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POSITIVE MASS THEOREMS FOR ASYMPTOTICALLY

DE SITTER SPACETIMES

MINGXING LUO, NAQING XIE, AND XIAO ZHANG

Abstract. We use planar coordinates as well as hyperbolic coordinates
to separate the de Sitter spacetime into two parts. These two ways of
cutting the de Sitter give rise to two different spatial infinities. For
spacetimes which are asymptotic to either half of the de Sitter space-
time, we are able to provide definitions of the total energy, the total
linear momentum, the total angular momentum, respectively. And we
prove two positive mass theorems, corresponding to these two sorts of
spatial infinities, for spacelike hypersurfaces whose mean curvatures are
bounded by certain constant from above.
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1. Introduction

The positive mass theorem plays a fundamental role in general relativity.
For asymptotically flat spacetimes, the positive mass theorem was firstly
proved by Schoen and Yau [20, 21, 22], and then by Witten [26] using a
different method. Anti-de Sitter spacetimes are characterized by Killing
spinors with imaginary Killing constants, which have certain nice proper-
ties. Witten’s method was extended successfully to asymptotically Anti-
de Sitter spacetimes and the positive mass theorem was proved completely
and rigorously in this case [25, 10, 31, 17, 28]. As recent cosmological ob-
servations indicated that our universe possibly has a positive cosmological
constant, the positive mass theorem for asymptotically de Sitter spacetimes
gains much more importance. In spacetimes with a positive cosmological
constant, a conserved quantity was defined in [1]. Certain discussions on
its positivity and relevant issues can be found in [1, 16, 23, 24, 3, 11, 13].
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In particular, the conformal mass associated with the time-like conformal
Killing vector of the de Sitter spacetime was defined in planar coordinates
for asymptotically de Sitter spacetimes and its positivity was discussed in
[16].

The de Sitter spacetime is a maximally symmetric space with positive con-
stant curvature. It is covered by global coordinates where each time slice is
a 3-sphere with constant curvature and has no spatial infinity. One does not
know how to define the total energy-momentum on this slice. However, half
of the de Sitter spacetime can be covered by planar coordinates and each
time slice is a 3-Euclidean space up to a conformal factor, whose second
fundamental form is proportional to the metric. Using singular coordinate
transformations, this half de Sitter spacetime can be covered by static co-
ordinates where cosmological horizon occurs and time/distance switch from
one to another when crossing the horizon.

It seems thus possible to build certain positive mass theorem for half of
the de Sitter spacetime. However, as pointed out by Witten [27], there is
no positive conserved energy in de Sitter spacetime, and the corresponding
Killing vector fields to the Lorentzian generators are timelike in some region
of de Sitter spacetime and spacelike in some other region (see also [1]). This
indicates that there should not be the positive mass theorem in the stan-
dard sense without extra restriction. Mathematically, de Sitter spacetimes
are characterized by Killing spinors with real Killing constants. When one
tries to generalize Witten’s argument to asymptotically de Sitter spacetimes,
certain essential mathematical difficulties occur. To overcome these and to
avoid using real Killing spinors, we need to reduce an initial data set in an
asymptotically half de Sitter spacetime in planar coordinates to a standard
asymptotically flat initial data set. The total energy, the total linear momen-
tum and the total angular momentum can be defined via this asymptotically
flat initial data and the positive mass theorem can be proved in this situ-
ation. The same philosophy applies to hyperbolic coordinates which cover
a different half of the de Sitter spacetime. By using the hyperbolic positive
mass theorem proved in [31, 28], we can prove the positive mass theorem in
this case. Thus we get two different half-cuts using planar coordinates and
hyperbolic coordinates and obtain two positive mass theorems, correspond-
ing to the asymptotically flat and asymptotically hyperbolic positive mass
theorems respectively. We emphasize that two different half-cuts of the de
Sitter spacetime give rise to two different spatial infinities, therefore, two
different ways to measure the total energy-momentum. It will be interesting
to see how they relate to each other.

The definition of energy-momentum in planar coordinates in this paper is
slightly different from the conformal mass defined by Kastor and Traschen
[16] (see also [24]). Let g0 and K0 be the metric and the second fundamental
form of the time slice in half de Sitter spacetime in planar coordinates. For
a P-asymptotically de Sitter initial data set (M,g,K), g−g0 on ends is used

to define the total energy, the new tensor h = K−
√

Λ
3
g is used to define the
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total linear momentum (as well as the total angular momentum) here. But
g − g0 and K −K0 on ends are used to define the conformal mass in [16].
We emphasize the conformal factor P must be constant along spacelike hy-
persurfaces in the definition of P-asymptotically de Sitter initial data sets.
If the conformal factor P is constant along the spacelike hypersurface and
mean curvature of the spacelike hypersurface is bounded from above by cer-
tain constant, then the dominant energy condition for P-asymptotically de
Sitter spacetimes implies that for associated asymptotically flat spacetimes.
Thus we can transfer to the asymptotically flat case and get the positiv-
ity by using the positive mass theorem for asymptotically flat spacetimes
[20, 21, 22, 26, 29]. In [16], Witten’s method was generalized directly to
asymptotically de Sitter spacetimes in order to prove the positivity of the
conformal mass under the assumption that the Dirac-Witten equation has

solutions which are, at least through the first correction, eigenspinors of γ t̂

(e.g., under (44), page 5911 [16]). In this case it does not need to use the
positive mass theorem for asymptotically flat spacetimes.

We remark that geometrical/physical properties of de Sitter spacetime are
quite different in planar coordinates and in static coordinates. For example,
de Sitter spacetime has an apparent horizon {r = λ} in static coordinates.
Inspired by certain physical properties in asymptotically de Sitter space-
times in static coordinates, some conjectured that any such spacetime with
mass greater than the mass of de Sitter has a cosmological singularity [4].
However, in planar coordinates, we can construct examples which contradict
to this conjecture, at least in the “local” version. By a theorem of Corvino
[12], there exists an asymptotically flat, scalar flat metric ḡt in R

3 with pos-

itive mass, which is identically Schwarzschild
(

1 + e
−
t
λm
2r

)4
ğ (m > 0) near

infinity. Now the initial data set (R3, e
2t
λ ḡt, λ

−1e
2t
λ ḡt) satisfies constraint

equations and provides Cauchy data for vacuum Einstein fields equations
with positive cosmological constant, which evolves into a nontrivial vacuum
spacetime identical to Schwarzschild de Sitter in planar coordinates near
spatial infinity. By the short time existence, this spacetime is smooth and
free of singularity for short time and therefore provides a counterexample to
the conjecture in this sense.

The paper is organized as follows. In Section 2, we discuss various coor-
dinate systems for de Sitter spacetimes. Most of them are well-known (cf.
[14]). In Section 3, we give definitions of P-asymptotically de Sitter initial
data sets and the total energy, the total linear momentum and the total
angular momentum for these initial data sets. In Section 4, we prove the
positive mass theorem for a P-asymptotically de Sitter initial data set when
its mean curvature is bounded from above by certain constant. In Section
5, we use hyperbolic coordinates to derive a positive mass theorem for an
H-asymptotically de Sitter initial data set. In Section 6, we discuss mean
curvatures of time slices in certain asymptotically de Sitter spacetimes. In
Section 7, we compute the total angular momentum for certain time slices
in the Kerr-de Sitter spacetime.
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2. de Sitter spacetime

The de Sitter spacetime with cosmological constant Λ > 0 is a hypersur-
face embedded into 5-dimensional Minkowski spacetime R1,4

− (X0)2 + (X1)2 + (X2)2 + (X3)2 + (X4)2 =
3

Λ
(2.1)

with the induced metric (c.f. [14]). It is a maximally symmetric space with
constant curvature. There are several other coordinates widely used for de
Sitter spacetime. In particular, one has the planar (inflationary) coordinates
(t, xi) and the static coordinates (t̄, r̄, θ̄, ψ̄). Denote

Λ =
3

λ2
, λ > 0. (2.2)

The de Sitter spacetime (2.1) can be covered by the following global coor-
dinates:

X0 = λ sinh
~t

λ
,

X1 = λ cosh
~t

λ
sin~r sin ~θ cos ~ψ,

X2 = λ cosh
~t

λ
sin~r sin ~θ sin ~ψ,

X3 = λ cosh
~t

λ
sin~r cos ~θ,

X4 = λ cosh
~t

λ
cos~r,

(2.3)

where −∞ < ~t < ∞, 0 ≤ ~r ≤ π, 0 ≤ ~θ ≤ π and 0 ≤ ~ψ ≤ 2π. In global
coordinates, the de Sitter metric is

g̃dS = −d~t2 + λ2 cosh2
~t

λ

(

d~r2 + sin2 ~r(d~θ2 + sin2 ~θd~ψ2)
)

(2.4)

And ~t-slices are 3-spheres, which do not have spatial infinity.

The planar coordinates are defined as follows:

X0 = λ sinh
t

λ
+
λ

2

3
∑

i=1

(xi

λ

)2
e
t
λ ,

Xi = xie
t
λ (i = 1, 2, 3),

X4 = −λ cosh t

λ
+
λ

2

3
∑

i=1

(xi

λ

)2
e
t
λ ,

(2.5)

where −∞ < t <∞, −∞ < xi <∞. Since

X0 −X4 = λe
t
λ > 0,
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(2.5) covers only the upper-half de Sitter spacetime. And the lower-half part
is covered by

X0 = −λ sinh t
λ
− λ

2

3
∑

i=1

(xi

λ

)2
e
t
λ ,

Xi = xie
t
λ (i = 1, 2, 3),

X4 = λ cosh
t

λ
− λ

2

3
∑

i=1

(xi

λ

)2
e
t
λ .

(2.6)

When t goes from −∞ to ∞, X0 −X4 goes from 0 to ∞ on the upper-half
de Sitter spacetime while X0 − X4 goes from 0 to −∞ on the lower-half
part. However, de Sitter spacetime can not be fully covered by two planar
coordinates since the hypersurface

X0 −X4 = 0

is excluded. In planar coordinates, the de Sitter metric is

g̃dS = −dt2 + e
2t
λ

(

(dx1)2 + (dx2)2 + (dx3)2
)

. (2.7)

The second fundamental form K of a t-slice is

K =
1

λ
g (2.8)

with respect to the timelike unit normal ∂t. In Minkowski spacetime R
1,4,

∂t is upward in the upper-half de Sitter spacetime and downward in the
lower-half part.

The static coordinates are defined as follows:

X0 =
√

λ2 − r̄2 sinh
t̄

λ
,

X1 = r̄ sin θ̄ cos ψ̄,

X2 = r̄ sin θ̄ sin ψ̄,

X3 = r̄ cos θ̄,

X4 = −
√

λ2 − r̄2 cosh
t̄

λ
,

(2.9)

where −∞ < t̄ <∞, 0 < r̄ < λ, 0 ≤ θ ≤ π and 0 ≤ ψ ≤ 2π. Since

X0 −X4 =
√

λ2 − r̄2e
t̄
λ > 0,

X0 +X4 = −
√

λ2 − r̄2e−
t̄
λ < 0,
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(2.9) covers only a quarter of the de Sitter spacetime. The static coordinates
for r̄ > λ are defined as follows:

X0 =
√

r̄2 − λ2 cosh
t̄

λ
,

X1 = r̄ sin θ̄ cos ψ̄,

X2 = r̄ sin θ̄ sin ψ̄,

X3 = r̄ cos θ̄,

X4 = −
√

r̄2 − λ2 sinh
t̄

λ
.

(2.10)

Since

X0 −X4 =
√

r̄2 − λ2e
t̄
λ > 0,

X0 +X4 =
√

r̄2 − λ2e−
t̄
λ > 0,

(2.10) covers another quarter of the de Sitter spacetime. (2.9) and (2.10)
cover the region which is covered by (2.5) excluding

X0 +X4 = 0

in planar coordinates. When t̄ goes from −∞ to ∞, X0 −X4 goes from 0
to ∞ on the upper-half de Sitter spacetime while X0 +X4 goes from −∞
to 0 in region {r̄ < λ} and it goes from ∞ to 0 in region {r̄ > λ}.

Static coordinates of the lower-half de Sitter X0 −X4 < 0 can be defined
in a similar way. These four static coordinates cover the de Sitter spacetime
excluding

X0 ∓X4 = 0

which correspond to r̄ = λ (cosmological horizons) for fixed t̄. The de Sitter
metric is

g̃dS = −
(

1− r̄2

λ2

)

dt̄2 +
dr2

1− r̄2

λ2

+ r̄2
(

dθ̄2 + sin2 θ̄dψ̄2
)

(2.11)

in the static coordinates.

The hyperbolic coordinates (T,R, θ, ψ) are defined as follows:

X0 = λ sinh
T

λ
cosh

R

λ
,

X1 = λ sinh
T

λ
sinh

R

λ
sin θ cosψ,

X2 = λ sinh
T

λ
sinh

R

λ
sin θ sinψ,

X3 = λ sinh
T

λ
sinh

R

λ
cos θ,

X4 = −λ cosh T
λ
,

(2.12)
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where −∞ < T < ∞, 0 < R < ∞, 0 ≤ θ ≤ π and 0 ≤ ψ ≤ 2π. The
hyperbolic coordinates cover half the de Sitter spacetime

X4 < −λ.
The de Sitter metric in the hyperbolic coordinates is

g̃dS = −dT 2 + sinh2
T

λ

(

dR2 + λ2 sinh2
R

λ
(dθ2 + sin2 θdψ2)

)

. (2.13)

The second fundamental form K of a T−slice

K =
1

λ
coth

T

λ
g. (2.14)

Now we give the relation between planar coordinates and static coordi-
nates. Let planar coordinates

x1 = r sin θ cosψ,

x2 = r sin θ sinψ,

x3 = r cos θ.

(2.15)

By equating (2.5) to (2.9), and (2.5) to (2.10), we obtain in the region r̄ < λ
of the upper-half de Sitter spacetime,

t̄ = t− λ

2
ln

(

1− r2e
2t
λ

λ2

)

,

r̄ = re
t
λ ,

θ̄ = θ,

ψ̄ = ψ.

(2.16)

In the region r̄ > λ of the upper-half de Sitter spacetime, we have

t̄ = t− λ

2
ln

(r2e
2t
λ

λ2
− 1

)

,

r̄ = re
t
λ ,

θ̄ = θ,

ψ̄ = ψ.

(2.17)

Thus, t-slices in planar coordinates are not t̄-slices in static coordinates and
vice versa.

3. Total energy-momenta

It is not a general fact that the positive mass theorem holds true for space-
times with positive cosmological constant. However, we find that, in certain
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special case, the mass is indeed nonnegative. From discussions in the previ-
ous section, we realize that cosmological horizons occur if static coordinates
are used to cover the de Sitter spacetime. Although the hypersurface

X0 −X4 = 0

is excluded, planar coordinates are interesting in physics. In its early stage,
the universe is generally believed to be through a phase of inflation, which
can be described by a de Sitter spacetime in planar coordinates. On the
other hand, recent cosmological observations indicate that the expansion of
the universe is accelerating, so the future of our universe may well be again
described by a de Sitter spacetime in these coordinates. In this section, it
will be used to study the positive mass theorem for P-asymptotically de
Sitter spacetimes in a mathematically rigorous and complete way.

Suppose (N1,3, g̃) is a spacetime which satisfies the Einstein equations
with a positive cosmological constant Λ

R̃αβ −
R̃

2
g̃αβ + Λg̃αβ = Tαβ (3.1)

where 0 ≤ α, β ≤ 3. N1,3 satisfies the dominant energy condition if, for any
timelike vector W ,

(i) TuvW
uW v ≥ 0;

(ii) T uvWu is a non-spacelike vector.

In a frame, we obtain

T 00 ≥
√

T 0iT 0
i ,

T 00 ≥ |Tαβ |.
(3.2)

Let (M,g,K) be a spacelike hypersurface with induced Riemannian met-
ric g and second fundamental form K. Choose a frame eα in N1,3 such that
e0 is normal to M and ei is tangential to M . By the Gauss and Codazzi
equations,

T00 =
1

2

(

R+ (trgK)2 − |K|2g − 2Λ
)

,

T0i = ∇j
(

Kij − gijtrgK
)

,

(3.3)

where ∇i is the covariant derivative and R is the scalar curvature of g.

The tensor

h = K −
√

Λ

3
g. (3.4)

will be used to define the total momenta.

Inspired by the metric and the second fundamental form (2.7), (2.8) of
a t-slice in de Sitter spacetime, we can define P-asymptotically de Sitter
initial data sets.
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Definition 3.1. An initial data set (M,g,K) is P-asymptotically de Sitter
of order τ > 1

2
if there is a compact set Mc such that M −Mc is the disjoint

union of a finite number of subsets M1, · · · , Mk - called the “ends” of M -
each diffeomorphic to R

3 − Br where Br is the closed ball of radius r with
center at the coordinate origin. And g and h are of the forms

g = P2ḡ,

h = Ph̄
(3.5)

alongM , where P is a certain spacetime function which is a positive constant
along M and tensors ḡ, h̄ satisfy the following conditions

ḡ − ğ ∈ C
2,α
−τ (M), h̄ ∈ C

0,α
−τ−1(M), trḡ(h̄) ∈ C

1,α
−τ−1(M) (3.6)

for certain τ > 1
2
, 0 < α < 1, where ğ is the standard metric of R3, Ck,α−τ is

weighted Hölder spaces (c.f. [6]).

Denote the metric ğP = P2ğ. As (M, ḡ, h̄) is asymptotically flat in the
standard sense [6, 29], the total energy, the total linear momentum and the
total angular momentum can be defined in the standard way. Let {xi} be

natural coordinates of R3, ḡij = ḡ(∂i, ∂j), h̄ij = h̄(∂i, ∂j) and

h̃zij =
1

2
ǫ uv
i (∇̄uρ

2
z)(h̄vj − ḡvjtrḡ(h̄))

where z is a point in M and ρz is the distance function beginning at z. The
tensor h̃zij is trace-free and measures the rotation of the system with respect
to z. It will be referred to as the local angular momentum density tensor at
point z. We suppose that

h̃z ∈ C
0,α
−τ−1(M), ǫkij∇̄k(h̃

z
ij − h̃zji) ∈ L q

2
,−τ−2, ∇̄i(h̃zij − h̃zji) ∈ L q

2
,−τ−2 (3.7)

for some q > 3, where Lp,τ is weighted Sobolev spaces (c.f. [6]). We further
assume

R ∈ L1(M), T0i ∈ L1(M), ∇̄ih̃zji ∈ L1(M). (3.8)

Under (3.6), (3.7) and (3.8) the total energy Ēl, the total linear momentum
P̄lk and the total angular momentum J̄lk(z) with respect to some point z of
the end Ml are defined as follows [2, 19, 29]

Ēl =
1

16π
lim
r→∞

∫

Sr,l

(

∂j ḡij − ∂iḡjj
)

∗ dxi,

P̄lk =
1

8π
lim
r→∞

∫

Sr,l

(

h̄ki − ḡkitrḡ(h̄)
)

∗ dxi,

J̄lk(z) =
1

8π
lim
r→∞

∫

Sr,l

h̃zki ∗ dxi.

(3.9)

Definitions of Ēl, P̄lk, J̄lk(z) are independent of the choice of local coordi-
nates on ends [6, 9, 29, 30].
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Definition 3.2. The total energy El, the total linear momentum Plk and
the total angular momentum Jlk of the end Ml are defined as

El = PĒl, Plk = P2P̄lk, Jlk(z) = P2J̄lk(z) (3.10)

for a P-asymptotically de Sitter initial data set (M,g,K).

Remark 3.1. Certain functional spaces are used in the definition of P-
asymptotically de Sitter initial data sets so that the positivity follows from
the positive mass theorem proved in [29] for asymptotically flat spacetimes.

Remark 3.2. Denote {ĕi = P−1∂i} and {ĕi = Pdxi}. It is easy to check
that

El =
1

16π
lim
r→∞

∫

Sr,l

[

ĕj
(

g(ĕi, ĕj)
)

− ĕi
(

g(ĕj , ĕj)
)]

∗ğP ĕi,

Pl(ĕk) =
1

8π
lim
r→∞

∫

Sr,l

[

h(ĕk, ĕi)− g(ĕk, ĕi)trg(h)
]

∗ğP ĕi.

Definition 3.3. A future/past apparent horizon in a P-asymptotically de
Sitter initial data set (M,g,K) is a 2-sphere Σ whose trace of the second
fundamental form HΣ satisfies

±HΣ = trgΣ(h
∣

∣

Σ
) = trgΣ(K

∣

∣

Σ
)− 2

√

Λ

3
. (3.11)

Remark 3.3. Since it is spacelike, Σ admits two smooth nonvanishing out-
ward pointing null normal vector fields V± with V+ future directed and V−
past directed. Let S± be the smooth null hypersurfaces near Σ generated by
the null geodesics with initial tangents V±. Then

θ± = divΣV± = HΣ ± trg(K|Σ)
are the null expansion of S± respectively which measure the overall outward
expansion of the future and past going light rays emanating from Σ. Σ is
a physical future/past apparent horizon if θ± = 0 respectively. Thus the
physical apparent horizon is not the apparent horizon defined by (3.11) (or
by (5.6) in Section 5).

In planar coordinates, the Schwarzschild-de Sitter metric can be written
as (the McVittie form, cf. [16])

g̃Sch = −(1− m
2Ar

)2

(1 + m
2Ar

)2
dt2 +A2(1 +

m

2Ar
)4δijdx

idxj

where A(t) = e
t
λ . It is easy to check that, for a t-slice,

E = m, Pk = 0, Jk(z) = 0.

Furthermore, if m > 0, {r = m
2A

} is a minimal 2-sphere in a t-slice, therefore
the trace of its second fundamental form satisfies (3.11) and it is an apparent
horizon.
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4. Positive mass theorem

Suppose (M,g,K) is a P-asymptotically de Sitter initial data set. Let
(M, ḡ, p) be a generalized asymptotically flat initial data set of order τ ,
1 ≥ τ > 1

2
, in the sense of [29], which means that p is an arbitrary and

not necessarily symmetric 2-tensor. Suppose (M, ḡ, p) satisfies the following
conditions: there exists certain compact set M̄c ⊃ Mc such that the anti-
symmetric part pa, trḡ(p) are bounded on M̄c. Furthermore,

p ∈ C
0,α
−τ−1(M − M̄c), trḡ(p) ∈W

1,
q

2

−τ−1(M), {dθ, d∗θ} ∈ L q

2
,−τ−2(M)

where θ is the associated 2-form of pa. Suppose (M, ḡ, p) has possibly a
finite number of future/past apparent horizons Σi, each Σi is a 2-sphere
whose trace of the second fundamental form H̄Σi satisfies

± H̄Σi = trḡΣi (p
∣

∣

Σi
). (4.1)

Proposition 4.1. Conditions (3.11) and (4.1) are equivalent for p = h̄.

Proof: Note that g = P2ḡ, h = Ph̄, and P is constant along M which
also produces a rescalling with the same factor on Σ. The respective mean
curvatures of Σ thus have the relation

Hg = P−1Hḡ.

On the other hand,

trg(h) = P−2trḡ(Ph̄) = P−1trḡ(h̄).

Therefore the proposition is proved. Q.E.D.

For (M, ḡ, p), the total energy is defined the same as Ēl in (3.9), the total
“linear” momentum is defined as

P̄lk =
1

8π
lim
r→∞

∫

Sr,l

(

pki − ḡkitrḡ(p)
)

∗ dxi.

However, unlike the case of symmetric 2-tensor h, the total “linear” momen-
tum contains both translation and rotation. Denote

µ =
1

2

(

R̄+ (trḡ(p))
2 − |p|2ḡ

)

, ωj = ∇̄ipji − ∇̄jtrḡ(p), χj = 2∇̄i(pij − pji).

(M, ḡ, p) satisfies the generalized dominant energy condition if

µ ≥ max
{

|ω|ḡ, |ω + χ|ḡ
}

. (4.2)

We employ the following condition on the trace of the second fundamental
form of M along M

trg(K) ≤
√
3Λ. (4.3)

Proposition 4.2. Under the assumption (4.3), the first one of the dominant
energy condition (3.2) implies (4.2) for symmetric p = h̄.
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Proof: Let {ēi} be an orthonormal frame of ḡ and set Kij = K(ēi, ēj).
Thus {ei = P−1ēi} forms an orthonormal basis of g. Straightforward com-
putation yields

µ =
1

2

(

R̄+ P−2
(

trḡ(K)− 3P2

λ

)2 − P−2|K − P2

λ
ḡ|2ḡ

)

= P2T00 +
6P2

λ2
− 2P2

λ
trg(K)

Under (4.3) and (3.2), we have

µ ≥ P2

√

∑

i

(∇ejK(ei, ej)−∇eiK(ej , ej))2

= P−1

√

∑

i

(∇̄ējKij − ∇̄ēiKjj)2

=

√

∑

i

(∇̄jh̄ij − ∇̄ih̄jj)2.

Q.E.D.

Note that ğij = δij, ğPij = P2δij . Recall the positive mass theorem
proved in [29].

Theorem 4.1 (Zhang). Let (M, ḡ, p) be a generalized asymptotically flat
initial data set of order 1 ≥ τ > 1

2
which has possibly a finite number of

apparent horizons. If the generalized dominant energy condition (4.2) holds,
then for each end Ml,

Ēl ≥ |P̄l|ğ. (4.4)

If equality holds in (4.4) for some end Ml0 , then M has only one end. Fur-
thermore, if El0 = 0 and ḡ is C2, p is C1, then the following equations hold
on M

Rijkl + pikpjl − pilpjk = 0, ∇̄ipjk − ∇̄jpik = 0, ∇̄i(pij − pji) = 0. (4.5)

By Theorem 4.1, or the original positive mass theorem [20, 21, 22, 26, 18,
29], we obtain

Theorem 4.2. Let (M,g,K) be a P-asymptotically de Sitter initial data set
of order 1 ≥ τ > 1

2
which has possibly a finite number of apparent horizons

in spacetime (N1,3, g̃) with positive cosmological constant Λ > 0. Suppose
N1,3 satisfies the dominant energy condition (3.2). If (4.3) holds along M ,
then for each end Ml,

El ≥ |Pl|ğP . (4.6)

If El = 0 for some end Ml0 , then

(

M,g,K
)

≡
(

R
3,P2ğ,

√

Λ

3
P2ğ

)

. (4.7)
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Moreover, the mean curvature achieves the equality in (4.3) and the space-
time (N1,3, g̃) is de Sitter along M . In particular, (N1,3, g̃) is globally de
Sitter in the planar coordinates if it is globally hyperbolic.

Proof: Let {ēi} be an orthonormal frame of ḡ, then {ei = P−1ēi} forms
an orthonormal basis of g. Since

|P̄l|ğ = P−1|Pl|ğP ,
the positivity of mass (4.6) is a straightforward consequence of Theorem 4.1.
When El = 0, the first equality in (4.5) implies that

〈R(ēi, ēj)ēl, ēk〉ḡ = −h̄(ēi, ēk)h̄(ēj , ēl) + h̄(ēi, ēl)h̄(ēj , ēk).

By the Gauss equation of (M,g,K) in (N1,3, g̃), one has

R̃ijkl =〈R(ei, ej)el, ek〉g +K(ei, ek)K(ej , el)−K(ei, el)K(ej , ek)

=P−2
(

− h̄(ēi, ēk)h̄(ēj , ēl) + h̄(ēi, ēl)h̄(ēj , ēk)
)

+K(ei, ek)K(ej , el)−K(ei, el)K(ej , ek)

=− hikhjl + hilhjk +
(

hik +
1

λ
gik

)(

hjl +
1

λ
gjl

)

−
(

hil +
1

λ
gil

)(

hjk +
1

λ
gjk

)

=
1

λ

(

gikhjl + gjlhik − gilhjk − gjkhil
)

+
1

λ2

(

gikgjl − gilgjk
)

alongM . By the second equality in (4.5) (i.e., Codazzi equations), we obtain

R̃0jkl = 0.

Note that the first equality in (4.5) also implies that µ = 0. From the
computation in the proof of Proposition 4.2, we have

T00 +
6

λ2
− 2

λ
trg(K) = 0.

Thus the dominant energy conditions (3.2) and (4.3) imply

Tαβ = 0,

trg(K) =
3

λ
.

Therefore N1,3 is vacuum and

trḡ(h̄) = 0. (4.8)

The vanishing mass for (M, ḡ, h̄) under (4.8) implies that
(

M, ḡ, h̄
)

≡
(

R
3, ğ, 0

)

.

Therefore (4.7) holds and

R̃ijkl =
1

λ2

(

g̃ikg̃jl − g̃ilg̃jk
)
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along M . Finally, we compute R̃0j0l.

g̃00R̃0j0l =− g̃ikR̃ijkl +
3

λ2
g̃jl

=− 1

λ2
g̃ik

(

g̃ikg̃jl − g̃ilg̃jk
)

+
3

λ2
g̃jl

=
1

λ2
g̃jl

along M . Thus (N1,3, g̃) is de Sitter along M . In particular, if it is globally
hyperbolic, by the theorem of Christodoulou and Klainerman [8], we know

that (M, ḡ, h̄) develops the Minkowski spacetime R
1,3 which implies that

(N1,3, g̃) is de Sitter. Q.E.D.

Remark 4.1. In general, the function P in an initial data set (M,g,K) is a
nonconstant function. In this case, the positive mass theorem (e.g. Theorem
4.2) does not hold true.

We can also apply Theorem 4.1 to obtain certain positive mass theorem
including the total angular momentum for asymptotically de Sitter space-
times.

Theorem 4.3. Let (M,g,K) be a P-asymptotically de Sitter initial data
set of order 1 ≥ τ > 1

2
which has no apparent horizon in spacetime (N1,3, g̃)

with positive cosmological constant Λ > 0. Suppose that there exists a point
z ∈M such that the local angular momentum tensor h̃z satisfies (3.7), (3.8).

If (4.2) holds for p = C1h̄+C2h̃
z where C1 and C2 are real constants, then

for each end Ml, we have

El ≥ |C1Pl + C2Jl(z)|ğP . (4.9)

If equality holds in (4.9) for some end Ml0 , then M has only one end. Fur-
thermore, if El0 = 0 and gij is C2, pij is C1, then (4.5) holds for this p.

5. Hyperbolic coordinates and Positive Mass Theorem

In this section, we use hyperbolic coordinates and the positive mass the-
orem for asymptotically hyperbolic manifolds proved in [31, 28] to derive a
positive mass theorem for asymptotically half de Sitter spacetime. Let

ğH = dR2 + λ2 sinh2
R

λ
(dθ2 + sin2 θdψ2). (5.1)

The frame of the metric is

ĕH1 =
∂

∂R
, ĕH2 =

1

λ sinh R
λ

∂

∂θ
, ĕH3 =

1

λ sinh R
λ
sin θ

∂

∂ψ

and the coframe is

ĕ1H = dR, ĕ2H = λ sinh
R

λ
dθ, ĕ3H = λ sinh

R

λ
sin θdψ.
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Denote the 4-vector nν (ν = 0, 1, 2, 3)

n0 = 1, n1 = sin θ cosψ, n2 = sin θ sinψ, n3 = cos θ.

Definition 5.1. An initial data set (M,g,K) is H-asymptotically de Sitter
of order τ > 3

2
if there is a compact set Mc such that M −Mc is the disjoint

union of a finite number of subsets M1, · · · , Mk - called the “ends” of M -
each diffeomorphic to R

3 −BR where BR is the closed ball of radius R with
center at the coordinate origin. Suppose there exists a spacetime function T
which is constant along M . Let

h = K − coth T
λ

λ
g. (5.2)

And g and h are of the forms

g = H2ḡ,

h = Hh̄
(5.3)

along M , where H = sinh T
λ
, and

ḡ(ĕHi , ĕ
H
j )− ğ(ĕHi , ĕ

H
j ) = aij , h̄(ĕ

H
i , ĕ

H
j ) = h̄ij

have the following asymptotic behavior on the end:

aij = O(e−
τ
λ
R), ∇̆H

k aij = O(e−
τ
λ
R), ∇̆H

l ∇̆H
k aij = O(e−

τ
λ
R),

h̄ij = O(e−
τ
λ
R), ∇̆H

k h̄ij = O(e−
τ
λ
R),

(5.4)

where ∇̆H is the Levi-Civita connection of the hyperbolic metric ğH. More-
over,

(R̄+
6

λ2
)eρz ∈ L1(M),

(

∇̄jh̄ij − ∇̄itrḡ(h̄)
)

eρz ∈ L1(M) (5.5)

for some z ∈M . Here R̄, ∇̄, ρz are scalar curvature, Levi-Civita connection
and distance function of ḡ respectively.

Definition 5.2. A future/past apparent horizon in an H-asymptotically de
Sitter initial data set (M,g,K) is a 2-sphere Σ whose trace of the second
fundamental form HΣ satisfies

±HΣ = trgΣ(K
∣

∣

Σ
)− 2

√

Λ

3
tanh

T

2λ
. (5.6)

Let

h̃ = h̄+
1

λ
ḡ. (5.7)

The condition (5.6) implies that

± H̄Σ = trḡΣ(h̄
∣

∣

Σ
) + 2

√

Λ

3
= trḡΣ(h̃

∣

∣

Σ
) (5.8)
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which shows that Σ is an apparent horizon of (M, ḡ, h̄) [31, 28]. Denote

El = ∇̆H,j ḡ1j − ∇̆H
1 trğH(ḡ) +

1

λ
(a22 + a33) + 2(h̄22 + h̄33). (5.9)

The total energy-momentum of the end Ml are defined as

EH
lν =

H2

16π
lim
R→∞

∫

SR,l

Elnνe
R
λ ĕ2H ∧ ĕ3H (5.10)

where 0 ≤ ν ≤ 3, SR,l is the coordinate sphere of radius R in the end Ml.

Now we study the relation between the dominant energy condition of the
H-asymptotically de Sitter initial data set and its associated asymptotically
hyperbolic initial data set. Suppose that (M, ḡ, h̄) is an asymptotically hy-
perbolic initial data set of order τ > 3

2
. Denote

µ =
1

2

(

R̄+ (trḡ(h̃))
2 − |h̃|2ḡ

)

, ωj = ∇̄ih̃ji − ∇̄jtrḡ(h̃).

Since

trḡ(h̃) =trḡ(h̄) +
3

λ

=Htrg(h) +
3

λ

=Htrg(K)− 3

λ
cosh

T

λ
+

3

λ
,

|h̃|2ḡ =(h̄ij +
1

λ
ḡij)(h̄kl +

1

λ
ḡkl)ḡ

ik ḡjl

=H2|h|2g +
2H
λ
trg(h) +

3

λ2

=H2
(

|K|2g −
2

λ
coth

T

λ
trg(K) +

3

λ2
coth2

T

λ

)

+
2H
λ
trg(K)− 6

λ2
cosh

T

λ
+

3

λ2

=H2|K|2g +
2

λ
sinh

T

λ
(1− cosh

T

λ
)trg(K)

+
3

λ2
cosh2

T

λ
− 6

λ2
cosh

T

λ
+

3

λ2
,

we obtain

µ =H2T00 +
2

λ
trg(K) sinh

T

λ

(

1− cosh
T

λ

)

+
3

λ2
sinh2

T

λ
+

3

λ2
cosh2

T

λ
− 6

λ2
cosh

T

λ
+

3

λ2

=H2T00 +
2

λ

(

trg(K) sinh
T

λ
− 3

λ
cosh

T

λ

)(

1− cosh
T

λ

)

,

ωj =H2T0i.
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Therefore, if

trg(K) sinh
T

λ
≤

√
3Λ cosh

T

λ
, (5.11)

then the dominant energy condition (3.2) implies that

µ ≥ |ω|ḡ. (5.12)

Theorem 5.1. Let (M,g,K) be an H-asymptotically de Sitter initial data
set of order τ > 3

2
which has possibly a finite number of apparent horizons

in spacetime (N1,3, g̃) with positive cosmological constant Λ > 0. Suppose
N1,3 satisfies the dominant energy condition (3.2). If (5.11) holds along M ,
then for each end Ml,

EH
l0 ≥

√

(EH
l1 )

2 + (EH
l2 )

2 + (EH
l3 )

2. (5.13)

If EH
l0 = 0 for some end Ml0 , then

(

M,g,K
)

≡
(

H
3, sinh2

T

λ
ğH,

√

Λ

3
sinh

T

λ
cosh

T

λ
ğH

)

. (5.14)

Moreover, the mean curvature achieves the equality in (5.11) and the space-
time (N1,3, g̃) is de Sitter along M . In particular, (N1,3, g̃) is globally de
Sitter in the hyperbolic coordinates if it is globally hyperbolic.

Proof: The first part of the theorem, i.e., inequality (5.13), is straightfor-
ward since the condition (5.12) ensures the hyperbolic positive mass theorem
proved in [31, 28]. If EH

l0 = 0 for some end Ml0 , then µ = 0. This implies
that the mean curvature achieves the equality in (5.11). Thus,

trḡ(h̃) =
3

λ
,

|h̃|2ḡ =H2|h|2g +
3

λ2
.

Therefore

R̄ = −trḡ(h̃)2 + |h̃|2ḡ ≥ − 6

λ2
.

Under this condition, that EH
l0 = 0 gives that

(

M, ḡ
)

≡
(

H
3, ğH

)

.

Thus

R̄ = − 6

λ2
+H2|h|2g = − 6

λ2
.

We obtain

h = 0,

K =
cosh T

λ

λ sinh T
λ

g.
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By the Gauss equation,

R̃ijkl = Rijkl +KikKjl −KilKjk

= − 1

λ2 sinh2 T
λ

(

g̃ikg̃jl − g̃ilg̃jk
)

+
cosh2 T

λ

λ2 sinh2 T
λ

(

g̃ikg̃jl − g̃ilg̃jk
)

=
1

λ2

(

g̃ikg̃jl − g̃ilg̃jk
)

.

By the Codazzi equations,

R̃0jkl = 0.

The dominant energy condition and (5.11) also imply that

Tαβ = 0.

So

g̃00R̃0j0l =− g̃ikR̃ijkl +
3

λ2
g̃jl

=− 1

λ2
g̃ik

(

g̃ikg̃jl − g̃ilg̃jk
)

+
3

λ2
g̃jl

=
1

λ2
g̃jl

along M . Thus (N1,3, g̃) is de Sitter along M and we prove the second part
of the theorem. Q.E.D.

Remark 5.1. In general, the function H in an initial data set (M,g,K) is a
nonconstant function. In this case, the positive mass theorem (e.g. Theorem
5.1) does not hold true.

Remark 5.2. We can also discuss the total angular momentum along the
line of [31] in this case.

6. Mean curvatures of hypersurfaces

In this section, we discuss mean curvatures of P-asymptotically de Sit-
ter spacelike hypersurfaces. In particular, we discuss the existence of con-
stant mean curvature spacelike hypersurfaces. This is analogous to the exis-
tence of maximal spacelike hypersurfaces in asymptotically flat spacetimes,
which was studied extensively by Bartnik, etc (c.f. [5, 7] and references
therein). For consideration of length of the paper, we study only the simple
case that the spacetime is globally hyperbolic whose existence is implied by
Christodoulou and Klainerman’s theorem [8]. We will address elsewhere by
generalizing the methods in [5, 7] to study the existences of constant mean
curvature in general spacetimes.

Let g̃ be the metric of an asymptotically flat spacetime defined on R×R
3

g̃ = −a2(t, x)dt2 + gij(t, x)dx
idxj (6.1)
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with a > 0. The t-slice has the metric g and the second fundamental form

kij =
1

2a
∂tgij .

Suppose F (t, x) is a smooth function on R×R
3. Consider a new metric

g̃λ = −a2(t, x)dt2 + e2F gij(t, x)dx
idxj (6.2)

The t-slice has the metric gλ = e2F g and the second fundamental form

Kij = e2F kij +
1

a
e2F (∂tF )gij .

If we take

F (t, x) =
1

3

∫ t

0

(

Θ− trg(k)
)

a(s, x)ds

with certain prescribed function Θ(t, x), then the mean curvature of the
t-slice in (6.2) is

trgλ(K) = Θ(t, x). (6.3)

In their celebrated work [8], Christodoulou and Klainerman proved the
global existence of an asymptotically flat metric for (6.1), which is vacuum
and foliated by maximal spacelike hypersurfaces, i.e., trg(k) = 0. Taking

Θ =
√
3Λ

in (6.3), we obtain an existence of constant mean curvature spacelike hy-
persurfaces. Using estimates on the lapse function [8], we can re-write the
metric (6.2) as follows

g̃λ = −a2(t, x)dt2 + e
2t
λ ĝij(t, x)dx

idxj . (6.4)

Therefore, the metric g̃λ is asymptotically de Sitter. However, g̃λ does not
satisfy the vacuum Einstein fields equations with positive cosmological con-
stant in general. It will be interesting to extend Christodoulou and Klain-
erman’s work to the current case.

Finally, we note that suitable choices of Θ will give rise to spacelike hy-
persurfaces with mean curvature violating condition (4.3).

7. Kerr-de Sitter

In this section, we compute the total angular momentum for suitable time
slices in the Kerr-de Sitter spacetime. In the Boyer-Lindquist coordinates
(t̄, r̄, θ̄, ψ̄), the Kerr-de Sitter metric is

g̃KdS =− ∆r̄

U

(

dt̄− a

ξ
sin2 θ̄dψ̄

)2
+

U

∆r̄
dr̄2 +

U

∆θ̄

dθ̄2

+
∆θ̄ sin

2 θ̄

U

(

adt̄− (r̄2 + a2)

ξ
dψ̄

)2
,
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where

∆r̄ = (r̄2 + a2)(1− r̄2

λ2
)− 2mr̄,

∆θ̄ = 1 +
a2 cos2 θ̄

λ2
,

U = r̄2 + a2 cos2 θ̄,

ξ = 1 +
a2

λ2
.

In Boyer-Lindquist coordinates, m = 0 does not imply directly that the
metric is de Sitter. Thus, inspired by [15], we employ the following coordi-
nate transformation

t̂ = t̄,

r̂ cos θ̂ = r̄ cos θ̄,

(1 +
a2

λ2
)r̂2 = r̄2 + a2 sin2 θ̄ +

a2

λ2
r̄2 cos2 θ̄,

ψ̂ = (1 +
a2

λ2
)ψ̄ − a

λ2
t̄.

In coordinates (t̂, r̂, θ̂, ψ̂), the Kerr-de Sitter metric can be written as

g̃KdS = −
(

1− r̂2

λ2

)

dt̂2 +
dr̂2

1− r̂2

λ2

+ r̂2(dθ̂2 + sin2 θ̂dψ̂2) + aµ̄ν̄dx̄
µdx̄ν

where the nonzero aµ̄ν̄ are

at̄t̄ =
2mr̄

U
,

at̄ψ̄ = −2mar̄ sin2 θ̄

U
,

ar̄r̄ =
2mr̄U

(∆r̄ + 2mr̄)∆r̄
,

aψ̄ψ̄ =
2ma2r̄ sin4 θ̄

U
.

The new coordinates (t̂, r̂, θ̂, ψ̂) is indeed the static coordinates for the Kerr-
de Sitter metric. Now we transfer it into the planar coordinates. Let
(t, r, θ, ψ) be polar coordinates corresponding to the planar coordinates. The
transformations are given as follows:

t̂ = t− λ

2
ln

∣

∣1− r2A2

λ2

∣

∣,

r̂ = Ar,

θ̂ = θ,

ψ̂ = ψ,
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where A = e
t
λ . In polar coordinates, the Kerr-de Sitter is

g̃KdS = −dt2 + e
2t
λ

(

dr2 + r2(dθ2 + sin2 θdψ2)
)

+ aµνdx
µdxν

and the nonzero components of aµν have the following asymptotic behaviors

att =
2mλ2

r3A3
B−

3

2 +O(r−4),

atr =
2mλ3

r4A3
B−

3

2 +O(r−5),

atθ =
2ma2λ

r3A4
B−

5

2 sin θ cos θ +O(r−4),

arr =
2mλ2

r3A
B−

5

2 +O(r−4),

arθ =
2ma2λ2

r4A3
sin θ cos θB−

5

2 +O(r−5),

arψ =
2mλa sin2 θ

r2A
B−

5

2 +O(r−3),

aθθ =
2ma4 sin2 θ cos2 θ

r3A3
B−

5

2 +O(r−4),

aψψ =
2ma2 sin4 θ

rA
B−

5

2 +O(r−2)

where B = 1+ a2

λ2
sin2 θ. The second fundamental form of the t-slice can be

computed in terms of the formula

Kij =
1

2N

(

∇iNj +∇jNi − ∂tg̃ij
)

and the tensor h̄ has the following asymptotic behaviors

h̄rr =
2mλ2 −ma2 sin2 θ

A2B
5

2λr3
+O(r−4),

h̄rθ = O(r−4),

h̄rψ =
3ma sin2 θ

A2B
5

2 r2
+O(r−4),

h̄θθ = − mλ

A2B
3

2 r
+O(r−3),

h̄θψ = O(r−6),

h̄ψψ =
(−mλ2 + 2ma2 sin2 θ) sin2 θ

A2B
5

2λr
+O(r−3).

Denote the frame ĕ1 = ∂r, ĕ2 =
∂θ
r
, ĕ3 =

∂ψ
r sin θ

and {ĕi} the coframe. Using

the asymptotic expansion ρ2 = r2 + O(r), we find the components of the
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local angular momentum density h̃z

h̃z(ĕ2, ĕ1) = −3ma sin θ

A2B
5

2 r2
+O(r−3),

h̃z(ĕ2, ĕ3) =
mλ2 − 2ma2 sin2 θ

A2B
5

2λr2
+O(r−3),

h̃z(ĕ3, ĕ2) =
mλ

A2B
3

2 r2
+O(r−3),

h̃z(ĕi, ĕj) = O(r−3).

Thus, in natural coordinates,

h̃z1r = h̃z(ĕ1 sin θ cosψ + ĕ2 cos θ cosψ − ĕ3 sinψ, ĕ1)

= −3ma sin θ cos θ cosψ

A2B
5

2 r2
+O(r−3),

h̃z2r = h̃z(ĕ1 sin θ sinψ + ĕ2 cos θ sinψ + ĕ3 sinψ, ĕ1)

= −3ma sin θ cos θ sinψ

A2B
5

2 r2
+O(r−3),

h̃z3r = h̃z(ĕ1 cos θ − ĕ2 sin θ, ĕ1) +O(r−3)

=
3ma sin2 θ

A2B
5

2 r2
+O(r−3).

Note that the range of ψ̄ from 0 to 2π gives that

− a

λ2
t̄ ≤ ψ ≤ 2

(

1 +
a2

λ2

)

π − a

λ2
t̄,

we obtain,

J1(z) =
A2

8π
lim
r→∞

∫

Sr

h̃z1r ∗ dr

= −3ma

8π

∫ 2
(

1+ a2

λ2

)

π− a

λ2
t̄

−
a

λ2
t̄

∫ π

0

sin2 θ cos θ cosψ

B
5

2

dθdψ = 0,

J2(z) =
A2

8π
lim
r→∞

∫

Sr

h̃z2r ∗ dr

= −3ma

8π

∫ 2
(

1+ a2

λ2

)

π− a

λ2
t̄

−
a

λ2
t̄

∫ π

0

sin2 θ cos θ sinψ

B
5

2

dθdψ = 0,

J3(z) =
A2

8π
lim
r→∞

∫

Sr

h̃z3r ∗ dr

=
3ma

8π

∫ 2
(

1+ a2

λ2

)

π− a

λ2
t̄

−
a

λ2
t̄

∫ π

0

sin3 θ

B
5

2

dθdψ =
ma

1 + a2

λ2

.
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Remark 7.1. If we choose the range of ψ from 0 to 2π, we obtain

J1(z) = 0, J2(z) = 0, J3(z) =
ma

(1 + a2

λ2
)2
.

It is interesting that J3(z) conjugates to J23 of [15] by replacing λ to
√
−1λ,

i.e., the positive cosmological constant to the negative cosmological constant.

Remark 7.2. Note that the total energy and the total linear momentum
vanish for this t-slice. However, it does not contradict to the positive mass
theorem as it does not hold on the t-slice due to the singularity. The sit-
uation is similar to the Schwarzschild spacetime with negative mass. The
positive mass theorem for black holes can not apply to this spacetime as
naked singularity occurs.
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