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Abstract

We derive weighted log-Sobolev inequalities from a class of super Poincaré in-
equalities. As an application, the Talagrand inequality with larger distances are
obtained. In particular, on a complete connected Riemannian manifold, we prove
that the log®-Sobolev inequality with & € (1,2) implies the L?/ (=% _transportation
cost inequality

W3 gy (frs )/ < Cu(flog f), u(f)=1,f>0

for some constant C' > 0, and they are equivalent if the curvature of the correspond-
ing generator is bounded below. Weighted log-Sobolev and entropy-cost inequalities
are also derived for a large class of probability measures on R,
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1 Introduction

Let (E, p) be a Polish space and p a probability measure on E. For p > 1 we define the
LP-Wasserstein distance (or the LP-transportation cost) by

1/p
Wenope) ={__jnt [ papratasan)
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for probability measures i1, 1o on E, where €'(11, i12) is the class of probability measures
on F x F with marginal distributions p; and .
According to [4, Corollary 4],

WE(fp, ) < Cu(flogf), f>0,pu(f)=1

holds for some C' > 0 provided u(e’\p("")zp) < oo for some A > 0, where 0o € F is a fixed
point. See also [§] for p = 1. Furthermore, it is easy to derive from [I4] Theorem 1.15]
that for any ¢ € [1,2p), there exists C' > 0 such that

(1.1) WE(fp, ) < Cu(flogf), f>0,pu(f)=1

if and only if p(e*(©)”) < 0o for some A > 0. In general, however, this concentration
of pu does not imply (L)) for ¢ = 2p. Indeed, there exist a plentiful examples where
p(eM)’) < oo for some A > 0 but there is no any constant C' > 0 such that the
Talagrand inequality

(1.2) We(fu,)® < Cu(flogf), [f>0,u(f)=1

holds, see e.g. [I] for examples with p(e*(©)*) < oo for some A > 0 but the Poincaré
inequality does not hold, which is weaker than ([2]) (see [I7, Section 7] or [2 Section
4.1]).

Therefore, to derive (ILI) with ¢ = 2p, one needs something stronger than the cor-
responding concentration of y. In fact, it is now well known in the literature that, the
Talagrand inequality follows from the log-Sobolev inequality for a class of local Dirichlet
forms, see [211, [17, 2, 25] 20] and references within.

In this paper, we aim to derive (LT]) with ¢ = 2p, i.e.

(1.3) W (fu.p)® < Cu(flog f), [f=0,u(f)=1,

by using functional inequalities stronger than the log-Sobolev one.
To this end, in Section 2 we study the weighted log-Sobolev inequality

p(flog f2) < Cp(ao plo,)T(f, f)),  pu(f*) =1

for a positive function a(r) — 0 as r — oo and a nice square field I". Combining this
with known results on log-Sobolev and the Talagrand inequality, we derive (L2) with the
original distance p replaced by a larger one, which is induced by the weighted square field
a o p(o,-)I". In particular, we have the following result on a Riemannian manifold.

Let M be a connected complete Riemannian manifold, and x(dz) = ¢¥®dx a prob-
ability measure on M for some V' € C(M). We shall use the following super Poincaré

inequality (see [23])



(1.4) p(f?) <rp(IVEP) + B )% >0
to establish the corresponding weighted log-Sobolev inequality

(1.5) p(f*log f?) < Culao p(o, )|V fI?),  p(f?) =1.
By [25] Theorem 1.1], (LH) implies

(1.6) WE(fu.p)® < Culflog f), f=0,u(f*) =1,

where p, is the Riemannian distance induced by the metric

1

(1.7) (XY= s

(X,Y), X,Y eT,M, z€ M.

The main result of the paper is the following.

Theorem 1.1. Assume that ([I]) holds for some positive decreasing 5 € C((0,00)) such
that

n(s) = (log(2s)) (LA B (s/2)), s>1
is bounded, where 37'(s) ;== inf{t > 0: B(t) < s}. Then [I3H) holds for some C' > 0 and

a(s) = sup n(t), s>0.
t>p(p(o,)>s—2)1

Consequently, [L6) holds.

The following consequences show that the above result is sharp in specific situations.

Corollary 1.2. Let ¢ € (1,2).
(a) with B(r) = exple(1 + r~Y9)] implies (I3) with
a(s) i= (1+ plo, ) 20/
and (LB) with p,(z,y) replaced by
pla,y)(1+ plo,x) V plo,y) ==,

Consequently, it implies

(1.8) W3 s (Fr )/ < Cp(flog f), p(f)=1,f>0

for some constant C' > 0.
(b) If V € C*(M) with Ric — Hessy bounded below, then the following are equivalent
to each other:



1) ([T with B(r) = exp[c(1 4+ r71/9)] for some constant ¢ > 0;
2) ([I3) with a(s) == (1 + p(o,-))~20=1/C=%) for some C > 0;

(1)
(2)
(3) (@) for some C > 0 and pa(w,y) replaced by p(x,y)(1+ p(o,z) V p(o, y))*~ /=0
(4) [38) for some C > 0;

()

5) u(exp[Ap(o,-)2/C=9]) < oo for some A > 0.

We remark that (L) with 5(r) = exple(147r~1/%)] for some ¢ > 0 is equivalent to the
following log’-Sobolev inequality mentioned in the abstract (see [23} 24} I3, 26] for more
general results on (L4) and the F-Sobolev inequality)

p(fPlog’(1+ 1) < Crp(IV 1) + Coy ul(f?) = 1.

Since due to [24, Corollary 5.3] if (L4) holds with 3(r) = exp[c(1 +r~1/?)] for some § > 2
then M has to be compact, as a complement to Corollary we consider the critical case
0 = 2 in the next Corollary.

Corollary 1.3. (T4 with B(r) = exp[c(1 +r~2)] for some ¢ > 0 implies (I3) with
a(s) :=e % for some c; > 0 and (I.0) with p,(z,y) replaced by

p(:c, y)e@[p(o,w)Vp(o,y)] > esp(Ty) _ 1

for some co,c3 > 0. If Ric — Hessy is bounded below, they are all equivalent to the con-
centration pu(exp[e™(©7)]) < oo for some A > 0.

Example 1.1. Let Ric be bounded below. Let V € C(M) be such that V + ap(o, -)?
is bounded for some a > 0 and § > 2. By [23, Corollaries 2.5 and 3.3], (IL4]) holds for
d =2(0—1)/6. Then Corollary [[.2 implies

Wo(fup)’ <Cu(flogf), f=>0,u(f)=1

for some constant C' > 0.
In this inequality 6 could not be replaced by any larger number, since W) > W/ and
by Proposition 3.1l below for any p > 1 the inequality

WP(fup)? < Cu(flogf), f=0,u(f)=1
implies u(e*(*)") < oo for some A > 0, which fails when p > 6 for p specified above.



Example 1.2. In the situation of Example 1.1 but let V + exp[op(o, -)] be bounded for
some o > 0. Then by [23, Corollaries 2.5 and 3.3], (IL4) holds with 3(r) = exp[c(1+r~1/2)]
for some ¢ > 0. Hence, by Corollary [[.3]

9t [ pleyPern(dn dy) < Culflog f), 2 0.p() =1

holds for some ¢, C > 0.
On the other hand, it is easy to see from Jensen’s inequality that the left hand side is
larger than

(expleaW{ (u, fr)] = 1)?
for some ¢o > 0. So, by Proposition Bl below (9] implies u(explexp(Ap(o,-))]) < oo
holds for any A > 0, which is the exact concentration property of the given measure pu.

In the next section we study the super Poincaré and the weighted log-Sobolev in-
equality in an abstract framework, and complete proofs of the above results are presented
in Section 3. Finally, weighted log-Sobolev and transportation cost inequalities are also
studied for probability measures on R? by using concentrations.

2 From super Poincaré to weighted log-Sobolev in-
equalities

We shall work with a diffusion framework as in [I]. Let (E,.#, 1) be a separable complete
probability space, and let (&, Z(&)) be a conservative symmetric local Dirichlet form on
L?(p) with domain 2(&) in the following sense. Let &7 be a dense subspace of 2(&) under
the 511/2-norm (& (f, f) = fl3+&(f, f)) which is composed of bounded functions, stable
under products and composition with Lipschitz functions on R. Let I' : &/ x &/ — ), be
a bilinear mapping, where .#,, is the set of all bounded measurable functions on E, such
that

(1) T(f, f) = 0 and &(f, g) = u(I'(f, 9)) for f,g € o;
(2) (g0 f.g) =¢'([)I(f,9) for f,g € & and ¢ € C}°(R);
(3) T'(fg,h) = gU(f,h) + fT'(g,h) for f,g,h € o with fg € <.

It is easy to see that the positivity and the bilinear property imply I'(f, g)?> < T'(f, f)T'(g,9)
for all f,g € «7. For simplicity we set below I'(f, f) = I'(f) and &(f, f) = &(f)-

We shall denote by 2/, the set of functions f such that for any integer n, the trun-
cated function f, = min(n, max(f, —n)) is in &/. For such functions, the bilinear map I"
automatically extends and shares the same properties than for functions in <.

Next, let o € A,. be positive such that I'(g, o) < 1. We shall start from the super
Poincaré inequality



(2.1) p(f?) < r&(f )+ Bu(fl)? v >0.

To derive the desired weighted log-Sobolev inequality

(2.2) p(f2log f2) < Cu(D(f, flaoo), wu(f?) =1,

we shall also need the following Poincaré inequality

(2.3) 1(f?) < Co&(f. f) + u(f)?

for some Cjy > 0. Here and in what follows, the reference function f is taken from 7.

Theorem 2.1. Assume (2.3) holds for some Cy > 0. Then (21) implies (2.3) for some
constant C' > 0 and « given in Theorem [Tl

Proof. (a) Let ®(s) = p(o > s) which decreases to zero as s — oco. We may take ry > 0
such that

1
(2.4) ro(1+ Sslillm( ) < 35
and
(2.5) B /4y <1
For a fixed number r € (0, ry] we define
:( 1)—n)+A1)((n+2+q>—1(2e—r*)—g)+A1),

1 1
(bg D(n+ - (2e "~ 1)))5 (2®(n+<1>—
—{n<o-® 12" )<n+2}), n>0.

1(26‘“)))’

Then

Lipsiva-1(2e—1)-

[\Dl}—‘

(2.6) Z

By (21)) and noting that



1

u(£1hn)? < p(f2h2)ple > n+ @71 (2e7 ) < p(f2h2)B(n + &~ (267 ),

we have

> u(sh) <Z{w (fhns Fha)) + Bra) (|10}

< ZO {%M(F(fv f)(snan) + 2rnﬂ(f21Bn> + ﬁ(?”n)q)(n 4 @_1(2e_r—1)),u(f2hi>}

for r, > 0. Since by (23] and the definition of «

1

as) > 6, for s >n+2+d (2

letting r,, = 0,7 we obtain

(e}

S <y {QW (f, flaoolp,) +2r6,u(f*1p,)
(27) n=0 n=0

+ Bron)®(n -+ 7 (2e7 ) u(fh2) }.

Noting that

2 2

> 7l —1
Bnt+ o2 ) = 8 ’

A :=rlog SO (2]

we have

1 1
o,r)=B(AL7! < .
Bonr) B( P <2®(n—l— @‘1(2e_’“1)))) ~20(n 4 &1(2eY))
Thus, by [27) and [24)) and the fact that 6, < supn, we arrive at

Zu (f?h) <Z{2w ffozongn)Jr ghf Zu (f2h2).

It follows from this and (Z0]) that

2. B oy orry) < Sr(T(F o ) + L),

(b) On the other hand, since « is decreasing



N(f21{9§1+q>71(2077-*1)}> < N(f2{(2 + (I)_l(ze_ril) - Q)i A1})
< 2sp(D(f, f)l{ggz.‘_qu(zefr*l)}) + 2sp(f?) + B(s)u(|f])?

< cErE ey U oo o)+ 2 + BEuIF), 5 >0
Taking
s=ra2+ 0 (2 )) < 3—12

due to (2.4]), we obtain

M(f21{9§1+<13*1(20*7"71)}) < 2ru(L'(f, flao o) + 11_6N(f2) + B(roz(2 + (I)_l(ze_rl)))ﬂ(”‘)%

Since by (23] and the definition of «

q>(<1>—1ée—r1))>5 B (2@(@—1(12e—r1)))

-1

)

ra(2+ @‘1(2e_’"71)) > (r log

we obtain

1

P et oer i) < 20D, Flaco o) + <o) + 1)

Combining this with (Z8]) we conclude that

u(f?) < 40ru(D(f, flao o)+ u(|f)% 7€ (0,7r).

Therefore, there exists a constant ¢ > 0 such that

(2.9) u(f?) <ru@(f, fao o) + e pu(f)% v > 0.

According to e.g. [24, Corollary 1.3], this is equivalent to the defective weighted log-
Sobolev inequality

(2.10) p(f*log f?) < Cru(T(f, flao o) +Co,  p(f?) =1.

(c) Finally, for any f with u(f) =0, it follows from (23] that



w(f?) < p(fA{1+R—07 A1)+ fl2ule > R)
< 2Cou(T(f, f)lge<iemy) + 2Co + )| fllZnle = R) 4+ pn(f{(0 — R)+ A 1})?
>

< 29 (T(f, Pao )+ 2ACo+ DIIfIPui(e > R), R>0.

~ a(l+R)

Since pu(p > R) — 0 as R — oo, the weighted weak Poincaré inequality

u(f?) < Br)T(f, oo o) +r|fl%, 7> 0,u(f)=0

holds for some positive function 3 on (0,00). By [19, Propsosition 1.3|, this and (2.9])
implies the weighted Poincaré inequality

1(f?) < C'u(D(f, faco o) + p(f)?

for some constant €’ > 0. Combining this with (2.I0) we obtain the desired weighted
log-Sobolev inequality (2.2)). O

3 Proofs of Theorem [1.1] and Corollaries

Proof of Theorem[I 1. Since « is bounded, the completeness of the original metric implies
that of the weighted one given by (7). So, (LG) follows from (LX) due to [25 Theorem
1.1] with p — 2. Thus, by Theorem R with E = M and T'(f, f) = |Vf|?, it suffices
to prove that (I4]) implies the Poincaré inequality (23) for some Cy > 0. Due to [23]
the super Poincaré inequality (L)) implies that the spectrum of L is discrete. Moreover,
since M is connected, the corresponding Dirichlet form is irreducible so that 0 is a simple
eigenvalue. Therefore, L possesses a spectral gap, which is equivalent to the desired
Poincaré inequality. O

To complete the proof of Corollary [[2 in the spirit of [I6, B] we introduce below a
deviation inequality induced by the L!-transportation cost inequality.

Proposition 3.1. Let p: M x M — [0,00) be measurable. For any r > 0 and measurable
set A C M with p(A) > 0, let

A, ={xz e M: p(x,y) >r for somey € A}, r > 0.
If

(3.1) WE(fu,p) < @ou(flogf), f=0,u(f)=1

holds for some positive increasing ® € C([0,00)), then



(3.2) w(A,) <exp[— @ '(r—®ologu(A)™)], r>dologu(A),
where ®~1(r) :=inf{s >0: ®(s) >r}, r>0.

Proof. It suffices to prove for u(A,) > 0. In this case, letting pa = p(- N A)/u(A) and
pa, = p(-MNA)/u(A,), we obtain from (B.I)) that

r < W (ka, pa,) < W (pa, 1) + Wi (a,, 1) < @ olog u(A)™" + @ o log u(A,) ™.

This completes the proof. O

Proof of Corollary T4 (a) Let 8(r) = ¢<0T7"") for some ¢ > 0 and § > 1. It is easy to
see that
LA B Ys/2) < clog(2s), s>1
holds for some constant ¢; > 0. Next, by [24, Corollary 5.3], (L4]) with this specific
function 8 implies
,u(p(o, ) 25— 2) < 6 QXp[—C382/(2_5)], s >0

for some constants co, c3 > 0. Therefore,

(3.3) a(s) < ey(1+5)207D/C=0 5>

holds for some constant ¢, > 0.
On the other hand, for any x1,25 € M let i € {1,2} such that p(o,z;) = p(o,x1) V
p(0,z3). Define

£(&) = (ple.z) A 2O (14 po,2)) 000, 2 e e
Then

aop(o, )|V fI* < es(1+ plo, )20~/ v f|?
< cal (o) 25p(on)<3plown) /23 (1 + p(0, ) 2OV E= (1 4 p(o, ;)20 < ¢

for some constant ¢; > 0. Since by the triangle inequality p(o, z;) > % p(x1, xs), this implies
that the intrinsic distance p, satisfies

‘f(%) - f(362)|2
Cs
> cop(1, 22)2 (1 + plo, 1) V p(0, 22)) 2~V 0 > o p(aq, 25) 2/ 279

pa(T1,12)* >

10



for some constant cg, c; > 0. Hence the proof of (a) is completed by Theorem [Tl
(b) Now, assume that
Ric — Hessy > — K
for some K > 0. By (a) and Proposition B.I], which ensures the implication from (4) to
(5), it suffices to deduce (1) from (5). Let
h(r) = p(e?©@),  r>0.
By [24] Theorem 5.7], the super Poincaré inequality (L4]) holds with

1
(3.4) B(r) :==co inf ryinf —h(2K 4 125 1)e/™ 71 >0

o<ri<r s>0 8

for some constant ¢q > 0. Since for any A > 0 there exists ¢(A) > 0 such that

rt? < AT (M) >,
it follows from (5) that

h(r) < ¢y expleyr/CV] >0

for some constants ¢; > 0. Therefore,

1
B(r) < e inf riinf ~expless™ /Y /), v >0

for some ¢y > 0. Taking s = r®~1/% and r = r, we conclude that

B(r) < e >0

for some ¢ > 0. Thus, (1) holds. O

Proof of Corollary[L3. The proof is similar to that of Corollary [L2 by noting that (L)
with B(r) = exp[c(1+7r~/2)] implies u(p(o,-) > s) < exp[—ce®?] for some ¢, > 0, see [24]
Corollary 5.3]. O

4 Weighted log-Sobolev and transportation cost in-
equalities on R

Our main purpose of this section is to establish the weighted log-Sobolev inequality for an
arbitrary probability measure using the concentration of this measure. We shall also prove
the HWI inequality introduced in [2] for the corresponding weighted Dirichlet form. The
main point is to find square fields (resp. cost functions) for a given probability measure
to satisfy the log-Sobolev inequality (resp. the Talagrand transportation cost inequality).

11



So, the line of our study is exactly opposed to existed references in the literature, see e.g.
[9, 10, 11] and references within, which provided conditions on the reference measure such
that the log-Sobolev (resp. transportation cost) inequality holds for a given square field
(resp. the corresponding cost function).

The basic idea of the study comes from Caffarelli [5] which says that for any probability
measure p(dr) = e”@dz on R?, there exists a convex function ¢ on R? such that Vi
pushes p forward to the standard Gaussian measure ~; that is, letting

y(z) = Vi(z), xR,

which is one-to-one, one has v = o y~!. Furthermore, V) is uniquely determined and
Hess,, is non-degenerate with

det(Hess, ) = (2m)%2eVHV¥I*/2,
Let

p(z1,m2) = |y(z1) —y(22)|, 21,22 € R?.

Let Wy be the L?-Wasserstein distance induced by the usual Euclidiean metric. Due to
Talagrand [21]

(4.1) Wa(y, [29)? < 29(flog f2),  ~(f*) = 1.

Since 7 € €(poy ™, (fPoy Huoy ) if and only if mo (y @ y) € € (u, f>1), we obtain
from (1)) and the change of variables theorem that

WS (p, f2)? = Walv, (fPoy™)v)* < 2v(fPoy log fPoy™") = 2u(f*log f*), wn(f?)=1.

Similarly, since

V(foy ) =Dy ) (Vfoy " =[Dy)oy | "(Vf)oy ' = [(Hessy) 'V floy ™,

where Dy := (0;y;)axd, by Gross’ log-Sobolev inequality for v (see [I2]) we obtain

p(f?log ) < 2u(|(Hessy) 'V fI?),  f e C(RY), u(f?) = 1.

On the other hand, however, since the transportation Vv is normally inexplicit, it is
hard to estimate the distance p and the matrix Hess,. So, to derive transportation and
log-Sobolev inequalities with explicit distances and Dirichlet forms, we shall construct,
instead of V1, an explicit map using the concentration of x, which transports the measure
into the standard Gaussian measure with a perturbation. In many cases this perturbation
is bounded and hence, does not make much trouble to derive the desired inequalities.

12



4.1 Main results

In this subsection we provide an explicit positive function o and an explicit distance p on
R? such that the log-Sobolev inequality

(4.2) p(flog f2) < 2u(@|Vf?), feCrERY), u(f*) =1

and the transportation-cost inequality

(4.3) Wy, f2)? < 2u(f?log f7),  u(f?) =1

hold. In a special case, we are also able to present the HWI inequality stronger than (£2)).
Let us first consider a probability measure p(dz) := e"@dx on [§,00) for some § €
[—00, 00), where [—00, 00) is regarded as R. Let

0s(r) = oo [ s )= l(5n) = [ Pda

o0 __p2 . . .
where ¢5 1= [ e™" /2dz is the normalization.

Theorem 4.1. Let u(dx) := 1500y ()" @ da be a probability measure on |8, 00). For the
above defined ®s5 and p, [7-3) and ([Z-3) hold with R? replaced by [6, ) for

o e (1)5_1 o p\2
Q= T s
pla,y) =05 0 p(x) = D5l op(y)|, z,y>0

Furthermore,

(4.4) p(f*log fA)+WE(p, f21)* < 24/ 2u(af?)WE(p, ), f € C([6,00)), u(f?) = 1.

The inequality (4.4]), linking the Wasserstein distance, the relative entropy and the
energy, is called the HWT inequality in [2] and [I§].

To extend this result to R? for d > 2, we consider the polar coordinate (r,) €
[0,00) x STt where S¢! is the unit sphere in R? with the induced metric. Then p can
be represented as

dp = c(d)r®=e"Ddrdf =: G(r, 0)drds,

where df is the normalized volume measure on S, and ¢(d)/d equals to the volume of
the unit ball in R%. Let B(0,r) := {x € R?: |z| < r} and

13



e~ lzl*/2q
q)()('r) = /B(O T) (27T)d/2 , T Z 07

h(f) := / 571V 60qs, 9 e st
0

1 " am1 v(so) d—1
<p9(r)::—/s e’ds, 0eS",r>0.
h(8) Jo
Since p(R?) = 1, we have h(f) € (0,00) for a.e. § € S41.
We shall prove that the map

-

|z

transports p into a Gaussian measure with density h o #. Thus, to derive the desired

inequalities for p, we need a regularity property of this transportation specified in the
following result.

z > &5 o gz (|2])

Theorem 4.2. Let r(x) = |z|,0(z) = T € R If C(h) := supy, g,esi1 ZEZ;; < 00,
then ([4.3) holds for

plar,@2) = C(h)72[(@5" 0 o(r)f)(z1) — (R 0 p(r)0)(a2)], w1, 22 € RY.

If moreover y(r) is differentiable in 0 then ([.3) holds for

(L+e)r?  (Pho Py’ opy(r))? (1+5_1)|V6900(7“)|2}
By 0 py(r))? (0o’ (r))? (106’ (r) @5 0 pp(r))2 )

If, in particular, h is constant (it is the case if V(x) depends only on |z|), then the
following HWI inequality holds:

a = C(h)inf max{(

e>0

(4.5) p(f*log fA)+WE (1, f21)? < 24/ 2u(al V) WE (1, f21),  f € CERY), u(f?) =1,
for

2

r (‘1360‘13610@(7“))2}
(@5 0 p(r))?’ (' (r))?

= max{

and p = @y is independent of 6.

Note that if V' is locally bounded and ((r) := supy,_, V() satisfies [~ e¢")dr <
00, then C'(h) < oo. Thus, Theorem [£.2 applies to a large number of probability measures.
In particular, we have the following concrete result.

14



Corollary 4.3. Let V be differentiable such that p(dz) := eV ®) dx is a probability measure
and

(4.6) - cl|:E|5_1 <|(VV(z),Vl]z|) < —02|:E|5_1

holds for some constants §,c1,co > 0 and large |x|. If there exists a constant cg > 0 such
that

(47) |V9V| S C3,

where Vg is the gradient on S at point 0, then there exists a constant ¢ > 0 such that

(4.8) p(flog f2) < cu((L+ |- D*IVEP),  Fe CRY), u(f?) = 1.
Consequently,
(4.9) WY (p, f2)? < Ep(f*log f2),  u(f?) =1

holds for some constant ¢ > 0 and

|z —y|
L4 |z| Vv [y|)t=o/2

ﬁ(x7y> = ( xr,y € Rd'

Remark. (a) The inequalities presented in Corollary are sharp in the sense that
(@3T) (and hence also X)) implies pu(e’) < oo for some A > 0, which is the exact
concentration of y. This follows from [3, Corollary 3.2] and the fact that 5(0,x) ~ |x|%/2
for large |z|.

(b) When V' is strictly concave, the matrix

Afvy, vo] := /0 s(—Hessy )((1 — s)vy + svg)ds

is strictly positive definite for any vi,vo € R% It is proved by Kolesnikov (see [I5]
Corollary 3.1]) that

@) (Pogf)< [ (AL ITVAVHd f e CERY U =1,
R
where = + T(z) is the optimal transport of f2u to p. In particular, for V(z) := —|z|° +¢

with § > 2 and a constant ¢, [I5, Example 3.2] implies ([£8]) for even smooth function f2.
But Corollary works for more general V' and all smooth function f.
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(c) Recently, Gentil, Guillin and Miclo [9] (see [10} [11] for further study) established a
Talagrand type inequality for V(z) = —|z|° +c with § € [1,2] and a constant c. Precisely,
there exist constants a, D > 0 such that

(411> E‘gi(%ffzu) /]Rd R La,D(x - y)ﬂ'(dl’, dy) < D,u(f2 log f2), /J/(fz) _ 17
™ s %
where
s if 2] < a
La €T) .= 27’ = 9
ot {a25 - |z|° + az(ésé—z)’ otherwise.

Since L, p(z —y) > ep(x,y)? for some constant € > 0, this inequality implies (£3) for
d € [1,2]. But (A1) is yet unavailable for ¢ ¢ [1,2] while (4.9) holds for more general
V. In particular, if § > 2 then ([@3) with p(x,y) > c(|z — y| V |z — y|*/?) for some ¢ > 0,
which is new in the literature.

4.2 Proofs

We first briefly prove for the one-dimensional case (i.e. Theorem [T]), then extend the
argument to high dimensions. It turns out, comparing with the one-dimensional case,
that the difficulty point of the proof for high dimensions comes from the angle part. So,
a restriction concerning the angle part was made in Theorem

Proof of Theorem[{.1. Let y(z) := ®;' o p(x), x > 5. We have

dp _dp dz e\/(;p)d@_l o ®5(y)

dy dzr dy dy

V(m)cbl V(w)q)/
_ /e - é(y) _ € / 5(y) _ (I)g(y)
@' oo ds(y) ¢'(z)

Therefore, p is the standard Gaussian measure under the new coordinate y € [§,00). In
other words, one has

Y(dz) := (poy ) (dx) = Z1je(x)e ™ /2dx,

where Z is the normalization constant. By the HWT inequality proved in [2] 17, 18] and
the Gross log-Sobolev inequality which implies the Talagrand inequality, we have

v(g%10g %) + Wa(v, 9°7)* < 24/2v((¢)?) Wa (7, 9%7),

(4.12)
Wa(v,9*7)* < 2v(¢°log g*), ~(g°) = 1.
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We remark that although the HWI and Gross’s log-Sobolev inequalities are stated in the
above references for the global Gaussian measure, they are also true on a regular convex
domain €2, since the stronger gradient estimate

IVP.f| <e'RIVf], fe€C(Q)

holds for the Neumann heat semigroup on € (cf. [22] and references within).
For any f € C}([0,00)) with pu(f?) =1, let g := foy~'. We have

dg ., dy_l_f/o?/_l_ ;o1 (I)Socbc;lOQP -1
@—(foy )dx —y,oy_l—(foy )(T>Oy .
Since v = p oy~ !, this and (LI2) imply ([E3) and ([@4). Finally, (£2) is implied by
i) a

Proof of Theorem[.3 Let (r,8) be the polar coordinate introduced in Section 2, and let
Vg denote the gradient operator on S¢~! for the standard metric induced by the Euclidean
metric on R?. By the orthogonal decomposition of the gradient, we have

0 _ -
(4.13) V=0 )5 477Vl [VIP= @ f) + 17 Vo
Let us introduce a new polar coordinate (7, 6), where

7(r,0) = <I>0_1 owe(r), r>0,0¢ S,
We have
G(r,0)
0,7

where dpg := @ (7)drde is the standard Gaussian measure under the new polar coordinate
(7,60). Thus, letting

dp = G(r,0)drd = d7df = c(d)h(0)®}(7)drdd = c(d)h(0)dpo,

y(x) = 7(2)0(z) = 5" o p= (|2])0(w), a € R,
we have
(poy ") (dx) = c(d)h(z/|z]) (o 0y~ 1) (dx) = c(d)h(z/|z|)y(dx),

where 7 is the standard Gaussian measure on R?. By Gross’ log-Sobolev inequality one
has

1(g*log g®) < 2v(IVgl*), g € C(RY), po(g?) = 1.
Thus, by the perturbation of the log-Sobolev inequality (cf. [7]), we have
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(4.14)  (poy M(g*logg®) <2C(h) oy ")(IVgl), g€ W' (7), (noy )(g°) = 1.

Moreover, by [2, Corollary 3.1], (Z14)) implies

(4.15) Wa(poy " g°noy ) <20(h)(noy )(g*logg®), (noy ')(g®) =1.

This implies (£3]) for the desired distance p by using the change of variables theorem as
explained above.

Similarly, to prove [£2) we intend apply (II4) for g := f oy~ !, where f € Cg°(RY)
with p(f?) = 1. Since y~1 = (p, ' 0 ®y(r), §) under the polar coordinate, by the chain rule
we have

Vo(foy™)=Vaf(es' o®o(r),0) = ((Vof) oy +(0,f) oy ") Vapy ' o ®o(r).
But g 0 ;' 0 &y = &, implies

(Vowa) (95" © ®o(r)) + 0" 0 05" © Po(r) - Vg © Po(r)) =0,
where (Vog) (0, 0 ®o(r)) == Vg@g(s)\sz¢;1o¢0(r), we arrive at

[Vo(f oy )l

s _1(Vapa(r)|(py" o Pyl
w1e)  SAFD@ ey YTy N
7'72557?;)')2 oy '+ (14 N)VafPoy™!

R Te

= (1480 oy

for any € > 0.
On the other hand,

Dy (r)

O (foy™)=(0,f)oy™! — .
o = O ey T o au(r)

Since
(4.17) r=&; opy(r(yt)) =05t opp(r)oy,
we have
D) (r) = (Do Pyl opa(r)) oy™, @ 0wyt 0 Po(r) =y (r)oy .
Thus,
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N (I)ZJO(I)EIOW)(T) 2
0.(f oy = {(0N) T S Y oy

Combining this with (ZI3), (I8) and ([@IT), we obtain

IV(foy P =@ (foy ™) +r2[Va(foy ™)
< oot eal

e
20/ (r) bow

R (A (e A (R N
(@Bt owy(r)? | (L+o)VepsP
{ (0s/ ()7 +(909())2(‘I>51°<P9(7“))2} /
Z1\—2 s _1f (T4+e ) 1
+ oy VP oy (g ) o
(14 1) <<I>'o<1>o ° @) (149 Vogu(r)P Loy

@ o) (s (r)? (00 (M)2(@5 " 0 o(r))?

for any € > 0. Therefore,

= (9,f)% 0

<|Vf2oy™ max {2

(4.18) IV(foy™ )PP < (alV[) oy~

and hence ([E2) follows from (@I by letting g = foy™t.
Finally, if /1 is constant then p oy ™! is the standard Gaussian measure. Hence, by [2

Theorem 4.3| one has

Wa(poy™ ', (fPoy poy™ )+ (noy ) (fPoy log fPoy™)
<2¢/2(poy H)(IV(foy ) Wa(poy ', (fPoy Huoy™).
By combining this with ([ZI8)) we prove (LH). O

Proof of Corollary[{.3 Since there exists a constant ¢y > 0 such that
J 2 O(rd-1) asr — 0
D) (r) = cori~le /2 = ’

O(r(1 — dy(r))) asr — oo,

where f = O(g) means that the two positive functions f and g are asymptotically bounded
by each other up to constants, there exists a constant ¢ > 1 such that

%@6(7’) < min{r, r 11 — $o(r)) < edy(r), r>0.

Equivalently,
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(4.19) %CD’O o &yl (r) < min{®y'(r), O (r) 1 — 1) < @) oy (r), r€[0,1).

Next, it is easy to see from (0] that

O(r’/?) asr — oo,
O(r) as r — 0,

(4.20) <I>0_1 o py(r) = {

and

_ 20 gd—1,V(s0) 4
1 SOG(T) o fr S € S < ecr

(4-21> S00/(76) o rd=1aV(r0) -

for some constant ¢ > 0 and all » > 1. Combining ([AI9), (A20) and [@2I)) we obtain

r’ (D0 Py 0 p(r))?
(D5 0 p(r))?’ (00’ (r))?

for some constant ¢ > 0.
If (A1) holds then

(4.22) max{ } < (1 +7)2°

(Voo (r)| = [Va(1 — @g(r)| < camin {Td,/ sd_lev(s")ds},

so that due to (£.20) and (£.21))

|V9<,09(7’)|2 - ( min{fr’d,ffo Sd_leV(se)ds}
@ 0 a7 =\ Ly + PP o 1oV 00

for some constants cs,cg > 0. Combining this with (4£22]) and Theorem .2, we prove

E3)

Finally, for any z;, 2o € R? let i € {1,2} such that |z;| = |21| V |25|. Similarly to the
proof of Corollary [[.2], define

2
)) < (1 + r)2_35

Then

L1z /2<)1<3)2 /23 (1 )20
(7 )= (s < St D < o)
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for some constant C'(4) > 0. Since |z;| > $|zy —x»/, this implies that the intrinsic distance
p induced by I' satisfies

2 |f(551) _f($2)|2 ~ 2
p(ry,29)” > C0) > C1(6)p(x1, 2)

for some constant Cy(d) > 0, and hence is complete. Thus, by [25, Theorem 1.1] or [26]
Theorem 6.3.3], (L.9) follows from ({.8). O
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