arXiv:0712.4199v1 [math.PR] 27 Dec 2007

Edgeworth expansions in operator form
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Abstract

An operator form of asymptotic expansions for Markov chains is estab-
lished. Coefficients are given explicitly. Such expansions require a certain
modification of the classical spectral method. They prove to be extremely
useful within the context of large deviations.
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1 Introduction

Let {&k}rez, be a homogeneous Markov chain defined on a probability space
(Q,F,P). Denote by S and S, respectively, the phase-space and its o—algebra
of measurable subsets. Further, denote by P(z, A), x € S, A € S the transition
probability kernel of the chain. It means that for each A € S, P(z, A) is a non-
negative measurable function on S while for each x € S, P(z, A) is a probability
measure on S. In what follows we assume that the chain is uniformly ergodic.
So, there exists a stationary distribution denoted by .

Consider the sequence of random variables Xo = f(&),...,Xn = f(&n)
determined by a measurable function f: S — R. In what follows we assume that

02 =E.[X2] +2 iEW[XoXn] > 0. (1.1)

n=1

There exists a huge literature concerning the limit theorems for successive
sums S, = >, X;, n=1,2,.... For our purposes, it is enough to keep in
mind only the works of S. Nagaev (1957) and (1961) and the monograph by
Sirazhdinov and Formanov (1979). Despite the theory of limit theorems is well
developed, some settings seem to be set aside. For example, in Szewczak (2005)
it was shown that the Cramér method of conjugate distributions assumes a
special form of the local limit theorem that was not considered before. The
case studied in Szewczak (2005) concerns Markov chains with a finite number
of states. It worth noting that the large deviation theorems, established there,

*Nicolaus Copernicus University, Faculty of Mathematics and Computer Science, ul.
Chopina 12/18, 87-100 Torun, Poland, e-mail: zssz@Qmat.uni.torun.pl


http://arxiv.org/abs/0712.4199v1

proved to be very useful in statistics of Markov chains (see A. Nagaev (2001)
and (2002)). The mentioned form of the local limit theorem means the weak
convergence of the measures

QU(A X B)=0vV2mnP™ [ X, + ...+ X, € A, &, € B], (1.2)

where

PIN(EL € Ay, ... e € Ay) :/ P(:p,dxl)/ P(:El,dzng).../ Plan_ 1, da),
Aq Ao Ap

ApreS, k=1,...,n, BeS, A€ B(R) and = € S.
Define the linear operators

(Kng)(z) = /P(wadxl)m/P(fcn—ladxn)g(wn)Kn(fcla---,wn); g9 € L>(u),

(1.3)
where K,,, n = 1,2,..., are measurable kernels, and L°>°(u) is the Banach space
of measurable functions equipped with the essential supremum norm

| 9| = esssuplg(z)| = inf{a; p{z; |g(x)| > a} = 0},
 is the initial distribution, i.e. u(A) =P[& € A], A€ S.
Various probability measures of interest can be represented as a set indexed
family of the operators (1.3). If one puts
Kna(xy, ... wn) = oV2rnda(f(z1)+ -+ f(2n)),  g(zn) = Ip(zn), A € B(R),

then (1.2) takes the form

QM (A x B) = (K alp)(x). (1.4)
Similarly,
X144+ X, .
provided

flen) +--- 4 fan)
ovn

When =z is fixed the weak convergence of the measures (1.4) (or (1.5)) means
a form of the classical local limit (or central limit theorem). Naturally, we expect
that the measures (1.4) weakly converge to A x m while (1.5) converge to v X 7
where A is the Lebesgue measure on B(R) and

Koa(z1,... 20) = I < > . g(zn) = Ip(zn).

Such statement can be embedded into the following scheme of convergence.



Define
K|+ = sup | Kg | (1.6)
{g>0;9eL=(n), | g | <1}

Consider a family of sequences {K,, 4}, A € A C B(R). We say that a sequence
K, 4 is Ly (p)-strongly convergent to K4 if

sup | Kpa —Kuall+ =0 as n — 0o. (1.7)
AcA

Let A= {z € R|(—00,z0)}. If the sequence of operators is defined as in (1.5)
then the limit operator in (1.7) has the form

(Kag)(a) = 6()v(4) [ g(s)n(as)
where ¢(z) = 1. This fact is formally more general than e.g. Th. 2.2 in Nagaev
(1957) though its proof does not require serious efforts. It is of much greater
interest to establish the operator form of the asymptotic expansions for the
sequence {K,, ,} determined by the kernels

flx) + -+ f(an)
o/ >,ZGR.

Such asymptotic expansions is basic goal of the present paper. The paper
is organized as follows. In Section 2 the main results are stated. In Section 3
a new estimate for the so-called characteristic operator in the neighborhood of
zero is established (Cf. Lemma 1.6 in Nagaev (1961)). The proofs are given in
Section 4.

Kn,z(:Eh s 7:17%) = I(—OO,Z) <

2 The main results

In order to state the main results of the paper we have to introduce the
indispensable notation. We are going to establish an asymptotic expansion of
the form

k—2
m k—2
Koz =D 077 Apells = o(n™ 7)), (2.8)
m=0
where A,, . are linear operators defined on L*>(u), m =0,1,..., z € R. The

operators A, , are expressed through the Hermite polynomials H}, and certain
derivatives of the so-called characteristic operator

A

P@@@:/wmmeww

where g € L (). More precisely, let A(f) be the principal eigenvalue of P(6)
and f’l(H) be the projection on the eigenspace corresponding to A\(#). Assume
that P(0) is k-times strongly differentiable at = 0 and P = P(0) is L™-regular
(or primitive), i.e. there exist C' > 0 and v, 0 < |y| < 1, such that

| PPg—Tg | < Cly["| 9], g€ L), (2.9)



where

(TIg)(z) = () /S 9()(ds) = $(z)Ex[g]

(Cf. Gudynas (2000)). Then P1(#) and In A\(9) admit the following MacLaurin

expansions:

k . k
. (Z@)m ~ (m m
P.(0) = ZO = P +o(0)F), and  InA(0 ZO Y +0(|0]F).
Here, the operators f’gm) can be explicitly expressed in terms of P and II
(see Lemma 3). The coefficients 7,,,, m = 0,1,... are called cumulants. In
what follows we assume 7; = E;[f] = 0 thus 72 = 02, where o2 is defined

by (1.1) and 73 = ps is defined in Lemma 1.2 in Nagaev (1961). Let 90 and
n denote the distribution function and the density function of the standard
normal law. Introduce the operators defined on L>(u) : A, = N(2)II, A, ., =

Z;:o a; (Z)ng), where

a;j(z) = —n(z) Z aj,—;H i (2), ay=-n(2)H,_1,
(klkar--ykufj)E’cufj v=1+2 1; kl

TYm+2 kem
Uiv=i = 'UJ H km, '(m—|—2'am+2) ’

and K, = {(k1,....kn); Y ie tki = m, ki > 0,i = 1,...,m}. Thus, the
operators A, , are well-defined provided f’(@) is k-times strongly differentiable
at 6 =0 and o > 0.

Let 7(0) be the spectral radius of P(6). It is well known that r(6) inherits
many principal properties of the characteristic functions. In order to establish
asymptotic expansions (2.8) we have to assume that

r(0) <1,0#0, and limsupr(f) < 1. (2.10)

|0]— o0

The second inequality in (2.10) is analogous to the well-known Cramér con-
dition (C). As to the first one it guarantees that the distributions of > 1" ;| X;
for all sufficiently large n is non-lattice.

The operator form of asymptotic expansions implies such properties of the
considered Markov chain as strong differentiability of P(6), primitiveness and
(2.10). Of course, one could simply assume that these properties take place.
Another way is to give a simply verified condition that guarantees these prop-
erties. As such we take the following
Condition (V):
there exist « > 0 and § < oo such that for every Borel set A of a positive
measure p we have au(A) < P(x, A) < pu(A) for p-a.a. x € S.

This condition enables us to verify the required properties by the initial
distribution p. For example if Condition (V) is fulfilled then (2.10) takes place
provided pp = po f ~1 is non-lattice and



limsup [z¢(0)| < 1, (2.11)
|6]— o0
where iy = [e®7W u(dy). Moreover, if [ |f(y)[*u(dy) < oo then P(6) is k-
times strongly differentiable. It should be noted (see the proof of Lemma 3.1
in Jensen (1991)) that Condition (¥) implies 02 = y5 > 0.
Now we, are able to state the main results.

Theorem 1  Let Condition (V) is fulfilled. If [|f(x)*u(dz) < oo, k > 3,
and py satisfies (2.11) then (2.8) holds.

As in the case of asymptotic expansions for i.i.d. variables (see Gnedenko
and Kolmogorov, 1954, §42, Th. 2) the following statement does not require
the condition (2.11).

Theorem 2  Let Condition (V) is fulfilled. If [|f(z)]’pn(dz) < co and py
is non-lattice then (2.8) holds with k = 3.

In order to clarify the specificity of the limit theorems given in the operator
form consider two examples. First, let {{;} be a finite state Markov chain,
ie. S={1,...,d}, d > 3. Denote by P the transition matrix. The entries

of PY, v > 0, we denote by pz(;j),z',j €S, pg]) = ;5. For a real function f on

S define the matrix P(!) with the elements f (4)pij, i,j € S. The following
statement is of independent interest.

Corollary 1 Suppose that transition matriz P is strictly positive. If f(&o)
s non-lattice and Zzzl e f (k) = 0 then uniformly in z € R the matriz

(P[S, < zovn; & = j1& =1])ijes

s approximated by the matriz

M)+ n~V2n(2) (L3 (1 - 21— = ZHP (PY — II) + (P — I))PV1)

Go® 1/>0
(2.12)
with an error o(n='/?). Here,
T T2 ... Tg
I =
O ) . Tq

Another particular case of independent interest is covered by the following state-
ment.

Corollary 2 Let S = [0, 1]. Suppose that the transition density p(x y) s
such that 0 < p_ < p(z,y) < p4+ < co. If f(&) is non-lattice and [ f(u)w(du) =



0 then the linear operator (2.12) LY -strongly approximates the operator g —
Exllis, <20ym9(&n) ] with an error o(n=1/2). Here,

(Mg)(a) = [ g(s)n(ds)u(a).
Note that the classical scalar form of the presented statement is:

Pr[Sn < zoy/n] —MN(z) = n_l/zn(z)%(l — 22+ o(n"1/?) (2.13)
(see e.g. Th. 2 in Nagaev (1961)). The corollaries show that the operator form
of asymptotic expansions is much more sensitive to the initial conditions than
the scalar one. It should be emphasized that the spectral method suggested
by S. Nagaev (see e.g. Nagaev, 1957) remains efficient under this new setting
though requires some modification. Furthermore, the cumbersome calculations,
that are typical for asymptotic expansions, can be implemented using the pack-
age Maple. This power software proved to be very efficient for such purposes.

3 Characteristic operator

Given m € N let us define operator P(™ g = P f™g. The following lemma,
is an extension of the well-known result due to S. Nagaev (Cf. Nagaev, 1961,
pp. 71-75).

Lemma 1  Suppose that (2.9) holds and PW) is a bounded endomorphism.
Then there exists € = &(C, ||, |PM||) such that for 8] < &,

P(0) = A" (0)P1(0) + Q,(0) + (P™ — TI) (3.14)

and |\(9) ~ 1] < 8, where [P1(8) — TT| = O(| 6 |), [Qu(®)] = O(" | 8 |),
k=3+20] 6=1—1hl

PROOF OF LEMMA 1
Write Io = {[¢| = x}, 't = {|C = 1| = 0} and D = {[¢| = s} N{[C 1| = 0},
where ¢ € C. Denote by R((, ) the resolvent of P(6) and set R(¢) = R((,0).

J— 2 .
Let & = m (3%3—4@,)) . Consequently for | 0 |< &, ( € D (see §1 in Nagaev

(1961)) we may define the projections

Pi(0)= — ¢ RO  Pod) = — ¢ RCOA.  (3.15)

- 2mi Jr, - 2mi Jp,
Thus (3.14) holds with Q,,(0) = P"(0)Py(#) — (P" — IT). We see at once that
P(OIR(C,0) = —T+CR(C,0)

therefore,
n

P O)R(C,0) = — > (P(6))" "' + C"R(C, 6).

k=1



So it easily seen that

1@ = [om 75 CM(R(C.0) — R(O)AC|

27

" 206G+ C)YPEO) - P|
o A e e s ety

kdep = O(Kk" | 0 |).

Similarly we have ||P1(#) — II|| = O(] 6 |). The proof is completed. O
The following lemma deals with the existence of the “operator” moments.

Lemma 2 If

lim | |f ()" P(z,dy) | =0 (3.16)
L=oo T Jf(y)>L
then .
— Z (20)' P(m) +O(‘6’k)7 (317)
m=0 m:

where P qre bounded for0<m <k.

PROOF OF LEMMA 2
Indeed, we have

W IPETD(G 4 hyg — i IPED(@)g) — it [ e Pg(y) fHy)P(-, dy)
= / W g(y) £ (y) /01<e““f<y> — 1)dsP(-,dy).

Now, choose L be sufficiently large positive number. Since,

wt (0t | (G700~ Ddsp(e,an) > K =0)

< inf{K; pfa; | (i ()" / (I 1)dsP(e, dy)| > K} = 0)
[f(W)I<L 0

1
Cinf(K s e | (if ()" / (1) _ 1)dsP(z,dy)| > K} = 0}
|f(y)|>L 0

N —

< LpErp) 4o |/ P, dy) |
|f(v) \>L

the lemma follows by the Taylor formula. O
The next lemma presents a series expansion for characteristic projector.

Lemma 3  If a primitive operator P satisfies (3.17) then




PROOF OF LEMMA 3
Put, for short E(() = >_,o(P" — )¢ ! and E = E(1). In view of
(1.10) in Nagaev (1957) and (3.17) we obtain for |0] < &

[

k
R(¢,0) =R(Q) + Y RO PR )" +0(|6]").

Hence taking in the above coefficient at 6 and using (3.15) we get for k =1

. 1 11 II
P = o (o HBOPY (o +EQO)C
_ W L 1 1 E(¢)
= MO § i g I 2t
L g EQ PYIId¢ = TPYE + EPYIT
2mi Jp, ¢ —1

by Cauchy’s integral formula. For 1 < m < k arguments are similar. We have
to replace every R(() by % +E(() in

Pw) P2) P™)
2mﬁ R(O)—R(O)— - R(O—FR(OC, v > 1.

| | |
vy! ol ;!
1V1+V2+ AFy=m 1 2 ¢

a
Now, we are in a position to represent the principal eigenvalue of the char-
acteristic operator in a power series.

Lemma 4  If a primitive operator P satisfies (3.17) then

if i6)? i6)3 i)k
M) =1+ O O Ot O oo,
PROOF OF LEMMA 4
It follows from (3.14) that
TP(0)P1(0)1) = A\(0)7P1(0)¢. (3.18)

Denote A% = Tpgk)ﬂ). By virtue of (3.17) and Lemma 3

0330 = 3 (5 (7 e o) oo,

v=0 ) m=0 v=0

Since A = \0) = 1, 2\ = A = 0, and A¥) exists so by the Leibniz formula
A<m>zumzz<y>wp Py — Z( )MV ), (3.19)
v=1

By (3.19) 72 = A, for m > 2 also use the equation (1.13) in Petrov (1996). O
The following theorem is the main result of the present Section.



Theorem 3  If a primitive operator P satisfies (3.17), k > 3 and o > 0
then there exists ny > 0 such that for T,, = nro/n and | 0 |< T,, we have

1Bt )_e—f(H }m: WO (i0)PY) (P — )| (3.20)
ov/n == n%jgaj m—j 1 .
o(1) k2 k-1 k 3(k—2)y — 2 10|
< 0 + 16 + 101" + |6 4 + O(—=&"),
nkzz(H 10 16]F + 1613+ =2))e (\/ﬁ)
where

N . 1 '7m+2 29)m+2 b
%”(29) - Z H k;— < m + 2)lo-m+2 :
(k1,k2,....,kv)EKL

PROOF OF THEOREM 3
Let 0 < m3 < & be such that supjg <, IN®) () — ps| < o3. Put, for short

T, = mln{w, ns}oy/n. By Taylor’s formula for | 6 |< T, we have

5(31

IA( 0 )| > 1_&_ 1013 (|us| + o + §|ps)) >1_T_§_T5’(%|u3|+03)
oyn’ T 2n 6n5 o3 - 2n 615 o3
_— 0" 0" 2 24

— >]1—- — = —.
50(3|us| +03)2 6+ 125(3|us| + 03)2 50 25
Hence for | 8 |< T,, by Taylor’s formula and Lemma 4

4 02 (10)°us | (i0)'pa  (i0)*

In \ = - - 3.21
A=) > T 6ynod | 2not 8 (3:21)
(i0)* (i0)* /1 K=ty 20
= Vg + — 1-— Wk
kln'3" ok (k — 1)!n¥ak 0 (1-2) ( \/_)
where Wi (z) = i InA(y)|,—, — 7. Further, it is evident that we can insert

ne <m3in T, = mln{ﬁ,nk}a\/ﬁ, such that for |0| < T,, we have

6] \9!k ’
yal + -+ (el +er)) <7,

2
bo (24na4 Eln 2 ok

where cx = supgcp 1 |Wk(x)]. Since Wi( \F) —5, 0, so by the Lebesgue dom-

inated convergence theorem we get fo (1 — )" 1W, (2% )dz = o(1). By virtue

av/n
of (3.14), Lemma 1 and (3.21) we obtain
_6% @0)%us  (0)uy ot (i0)*
B tmy - e T e B ey (o - e -
oyn
02 o)k Nk (Lo k-1
S ST ) W—— (i0)* |7 (1 —x) W(o )dx
< T e o)
(k—1)In"z ok
6]
O 7 n
+ (J\/ﬁﬁ )



By (3.21) and the inequality |e® — 1| < |z|el*!, we find that for | 6 |< T}, we have

(i0)"* /1 k-1 0 o(1)[0]"* crl0*
expl—————— 1—x Wi de}—-1| < exp .
‘ {(k _ 1)!71%019 0 ( ) k(U\/ﬁ) } ’ TLkZ {k'nk 2 k}
Hence,

2_ @03 s (10 _ (i) (10)*
230 0 _%+ no- + not 8n ot k. 9 n
P e e () — B I
6> (i0)"* 0" 0] .
< exp{—7 +- WU V| + ck) }—=o(1) + O(mfi )
nzo n 2
0> 6% 1  3us| T4 16]* 6]
<exp{——+ — (=2t " — + — +O0(—=
< exp{ D) 2(5§’M3‘+03 5%‘:“3‘""03)}712 o(1) (U\/ﬁ )
\9!k 02 16|
< o(1 —— O .
o)~z exp{~} + O oK)
Thus expanding exp{ g\e/ﬁf: P + G 2) vk} and using Lemma 3 and Taylor’s

formula for P ( \/_) we obtain (3.20).
The following lemma provides an estimate for the iterates of characteristic
operator (for the proof see Lemma 1.5 in Nagaev (1961)).

Lemma 5  Let Condition (V) is fulfilled. Then forn > 1 and |g | <1

n—1
| P"(6)g | < <\/1 = %(1 - |Mf(9)|2)) :

PROOF OF THEOREMS 1 AND 2

By virtue of Condition (¥) and §1 in Nagaev (1957) P is primitive in L*(u)
(alternatively one can use Proposition 3.13 in Wu (2000)). Moreover, it follows
also that

4  Proofs

lim | |f )" P(z,dy) | < B lim |f()[Fr(dy) =0
L=oo " JIf(y)|>L L0 J|f(y)|>L

so that (3.16) holds. Write Fy,(2) = Fy)n(2) = (Ku:9)(-), and Ggu(z) =

251_:20 n~z Ay, .g9. Let Kg,(2) be the distribution function that assigns the
mass (P™ —II)g(-) at 0. Put,

Hy(2) = Ggn(2) + Kygn(2), Hyn(0) = /eiedegn(:E), Fyn(0) = /ewxngn(az).

Note that an(ﬁ) P"(%)(g) and

Cn(®) = [ P dGna) =5 (3 e Y S By (0P g()).



Because of
| Hgn(z +y) - Hgn(z) | < | ng(2+y) - ng(z) | + | (Pn - H)g | s
y+1yl

Gl +3) = Gn(2) = y-Gin(2) + 580(0) [ (oG +10) = 5 Gon (=)l
—ly

Yy
2

thus in view of Th. 5.3 on pp. 146-147 in Petrov (1996) and (2.9) we have

| Fypu(2) — Gya(2) — Kgu(2) |+ CI* | g

1 R . dé

< VO @) (4.22)

302(%)
T

| Fyn(2) = Ggn(2) |

IN

_l’_

0
sup | ang ) | +Cv™(

Now, since sup, | %ng(z) | is bounded and |y| < 1 whence by (4.22) for
T =nF k>4, we get

| Fyn(2) — Gon(2) | < & /| | Fn(6) = i) | 75+ o if! ) (423)

By virtue of Th. 3

A ~ dé
/ | Fgn(0) — Hyn(0) | 777 (4.24)
01T 4
2 2
< O( |k72| ) / (|9|k—3 + |0|k—1 + |0|k + |9|3k—7)e—%d9 + &O(I{n)
nz JIO<T, NLD

This established, we have to show that
F,.(0)— H,, (6
/ | Fon(6) g()ldego(lgl)- (4.25)
Th<|0|<nk

For this observe that

| Gon () | /“_ﬁ - (i) 5 ) do
——df <2 - i (10)P av
and that by (2.9)
3 dé
/ | Hgn(0) — Ggn(0) | o < 2Ckly[™ | g | Inn = o |g_|)
To<|0|<nk 0] — =

Further, by Lemma 5 and (2.11) there exists §y such that for any 7 > 6,

O A0 % < [ 1wl % <Ca'e gl

T <|6]<nk 7<|6]<nk

11



which with the latter inequalities proves (4.25). Consequently, the substitution
of (4.24) and (4.25) into (4.23) yields (2.8). For the case k = 3 set T' = T,y
and choose a sequence r, — 0o such that we have

= d9 “ de

This completes the proof. O
Acknowledgment. The author thanks A. Nagaev for his comments concerning
this exposition.
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