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LOCALISATIONS AND COMPLETIONS OF SKEW POWER SERIES
RINGS

PETER SCHNEIDER AND OTMAR VENJAKOB

ABSTRACT. This paper is a natural continuation of the study of skew power series rings
A = RJ[[t;0,0]] initiated in [9]. We construct skew Laurent series rings B and show the
existence of some canonical Ore sets S for the skew power series rings A such that a certain
completion of the localisation Ag is isomorphic to B. This is applied to certain Iwasawa
algebras. Finally we introduce subrings of overconvergent skew Laurent series rings.

INTRODUCTION

In [9] we introduced the general notion of a skew power series ring A = R|[[t; 0,0]] over a
pseudocompact ring R (see section 1 for details) and we studied basic properties of it. This
was motivated by and applied to the study of Iwasawa algebras of certain p-adic Lie groups.
It is a very important step in non-commutative Iwasawa theory to pass from the Iwasawa
algebra to its localisation in a specific rather big Ore subset (cf. [3]). The starting point of
the present paper is the discovery that a natural completion of this localisation can be viewed
as a skew Laurent series ring. This means in particular that this completed localisation can
be constructed by inverting a single element ¢ with subsequent completion.

In fact we will develop our results in the context of a general skew power series ring
A = R[[t;0,0]]. In section 1 we want to formally invert the element ¢, i.e. construct a skew
Laurent series ring

B = R((t;0,9)).

It turns out that for a (left of right) Artinian ring R the ring B exists in form of the localisation
At of A with respect to T = {1,t,t?,...}, see subsection 1.1. But for general R and non-
trivial  one sees easily that a ring extension of A in which ¢ is invertible in general contains
series Y,z r;T" with infinite negative part. Due to this observation we define in subsection
1.2 a, in both directions, infinite skew Laurent series ring

B = R<t;0,0]]

consisting of formal infinite sums ), r;T" such that the negative part satisfies some growth
condition; in fact the commutative version, i.e. for trivial o and 9, with for example R = Z,
is a well-known ring in p-adic analysis. The multiplication law is given by explicit formulae
(CI2). In order to see that they actually define a (topological) ring structure we identify B
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with the projective limit of skew Laurent series rings with Artinian coefficients

B lim (R/ 1) (1:7.7))
k

for a certain filtration I, of R which is needed to grant the existence of B. In Proposition [[.T5]
we prove a criterion under which the ring B is Noetherian and flat as a left and right A-module.

Then we generalise and axiomatise the localisation technique from [3] so that it applies in
our context. Assuming that 6(R) is contained in the Jacobson radical Jac(R) of R we consider
the canonical projection

m: A= R[[t;0,0]] = (R/Jac(R))[[t; 7]].

Theorem 228 the main result of section 2, states that S = C4(ker(w)) is an Ore set of A
consisting of regular elements. In particular, the localisation Ag of A with respect to S exists.
The proof is again reduced to the Artinian case which is dealt with in subsection 2.2 after
discussing in subsection 2.1 a general method how to attach Ore sets to a ring homomorphism
R — A of arbitrary rings R and A, which might be of its own interest.

As alluded to above the remarkable fact is that the two ring extensions B and Ag of A are
in fact closely related: The filtration I, induces a filtration on Ag such that the completion
of Ag with respect to it is isomorphic to B, see Proposition [2.27], i.e. after completion it is in
some sense sufficient to just invert ¢t € S instead of the much bigger set S.

In section 3 we apply our results to Iwasawa algebras. In this context the existence of the
localisation Ag, of course, is known from [3], see also [2]. The main result is the existence
of the skew Laurent series ring B in this setting and the fact that it is a pseudocompact
Noetherian ring, flat over A and Ag, see Theorem [B.7]

Finally in section 4 we discuss different convergence conditions for our skew Laurent series
which leads to the definition of overconvergent skew Laurent series rings generalising again a
concept from p-adic Hodge theory as studied by Cherbonnier and Colmez. We expect that
our constructions and results will have important applications in non-commutative Iwasawa
theory, but also in the theory of p-adic representations (see the forthcoming work of the first
author with M-.F. Vigneras).

1. INFINITE SKEW LAURENT SERIES RINGS

Let R be a Noetherian pseudocompact ring together with the following data:

(i) a topological ring automorphism o of R,
(ii) a continuous left o-derivation ¢ : R — R which is o-nilpotent in the sense of [9] §1].

In particular there exists the pseudocompact skew power series ring

A := R|[t; 0,0]],
see [9], §1], where the ring structure is given by the following relation
(1.1) tr =o(r)t+4d(r), (or by rt=to'(r)+d(r))
and continuity. Here we set ¢/ := 0! and §' := —6 oo~ !, i.e. § is a right o’-derivation.

The aim of this section is to introduce also a skew Laurent series ring version which contains
a formal inverse ¢! of the element ¢. For non-trivial § this involves in general series Y ez Tit’
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with infinitely many nonzero coefficients r; for negative i, as can be seen easily from the
formulae (L6]) below.

But if § and ¢’ are nilpotent those formulae are actually finite and we will show in the
following subsection that then the skew Laurent series ring with finite negative part exists.
Afterwards we shall construct for rather general § a skew Laurent series ring with infinite
negative part but which satisfies a certain convergence condition.

1.1. Skew Laurent series rings in the nilpotent case. In this subsection we assume in
addition that both, § and ¢ are nilpotent, say of degree M, i.e.

=0, " =0 forall n> M.
Note that for a (left or right) Artinian ring R the nilpotence of § and §’ follows already from
o-nilpotence of 9.

For any integers k,1 > 0, M}, (Y, Z) denotes the sum of all noncommutative monomials in two
variables Y, Z with k factors Y and [ factors Z. Consider the multiplicatively closed subset

T:={1,t,t*, -}
of A consisting of all powers of t.

Proposition 1.1. The set T satisfies the (right and left) Ore condition, i.e. the localisation
Ar of A at'T exists.

Proof. For the right Ore condition we have to show that for any a = Zizo rit’ € A and any
j < 0 there exist an element o’ = Y, 7t" € A and a natural number N(j) such that

(1.2) atNV) =774/
We first consider the case a = rt? € R and note that using the first relation in (LI]) and a
simple telescope sum argument one checks the identity
(1.3) R S (O e
—M<m<—1
in A. On the other hand for a fixed j < 0 we may find a natural number N(j) > —j such
that M;_,,(6',0") =0 for all 0 <1 <1—jand m < —N(j). Then using the relation
Miy11(Y, Z) =Y My (Y, Z) = ZMpy1,11(Y, Z)

one easily checks the identity
(L)t 3 M@ NN = 3 0 M1y (8 0O

m<j m<j+1
in A; note that the sums indexed by ‘m < j’ or ‘m < j+ 1’ are actually finite. Using (L3]) as
starting point and (L4]) as induction step it follows that
(1.5) t . Z O'/Mj_m’l_j(é/,O'/)(T’)tm+N(j) = rtN0),

m<j
For an arbitrary a € A we set
a’ = Z < Z 0, j_m71_j(5,,O'/)(Ti)tm+N(j)>ti S A.
i>0  m<j

Since the multiplication in the pseudocompact ring A is continuous the multiplication from
the left by ¢/ commutes with the (first) summation and hence we obtain (L.2]). The left Ore
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condition follows from an analogous argument and thus the localisation exists by [7, thm.
2.1.12] and the fact that all elements in 7" are regular. g

Clearly all elements in the skew Laurent series ring
B := R((t;0,0)) := Ar

can be written as series ) ritt and t'r; with finite negative part > ____;_orit’

1>>—00 1>>—00

and Y _ ;o0 t'r;, respectively.

Remark 1.2. The same argument shows that 7' is also an Ore set in the skew polynomial ring
R[t; 0,6] and thus also the skew Laurent polynomial ring

R(t;0,0) := R[t;0,0|1
exists under the hypothesis of this subsection.

It follows from the identity (L3]) that in the ring R((¢;0,9)) the relations

(1.6) t7hr =" od T ()t

i<—1
and
(1.7) rt=! = Z t'od ™ (r)
i<—1
hold. More generally, for j < 0, the identity (L3 says that
(18) tr = 3" /M50, ") ()
m<j
and
(1.9) rth = "o M1 (8,0)(r).
m<j
For j > 0 we recall the formulae
(1.10) r=>" M pm(d,0)(r)t"
0<m<j
and
(1.11) rth = N "M (8, 07)(r).
0<m<j

Finally, the multiplication in R((¢;0,0)) and in R(t;0,0) is explicitly given by the following
formula

(1.12) O ath O bty =D emt™  with

JEL ez mez
(1.13) cm = b+,
(1.14) ch = Z a;Mj_pn(0,0)(bpm—rn) and
Jj=n=>0
(1.15) Cpy = Z ajU/Mj_n,l_j(é/,O'/)(bm_n).

n<j<0



An analogous formula holds for right Laurent series:

(1.16) O - ta)O oty = > t"d,

JEZ leZ meZ
with
(1.17) dm = df +d,,
(1.18) df = Z M;—p0(8',0")(am—n)b; and
Jjzn>0
(1.19) dy = > oM p1-;(0,0)(am-n)b;.
n<j<0

For the notion of the Krull-dimension x we refer the reader to [7, chap. 6]. If we consider
a ring S as left or right module over itself we write ¢S or Sg, respectively. For a left (right)
module M we denote by L£(M) the lattice of all left (right) submodules of M.

Lemma 1.3. Suppose that 6 = 0. We then have k(Bp) < k(Rg) and k(gB) < k(rR). In
particular, if R is a (left or right) Artinian ring, so is B.

Proof. The ‘left’-version following by symmetry we only consider the ‘right’-version. For the
purposes of this proof we call i(b) := min{i : a; # 0} the order of any element b =", a;t’
in B and I(b) := a;() its leading coefficient (with [(0) := 0). If J is a right ideal of B we write
1(J) for the set of leading coefficients of elements in J. Using that 6 = 0 it is easy to check that
[(J) is a right ideal of R, thus we obtain a map of partially ordered sets [ : L(Bg) — L(RR).
We just have to show that this map [ preserves ‘proper containment’. Thus let J; ;Cé Jo be
right ideals of B. Then there exists an element b € Jy N A which is not contained in J;. We
shall derive a contradiction assuming that [(J;) = [(J3) : then we find j; € J; with I(j1) = ()
and, after possibly multiplying from the right by a suitable power of ¢, with i(j1) = i(b); in
particular j; belongs to J; N A. Similarly we find j, € J; N A such that [(j2) = (b — j1) and
i(j2) = i(b — j1) and inductively a sequence of elements j, € J; N A with strictly increasing
order and such that the series ) -, jn converges to b, which thus is an element of the closed
ideal .J; N A (A is pseudocompact and Noetherian), a contradiction. O

Let I be a two-sided ideal of R which is o-, o’- and d-stable. We define the left R-submodule
Ip of B to consist of all b= b;t" € B with b; € I for all i € Z.

Lemma 1.4. Let I,J be o-, 0'- and §-stable two-sided ideals of R. Then
(i) Ip = IB = BI is a two-sided ideal of B.
(ii) Jp-Ip = (JI)pB.

Proof. (i) Since [ is finitely generated as a right ideal in R we have Ig = I B. The formula
(CI2) implies that BI C Ip = IB. By symmetry we must even have BI = IB. (ii) follows
immediately from (i). O

In [9 §1] we constructed a descending exhaustive ring filtration I, & > 0, by two-sided
ideals in R which are o- and o’-stable and satisfy §(I;) C Ixy1, which we refer to as the
standard filtration. By Lemma [[.4] the filtration I, of R induces a ring filtration J, of B by
setting Ji := (Ix)p for all k£ > 0.

Henceforth we assume that R is (left or right) Artinian. Then the filtration I, and thus also
Je stabilises. Furthermore, as R is Noetherian, the Jj are finitely generated (left and right)
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B-modules by Lemma [[L4l Hence the subquotients Jy/Jx11 are finitely generated modules
over B/J; = R/I1 ®r B = (R/11)((t; 7)) and thus have finite length by Lemma [[.3] We have
shown the following

Proposition 1.5. Suppose that the standard filtration is separated, i.e. I, = 0 for k > 0.
Then, if R is (left or right) Artinian, so is B.

Remark 1.6. Let R be (left or right) Artinian. Note that the standard filtration is separated
if and only if there exist any separated descending ring filtration I, £ > 0, by two-sided ideals
in R which are o- and o’-stable and satisfy §(R) C I;.

Proof. Assume that such a filtration I, is given and let k be any natural number. For [ > 1
the [th ideal of the standard filtration is generated by all subgroups

(1.20) My, (R)-...- M, (R)

where mq + ... + m, = [ is any partition of [ with m; > 0, 1 < j < r, and My, is a
non-commutative monomial in §, 0 and ¢’ with at least m; factors . Since R is Artinian
and due to the o-nilpotence of § we find a positive number m such that M(R) = 0 for all
such monomials M with at least m factors d. Choosing [ > km we see that the [th step of
the standard filtration is contained in [ because the only non-zero contributions of the form
(C20) have at least k factors, which all belong to I; by assumption. O

1.2. Skew Laurent series rings with infinite negative part. The following definition
leads to a reasonable, in both directions infinite, skew Laurent series ring: Let

B := R<t;0,0]]

consist of all formal infinite sums ., rit' such that rj tends to zero in the pseudocompact
topology of R for j < 0 running to —oc.

B is naturally endowed with the exhaustive and separated descending filtration (F*B)g>q
of left R-modules defined as

F*B = (][ Jac(R)*') N B,
1€EZ
where Jac(R) denotes the Jacobson radical of R. The topology induced by this filtration will
be called the strong topology: There is another interesting topology on B but which will not

be used in this paper. This weak topology is given by the system of open zero neighbourhoods
{F*B + At"™} i m>0-

Remark 1.7. B is a complete R-module with respect to the strong topology.

Note that o(Jac(R)) = Jac(R), in particular the Jac(R)-adic filtration is o- and o’-stable.
In general we are not assuming that Jac(R) is also stable under o, but the continuity of §
implies that there is a natural number s > 1 such that

(1.21) 5(Jac(R)®), &' (Jac(R)®) C Jac(R).
By induction one shows immediately that
(1.22) §(Jac(R)*®), o'(Jac(R)**) C Jac(R)*

for all £k > 0. If M(Y,Z) denotes a noncommutative monomial with m factors Y and arbi-
trarily, but finitely many factors Z, we obtain

(1.23) M(6,0)(Jac(R)*" %), M(&,0")(Jac(R)*"") C Jac(R)*



for all £ > 0.

Let I,,, n > 0, be a 0-, 0/- and J-stable separated exhaustive descending filtration of R,
in particular satisfying Iy - I; C Iy, consisting of (closed two-sided) ideals. We define the
exhaustive and separated filtration

Je = (][ t') N B
€L
of B consisting of strongly closed left R-submodules.

Assumption (I): There exists a filtration (I ) as above where the ideals Iy, are all open in R.
A slightly stronger version is the following

Assumption (SIp): There exists a filtration (1), as above where the ideals I}, are all open
in R and such that 6(R) C I;.

Later we shall also consider the strong version in which the analogous condition holds in
all degrees.

Assumption (SI): There exists a filtration (I;)r as above where the ideals I} are all open
in R and such that §(Ix) C I} for all £ > 0.

Remark 1.8. If §(Jac(R)) C Jac(R) holds, then (I) is satisfied (with I, the Jac(R)-adic
filtration). If, in addition, 6(R) C Jac(R) or even both §(R) C Jac(R) and d(Jac(R)) C
Jac(R)? hold, then (SIp) and (SI) are satisfied, respectively.

If we assume (I), then the filtrations J; and F kB are compatible, in particular also the
filtration (Ji)x induces the strong topology on B and we obtain an isomorphism

(1.24) B <h7mB/Jk
of topological R-modules. On the other hand we then have an isomorphism of left R-modules
(1.25) BJJx = (R/L)((t:7.9)),

where @, o/, § and ¢’ denote the induced maps on R/I. Note that since I is open in R the
o-nilpotence of § implies that both ¢ and ¢ are nilpotent and thus the latter ring exists by
proposition 1]

Below we shall show that the formula (I.I2]) defines an obviously distributive multiplication
law on B, which, for every k, induces by construction the ring structure of (R/I;)((¢;7,4))
and thus coincides with the ring multiplication of the projective limit ring. In particular, the
multiplication law on B is also associative.

Proposition 1.9. If (I) is satisfied, then the formula (L12) defines a topological ring structure
on B with respect to the strong topology. Moreover, if (SIy) holds, then B is a pseudocompact
Ing.

Proof. We will first show that (L.I2]) (actually without even assuming (I)) gives a well-defined
map B x B — B. To this end we check for the positive and negative parts ¢, and ¢,
separately, that the defining sums in (ILI4]) and (LI5]) converge, independently of the order
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of summation, and that for m tending to —oo the ¢ converge to zero: Let k be any given
positive number and m be any fixed integer. Then by the o-nilpotence of § there is a constant
N1 > 0 such that M;_, ,(0,0)(R) (and for later purposes M;_, 1-;(¢’,0")(R)) and thus also
ajM;—pn(8,0)(byp—n) lies in Jac(R)* for all j —n > Ny. On the other hand, by the definition
of B, there exists a constant No > 0 such that b,,_, € Jac(R)lek for all m —n < —Ns.
Thus it follows from ([23)) that the summand ajM;_p (8, 0)(bm—rn) € Jac(R)* whenever
n > Ny +m or j —n > Nj. Hence all but possibly the finitely many summands of (ILI4]) for
n<j<N +No+mand0<n< Ng+m lie in Jac(R)k. This implies the convergence of
the positive part. Now we will show that ¢}, belongs to Jac(R)* if m is small enough: We
have already seen that all summands outside this finite set of exceptions lie in Jac(R)*. Now
we assume m < —Ns. Then n > Ny + m for any n > 0 and so the exceptional set is empty.
For the negative part we assume m again to be fixed but arbitrary. By the definition of B
there exists a constant Ny >> 0 such that a; and thus the summand ajo'M;_,, 1—;(8", ") (by—p)
lies in Jac(R)* for all j < —Np. On the other hand we have M;_, 1—;(&',0")(bm—p) € Jac(R)k
for all j —n > Njp, see above. Thus apart from possibly the indices —Ng — N1 < n < 0
all summands belong to Jac(R)* which implies convergence of the negative part. Moreover,
assuming m < — Ny — N1 — Ny we have - as for the positive part - b,,,_,, € Jac(R)lek whence
M;—p1-i(8',0")(bm—n) € Jac(R)* for all n > —Ng — Ny. It follows that c;, € Jac(R)~.
Finally, we show that the multiplication is continuous with respect to the strong topology.
As the addition is continuous and the multiplication is distributive it suffices to check this
in a neighbourhood of 0. But from the formula (II2) one sees that F*B - B C F*B for any
given k > 0. By ([25]), (L24), Remark (L6 and Proposition [ the ring B is pseudocompact

provided (SIy) holds. O
Remark 1.10. Assume (I) (respectively (SIp)). Then, a posteriori the isomorphism
(1.26) B fim (R/1)(:7.5)

induced by (L24) and (L.25) is an isomorphism of topological (pseudocompact) rings if the
rings (R/I;,)((t;7,6)) are endowed with the discrete topology. Moreover, the Jj, are two-sided
ideals of B because they are kernels of the natural ring homomorphisms B — (R/I, k) ((t;5,6)).

Henceforth we assume that (I) holds. Let I be a two-sided ideal of R which is o-, ¢’- and
d-stable. For C' = A or B we define as before the left R-submodule I of C' to consist of all
c=>Y ¢it' € C with ¢; € I for all i > 0, resp. i € Z.

Lemma 1.11. Let I,J be o-, o'~ and §-stable two-sided ideals of R and let C = A or B.
Then

(i) Ic = IC = C1 is a two-sided ideal of C.

(i) Jo - Ic = (JI)c.
In particular, B is a filtered ring with respect to J,.
Proof. For C = A the proof is identical with the one of Lemma [[4l In case C = B we have
to modify the former argument. Fix generators uq,...,u,, of I as a right ideal in R. Since R

is pseudocompact we find a strictly increasing sequence of natural numbers j(1) < j(2) < ...
such that

ZuiJac(R)k D InJac(R)® for any k£ > 1.
i=1
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This implies that Ip = IB : for b = Zbiti € Ip we can write b; = Z;nzl ujcgj), 1 € 7, such
that ¢U) = Y iz cgj)ti belongs to B, whence b = Z;nzl ujc(j) € IB; the other inclusion is
obvious. The rest of the proof is exactly the same as the one of Lemma [[4] O

Remark 1.12. Using the construction in [6, chap. IV§1] it is not difficult to show that the
filtered ring (B, Jo) is the algebraic microlocalisation of the filtered ring (A, Jo N A) in the
multiplicative subset {1,¢,¢,...}.

Lemma 1.13. We have
gr;, B=gr ROp, (R/NL)((t:7,0)) = (R/1)((t;7,9)) ®p/r, gr, R

where the ring multiplication on the right hand side is given by formulae (LI2) and (1G],
respectively, if we view the elements in the right side as Laurent series in the variable t over
the ring gry, R.

Proof. Under the isomorphism (L25]) the ideal Ji_1/J) of B/.Jj corresponds to the ideal
(I’f—l/Ik)(R/Ik)((t;aS)) which is isomorphic to (Ir—1/Ix) ®pg/r, (R/11)((t;7,9)) as Ir_1/I is
finitely generated over R/I;. The result follows. O
Lemma 1.14. B is faithfully flat as a left or right R-module.

Proof. By symmetry it suffices to consider the left module case. We have to show that, for
any proper right ideal @) C R, the natural map QQ ® g B — B is injective but not surjective.
The non-surjectivity is clear. To establish the injectivity we fix generators uq, ..., u,, of the
right ideal ). Then any element = € Q ®r B can be written as

=Y uob?  with b9 =3"p¢ € B.
j=1 1€EZ
We suppose now that the image Ej ujb(j) of z under the above map is zero. Then the
tuple (bgl),...,bgm)), for any i € Z, lies in the right submodule N := {(a(V),...,a™) €
R™ . E;nzl uja(j) = 0} of R™. Since R is Noetherian N has finitely many generators o =

(agl),...,agm)),...,as = (agl), .. ,agm)). Write

(551)7 . bz(,m)) = alcgl) +... .+ asc(s) for any ¢ € Z

i
with cgl), e ,cl(-s) € R. In fact, since by the pseudocompactness of R we have a strictly

increasing sequence 0 < j(1) < j(2) < ... such that
Z arJac(R)" D N N (Jac(R)YR™) for any ¢ >1
k=1

we may choose the cl(-k) in such a way that ck) = ZieZ cgk)ti lies in B for each 1 < k < s.

Then b\9) =375, a,ij)c(k) in B and hence

=Y w0 =Y e Y ol = Y (N el o =0
j=1 j=1 k=1

k=1 j=1
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Proposition 1.15. Assume that (SI) holds, that o induces the identity map on gr;, R, and
that gr;, R is an almost normalising extension of its subring R/I1 in the sense of [T, 1.6.10].
Then B = R<t;0,0]] is Noetherian and is flat as a left and a right A-module.

Proof. By (SI) we have 6 = 0. Using Lemma LT3l we see that gr;, B = gr;, R®g, 1, (R/11)((t))
is a subring of the Laurent series ring (gr;, R)((¢)) and is an almost normalising extension of
(R/I)((t)). The latter is well-known to be Noetherian. Hence the former is Noetherian as
well by [7, thm. 1.6.14]. The first assertion now follows from [6] prop. I1.1.2.3]. Similarly
we have gr; n4A = gr; R ®p/p, (R/1)[[t]] which is a Noetherian ring as well. Moreover it
follows that gr; B is the localisation of gr; ~4A in ¢ which therefore is a flat ring extension.
The flatness of B over A now follows from [0, prop. I1.1.2.1 and prop. 11.1.2.3]. O

2. ANOTHER CANONICAL ORE SET

Keeping the notations and assumptions of the previous section we assume in addition
throughout this section that
0(R) C Jac(R).
Then, by Remark [[.8 the assumption (Sly) is satisfied for the Jac(R)-adic filtration.
Note that Jac(R)4 is the kernel of the canonical projection
A = R[[t; 0,0]] - (R/Jac(R))[[t; 7]].
The aim of this section is to show that

(2.1) Ca(Jac(R)a4) is an Ore set of A consisting of regular elements,

i.e. that the localisation A¢,(jac(r),) Of A with respect to Ca(Jac(R)a) exists. In the first
subsection we shall establish a general method how to attach to a ring homomorphism R — A
of arbitrary rings R and A a left (respectively right) Ore set S; (S,). In the second subsection
we return to our above setting under the additional hypothesis that R is Artinian (and later
semisimple and even simple): we show statement ([2.I)) and that C4(Jac(R)4) equals S; and
Sy. In the third and last subsection we use the results of the previous ones to lift (2.I]) to the
general case.

2.1. Ore sets attached to homomorphisms of rings. Let o : R — A be a homomorphism
of (unital) rings. A left or right ideal I of A is called R-cofinite if A/I is a Noetherian R-
module (via a.) We define the set S; of left R-cofinite elements of A as

S; = S)(a) :={s € A| As is R-cofinite}.
The set S, := S,(«) of right R-cofinite elements of A is defined analogously.

Lemma 2.1. (i) S; and S, are multiplicatively closed.
(ii) Ifas € S; (resp. sa € S,) then s € S; (resp. s € Sy).

Proof. We only discuss the “left” versions. The statement (i) follows immediately from the
following exact sequence

AJAs =L AJAst 25 AJAL — 0 .

The statement (ii) is a consequence of the surjection A/Aas — A/As. O
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Consider the following property

PCj(a): Any R-cofinite left ideal I of A is principally cofinite, i.e. contains a principal left
R-cofinite ideal or, in other words, an element in .5;.

The property PC,(«) is defined similarly. In the following we only give “left” versions
of assertions and proofs. But it is understood that in each case the corresponding “right”
version holds as well.

Lemma 2.2. Assume PCj(c). Then, for any s in S; the left A-module A/As is Sj-torsion.

Proof. Let ¢ € A be any element and consider the left ideal L := {b € A : bc € As} in

A. Since A/L % A/As is injective the left ideal L is R-cofinite. Our assumption PCj(c)
therefore ensures the existence of an element t € S; N L. Then t(c + As) = 0. O

Proposition 2.3. Assume PCi(a) and let M be a Noetherian left A-module; then M is
Noetherian as an R-module if and only if it is S;-torsion.

Proof. Since S) is multiplicative the extension of two S;-torsion A-modules is S-torsion as well.
Secondly, since M is Noetherian over A there is a finite exhaustive and separated filtration
on M whose subquotients are cyclic (and Noetherian) A-modules. These observations reduce
us to the case where M is cyclic over A, i.e. of the form M = A/L for some left ideal L of
A. If M is Sj-torsion we find an s € S; such that s =s-1 € L. Then M is a quotient of the
Noetherian R-module A/As and therefore is Noetherian over R. Suppose, vice versa, that M
is Noetherian over R which means that L is R-cofinite. By our assumption PCj(«) we have
As C L for some s € S;. According to the above lemma A/As and a fortiori A/L = M are
Sj-torsion. O

Proposition 2.4. If PCi(«) is satisfied, then S; is a left Ore set of A.

Proof. Let s € S and b € A. By the lemma the A-module A/As is S-torsion. Hence tb € As
for some t € S. We therefore find a b’ € A such that tb = U's. O

Lemma 2.5. Let o; : Ry — A;, for 1 < i < m, be homomorphisms of arbitrary (unital) rings
and let o : R:= Ry X ... X Ry, = A:= Ay x ... x Ay, be their product. Then PCy(«) holds
if and only if PCj(«;) holds for all 1 <i <m.

Proof. Without loss of generality we assume m = 2. Then every left ideal L of A is of the form
L1 x Ly with left ideals L; = e;L of A;, where e; denotes the central idempotent corresponding
to A;. Thus A/L = Ay/Ly x Ay/Ls is Noetherian over R if and only if each A;/L; = ¢;(A/L)
is Noetherian over R; = e;R. Now assume that PCj(«;) holds for ¢ = 1,2 and let L be an
R-cofinite left ideal of A. Then L; contains an element f; such that A;f; is R;-cofinite for
i =1,2. Putting f := (f1, f2) € L1 x Ly = L we obtain an R-cofinite ideal Af C L, whence
PCi(a) follows. For the converse let L; be an Rj-cofinite left ideal of A;. Then L := L; x Ay
is an R-cofinite left ideal of A which thus by assumption contains an R-cofinite element f.
Then f; = ey f € e;L = L is Ry-cofinite. Thus PCj(«1), and similarly PCj(ag), follows. O

Lemma 2.6. Let R i Ay L Ay be ring homomorphisms and put o := v o f3.

(i) Suppose that we have an surjection Aj* — Ay of Ap-bimodules and PCi() holds;
then PCj(«) holds and

(2.2) Si(a) ={s € Ay | as € y(Si(B)) for some a € A1}.
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In particular, if Ag C Ay then Si(8) C Si(«).
(ii) If Ag is Noetherian as a left R-module, then PCj(«) holds if and only if PCi(~y) holds.

Proof. Let L be an R-cofinite left ideal of A;. Then Ag/y~'(L) C A;/L are Noetherian
R-modules. Thus property PC(j3) grants the existence of an f € y~1(L) such that Ag/Aof
is Noetherian over R. Hence A;/A1v(f) = A1 ®4, Ao/Aof is the image of (Ag/Apf)™ for
some m and thus is Noetherian over R. This proves the first part of (i). For (22]) we first
assume that v(f) = as belongs to y(S;(5)). Then by the same argument as above A;/Ajas =
Ay ®4, Ao/Aof is Noetherian over R. Hence as € Sj(«) and therefore s € Sj(«) by Lemma
2.11(ii). For the converse suppose that s € Sj(a). Since Ag/y~1(A;s) is an R-submodule of the
Noetherian left R-module A;/A;s, the left ideal v~1(A;s) of B is R-cofinite. Thus property
PCy(B) implies that y~1(Ays) N .S;(B) # 0.

Under the hypothesis of (ii) any finitely generated (left) Ap-module M is Noetherian over R,
hence the statement is clear. O

2.2. The Artinian case. In this subsection we assume that, in addition to our standard hy-
pothesis, R is (left and right) Artinian. Then B = R((¢;0,0)) is Artinian, too, by Proposition
and Remark [[L6] applied to the Jac(R)-adic filtration of R. Hence, by [7| prop. 3.1.1] B is
a (left and right) quotient ring, i.e. every regular element of B is a unit. Since ¢ is regular in
A, we have a canonical inclusion A C Ap = B. The regular elements of A are also regular in
Ar, they thus are all units in B. It easily follows that C4(0) is an Ore set and that

B == ACA(O)'
Lemma 2.7. A is Noetherian.

Proof. Since R is Artinian, Jac(R) is nilpotent whence the standard filtration Iy is separated
and thus stabilises at 0. It follows that gr; R is finitely generated over the Noetherian ring

R/I; and thus is Noetherian itself. The claim follows from [9, lem. 1.5]. O
Now Small’s theorem ([7], cor. 4.1.4]) combined with Lemma 2.7 tells us that
(2.3) Ca(0) = Ca(N(4)),

where, for a ring C, we write N'(C) for its prime radical, i.e. the intersection of all prime
ideals of C. In particular, it contains all nilpotent ideals of C. Since Jac(R) is nilpotent as
R is Artinian, Jac(R)4 and Jac(R)p are nilpotent by Lemma [[.TT] and thus we obtain the
inclusions

(2.4) Jac(R)4 C N(A) and  Jac(R)p C N(B).
Next we need the following
Proposition 2.8. If R is an (Artinian) semisimple ring, then B is so, too.

Proof. We have already seen above that B is Artinian and hence it suffices to show that
N(B) = Jac(B) = 0. It is a fact ([7, thm. 0.2.6]) that for an arbitrary ring C' the radical
N(C) consists precisely of the strongly nilpotent elements of C,| i.e. those elements f € C,
for which every sequence f = fy, f1, fo,... with f;11 € f;Cf; for all ¢ > 0, is ultimately zero.
Now let f # 0 be in N(B). After multiplication with an appropriate power of ¢ we may and
do assume that
f:b0+b1t+... cA

with a := by # 0. We claim that a is strongly nilpotent. To this aim let ay = a,a1,as,...
be any sequence of elements in A with a;11 = a;r;a; for some r; € R. We put fy := f and
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fir1 = firifi € fiRf; C f;Af;. Since f is strongly nilpotent, it follows that f,, = 0 for m
sufficiently large. But inductively we see that the constant term of f,, is nothing else than a,,
(note that § = 0 under the present assumptions) whence a is strongly nilpotent, i.e. belongs
to N(R) = Jac(R) = 0, a contradiction. O

The proposition implies that for R Artinian (but not necessarily semisimple), B/Jac(R)p =
(R/Jac(R))((t,7)) is semisimple, whence N(B/Jac(R)g) = Jac(B/Jac(R)p) = 0 and thus
N(B) C Jac(R)p. An argument in the proof of [7, thm. 4.1.4] shows that N'(B)NA = N (A).
Thus we obtain

N(A) =N(B)NAC Jac(R)g N A = Jac(R) a,

which combined with (2.4) gives
(2.5) N(A) =Jac(R)a and  N(B) = Jac(B) = Jac(R)p.
Taking (23] into account we have proven the following

Proposition 2.9. C4(Jac(R)4) = Ca(0) is an Ore set of A (consisting of reqular elements).

For the rest of this subsection we assume that R is also semisimple. Then, by Wedderburn
theory, R decomposes into a product

R=R; x--- X Ry,

of full matrix rings
R; = M, (D;)

over skew fields D;. The R; are precisely the minimal ideals of R. Thus, any ring automorphism
o of R maps R; again onto some R, where we write, by abuse of notation, o also for the
permutation on the set {1,...,m} induced in this way by the automorphism o of R. By
taking the products of those R; which belong to the same o-orbit, it follows that the pair
(R,0) decomposes into a product of pairs (Cj,0;),1 < j </, each consisting of a ring C;
with a ring automorphism o; of Cj, i.e.

R=C1 x...xCy,
and
=01 X...X0y,

where o denotes the restriction of o to Cj.
The proof of the following result is obvious.

Lemma 2.10. Let (R, o) be the product of pairs (Cj,0;),1 < j < L. Then there is a canonical
isomorphism of rings
R[[t; o)) = C[[t, 1] x ... Co[[t; o4]].

Because of Lemma the crucial case to consider therefore is the cyclic case, i.e. the
situation where R equals some C; as above, i.e. we assume that R = Ry X ... x R,, (with R;
simple) and that o is given by 7; : R; — R4 fori=1,...,n—1 and 7, : R, — R; in the
following way:

0'(7’1, . ,Tn) = (Tn(Tn), Tl(Tl), . ,Tn_l(Tn_l)).
We now define isomorphisms of rings
Y:R=Ri X...XxR, —> Ry X...x Ry

(riy...,rn) = (ri,mo...oma(re), ..., Th(rn))
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and
¢p=¢o xidp, X ... xidg, Ry X...x Ry = Ry x... xRy
where ¢g := 1, 0o T,—1 0 ... 071 as well as the cyclic permutation
m:RyX... xR = Ry x...x Ry
(riy.eoymn) = (Pny 1y ey Tet).

Then the following diagram of isomorphisms of rings is clearly commutative:

R=Ryx. xR, —>R x. xR

|+
o Ry x...x Ry
\L’ﬂ'
R=Rix .. xRy—Y=Rix.. xR
Note that mwo ¢ # ¢ ow if n > 2, but that
(2.6) (10 )" = o X ... X ¢o.

The isomorphism 1 induces therefore a natural identification of rings
R[[t;0]] =2 (R X ... X Ry)[[t;m o ¢]].
Furthermore, we obtain the injective homomorphism of rings
(Ry X ... X R)[[x; (mo@)"]] = (R1 X ... x Ry)[[t;7 o ]|
x—t",
and the latter ring is free of rank n over the former (from the left as well as right). By

Lemma 2.T0/and (26]) the ring (Ry X ... X Ry)[[x; (7w 0 ¢)"]] can be identified with the product
Ry[[z; ¢o]] X ... x Ry[[x; ¢o]], and we have shown the following

Proposition 2.11. In the cyclic case R([[t,c]] is a free (left or right) module of finite rank n
over a subring isomorphic to Ry[[x; ¢o]] X ... x Ry[[z; ¢o]] where x corresponds to t".

By Proposition 2.17] the case where R is a simple Artinian ring, i.e. R = M, (D) for some
skew field D, merits special attention. If 4 denotes an automorphism of D we write M, (7)
for the induced automorphism of M, (D) given by applying v to each matrix entry. For our
purposes the following observation will be crucial.

Proposition 2.12. Every automorphism o of the ring My (D) decomposes into the composite
o = Int(C) o My(y)

for some automorphism v of D and some inner automorphism Int(C) corresponding to an
invertible matriz C € My (D).

Proof. This is an easy consequence of the Isomorphism Theorem in [5, III. §5] which we
shall explain briefly for the convenience of the reader: Let s be any ring automorphism of
Endp(V) for some finite dimensional D-vector space V. Then there exists an automorphism
v of D and a ~v-linear bijective map S : V — V such that s(f) = SfS~!. We apply this to
the standard D-vector space V = D" and to the automorphism s which corresponds to o
under the identification of Endp(D™) with M, (D) by using the standard basis {eq,...,e,} of
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D". Consider the v-linear bijective map I' : D" — D" (dy,...,d,) — (vdy,...,7vd,). Clearly,
SoI'"!is a D-linear map of V, say F, given with respect to the standard basis by an invertible
matrix, say C. Thus we obtain that

(2.7) s(fy=FoTofol toFt

for all f € Endp(V'). Now it is easy to check that under the identification Endp(D™) = M, (D)
the automorphism Endp (V) — Endp(V), f — I'o f o I'"!, corresponds to M, (v) and thus

21) becomes
(A) = CMu(7)(A)C™" = Int(C) o Mu(7)(A)

for all A € M, (D). O

Before we can draw our promised conclusion from this proposition we have to prove the
following

Lemma 2.13. Let C be an arbitrary ring with ring automorphism o and let u be a unit
in C. If Int(u) denotes the inner automorphism c — ucu™! of C then there are canonical
isomorphisms of rings

Ollt; Int(u) o o]] = C[[t; o]

Z ant"™ — Z an (ut)"

Cllt;o 0 Int(w)]] = Cllt; o]]

Z ant" — Z an(o(u)t)" = Z an (tu)".

Proof. Both maps are obviously bijective and additive. The multiplicativity follows by a
straightforward computation based on the multiplication formula (4) in [9]. E.g., under the
first map the relation ta = uo(a)u~'t corresponds to uta = uo(a)u~'ut = uo(a)t, which is
equivalent to the law ta = o(a)t that holds in C[[t; o]]. O

and

Corollary 2.14. Let o be any automorphism of My(D). Then there are isomorphisms of
ngs
My (D)[[t; o] = My (D)[[t; Mn ()] = Mn(DI[[t;])

where v is as in Proposition [Z12.

Proof. The first isomorphism follows from the Proposition [2:12] combined with Lemma 2.13]
The second one is easily checked. O

The following result is certainly well-known.

Proposition 2.15. For a skew field D the power series D|[t;c]] form a principal left (and
principal right) ideal domain. All its left (right) ideals are two-sided and they are precisely
the ideals of the form DI[t; o]]t"™ with n > 0.

Proof. For lack of a reference known to us we give a proof using the Weierstrass preparation
theorem [I2, cor. 3.2], which says that any element in D[[t; o]| can be written as a unit times
a distinguished polynomial (or vice versa) in ¢. But note that in this situation a distinguished
polynomial is just a power t" of ¢ with n > 0. Now, if n is the minimal such exponent among
all elements of a given left (or right) ideal I, then ¢" certainly generates I. Since t is regular,
it follows that D has no zero divisor, i.e. is a domain. ]
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Corollary 2.16. Let o be any automorphism of M, (D). Then M,(D)[[t;o]] is a principal
left ideal and principal right ideal Ting.

Proof. Combine Corollary 2.14] with [7), prop. 3.4.10]. O

Remark 2.17. In the cyclic case (of order n) we have shown that R][[¢; o]] is free of finite rank
as a (left or right) D[[z;~]]-module. Here x = t" and v corresponds via Proposition 2.12] to
¢o which in turn corresponds to o.

Proposition 2.18. Assuming that R is semisimple we have:
(i) Ca(0) =S (RCA)=S.(RCA)=:5.
(ii) The set S is an (left and right) Ore set of A consisting of regular elements; in
particular the localisation Ag of A with respect to S exists.

Proof. The first claim will follow from Lemma 2.I9 below. The second claim is a consequence
either of (i) and Proposition X9 or of Proposition 2:4] and Lemma [Z2T] below. O

Lemma 2.19. If R is semisimple then, for any f € A, the following implications hold:

(i) If f is left (right) regular, then Af (fA) is R-cofinite.
(ii) If Af (fA) is R-cofinite, then f is right (left) reqular.

In particular, the following statements are all equivalent:

(a) f is regular,

(b) f is left regular,
(c) f is right regular,
(d) Af is R-cofinite,
(e) fA is R-cofinite.

Proof. First note that all properties involved in this lemma behave well under finite products
(R,0) = (R1,01) X ... X (Ry,0m,), e.g. [ € A being right regular is equivalent to f; = e; f
being right regular in A; = e;A for all ¢ = 1,...,m. Indeed, if one f;, were a right zero
divisor, say fi,gi, = O for some 0 # ¢;, € A; , then f were a right zero divisor, too, as
f-(0,...,0,64,0,...,0) = 0; the other direction is trivial. The compatibility of cofiniteness
with products was shown during the proof of Lemma

Thus, in order to prove (i) we may and do assume that we are in the cyclic case. Let f € A
be left regular, i.e. the left A-module map A — A,a > af, is injective. Thus its cokernel
A/Af is a finitely generated (left) DI[x;~]]-torsion module; here we use again Remark 2.17]
By [7, lemma 5.7.4] A/Af has finite length over D[[z;~]] and thus, D being the unique simple
DJ[x;~]]-module, A/Af is finitely generated over D. To prove (ii) assume that Af is R-cofinite
and that g € A satisfies fg = 0. Multiplication by ¢ on the right induces a surjective map
AJ/Af — Ag of A-modules, which shows that Ag is finitely generated over R and hence over
D. By Lemma below it follows that Ag is a D[[z;~]]-torsion module. On the other
hand Ag is a submodule of the free (Remark 2.I7]) and hence torsionfree D[[z;~]]-module A,
because D][x;~v]] is a domain by Proposition Thus g = 0 which shows that f is right
regular. The rest of the lemma follows by symmetry. O

Lemma 2.20. Let D be a skew field, v any automorphism of D and N a D|[x;~]]-module
which, considered as D-module via the natural inclusion D < Dl[x;v]], is finitely generated.
Then N is a torsion D[[x;~]]-module.
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Proof. Since the unique simple D[[z;v]]-module D = D[[z;~]]/(x) has annihilator ideal (z),
it suffices to show that N has finite length, say n, as D][x;v]]-module, because then N is
annihilated by (z™). Assume the contrary. Then the Noetherian D[[x;~]|]-module N is not
Artinian, i.e. it exists a descending sequence of D[[z;v]]-submodules N = Ny 2 Ny 2 ... 2
N; 2 ... with dimp(N;/Nj+1) > 0 for all ¢ > 0. This implies that dimp(N) is infinite, a
contradiction. g

Lemma 2.21. For semisimple R the properties PCj(R C A) and PC,(R C A) both hold.

Proof. By Lemma 2.5 we may and do assume that we are in the cyclic case. Then A is a free
DJ[x,~]]-module of finite rank by Remark 2171 Now let L be an R-cofinite left ideal of A,
i.e. N := A/L is finitely generated over D. As seen in the proof of Lemma the module
N is annihilated by a power of x and thus by some power of ¢. In particular, t" -1 € L for
some n > 0. It follows that L contains the R-cofinite principal ideal At™. The right version is
shown similarly. O

2.3. The general case. We put R := R/Jac(R), A := A/Jac(R)a, M := M/Jac(R)M for a
(left) R-module M and we recall the topological Nakayama lemma from [I0] lem. 4.9]:

Lemma 2.22. Let M be a pseudocompact R-module. Then M is finitely generated over R if
and only if M is finitely generated over R.

Lemma 2.23. The property PCi(R C A) (respectively PC.(R C A)) holds if and only if
PCy(RCA) (PC.(RC A)) holds.

Proof. Note that for f € A the R-module Af is pseudocompact being the epimorphic image
of the pseudocompact R-module A under the continuous R-linear map A — A, a — af, thus
also the quotient A/Af is a natural pseudocompact R-module. Hence it follows from the
topological Nakayama lemma that

(2.8) A/Af is finitely generated over R < A/Af is finitely generated over R.

Here f denotes the image of f in A. Now assume that PCj(R C A) holds and let L be a
R-cofinite left ideal of A. Then A/Jac(R)+ L is finitely generated over R and thus there exists
an element f € L such that A/Af is finitely generated over R whence Af is R-cofinite by the
above equivalence. The opposite implication is trivial and the right version follows as usual

by symmetry. O
Proposition 2.24. C4(Jac(R)a) consists of reqular elements.

Proof. Let a be in C4(Jac(R)4) and assume that ab = 0 for some b € A. Then we have also
ab = 0 for the images @ and b of a and b in A,, := A/Jac(R)"}y 2 R, := R/Jac(R)". Since
by Proposition a € Ca,(Jac(Ry)a,) = Ca,(0) is regular, b must belong to Jac(R)"; for
all n > 0. But it is easily seen from the definition of (—)4 and the fact that the Noetherian
pseudocompact ring R is Hausdorff with respect to the Jac(R)-adic topology (cf. [9 rem. 0.1
i]) that

n C n —
ﬂJac(R)A - <ﬂJac(R) )A 0.
Thus b = 0 and a is right regular. By symmetry we obtain also left regularity. O
Theorem 2.25. (i) Ca(Jac(R)a) =SI(RCA)=S,(RCA)=:S.

(ii) The set S is an (left and right) Ore set of A consisting of regular elements; in
particular the localisation Ag of A with respect to S exists.
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Proof. We set as before R = R/Jac(R) and A = A/Jac(R)4 = R[[t;7]] with & the automor-
phism of R induced by o. By Proposition I8 we know that C5(0) = S;(R C A) = S,.(R C
A) =: §. Since Ca(Jac(R),) is the full preimage of C4(0) and since, by 23], S;(R C A)
and S,.(R C A) are the full preimages of S;(R C A) and S,(R C A), respectively, under the
canonical projection A — A the first claim follows and S is the full preimage of S. Now S is
an Ore set since the conditions PCj(R C A) and PC,(R C A) are satisfied by Lemmata 223

and 221 O
For the sake of completeness we explicitly state the following
Proposition 2.26. (i) Jac(B) = Jac(R)p.

(ii) B/Jac(B) is the quotient ring of A/Jac(R)a4.
(iii) Jac(Ag) = Jac(R)As.

Proof. As a consequence of (23] the ideal Jac(R)p is equal to the intersection of all open
maximal left ideals in the pseudocompact ring B. But according to [4, IV.4 prop. 13.b] this
intersection in fact coincides with the ordinary Jacobson radical Jac(B). This establishes the
first claim. In view of (i) the second claim was discussed already at the beginning of the
previous subsection. For the third claim we first note that since S = C4(Jac(R)4) consists of
regular elements we have 1+ Jac(R)4As € AZ and hence that
Jac(R)aAg = Jac(R)Ag C Jac(Ag).
On the other hand we claim that the factor ring A/Jac(R)4 is semiprime. In this situa-
tion Goldie’s theorem then implies that Ag/Jac(R)Ag is semisimple which gives the reverse
inclusion
Jac(Ag) C Jac(R)Ag.

To establish this claim we use the isomorphism A/Jac(R)4 = (R/Jac(R))[[t; 7]]. Simplifying
notation we therefore will show that R|[[t; o]] is semiprime for any semisimple R. By Lemma
2.I0lwe may assume that with the pair (R, o) we are in the cyclic case. In this situation R|[[t; o]]
is, by Proposition [ZT1] a finite normalising extension of a ring of the form Rj[[z;¢o]] X ... X
Ry[[x; ¢o]] where R; is simple Artinian. This reduces us, by [7l, thm. 10.2.4], to the case
that R is simple Artinian. Corollary Z14] together with [7, prop. 3.5.10] further reduce us to
the case that R = D is a skew field. But according to Proposition the ring D[[t; o]] is
prime. ]

Now let I, be a filtration of R satisfying (I). Then the localisation Ag of A with respect
to S is naturally endowed with the filtration [,Ag = Agl,. We denote the corresponding
completion simply by (Ag)". We shall prove the following

Proposition 2.27. B = (Ag)". Furthermore, for every k > 0 there are canonical isomor-
phisms (A/IyA)s = B/I.B = (R/I},)((t;7,0)).

It is remarkable that the completion of Ag arises from A just by ‘inverting one element: t.’
Proof. The statement follows from ([.26]) and the following isomorphisms
B = (Ak)ea, (Jac(Ry)a,) = Aca@ac(R)a)/TkAc(Jac(R) 4)»

where we put Ry := R/Iy, Ay, := Ry[[t;5,6]] and By := Ry ((t;7,0)) = (Ax)r. O

Since A C B the natural map Ag — B given by the above proposition must be injective.
In particular, the filtration I, Ag is separated.
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Proposition 2.28. Under the assumptions of Proposition [ 13 B is a flat Ag-module.

Proof. By Proposition [LT5] B is a flat A-module. But on Ag-modules we have the natural
isomorphism of functors B ®44 — = B ®4 —. O

3. IWASAWA ALGEBRAS

We fix a prime p, let G be a compact p-adic Lie group, O the ring of integers of any
fixed finite extension of Q,, and « its residue field. We write A(G) for the Iwasawa algebra
A(G) of G, i.e. the completed group algebra of G, with coefficients O, while Q(G) denotes
the completed group algebra of G with coefficients in x; both rings are well known to be
Noetherian. Henceforth we assume that G has a closed normal subgroup H such that G/H
is isomorphic to Z,. Recall from [9] that

A= A(G)

is isomorphic to a skew power series ring R[[t; o, d]] over the Iwasawa algebra R := A(H) of
H. For this one picks once and for all a topological generator v of a subgroup of G which
maps isomorphically onto G/H = Z,, and one defines t := v —1, o(r) := yry~! for r € R, and
0 := o0 —id. As a consequence of [9] lem. 1.6] the o-derivation ¢ is topologically nilpotent and
hence o-nilpotent. In particular, for any k& > 1 we find an m > 1 such that 6 (R) C Jac(R)".
Clearly the ideals Jac(R)* for k > 1 are o-, o’-, and d-stable. Hence the assumption (I) holds
and the topological ring
B := R<t;0,0]]

exists by Proposition

The literature we refer to here and later in this section usually assumes O = Z,. But in
every case it is easily checked that the cited results also hold in our slightly more general
situation, for the statements in [3] this is already remarked on the bottom of page 203 (loc.
cit.).
Remark 3.1. The ring B is independent, up to natural isomorphism, of the choice of the

element ~.

Proof. Since this also follows indirectly from the subsequent results we only indicate a direct
argument. Let 7/ be a second choice and put ¢’ :=+' — 1. Then v = h~¢ for some h € H and
¢ € Z. Hence t' = h(t+1)° —1 = hut + (h — 1) with some unit v € A*. One checks that with

t also t' is invertible in B provided the powers (h — 1) tend to zero in R with i — oco. But
h=1=0E -0 =D+0' =D+ -1

The term 7' — 1 (and likewise v~ — 1) lies in the Jacobson radical of A(G’) for some pro-p-
subgroup G’ C (. Hence its powers tend to zero. O

We fix a closed normal subgroup N of G which is contained in H as an open subgroup and
which is a pro-p-group. By N (H) we denote the preimage of the prime radical N ((G/N))
of Q(G/N) under the canonical projection

A(G) — Q(G/N),

the kernel of which we denote by m(/N). The definition of AN'(H) is independent of the choice
of N by [3, Lem. 2.5]. Then the set

S = Ca(N(H)) = Ca(m(N))
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is a (left and right) Ore set consisting of regular elements of A by [3| prop. 2.6, thm. 2.4] or
[2, thm. G]. The localisation Ag of A at S is semi-local [3 prop. 4.2].

Lemma 3.2. (i) N(H) = Jac(R)A; in particular, S = Ca(Jac(R)a).
(i) Jac(Ag) = N(H)As = Jac(R)As.

Proof. (i) This follows from [I, prop. 6.3] by a simple lifting argument. (ii) The first identity
is a standard fact. We briefly recall the argument. Since S consists of regular elements a
simple computation shows that 1+N(H)Ag C AZ. This implies that N'(H)s C Jac(Ag). On
the other hand since the ideal N'(H) is semiprime Goldie’s theorem says that Ag/N (H)Ag =
(A/N(H))s is semisimple. Hence we must have N'(H)Ag = Jac(Ag). O

The additional assumption §(R) C Jac(R) which we needed in the previous section does
not seem to be satisfied in this generality. But we do have the following.

Lemma 3.3. (i) If H is a pro-p-group then the assumption (Sly) is satisfied for the
Jac(R)-adic filtration. In particular B is pseudocompact and is isomorphic to the
Jac(R)Ags-adic completion of Ag.

(ii) If G is a powerful pro-p-group then the assumption (SI) is satisfied for the Jac(R)-adic
filtration. In particular o induces the identity on the associated graded ring.

(iii) If H is an extra-powerful pro-p-group then the associated graded ring for the Jac(R)-
adic filtration is commutative and finitely generated over k.

(iv) If G is powerful and H is extra-powerful then B is Noetherian and flat over Ag and
A.

Proof. (i) In this case Jac(R) is the unique maximal ideal in R and R/Jac(R) = k. Hence o
induces the identity on R/Jac(R) which implies that §(R) C Jac(R). Therefore Propositions
and apply. (Note that in this situation we have N (H) = m(H) = Jac(R)A. Tt then
follows directly from Theorem that S is a left and right Ore set consisting of regular
elements.)

(ii) The assumption about G means that [G,G] C GP* with ¢ = 1 and = 2 for p odd and
p = 2, respectively. We in particular have

v, H C G N H = H"

where the latter identity comes from the fact that G/H = Z, is torsionfree. For any h € H
we therefore have [y, h] = ¢gP for some g € H. We now compute

S(h—1)=o(h—1)— (h—1) = [y,h] — h
=(¢"=Dh=(1+(g-1)"=1h

=p(g—1)h+ (Z <f) (9 —1)")h € Jac(R)>.

1>2

This shows §(Jac(R)) C Jac(R)? and hence that (SI) is satisfied and that o induces the
identity on the associated graded ring.

(iii) The quotient Jac(R)/Jac(R)? as an s-vector space is generated by the cosets of an
uniformizing element 7 of O and hy — 1,...,h, — 1 where hq,...,h, is a minimal system of
topological generators of H. The assumption on H means that [H, H|] C HP*. For any two
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hi, h; we therefore may write [h;, hj] = hP* for some h € H. We compute
(hi = 1)(hj = 1) = (hj = 1)(hi = 1) = hihj — hjh; = ([hi, hj] — 1)hjh;
— (h”" = D)hsh; = (1 + (h = 1))*" = D)k h,

= p*(h — 1)hjh; + M(h —1)%h;h; + (Z (i) (h — 1)*)hjh; € Jac(R)>.

k>3
This means that the corresponding cosets commute in the graded ring.
(iv) By (ii) and (iii) the assumptions in Proposition [[.TH] are satisfied. O

To establish the same facts about B also for general G and H we use the following descent
technique. Let G’ C G be an open normal subgroup and put H := HNG', R := A(H'),
and A" := A(G"). We pick an element 7/ € G’ which topologically generates a pro-p-subgroup
of G' and whose image in G'/H' = Z, is a topological generator, and (suspending earlier
notation from §1) we define t' := o/ — 1, o'(+') := v'r'y/~1 for v’ € R, and §' := o’ — id.
Then A" = R/[[t/;0',8]] and we may define B’ := R'< t/;0',d']]. We introduce the Ore set
S" = Car(Jac(R')ar). As a piece of general notation we denote in the following by C' the
Jac(C')-adic completion of any given ring C.

Lemma 3.4. The Jac(Ag)-adic and the m(N)Ag-adic filtrations of Ag are equivalent.
Proof. Since N(Q(G/N)) C Q(G/N) is nilpotent by [7, thm. 2.3.7] we obtain
N(H)" € m(N) € (H)
and thus (observing [7), prop. 2.1.16(vi)])
Jac(Ag)" Cm(N)Ag C Jac(Ag)

for some n € N. The claim follows. O

Proposition 3.5. We have the natural identifications as bimodules:
(i) Asg =Ay @4 A.
(i) B= B' @4 A.

Proof. (i) Obviously we have a crossed product representation
A=A"%xG/G".

Since regularity of ring elements is preserved under ring automorphisms S’ is clearly G-stable,
thus by [8, lem. 37.7] S’ is also an Ore set in A consisting of regular elements and it holds
that

Agr = A{S‘/ Raqr A
as bimodules. But by the subsequent Lemma we have A'y, = Ag. This establishes (i).
(ii) We choose our N in such a way that it is contained in H’'. Let m’(N) be the kernel of
the projection A(G') — Q(G’/N), and note that

m(N)" = Am'(N)" =m/(N)"A =m/(N)" @4 A
for any n > 1. Using again the subsequent Lemma we deduce that
m(N)g =m(N)g =m'(N)g @4, Ay =m'(N)g @4, As
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and
As/m(N)g = (Ag /m'(N)g) @ar, As = (Ag/m'(N)5) @4 A.

By passing to the projective limit with respect to n and using Lemma B4 we obtain (ii).

(i) With N as in (ii) we let 9(N) denote the maximal ideal of A(N). We set Ry :=
R/M(N)*R, R}, := R'/IM(N)ER as well as Ay, := Ri[[t;5,9]], A}, := R} [[t';0’,]], where 7,0
and o', 0" are induced by 0,0 and o’,d’, respectively. Finally we put By, := (Ag)r and By, :=
(AL)7r with T'= {1,¢,¢%,...} and T" = {1,#,¢"%,...}. Note that we have IM(N)¥A = m(N)*
and M(N)¥ A" = m'(N)*. Using Lemma [LTT] it follows that

A =A/m(N)F = A/m'(N)¥A  and = A /m/(N)*
and hence, as above, that
Ay 2 AL @4 A
as bimodules and thus
(Ap)r = (AL @4 A= B @4 A

as Bj — A-bimodules by Proposition [Tl (we only know that 7" is an Ore set of A}). We claim
that we have a natural isomorphism

(3.1) (Ag)r = (Ag)r = By
To this end we first show that ' is invertible in By : Without loss of generality we may and
do assume that 7/ = hy*® for some power s = p™ of p; indeed the general setting with s € Z,

will follow once we know Theorem [B.7] (ii) because Ag is totally independent of the choice of
t. Thus we have t’ + 1 = h(t + 1)® which is equivalent to

(3.2) Y = (t+ 1) —ht

(3.3) = 54+ pbt+1—ht

(3.4) = t°(1 —at %) € By

where b is some appropriate element in A; and where we set a := —(pbt + 1 — h~!). By the

same argument as in Remark BTl one sees that 1— h~1 is nilpotent in Ry,. Hence a is nilpotent
in By, so that the geometric series Z;’io(at_s)J € By, is in fact finite and provides an inverse

of 1 — at™*, which implies that t' is invertible in Bj. As Ay is a free A}-module and ¢’ is
regular in A it is also regular in Aj. Hence we obtain a natural inclusion
(Ak)T’ C By.

Next we show that ¢~! lies already in (Ay)7v so that (Ax)7r = By follows. From (B3] we
obtain the equality B B
2=t 4+ pb)t = 4+ (B - 1).
As in Remark BJ] one sees that z is invertible in B} C (Ay)7s. Hence t=1 = 271t~ + pb)
belongs to (Ay)7r. Putting everything together we have established compatible isomorphisms
Bk =~ B]/c ®A’ A

of Bj-modules; one easily checks that this isomorphism also respects the right A-module
structures. Taking the inverse limit with respect to the canonical projections and using
Remark [[.T0l we obtain (iii). O

The following Lemma which we have used in the above proof is essentially due to R.
Sujatha.
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Lemma 3.6. Ag = Ag'.

Proof. The claim follows from Lemma (i): 22) applied to R' — A’ — A says that all
elements of S are already invertible in Ag/; thus the latter is also the localisation of A with
respect to S. O

Theorem 3.7. We have:
(i) B is pseudocompact and Noetherian.
(ii) B = Ag.
(iii) B is flat over Ag and A.

Proof. We choose an open normal subgroup G’ C G which is an extra-powerful pro-p-group
(13}, prop. 8.5.2]). As G'/H’ is torsionfree H' then is extra-powerful as well. The analogous

assertions of our Theorem for B’ and A, were already established in Lemma Using
Proposition B.5 the fact that B is Noetherian and is flat over Ag then follows immediately by
base extension.

The topology on B, by Lemma [[.TT] (i), is given by the filtration Jac(R)"B. Since the
pseudocompact ring R is finite free over the pseudocompact ring R’ the same topology also
is given by the filtration Jac(R')"B. This shows that the topology on B coincides with the
natural topology of B as a finite free module (by Proposition 3.3 (iii)) over the pseudocompact
ring B’. Hence B is pseudocompact.

By Proposition B3 (i) we have a ring homomorphism B’ — B and using Lemma [3.6] then
the commutative diagram of solid arrows

A Aig/ B’

b

A—— Ag=Ag —— > B.

The dashed arrow then exists by the universal property of localisation. It is continuous for
the Jac(Ag)-adic topology on Ag since Jac(Ag) = Jac(R)Ag by Lemma (ii). But B is
complete. Hence this arrow extends to a ring homomorphism

ATg—)B.

As a homomorphism of bimodules this is, by Proposition 35l of course the base extension to

A of the corresponding homomorphism Ay, — B’. The latter is an isomorphism by Lemma
(i). Hence the former is an isomorphism as well. O

4. OVERCONVERGENT SKEW LAURENT SERIES

In this section R denotes a Noetherian pseudocompact ring. We fix a ring norm | | on R
which defines the pseudocompact topology. To avoid confusion we recall that the function
| | : R — R>g satisfies the axioms

(i) |a — b < max(|al, [b]),
(ii) Ja| =0 <= a =0,
(iii) |ab| < |al|b],
(iv) [1] =1
for any a,b € R. We also suppose that
(v) la| <1 for any a € R.
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As before o is a topological ring automorphism of R and 0 is a continuous left o-derivation.
We assume that

(vi) |o(a)| = |al for any a € R.
A standard example for a ring norm on R satisfying (i) — (vi) is given by
|a|yac == 27" if a € Jac(R)* \ Jac(R)*!.
We also assume that there is a constant 0 < D < 1 such that
(vii) |0(a)|] < Dlal for any a € R.
In particular, ¢ is o-nilpotent. It also follows that
|My1(5,0)(a)| < D¥|al for any a € R.
If §(R) 1§ Jac(R) and 6(Jac(R)) C Jac(R)? then | |ja satisfies this condition (vii) with
D:=27".
For any real constant D < u < 1 we now introduce the (left) R-submodule
B(l |:u) := 41 ; ot =
(') {; ait' € B| lim |a;[u® =0}
of B. It carries the norm |}, ., a;it'|, := supez |a;|u’. By the proof of Proposition the
formula [[T2 gives a well-defined “multiplication” map B x B — B.

Proposition 4.1. This multiplication map restricts to a map
B(| [su) x B(| [yu) — B(| [;w).

Proof. Let x = ), , a;t and y = Y iz bit! be two arbitrary elements in B(| |;u) and put
Y =Y ez Cmt™ in B with ¢, = ¢}, + ¢, as in (LI2) - (LIT). We have

m—-n

M < . m-n ., n - _ 1,0
[emlu™ < xax aj| - [bm—nu u' < max by |u max [bifu

and
D

_)j—"
” .
The first inequality obviously implies that lim,,— o |} |u™ = 0. On the other hand, given
any constant € > 0, we find natural numbers Ny, N1, Ny > 0 such that for n < j we have

|ajlu - by |um™ - ()77 <

e R A

zlulyl - ()" <e forj—m>=Ny  (since 2 <1);
|ajlu - |yl, <€ for j < —Ny (since lim;_,_ |aj|u? = 0);
2]y - |br_n|u™ ™ <€ form —n < —Ny (since limg_,_o |bg|u® = 0).
But j —n < Ny,j > —Ng,m —n > — Ny together imply m > —Ng — N1 — N». It follows that
e, |u™ < e for m < —Np — Ny — No. O

Corollary 4.2. If the assumption (I) is satisfied then B(| |;u), for any D < u < 1, as well
as BY(| |) :=U, B(| |;u) are subrings of B.

Remark 4.3. (i) In general the ring BY(| |) depends on the choice of the norm, but if one
restricts to ‘ideal norms’ the ring BT(| |) is independent of the particular choice of | |. More
precisely let J; and Jy be two ideals in R such that the J;-adic filtrations define the given
topology on R for ¢ = 1,2. Consider the norms

ali =" i ae NI



25

where 0 < p; < 1 are two real constants. Assuming that | [y and | |2 also satisfy the conditions
(vi) and (vii) above we have

BY(| ) = B'(] |2).

(ii) The pseudocompact topology of R can always be defined by an ‘ideal norm’.

Proof. In order to prove (i) we write py = p{ for some o > 0 and note that there exist natural
numbers n;, ¢ = 1,2, such that

(4.1) J{Ll Q Jg and ngz Q Jl.
holds. We shall show the following inequality

(4.2) P 1127 < Tl < p3 117

which easily implies that BY(| |1) = BT(| |2).
Let a € R be arbitrary and assume that |a|; = p} and |a|s = p5* for some natural numbers
n and m. Then from (£I) we obtain n < ni(m+1), which is equivalent to m > ;& —1, hence

n an e
ny ny ny

lalo = p5" < p3tpyt = pi oyt = lalit oy
which proves the second inequality, the first one is proven similarly.
For (ii) let | | be any ring norm on R (satisfying (i) - (v)) which defines the topology of R.
Then J := {a € R: |a] < 1} is an open ideal in R. Since R is Noetherian J is generated by
finitely many elements aq,...,as. We put

p:=max{|a| : a € J} = max(|ai|,...,|as|)
and introduce the ideal norm
la| == p™  ifaeJm\ JmL
For a given 0 < € < 1 choose an m € N such that p™ <e. Then
J"C{a€eR:|a|<p"}C{a€R:|al <€}
It follows that the J-adic topology is finer than the given topology. In fact we have
<1l
On the other hand each J"/J"*! is finitely generated over the Artinian (and Noetherian) ring
R/J. 1t follows inductively that R/J™ is an R-module of finite length. Using [I1} cor. 3.13]
we see that J™ is open in R. Hence the J-adic topology coincides with the given topology of

R.
0
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