] = 0, wheree', is the standard (non-densitized) trigdy = e’,¢’, 8;.
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Note that now there is a constraint equation ¢or (the Gauss constraint). This reflects
the fact the triad possesses a rotational freedom; one aaseldifferent frames locally
by rotating the triad. This redundancy is eliminated in tegrGauss constraint. To the
above system one could add matter couplings by supplengetitinaction with a matter
term and quantizing appropriately. The problems assatiaiéh (68) are not present in
this representation.

Before continuing, we shall make a few comments about théstation scheme:

1. The scheme is background independent and respectsndfpbism invariance. The
choice of time slicing is arbitrary and does not affect thggits.

2. A superpartner can be accommodated and therefore sapaetyy can be incorpo-
rated. This has been done [151].

3. Instead of the Einstein-Hilbert action, one can accomatedeometric actions made
up of arbitrary curvature invariants. The scheme is gelyesahilar to that outlined
above.

4. Higher dimensions can be accommodated.

It should be noted that 2, 3, and 4 aret requiredbut simply can be accommodated.

What is of interest is the holonomy ¢f as it is transported around what are known as
spin-networks(first introduced by Penrose [152] and utilized early indgmantum gravity
by Jacobson and Smolin [153]) and the state vedt®}svhich are functions of this holon-
omy. The concept of time evolution is now encoded in termsaef the interrelationship
of the network, which describes space, evolves. The detedldeyond the scope of this
manuscript but the interested reader may find them in [13485], [156]. What is of par-
ticular interest in the context of black hole research i$ th& theory predicts that on the
small scale, space discreté’ Classically, the area may be constructed out of the triad via

A(S) = / n*Ein, B? d*s (72)
(S) S\/ b

with then vectors denoting normals to the 2-surfa€eTo go over to the quantum theory
one replaces the classical triad with the correspondingitguaoperator. The picture that
arises is that each fiber of the spin-network that piercesfacsS endows it with a certain
amount of area and geometry, via the introduction of an amgléfect (see figuig 9).

The triad possesses the following spectrum when acting @sttite functions of loop
quantum gravity:

Ei(S)E'(S1) ®7 (he[A]) = (87127)? [jp(jp + 1)] 7 (he[A]) |

where®’ (h.[A]) are state functions which depend on the holonomyl of.[A4], along an
edgee of the spin-network. Th¢, are half-integers ant} is the Planck length. Therefore,

"It should be emphasized that this iprdictionof the theory and is not put in “by hand”.
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Figure 9: A gravitational spin-network endowing a surfaewith area and geometry. The spin-
network punctures the surfadeatp. The surface is flat everywhere except at the punctureseTher
the spin-network can be pictured as “tugging” on the surfaoelowing it with geometry and in-
troducing a local angular defect on the surface. hlseare the nodes, which are associated with
volumes.

for the area operatbr.
Areas |W) = 8712y S 1 [ip(jp + 1) |0) . (73)
p

Notice that the eigenvalues of area drecreté
One can also construct the classical volume utilizing tiae tr

1 .

This can be replaced by its quantum analog and volume eifyss/aan be calculated. The
results are somewhat complicated and we omit them here. Vowde volume is also
discrete.

We will see below that these two operators are of extreme fitapoe in loop quantum
gravity black hole research.

dz . (74)

5.2 Developments in loop quantum black hole research

There are a number of results regarding black holes in loaptgm gravity. We shall con-
centrate here on what are arguably the two most significanlitse namely the source of
black hole entropy and the resolution of the singularitybybean. These are of importance

8We are making an assumption here regarding how the spinerietsierces the surfac§. The general
case yields eigenvalues which are slightly more complit#tan [78).
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because it has long been believed that any viable theory afitgm gravity should ex-
plain where the enormous entropy of a black hole comes fragritashould also eliminate
singularities present in the classical theory.

5.2.1 Black hole entropy

The subject of black hole entropy has been one of intenseesttever since Bekenstein’s
calculations [157]. Many methods have since been utilizedaiculate the entropy (see
[158], [159] and references therein for excellent revieWthe subject). One belief is that
the source of this entropy is strictly gravitational in d@mig That is, one should be able
to define microstates in a full quantum theory of gravity vihievhen counted, yields the
correct entropy law. This has been done within the framewbikop quantum gravity.
The basic idea is as follows: The gravitational spin-nekwgierces the surface corre-
sponding to the horizon of the black hole. As described alttneendows the surface with
area and geometry (see figlré 10). The entropy is given bytgaithm of the number of

Figure 10: A gravitational spin-network giving a spherical black hblerizon its geometry and
area.

loop quantum gravity states that give the surface a fixed aged his counting is non-trivial
as for a black hole of reasonable size there could be an emgrmonber of punctures, with
various values of,. The total area is given by summing up all the contributionsnfall of
the punctures. The total area is therefore giveh by

ao = 8mlyy Y \/dplip + 1), (75)
p

which is obviously the sum of eigenvalues associated wétlettges puncturing the surface.

*We are making a similar assumption here as in the previouadta
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Notice that this formulation yields the entropy as a funttd . The quantityy therefore
has to be set by other means or else it can be set by demandiribeheading order term in
the entropy calculation agrees with the Hawking-Bekengtesult ofag /4. Several studies
have set the Immirzi parameter in this way [160] - [163].

There is another subtlety which complicates the expresstuah is topological in ori-
gin. To illustrate this we begin by noting that the actioniggyrise to the surface states (and
thus the surface Hilbert space) is a Chern-Simons action:

iCLO

2
I = Tr{AANdA+-ANANA 76
oM = 391 (g — 1) /aM r{ T3 ’ (76)

where the trace of th8U (2) connection,A’, is taken over theu(2) indices. The form

of this surface term was first calculated in the pioneeringkwad [164]. Later this was
generalized to arbitrary genyssurfaces, as above [165]. This term arises from the fact
that at the inner boundary (the isolated horizon [166]),ttleel and the connection cannot
be fixed independently and are actually related (hence belgannection appears [n(76)).
The isolated horizon boundary conditions reduce the degoédreedom and the above
action can be written in terms ofta(1) connection [164]:

) ag
1672(1 — g) Joum
whereW representé/(1) connections on the boundary surface, which are restrigteteb
value of the bulkSU (2) connection penetrating the surface at that particulartpmirthe

horizon. Finally one can construct the symplectic struetm the boundary as was done
in [164]:

Tion = WA dW (77)

Qont grav(e ) =k ¢ SW AW, (78)
oM

with k := 255~ (an integer) known as the Chern-level and witli” and 'V tangent
vectors in the space @f (1) connections defined on the horizon. Note that we now have
a topologicalU (1) theory on the boundary. The number degrees of freedom atedeio

the number of topologically independent closed paths onecoastruct on the punctured
surface.

In the case of a surface with spherical topolo$f§; one can place punctures on the
sphere and then define a closed path around each puncture wdhid seemingly yield
a 2N dimensional phase-space as each closed path (cycle) asodwmjugate open path
associated with it (chain) (roughly speaking each cycleasgnts a configuration variable
that must have a conjugate momentum, represented by chalos)ever, these are not all
independent degrees of freedom. On a sphere, note that gamogd theNV-th puncture is
the same as going around all the other punctures but in thesdppirection. If the cycles
are denoted ag;, this may be expressed as:

MM N1 = TN (79)

Therefore, the topology reduces the number of independsgreds of freedom.
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When one quantizes the system, quantum stgigsare obtained for integers: =
(mq,..,my—1) Withm; € {1,..,k} [167]. Note that in this sense, the integets play a
role similar to the magnetic quantum number in ordinary gqunmechanics. The condi-
tion (79) gives rise to a constraint:

mi+..+my_1=—mp . (80)

This restriction is the quantum analogue of the Gauss-Bome®rem for a sphere. Note
that one now haé/ generators and one constraint. Thus, for a spherical hgritates can
be labeled withn = (mq, .., my) subject to constrainf_(80). In other wordmt all states
that yield classical area, are allowable. Only the ones meeting the conditlod (80) are t
be counted. The details of the counting may be found in [168]raferences therein. Only
the results will be cited here.

A very careful numerical counting of acceptable states fepleerical horizon was per-
formed by Corichi et al in [162]. Those authors performeddbenting with the projection
constraint[(8D) and without considering it. They found thkofving: Withoutconsidering
the projection constraint they found that the entropy olibgs,,/4 law, provided the Im-
mirzi parameter is set equal o~ 0.274. This is the same value found in [161] and [168].
With the projection constraint it was found that the number okptable states is reduced
in such a way that does not involge The result is

S = % - %ln(ao) . (81)

For the case of a genyssurface, the situation is slightly more subtle as the pathsral
the punctures can also be related to paths around the gelessaithe surface. This yields
a quantum Gauss-Bonnet theorem of the following type [165]:

Mgl Ngt2 * ooe " TgaN = VN VL e Mg VgTy Vg (82)

wheren; throughn, denote the paths associated with the genus holes)andto 7, x
denote with the paths associated with the spin-networktpues. Utilizing this topological
condition, the entropy of @ > 1 horizon is given by [165]

§ =2 + (9= 1) [In(a0) ~ In(4my(g — 1) . (83)
provided that the Immirzi parameter is set to the same value the spherical case. There-
fore, the same value of the Immirzi parameter yields the-firdera /4 term for all cases
whereas the sub-leading term depends on topolgy and isendept ofy. This behavior is
consistent with other, non-quantum gravity approacheslmutating black hole entropy of
g > 0 horizons [169] [170] [171] [172].

An ambiguity exists forg = 1 due to the decoupling of the triad and the connection
at the horizon in this case. However, one may analyticaltgrek [83) tog = 1 yielding
an ap/4 entropywithout logarithmic correction. This result is consistent withdies of
g = 1 horizon entropy utilizing non loop quantum gravity techrég [170], [172]. The
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g > 1 result however, is qualitatively different from tlge= 0 case, and therefore cannot
be extended to reliably encompass the: 0 horizons. This is due to the non-trivial inter-
play between the spin-network punctures and the genus bbtege surface (note that the
coefficient of the logarithmic correction in (83) differem (81) by a factor of 2 foy = 0).

5.2.2 Removal of the classical singularity

Another problem that a quantum theory of gravitation is exge to resolve is that of the
singularities that exist in the classical theory. This isoatelated to the problem of in-
formation loss associated with black holes. This singtydsisue has been studied in the
framework of loop quantum gravity in the case of mini-supace models. That is, models
where the full system is first reduced to a mechanical systhimhaconsists of only the rel-
evant degrees of freedom. One then quantizes this redusezhsyThis is done due to the
technical difficulty involved when trying to work with the lfuheory. There are currently
several black hole studies available within the symmetdyced models [173] - [175] and
here we shall be outlining the approach in [175]. A relatedhm@ was studied in [176]
where it was shown that a Nariai universe replaces the clssingularity.

The basic ideas are as follows: Construct an evolution exuatilizing the Hamilto-
nian constraint and check if the evolution remains finitehat point corresponding to the
classical singularity. Also, one may compute operatorsthait expectation values which
encode the information about curvature and which cladgidalerge at the classical sin-
gularity. If they remain finite in the quantization the sitagity is avoided in the quantum
theory.

We will focus on the most studied black hole in qguantum gyautie Schwarzschild
black hole A = 0 = @), whose line element far < 2M can be written as:

ds® = —QML + (% - 1> dR? + T2 d6? + T? sin® 0 dy? | (84)
T
whereT is the interior time coordinate (correspondingrtan (7)) and R is an interior
spatial coordinate (correspondingitm (7).

Recall that the conjugate variables in loop quantum grauigythe densitized triad and
the modifiedSU (2) connection. A pair is is constructed which respects the sgtnynof
the spaceR x SO(3) [175], [177]:

A' 1 dz® =ct3dR + (am + bra)df + (amo — bry)sin O dy + m3cos O dy , (85a)
E%Ti(‘)a =pc138in00R + (paT1 + Py72) sin 0 O + (paT2 — Ps71)0, (85hb)

where ther; denote the standard.(2) basis. The quantities, b, ¢ andp,, py, p. are to be
determined and act as conjugate “position-momentum” pdile classical analog of the
Gauss constraint can be satisfied but not in a unique way. Amhmat satisfy:

app — bpa =0 ) (86)



40 A. DeBenedictis

will satisfy the Gauss constraint [175]. Therefore, it i®fu$ to seta = p, = 0 in the
sequel. There is still some residual gauge freedom but wersdtaliscuss it here.
The co-triad can also be constructed as:

4 sgnp.. ,
w,Tidx® = S9NPe 1Pl p’ ’I’)b‘Tg dR + |pc|‘§—b’7'2 df — \/@‘i—b‘Tl sinfdyp . (87)
V 1Pc b b

By comparison ofl(85b) (o (87)) with (84) one can see thafaliewing identification may

be made:
m=+T2M-T), p.=+T?. (88)
Therefore, the degeneracy In [87)mt = 0 # p. corresponds to the classical horizon
wherea. = 0 corresponds to the classical singularity.
Next a basis is defined in the Hilbert space, these are deaetégl (s 7))+ |—p, )]
and are made up of eigenstates of the operators corresgotadgin andp.,.:

R 1 R 1
Pb |1u> T> = 57:“’ |1u> 7->> Pc |:“’7 T> = 577— |1u> 7-> . (89)

The volume operator is also needed:

V= [ &z /|detE] = 4m\/Ipcllps| — V = 4 /[pel|pe] (90)
which is diagonal in théu, 7) basis and possesses eigenvalues:
Vir = 2772 )/ 171 . (91)

As well, the co-triad operator can be created. In the nataifd175], w,. := SOMe vl gpg

V ‘pcl
wp 1= SPMpy/ |pe|. It is noted that the co-triad can be written in terms of thiwhomy and
volume:

we = (217) F Tr (rshr {hp' V1) |

wherehr corresponds to the holonomy along an interval in fdirection. The operator
version is given by:

. . _ O e 0l
|, 7) = =i(2my) T (b {hR" V1) I 7) = Slal (ViF 1= VT =11) I, 7).
(92)
Similarly, for w;, one can construct [175]
Wy [, ) = /S V || [, 7) (93)
As is usual, a general state can be expanded in terms of tive aigenstatesiy) =

2 Cur |, 7).
Ut

Next the Hamiltonian constraint is constructed. One magyeithis in two ways. One
way is to write the extrinsic curvature connectidi, in (Z1d), in terms of the modified



Developments in Black Hole Research: Classical, Semsidak and Quantum 41

connectionA. The second way is to regatd as the connection to be used. However, in
this second case, the holonomies are to be constructed esofimof K, not A. It was
shown in [175] that utilizing the second method results inaatitonian constraint of the

form:
1 1

C am — o5 —}——
Ham = 52 Jdet(B)
Here°F := dK + [K, K] andQ) := dI"' = —sinf13df A dy (which can be calculated

utilizing the triad associated with the standard two-sphmetric). Written in terms of the
co-triad one has:

-
det(E)

Here, h;, corresponds to the holonomy along an edge inktidirection ¢ = R, 6, ¢) (the
indexk is summed over)C g) = L) = L(,) = J, wherej is the length of the curve in the
coordinate directions over which the holonomy is measusagdrscript® denote that the
quantity is in theK connection representation). As well, the last part of thenttanian
constraint can be written in terms of the co-triad:

BB ey [0, — °F") (94)

T EYE™ = — (4mLg) et ok nl {7 v (99)

o, o0,,]

wa A
A (h(ij) - 1) +0(9), (96)

OFZabTi ~

whereArg = Ar, = Ag, = 62 andhy;j) := hihshy 'hy 't

At this stage, all quantities are constructed out of holoiesn(in°w) and tetrads (ifw
andV’) and therefore we can go to the quantum picture by simphaoépg these with their
operator analogues. In order to make the constraint Henmithegravitational constraint

is defined a<’?,, := 1 |C? 4 C? T]. Without details, we quote the main results of this

grav

construction: The Hamiltonian constraint operator, actn the states yields d@ifference
equation forc,,.:

Clustr =20 (VITF 201+ V171 [0 2525 = a7 42
+ (VIT 0l = VI =) [+ 26)6, a5, — (1+ 2920 puc,

+ (1 = 20)cpuasr) + 26 (V1T =20+ V/I71) [6u 25+ 20
_Cu+25,‘r — 25] = O . (97)

To analyze the behavior at the singularity, one starts atguositive value of and utilizes
(@7) to evolve the, - to smaller values of. The singularity resolution issue is insensitive
to the choice of initial conditions (provided, of courseattthey are not pathalogical).

It turns out that the coefficients are always regular throug/the evolution for all values
of 7 > 0 as well asr < 0. From [88) and[(89)r = 0 corresponds to the classical singu-
larity. Therefore, the evolution of the, . coefficients is regular and may procelegyond
the classical singularity. In this theory of quantum geasntiten, the quantum analogue of
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T = 0 is no longer a boundary of the space-time. In essence thersnsooth “bounce”
which evolves to another large region of space-time. Exgtieet values of curvature encod-
ing quantities are also finite. Interestingly, (though pg@dinot surprising) mini-superspace
reduced LQG cosmological models possess similar behaviererthe big-bang is replaced
by a smoothly evolving quantum bounce. (See [178] and neéeetherein.)

6 Black Holes in Astrophysics

Although there exists no unquestionable proof that bladesexist in nature, there is
mounting evidence suggesting that black holes are presamiriuniverse. The evidence
must be, by definition, indirect. We overview here some ofdhservational evidence for
the existence of black holes as well as how researchergeutiiservations to deduce the
properties of these fascinating objects.

Perhaps the first evidence that some extreme objects exist inniverse was the ob-
servation of X-ray sources outside the solar system and a$ams in the 1960s [179].
Quasars are objects which possess luminosities on the airdet* that of the sun. Matter
accreting into a black hole could most easily explain suclssions of electromagnetic
radiation. It is now also believed that black holes are eglah some way to the observed
gamma ray bursts. Since it is expected that almost all blatéshhave some amount of
rotation, the Kerr solution provides a viable backgrounaviich to study these emissions.
Astrophysical theory is suggestive that there is a limit lo@ &angular momentum param-
eter of —0.998M < a < 0.998M [180] with high rotations amost certainly containing
an event horizon and therefore unlikely to be an alterndbva black hole without event
horizon [181].

One of the earliest (and brightest) X-ray sources detected@ygnus X-1 [182], [183],
which was noted to vary with time. A large number of X-ray sm# have since been
discovered, many of them associated with optically faifgfesht stars. In such cases, it
was not possible that the star itself could be emitting theys. Instead, an argument was
put forward that the X-rays originated from the accretiorhef star's outer material onto a
yet unseen companion object, likely a neutron star [184F%[1&urther, it was postulated
that the slightest amount of angular momentum in the mat@ikaly inevitable) would
preclude anything resembling radial in-fall and the matesiould, rather, be forced into a
disk around the compact companion (see fifute 11). Viscagsfdrces would then heat up
the material to high enough temperatures to emit the radiaibserved. The Uhuru satellite
confirmed that the stars indeed must be orbiting some compabject, which must be
very compact. If the mass of the companion is above the nestar limit (approximately
1.5 - 4 solar masses) then the likely alternative is a blad& ho

The evidence for a binary system comes from the periodidithevisible star’'s spec-
trum. One then needs to determine if the properties of theamsompanion allow it to be
a neutron star or some more compact object. Consider a béyatgm as shown in figure
[12. As an approximation, Kepler's law can be utilized:

M147T2CL§

T?= ——— 2
(M + M3)?

(98)
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Figure 11:A rotating black hole accreting matter from a nearby stathédigh the outskirts of the
accretion disk is tilted with respect to the orbital plarie inner regions are forced into alignment
with the orbital plane of the black hole.

To Earth

?‘/

Dark companion

.\/ Center of mass
o
J /

—

Figure 12:An example of a binary system.

whereT is the orbital period and/; and M- represent the mass of the dark companion
and observable star respectively. If the peridd,, andas are provided, the mass of the
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the companion may be determined. In practice it is usuaffycdit to determinea, as it
requires knowledge of the inclination angfe,

For the case of Cygnus X-1, the optical member is a hot OB BRE(226868) which
typically have very large masseg, (20 solar masses). With best estimates for the param-
eters, the conclusion is that the dark companion in thisrpiagstem possesses a mass of
the order 10 solar masses, much greater than the neutrdimstatt is therefore likely that
the companion is a black hole. One of the sources of uncgrtigithe value of the mass of
HDE 226868.

A class of X-ray objects are known as the X-ray transientes€lobjects emit X-rays
periodically, followed by long periods of no emission. Thikws one to study the optical
companion in detail during the X-ray-quiet periods withthe noise from the X-rays inter-
fering with the observations. This is useful since detaddlies of the optical member of
the binary will yield tighter constraints on the mass of ttag and therefore on the mass of
the companion object. In such a system, if the compact coinpaossessed a solid sur-
face, it should be possible to see a characteristic emisi@mergy as the accreting material
is brought to rest on the surface [186], [187], [188]. Oba&ons of various sources seem
to show no indication of such emission, and therefore thegmee of an event horizon, as
opposed to an object with a solid surface, is favored.

As mentioned earlier, the discovery of quasars in the 1968ddd to speculation that
some compact object must be responsible for the emission ofush energy. Over the
years the evidence has become compelling that the grawigdtsources are likely super-
massive black holes at the center of galaxies. These olgaxtsow generally referred to as
active galactic nuclei (AGN). These sources typically emit? — 104 solar luminosities
and have length scales on the order of less than a light-yebinanany cases the scale may
be measured in light-hours. These scales are based on thiadtappreciable changes in
a system can not occur on time-scales shorter than it tajleist cross the system.

The physics involved in AGNs is similar to the compact binasscribed above.
Namely, nearby matter is accreted into a disk around thelilate and X-rays are emitted
via a friction mechanism. A natural question arises in treeaaf AGNs: Could the grav-
itational effects required to produce such X-ray emissioasiue to the large number of
stars and galactic matter near the core of the galaxy insteatllack hole? The constraints
on the size, the lack of periodicities in the signals and thabikty of the signals seem to
favor a single central object (with masses of the order®@f solar masses!) instead of a
widespread, non-uniform source [189]. Also, there ares"jef material present in may
AGNs which remain aligned for time periods on the ordet@flight-years (see figufe 13).
This indicates that a preferred axis must have been preseheisystem for at least that
long, making a gravitationally bound compound object weilik

Modeling these jets is an extremely difficult task involviggneral relativistic magne-
tohydrodynamics. Large-scale computing must be emplogeatder to produce reliable
results from the models. The jets can arise from a complexptdy between gas evapo-
rating off of the accretion disk and magnetic fields presembwn as the Blandford-Znajek
process [190].
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Figure 13: Jets of ionized gas being ejected from the galactic core of .MBermission to use
image, made available through NASA and STScl, kindly preditly Tod R. Lauer (National Optical
Astronomy Observatory), Sandra M. Faber (UC Observatbkiek Observatory). (figure quality
reduced for arXiv file size)

One of the major sources of the X-rays is the ifgn line and there are several effects
on this line. One effect is not strictly speaking gravitaibin origin. It is the special
relativistic doppler shift, where the line is blueshifted @ane side of the accretion disk and
redshifted on the other side. This will yield a doppler brerel line. Another effect is also
present in the absence of gravity, this is the special vttt beaming effect whereby the
radiation intensity is amplified in the direction of paréighotion compared to the intensity
in the rest-frame. This effect is also differential in thlae teffect enhances the intensity
on the approaching side of the disk. Another effect is $yrigtavitational in origin. This
is the gravitational redshift and time dilation. Unlike tteppler shift, this shift does not
depend on what side of the disk (approaching or receding sidematerial is residing.
Also, the gravitational time dilation has the effect of reuhg the overall flux since the
emitter is “slowing down” compared to an observer at infinifjhese effects act to skew
the line profile, as is illustrated (n114. The difference begw the X-ray spectrum of matter
accreting into a spinning versus non-spinning black hadésis displayed in this figure. This
difference due to the spin arises from the fact that staltuleir orbits in Schwarzschild
geometry do not exist below = 6M, whereas for a rotating black hole this value is
much smaller. Therefore, the gravitational redshift amdetidilation can be much more
pronounced in the case of a Kerr black hole as it is generafhe&ed that the bulk of X-
ray emission occurs in orbits at or above the stable orbit.likvith this assumption, data
from the XMM-Newton satellite, analyzing the X-ray iron éirof Seyfert galaxy MCG-6-
30-15 constrains the Kerr spin parameter tadje> 0.93 [191]. The rotational dragging of
a Kerr black hole also has the effect of forcing the portiothefaccretion disk that is close
to the black hole to orbit in the equatorial plane (see figdie 1
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ENERGY (keV) ENERGY (keV}

Figure 14:An example of an X-ray spectrum of iron atoms in the vicinifyaanon-spinning (left)
and spinning (right) black hole. A spinning black hole dréugs particles around it, via the Lense-
Thirring effect, this allows for particles to orbit nearerthe black hole. Kind permission to display
this figure, from the Harvard Chandra website, was grantedA$A/CXC/SAQO.

Interestingly, there is strong evidence that there is arsoasssive black hole at the cen-
ter of our own galaxy (Sgr 8. The “close” proximity of this black hole allows astronorse
to directly measure its influence on its stellar neighbo82]1 [195]. The optical range of
frequencies cannot penetrate the galactic center so stofliee galactic black hole are usu-
ally performed utilizing the radio or the infra-red regiokinowing the orbital parameters
between the black hole and its nearby stars, Kepler's laswallthe determination of the
approximate mass of the black hole. A mass of approximaelyx 10° solar masses is
calculated for the mass of the galactic black hole [196]7[1®bservational data relating
to these orbits, along with Keplerian fits, are displayeddnrie[15.

Other possible methods to detect black holes include: Garaynbursts, gravitational
lensing (of background objects as well as of the orbitaluiesst of the accompanying binary
star) [198], [199], and hopefully in the near future, gratitnal wave signatures. Other
proposals may be found in [200], [201] and [202].

We have only scratched the surface here regarding the @bsery and theoretical tech-
niques used to study black holes in astrophysical cont&kiste exist a number of excellent
books and reviews on the subject. The interested readdeisad to the (much more thor-
ough) review articles [203], [204] and [205] and the largentyer of references therein.

7 Alternatives to Black Holes

In this final section we will mention a few proposed alterveito black holes along with
possible measurements that may be performed in order toglisgsh these objects from
black holes. Some of these objects are black holes in the sémnse of the word. That is,
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Figure 15: Observation of the orbits of stars near the galactic centéis figure displays data
points and best fit Keplerian orbits. Figure reproduced ff@86] with kind permission from F.
Eisenhauer and The Astrophysical Journal. (figure quaditiced for arXive file size)

they may contain a horizon but there is no singularity hidiagind it. It would be difficult,
but not impossible, to distinguish some of these models fotaak holes [206]. We list
some of the alternatives here with a brief description.

Neutron stars with non-standard equation of state:Perhaps the greatest Achille’s heel to
the arguments in favor of black holes as the likely candigtatke binary systems discussed
above is the uncertainty in the equation of state. This isrtam reason for the large uncer-
tainty in the neutron star limit. The regime of neutron stimglty is above what can reliably
be studied in a lab and therefore any properties at thesdtiderare not well constrained.
Since pressure is also a source of gravity in general rélgtimodification of the equation
of state could increase the maximum mass that neutron styspossess and therefore
some large mass objects thought to be black holes could tutrindoe neutron stars. A
general form of the equation of state was studied in detalRbgades and Ruffini [207].
They made mild assumptions such as the speed of sound beingdd < ¢; < 1, and
that at lower densities (below some valug, it should produce equations of state thought
to be well understood. In their study, they found a neutran lghit of approximately 3.2
solar masses. Adding rotation to the picture yields [208]:

- po \ /2
Mmax~8.4<m) M, . (99)

It is therefore not inconceivable that the neutron startlicould be as high as 8-10 solar
masses or higher.

A possible scenario is the “Q-star”, which allows for the gibgity of nucleon confine-
ment under extreme conditions. In these theories, it is@rpethat under certain condi-
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tions, the equation of state differs strongly from standamds, even at for relatively low
densities (low values gfy). Therefore, the assumptions used to derive the expreabimre
are no longer valid. Such stars may possess masses on theftf8é solar masses yet pos-
sess radii which are approximately 1.4 times the correspgri8ichwarzschild radius [209].

However, as mentioned previously, the absence of flare-ugsto material being
brought to rest on a hard surface is in favor of a black holéeeat of a neutron star or
Q-star. As well, no reasonable value @f would allow a neutron star scenario for the
super-massive galactic black holes thought to be respensibAGNSs.

Repulsive interiors: This is not an alternative to a black hole as much as it is alplessl-
ternative to the standard picture of an event horizon simgld singularity. These scenarios
basically stem from the fact that there is no reason to beliest the Schwarzschild solution
is valid down tor = 0. In theT-domain (ther < 20 domain of the Schwarzschild solu-
tion) it is possible, for example, to patch the Schwarzschdlution to a deSitter metric via
a shell located at some space-like surface. The idea is semethe properties of the event
horizon, which seems to fit observational data, but modigyititerior. This idea seems
to date back to Sakharov and Gliner who considered the plitysibat, under extreme
conditions, matter would possess an equation of state ofotine p = —p [210], [211].
Explicit constructions of this model were performed in [RaRd alternates of this model
were also considered in [213]- [215]. A conformal diagranSehwarzschild space-time
with a deSitter interior is shown in figure]16.

T=0CO

< } deSitter universe

r=2M

Figure 16:A conformal diagram illustrating the space-time that ressfibm patching th&'-domain

of the Schwarzschild space-time to a deSitter universe ahetipn shell. Presumably a phase-
transition of the collapsing matter occurs at the shelldjiied the deSitter interiorl” denotes the
interior time coordinate whereasdenotes the exterior radial coordinate.

Gravastars: A recent extension of the above idea is the gravitationalwat star, or
gravastar. The gravastar idea originated with P. Mazur anbldtola as an alternative
to a black hole and possessasevent horizon [216] - [218]. In the gravastar picture, quan-
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tum vacuum fluctuations are expected to play a non-trivii irothe collapse dynamics. A
phase transition is believed to occur yielding a repulseeSitter core which aids in bal-
ancing the collapsing object and thus preventing horizon G@ngularity) formation. This
transition is expected to occur very close to the litnit(r)/r = 1 so that, to an outside
observer, it would be very difficult to distinguish the grata from a true black hole. The
idea of a phase transition of the vacuum from a= 0 state to a non-negligibld state is
motivated from the behavior of Bose-Einstein condensalée final gravastar configura-
tion would also possess much less entropy than a black hadesmifr size and therefore
the problem of where the enormous black hole entropy conoes i alleviated.

The original Mazur - Mottola model consisted of a deSittdefior separated from a
Schwarzschild exterior via a finite shell with an equatiorstaite satisfyingp = +p (with
thin shells on either side for patching purposes). It waar lahown that, were a transition
between a deSitter center and Schwarzschild exterior tavimoth and yield physically
reasonable outer layers, anisotropic pressures must berprevithin the structure [219].
Models with continuous pressures satisfying various eégusiof state were explicitly con-
structed in [220]. Examples of the pressure and densitylpsofor a sample gravastar
(originally displayed in [220]) are displayed in figurel 17okdo and Arellano have studied
several variants of gravastars or gravastar-like objedigdl] [222].

Pr/po

Figure 17:The gravastar with energy density profile= po exp[—(r/r0)"] and anisotropyA =

a? (p/po) u/12. Displayed are: radial (lower solid line) and transversajper solid line) pressures,
energy density (dashed line) and the compactness (dotteyl liin this example the parameters
aren = 3, total mass of configuratio® = 1 and maximal compactness within the gravastar is
pmax = 0.80. Notation is as followsA := % = ‘.f—; zmr(r) pﬁo, with o andp, constantsy is the
“compactness” functio@m(r)/r. The transverse pressure, radial pressure and energyydaresi

denoted ag,, p, andp respectively.

Note that by definition, the strong energy condition canresétisfied in any model
with a deSitter region. A thorough discussion of gravastergy conditions may be found
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in [223].

In the case of anisotropic models, one way to distinguisir firesence from either a
black hole or a neutron star is via their surface redshifs khown (see [224] and references
therein) that stability in anisotropic spheres allows fdigher maximum redshift than for
a stable perfect fluid sphere of similar mass, due to incceakbewable compactness. Also,
Chirenti and Rezzolla have discussed how to distinguistagagtar from a black hole via
quasi-normal mode analysis [225].

The list presented above is not exhaustive but should caree ©f the most popular
alternatives to black hoes. Another interesting alteweafor example, put forward by
Robertson and Leiter, is the magnetic eternally collapshijgct (or MECO) (see references
[226], [227], [228] and references therein.)
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