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Abstract

We derive new results about existence and uniqueness of local and global solutions for non-
linear Schrodinger equation, including self-similar global solutions. Our analysis is performed in
the framework of Marcinkiewicz spaces.

1 Introduction

We consider the nonlinear Schrodinger equation
i0u + Au = AulPu, v € R", t € R, (1.1)
u(0,z) = ¢(z), v € R, (1.2)

where u = u(t, x) is a complex valued function, A is a fixed complex number, and 0 < p < co. The
initial value ¢ : R — C is given. The Cauchy problem (LI)-(L2]) is formally equivalent to the
integral equation

u(t) = S(t)p — i)\/o S(t— s)(Ju(s)|Pu(s))ds, (1.3)

*P. Braz e Silva is partly supported by CAPES/MECD-DGU Brazil/Spain, grant #117/06.



http://arxiv.org/abs/0711.3441v1

where S(t) is the unitary group determined by the linear Schrodinger equation
Ou —iAu =0, x € R", t € R.
If € S(R™) and w is defined by 17(?)({) = e~ ilé"tg(¢), for € € R™, then
uy +il¢)*u =0
in R x R™. In this case, the solution of

Ou —iAu =0, x € R", t € R, (1.4)
u(0,2) = ¢(x), v € R",

is given by u(t) = S(t)¢ = K; * ¢, where K;(z) = <e_i‘5‘2t> .

Existence and uniqueness of local and global solutions of problem (LI)-(L2]) have been much
studied in the framework of the Sobolev spaces H®, s > 0, i.e, the solutions and their derivatives have
finite energy. See, for instance, Ginibre and Velo [11]-[15], Kato [9]-[10], Cazenave and Weissler|[3]
-[6], and the references therein.

As far as we know, the first authors to study infinite energy solutions of (LI])-(L.2]) were Cazenave
and Weissler in [7]. There, they consider the space

X, = {u € Li.((0,00), L T*(R™)); iugt%HU(t)HLw < oo},
>

where § = %— 2(/)—’12) and ||-||po+2 denotes the usual L2 norm. Under a suitable smallness condition

on the initial data, they prove the existence of global solutions of (LI))-(L2)) in X, for p in the range

p+2 np

— < =< 2. 1.6

ST1 2 <Pt (1.6)
If n =1 or n = 2, condition ([L6) is equivalent to py < p < oo, where py is the positive value of p for
which % = . If n > 3, it is equivalent to py < p < ﬁ. Later on, in [2], the Cauchy problem
(II[I)—(E&I) was studied in the framework of weak-LP spaces. Using a Strichartz-type inequality,

the authors obtained existence of solutions in the class L®P>)(R**1) = Lgp ) <L;(,3p ’OO)) , where

(t,z) e Rx R™ and p = p(n+2), for p in the range

2(p+1)
4(n+1) 4(n+1) 4
< —F/—<p< < . 1.7
po n(n + 2 P n? n—2 (17)
In [16], the existence of solutions with initial data in the Besov space B;” °(R™), with positive
regularity s, = § — % > (0, was proved for p in the range py < % < p < oo. Note that if

f € By (R™), then f has at least local finite energy.
We study equation (I3]) in functional spaces of infinite energy. In the first theorem proved here,
(£ 00)

we consider the initial data ¢ belonging to the Marcinkiewicz space L , and show existence

and uniqueness of local in time solutions in the class

T a—fB
Eop=1u [ullas = sup [t} 2 [Jut)ll(pr2.00) < 0},
—T<t<T



where @ = 2(—21'—2), with 5 < %. Note that %2 < ;’—ﬁ is equivalent to 0 < p < pg < %. So, our

range for p is different from the ones in [7, [2, [16]. The norm || - ||4,s is not invariant by the scaling
2
uy(t, o) = pe u(p?t, ux). This is a key point to obtain local in time solutions in Marcinkiewicz spaces.

It is also worth noting that our result allows one to consider singular initial data as, for example,
_n(p+1) p+2
homogeneous functions |z|  »+2 € L1,

Our second theorem concerns global in time solutions. We show existence of such solutions in

pO p n 2' *

This extends the result of Cazenave and Weissler [7] to the context of Lorentz spaces. Note that
range (L8)) is greater than range (L7).

As a corollary, we show that when the initial data ¢ is a homogeneous function of degree —%, we
obtain a self-similar solution, if [|S(1)¢l|(y4-2,00) is sufficiently small. Moreover, we discuss asymptotic
stability of the global solutions, and show that regular perturbations of the linear Schrodinger
equations are negligible for large times. We also analyze the behavior of the local solutions as t — 0
in the space L(P+2:20),

Our approach is different from the methods used in [2] [16], where the authors use a Strichartz-
type inequality in weak-LP and Besov spaces, respectively. Indeed, our existence results are based
on bounds for the Schrodinger linear group S(¢) in the context of Lorentz spaces. In Lemma 211
we state and prove these bounds via real interpolation techniques. They generalize the bounds for
usual LP spaces used in [7].

In section 2, we carefully state our results and discuss their improvement in the light of previous
results. We prove them in section [B

2 Main Results

We first recall some facts about the Lorentz spaces. For more details see, for instance, [I] and [I7].
Let 1 <p<ooand 1< g < oco. A measurable function f defined on R™ belongs to Lorentz space
L9 (R™) if the quantity

1
*®ra adt\a
(7_)/ [tpf**(t)} —)q i T<p<oo, 1 <qg< oo,
_ q Jo t
Hf“(p,q) - )
suptr f**(t) it 1< p<oo, qg=o00,
>0

is finite, where the f** is defined for ¢ > 0 by

Kk _ 1 ¢ *
0 =1 [ 1 s
where

fX(t) =inf {s > O;m{z € R" : | f(z)| > s} < t}, t > 0.



Note that LP(R™) = L®P)(R™). The spaces L¥>)(R") are called weak-LP spaces or Marcinkiewicz
spaces. Lorentz spaces have the same scaling relation as LP spaces, that is, for all A > 0 one has
1fA2)[pq) = A ? I fll(p,q)» Where 1 < p < oo and 1 < g < oo. Morover, Lorentz spaces can be
constructed via real interpolation [I]. Indeed,

LODRY) = (LL(R™), LX(R")), 1, 1< p < oo,
p7
They have the interpolation property

(LPo:®) (R, L,P1a1)(R™)), .= LPa (R,

provided 0 < pp < p1 < 00, 0 <0 < 1, % =10 il, 1 < qo,q1,q < oo, where (-,-)g, stands for

the real interpolation spaces constructed via the K-method [1].
We begin by bounding the Schréodinger group S(t) in Lorentz spaces.

Lemma 2.1. Let 1 < d < oo, and 1 < p < 2. If p' is such that % —i—I% = 1, then there exists a
constant C = C(n,~y,p) > 0 such that

_n2_
1Sl .y < ClEIT2E VNIl gy » (2.1)
for all p € LPD(R™) and all t # 0.

Proof. Fix t # 0 and let 1 < pg < p < p1 <28uchthat1%:p%+1;—l>‘and0<)\< 1. By
the well known LP = L(PP) estimate of Schrodinger group, we have that S(t) : LPo — LPo and

S(t) : L — Lp/l, where the operator norms are respectively bounded by

1S(t) < oY,

Hp0—>p6

1S(t) ClyE Y,

IN

leﬁp/l

Through real interpolation,

SN gty .y < 1S, 1@,
n A n 1-X
< (126 ) (o 36

n(2
=Cle 72577,
which is equivalent to (Z2.1)). O
2 1
From now on, we denote o := — — " and §:= — — n(pi—i-)
p p+2 p o (p+2)

Definition 2.2. Let 0 < p < oo and 0 < T < co. We denote by E, and Egﬁ the Banach spaces

B = {u; [t1% u € BC((—o00,00); LU |, (2.2)

Ly = {w 115" uw e BO(-T,1); 102}, 23)



with respective norms

[ulla = sup |t|§‘|u(t)‘|(p+2,oo),
—oo<t<
and
[ulla,s = Sup 47 [w(®)l(p42,00)5

which are weakly continuous in the sense of distributions at t = 0.

Definition 2.3. Let 0 < T < co. A mild solution of the initial value problem (1.1)-(1.2) in the space
ET (respectively, in the space Ey) is a complex valued function u € ET (respectively, u € E,)
satzsfymg equation (L3) for all 0 < |t| < T, such that u(t) — ¢ when t — 0 in the sense of
distributions.

Our main results are

2
Theorem 2.4. (Local in time solutions) Let 0 < p < co and ? < %
p

2
1. If ¢ € L(%’OO), then there exists 0 < T < oo such that the initial value problem (I1))-
(I2) has a unique mild solution u(t,x) € ET g with T = T(¢) = Cloll, .5 (ek2 where 6 =

22 oc)

1= (p+1)>0.

2. Moreover, if ¢, € L(%’OO) is a sequence of functions satisfying ¢, — ¢ in L(%’OO), then
there exists 0 < Ty < oo and ng € N such that, for n > ngy, the solutions u, and u with
respective initial data ¢, and ¢ lie in ETo Y and Uy, — U in Egoﬁ Actually, the solution map
¢ +— u s Lipschitz continuous.

2
Theorem 2.5. (Global in time solutions) Let 0 < p < oo and pte <22 <p+2.

p+1 2

1. If ¢ is a distribution such that sup_ ;oo ]t]%HS(t)qﬁH(pH’OO) < g, for ¢ > 0 small enough,
then the initial value problem (I1])-({1.2) has a global in time mild solution u(t,x) € E,. This
solution is the only one satisfying ||ul|, < 2e.

2. Futhermore, if (¢n) is a sequence of distributions such that ||S(t)¢, — S(t)¢||lg, — 0 when
n — 00, and Uy, u are the solutions with respective initial data ¢, and ¢, then u, — u in E,.

We compare the theorems above with previous results.
4

n—2°

In [2], using Strichartz-type inequalities,

e In [7], the existence of solutions in spaces of infinite energy was obtained for py < p <

pt2 _ np
p+l1 — 2

the existence of global solutions in the class L") (R"1) = Lgp ) <L§Cp ’OO)) was established,

where p = p%pﬂ)) and pg < i((:ii;)) <p< %. So, Theorem [2.4] extends the set of exponents

p where such solutions exist by including the interval 0 < p < pg.

where pg is the value of p for which

e In the range po < p < =5, Theorem [Z3] extends the global solutions results derived in [7] to
the framework of Marc1nklew1cz spaces. Our range for p is also greater than the one in [2] (see

7).



e Theorem [2.4] assures the existence of local in time solutions even for singular initial data
_p_nptD) pt2

d(z) = Py(x) x| F o727 € L) where Py(x) is a homogeneous polynomial of degree k.

As far as we know, there were no previous existence results covering this case. On the other

hand, we were not able to obtain self-similar solutions in E, g though, since the norm || - ||o,3

2
is not invariant by the scaling relation w, (¢, z) = pru(p?t, pz).
As a direct consequence of Theorem [2.5] one can show the existence of a self-similar solution.

Corollary 2.6. (self-similar solutions) In addition to the hypothesis of Theorem [2.0, if the initial
data ¢ is a sufficiently small homogeneous function of degree —%, then the solution u(t,x) provided

2
by Theorem is self-similar, that is, u(t,z) = pru(p?t, pz) for all u > 0, almost everywhere for
z€R"™ and t > 0.

Remark 2.7. Let Py(x) be a homogeneous polynomial of degree k. The set of functions ¢ which

are finite linear combinations of functions of the form Li@) s an admissible class for the existence

2
|z|" " P
of self-similar solutions for pmblem m—m

We also analyze the large time behaviour of the solutions given by Theorem 2.5l and study the
behaviour of the solutions given in Theorem [2.4] near to time t = 0. These are the content of the
following theorem.

Theorem 2.8. 1. (Asymptotic stability) Suppose 0 < h <1 —S(p+ 1), and let u, v € E, be
two global solutions of problem (I.1)-({1.2) obtained through Theorem [23, corresponding to

+2 a
respective initial conditions ¢, ¢ € L™ If |tl‘iinoo L2 1S () (¢ — Ol (pi2,00) = 0, then

lim ¢ 2 ||u(t) — o(t)

[t|]—o0

||(p+2,oo) == 0 (24)

2. (Decay rate ast — 0) Suppose § =1 — #(p—i— 1) >0, and h > =5 . Let u,v € E, g be two
local solutions of (11)-(1.2) obtained through Theorem[2.4), corresponding to initial conditions

(551 00) : : B —h _ —
¢, € L'ot1°  respectively. If%l_rg%\t\ 2 [1S()(@ — @)l (p12,00) = 0, then

. a=B_p -
Bim (17 Ju(t) ~ 0()] 5,000 = 0. (25)
Let us comment some improvements produced by Theorem 2.8

e (Asymptotic stability) Theorem already gives
sup [t]2 [[u(t) = v(t)] (p12,00) < 00
[t|>0

Thus, it is obvious that the estimate (2.4]) holds for h < 0. On the other hand, the first item
in Theorem [Z.§ extends this property for the range 0 < h < 1 — $(p + 1). However, more
regularity on the initial perturbation ¢ — ¢ is required though. For instance, assuming (in

iQ
addition) that ¢ — ¢ € LZH, one obtains

lim ¢ 2 [S(t)(¢ = D)l (pr2,00) = O

[t]| =00

with 0 < h < —g. Observe that —g =1-5(p+1) >0, when py < p < ﬁ.

(@)



e (Decay rate when ¢t — 0) By bound (B.2)), one can see that

a—B _ a—fB _ _
72 7 lult) = o)l pyaoey < T 2 " ISE(D = @)l (ps200 + CI1H T,

which implies the bound (2.5]) for A < 4. Assuming further regularity for ¢ — ¢, the second
item of Theorem [2.§] extends this property for the range h > —4.

3 Proofs

The following Lemma is important to our ends. For its proof, see [§].

Lemma 3.1. Let 0 < p < o0 and X to be a Banach space with norm || -||. Suppose B : X — X to
be a map satisfying
1B(z) = B(2)|| < Kllx = 2] ([l«]” + [I2[1*) , (3.1)

B(0) =0, and let R > 0 be the unique positive root of equation 2°T1K(R)?—1=0. Given0<e < R
and y € X, y # 0, such that ||y|| < e, there exists a solution x € X for the equation x =y + B(x)
such that ||z|| < 2e. The solution x is unique in the ball By := B(0,2¢). Moreover, the solution
depends continuously on y in the following sense: If ||g]| < e, T =g+ B(Z), and ||Z|| < 2¢, then

1
o — 2 <
1—

WH?/—??H-

Now, we state and prove the necessary estimates in order to apply Lemma [31] in our case.

Lemma 3.2. Let 0 < p < 0o and B be defined as

B(u) = —i)\/o S(t — s)(|Ju(s)|Pu(s))ds.

np p+2

If o> < PIE then there exists a positive constant K. g such that
)
_(a=B)(p+1)
1B~ B)las < Koo~ "5 fu —vilas (Jull 5 + ol ). (32
T LPT2  np . .
for all u, v eEaﬁ. On the other hand, if ) < > < p+ 2, then there exists a positive constant
’ p

K, such that
[B(u) = B(v)|la < Kallu = vl

|ulle, + [10118) (3.3)
for all u, v € E,.

Proof. Without loss of generality, we assume t > 0. First note that if % < % < p+ 2, then



#(P +1) <1 and %(2(;):21) — 1) < 1. Therefore,

t
1B(w) = B(v)ll(p+2,00) S/O 15t = s)(Jul® u = [v]” )l (p12,00)ds

t _n20ptl) 4
<0 [ (=) EE I fu = o) (ul + 01 552 oy

t _n 2(P+1)_1
<0 [ (=9 F = vz (2 + 1000m)

(a=B)p

a=8 t
a—p (a=B)p a—8 a—p
<C| sup t7 2 |[u—v sup (t 2 wl|? +t 2 l|l? ))/ t— ) 5 s 5 Pt s

_aB 1 o p
= Kot ™2 872 0 u— vl (ullf 5 + 0117 5) -
which proves [B:2]). On the other hand, if % < % < p+2, then §(p+1) < 1and %(%—1) < 1.
In this case,

2(2(P+1) _

t
I1B(1) = B(v)l|(p42,00) < C /0 (t =) 200 Dlu = vl 2,00 (1], 5,00 + 1017, 1) ) s

o e t n (2(p+1)
o ap ap - —-1) &
gc(iggwuu—vu(m,w)gg (#F 1l .0y + 17 \\v\\fp+2,w))) [ = B gy

= Kat™ 2 |lu = vlla ([[ullg + lvll2)
which proves (3.3]). O

3.1 Proof of Theorem [2.4]
Let y = S(t)¢. Due to Lemma 271, one has

a—p
Wlos = 50 1017 1060 sy < C 16l 12 ) <
Using Lemma [3.2] one gets
d
1B0) = B0)las < Koo T u~vlas ([l 5 + 0155 (3.4

where § = 1 — #(p + 1) > 0. Now, choose 0 < T < oo sufficiently small, and ¢ > 0 such

1
that [lylla,s < Cll9llesz o) = € < R = (m) Using Lemma B with X = ET ;, one
assures the existence of a local mild solution u € Eg; g Moreover, this solution is unique in the ball
Bs. == B(0,2¢) C EZ;,B' Furthermore, through standard arguments on can prove that u(t) — ¢
in the sense of distributions when t — 0. So, solutions of the integral equation are indeed mild
solutions in the sense of Definition 231

Finally, let u, and u be the solutions with respective initial data ¢, and ¢. By Lemma [31] one
has

1 C
|’S(t)¢n - S(t)(b”Ea,B < 1— 2p+1Ka75T56” |’¢" o ¢”(Zi+?700)'

Hun - uHEa,,e < 1 — 2/’+1Ka75T66"

This finishes the proof.



3.2 Proof of Theorem

Apply Lemma [B1] to the integral equation (L3) with X = E, and y = S(¢)¢. In this case, the

bound (B3] gives
[1B(u) = B(v)[la < Kallu = vlla (|l +vI7) -

Now, one considers ¢ > 0 small enough so that |[S(¢)¢lla = supjy~g |t|%\|S(t)¢||(p+27oo) < ¢ allows
one to apply Lemma BTl repeatedly, in order to obtain the existence of a global mild solution u € E,.
This solution is unique in the ball B, := B(0,2¢) C E,.

The continuity of the solutions with respect to the initial conditions, as well as the continuity of
the solutions in the sense of distributions, follow as in the proof of Theorem [2.4]

3.3 Proof of Corollary

Let t > 0. If the initial data ¢(z) is a homogeneous function of degree —%, then S(t)¢ satisfies the
self-similar property u(t,x) = ,u%u(,th, px). Thus,
a _n 1
t2[S(D)8 )l (p12,00) = 2170 2 [ Sl (pr2,00) = 1S (DBl (12,00)-
Moreover, ||S(1)¢||z0+2 is finite(see [7]). Since the inclusion LP+? < L(P+2:2) continuously, one has

Hs(l)gs”(p—f—loo) < ||S(1)¢HL1)+2 < Q.

Therefore, if [|S(1)®||(p+2,00) is small enough , it is straightforward to show that the solution u(t, z)
obtained in Theorem [2.4]is self-similar.

3.4 Proof of Theorem 2.8

Without loss of generality, assume ¢ > 0. Subtracting the integral equations satisfied by u and v,
one gets

2 ut) = v(8) | (pra00) < 2 ISE(G = D)l 42,00

/ St —s)(ululf —vl|v|?)ds
0

+t%+h

(p+2,00)

Since ||u||a, ||v]|a < 2¢, one uses the change of variable s — t¢s, and bound

t
£ /O S(t — 3)(ulul? — v]v]?)ds]| 12,00

app [° —nletd gy et o oo p ap p aih
< Ct2 ; (t—s) 20 et s (s Ju(8)[[{, 10, 00) 52 100 p0,00))82 7 luls) — v(s)l(pr2,00) ds

2(p+1) -1

1 n
< C2p+1a"/ (1— 3)75( (b +2) )s
0

a(p+1)
R

(t)2 " [[u(ts) — v(ts)llp42,00)ds-

Therefore,

5 () = o) pya,00) < 2SS = Dl (pr2,00) (35)

1 _n 2( Jfl)_ [e% [e%
+ Cortier / (1—5) 200 D50~ (16) 54 u(ts) — v(t5) | (2,005,
0




for all ¢ > 0. Now, define
A= Timsup 5 u(t) — o(t) [ rs2.00)

t—o00

Using the assumption on the initial perturbation ¢ — ¢, it is not difficult to show that A < co. Now,
note that

t—o00

1 204D 1\ —al(ptl) N
lim sup / (1— ) 300 D E 1) 5 u(ts) — 0(ts) | (2,000 5
0

1
0

So, taking lim sup in (3.3]), one obtains

t—o00

1 n (2(p+1) o
A< <C2P+15P/ (1—s) 300 Vg (”2“)%15) A
0

2(p+1)
( (r+2) -1

Now, let I' := C2°r*! f 525 ~hy Choosing € > 0 sufficiently small such that
ePT" < 1, one concludes that A = 0. This proves part 1 of the theorem.
In order to prove part 2, let § =1 — ﬂ(p +1)and 0 < ¢t < T as in Theorem [Z4] One can write

§ = O‘T_B —h— # 2 5 (p+1)+h+1. Again, one subtracts the equations for u and v, and bound

/ S(t—s)(ulul’ —v|v|f)ds
0

(p+2,00)
as_p ! _ep _oacp ap_
<o /0 (t—5)" T s T OIS 2(u()[£ g ey + 10 1g00))) 877 () = 0(5) (42,00
1 — o — o —
< C2rtlepy 3 —h=52 = 23E (p+1)+ht1 / (1—8) 2" s 2 D (16) 3" u(ts) — V(£8)] (prr2.00) 5.
0

Hence,

£ () = 0Ol ooy ST ISOG = Ollipanoo)

a—pf a—pf a—/
#0ortenss [ (1 )5 ) T alts) — 0089y
0
Writing A := limsup,_, 57 h||u( t) —v(t )|| (p+2,00) < 00, one takes limsup in the last inequality to
t—0
obtain .
0<AL CQ”Ha”A/ (1- s)*aT_Bs*aT_B(p“ths %ir% t° = 0.
0 —

This concludes the proof.
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