
ar
X

iv
:0

80
9.

41
58

v4
  [

he
p-

ph
] 

 1
7 

A
ug

 2
00

9

Model Analysis of the ep → e
′
pπ

+
π
− Electroproduction Reaction on the Proton.

V.I. Mokeev,1, 2 V.D. Burkert,1 T.-S.H. Lee,3, 4 L. Elouadrhiri,1 G.V. Fedotov,2 and B.S. Ishkhanov2, 5

1Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA
2Moscow State University, Skobeltsyn Institute of Nuclear Physics, 119899 Moscow, Russia

3 Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
4Excited Baryon Analysis Center,Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA

5Moscow State University,Physics Department, 119899 Moscow, Russia

(Dated: October 31, 2018)

Recent CLAS data on the pπ+π− electroproduction off protons at 1.3<W<1.57 GeV and
0.25<Q2<0.6 GeV2 have been analyzed using a meson-baryon phenomenological model. By fit-
ting nine 1-fold differential cross section data for each W and Q2 bin, the charged double pion
electroproduction mechanisms are identified from their manifestations in the observables. We have
extracted the cross sections from amplitudes of each of the considered isobar channels as well as
from their coherent sum. We also obtained non-resonant partial wave amplitudes of all contributing
isobar channels which could be useful for advancing a complete coupled-channel analysis of all meson
electroproduction data.

PACS numbers: PACS : 13.60.Le, 13.40.Gp, 14.20.Gk

I. INTRODUCTION

Experiments with the CLAS detector at Thomas Jef-
ferson National Accelerator Facility (JLab) have accu-
mulated extensive and accurate data of meson electro-
production reactions on protons. Detailed experimental
data have now become available for the pπ0, nπ+ and
pπ+π− exclusive channels [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
In addition first electroproduction data for the channels
with smaller cross sections, such as the pη, and KY , have
also been obtained with CLAS [12, 13, 14, 15, 16]. Re-
view of these CLAS experimental results may be found
in the papers [17, 18, 19, 21]. These data combined will
allow us to determine the electromagnetic transition am-
plitudes for the majority of nucleon resonances (N∗) in
a wide range of photon virtualities Q2 from 0.2 to 5.0
GeV2. The Q2 evolution of these amplitudes contains
information on the relevant degrees of freedom in the nu-
cleon resonance structure at varying distance scales. It
also allows to explore the strong interaction mechanisms
responsible for baryon formation and their relationship
to QCD [22, 23, 24, 25, 26, 27, 28, 29].

The Nπ and Nππ exclusive channels are two major
contributors to the γN and N(e, e′) reactions in the
resonance excitation region. They are strongly coupled
through hadronic interactions of the final Nπ and Nππ
states [17, 20] Thus an understanding of the reaction
mechanisms for these two channels is vital for extract-
ing the N -N∗ transition amplitudes at various photon
virtualities. It is also a necessary first step towards the
exploration of N∗’s in the mass region above 1.5 GeV us-
ing other exclusive channels with smaller cross sections,
such as pη, pω, and KY . The cross sections of these
weaker channels can be affected considerably by the Nπ
and Nππ channels because of unitarity condition. The
mechanisms of the Nπ electroproduction have been ex-
tensively studied. The most comprehensive recent stud-
ies are by the efforts at MAMI [30, 31], GWU [32] and

JLab [33, 34, 35, 36]. In contrast, the study of Nππ elec-
troproduction mechanisms is still limited. In this work
we try to improve the situation by analyzing the recently
published CLAS data of pπ+π− channel [10].

The world data on pπ+π− electroproduction in the res-
onance excitation region were rather scarce before the
CLAS experiments. They were limited to integrated
cross sections, various invariant mass distributions, and
π− angular distributions [37]. Furthermore, the large
binning in W and Q2 does not allow the determination
of N∗ parameters from these data.

First detailed measurements of pπ+π− electroproduc-
tion cross sections with CLAS were reported in [9]. The
new CLAS pπ+π− data [10, 11] use binnings of ∆W = 25
MeV and ∆Q2 = 0.05 GeV2, and are much more precise
than the previous data. For the first time nine sets of
1-fold differential cross sections were determined in the
region of 1.3 <W < 1.6 GeV and 0.25< Q2 < 0.60 GeV2.
They consist of invariant mass distributions of the final
π−π+, π+p, and π−p and the angular distributions for
all final state particles, as will be described in the Sec-
tion II. All cross sections measured in this reaction and
in others CLAS experiments may be found in [38].

Several models have been developed for analyzing the
double pion photoproduction [40, 41, 42, 43, 44] and
electroproduction [45] reactions in the nucleon resonance
excitation region, beginning with the pioneering effort
of [39]. They are based on the tree-diagrams of effec-
tive meson-baryon Lagrangians and have been reasonably
successful in describing the very limited data of the fully
integrated cross sections and the invariant mass distribu-
tions. It remains to be seen, to what extent these models
can describe the recent CLAS data. A comparison be-
tween these model predictions and Nππ cross sections
(e.g. [46]) clearly showed the necessity for further im-
provements of reaction models in order to isolate the res-
onant contribution and to determine nucleon resonance
parameters from the data. Comprehensive CLAS data
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on various differential pπ+π− cross open up new oppor-
tunities for phenomenological data analysis. By studying
the kinematic dependencies of the differential cross sec-
tion and their correlations we are able to establish the
presence and strength of the relevant reaction mecha-
nisms and to achieve reliable separation of resonant and
non-resonant contributions.
In this paper we apply a phenomenological approach

developed in the past several years by the Jefferson
Laboratory-Moscow State University (JM) collaboration
[47, 48, 49, 50, 51, 52, 53, 54, 55, 56], to analyze
the CLAS data [10, 11] on pπ+π− electroproduction at
W < 1.6 GeV. Within the JM model developed up to
2005, called JM05, the major part of pπ+π− produc-
tion at W < 1.6 GeV is due to contributions from the
π∆ isobar channels. The ∆ (1232) resonance is clearly
seen in all π+p mass distributions at W > 1.4 GeV,
while other mass distributions do not show any struc-
tures. The contributions from all other isobar channels
pρ, π+D0

13(1520), π+F 0
15(1685) and π−P++

33 (1640) in-
cluded in JM05 [50, 51, 52, 53] are negligible in the near-
threshold and sub-threshold regions. Thus these chan-
nels are not included to this work. The γvp → pπ+π−

production amplitude within JM05 can then be written
as

TγvN,ππN = T π∆
γvN,ππN + T dir

γvN,ππN (1)

with

T π∆
γvN,ππN = [tRγvN,π∆ + tBorn

γvN,π∆ + tcγvN,π∆]G∆Γ∆,πN (2)

where G∆ is the propagator of the ∆ intermediate state ,
and the vertex function Γ∆,πN describes the ∆(1232) →
πN decay. Explicit expressions for these amplitudes may
be found in Appen. I-III. Contributing mechanisms in
equations (1,2)are illustrated in Fig. 1. The diagram
γN → N∗,∆∗ → π∆ in the second row is the reso-
nant term tRγvN,π∆ in Eq.(2). It is parameterized as a

Breit-Wigner form [47] and calculated from all well es-
tablished N∗, ∆∗ states with masses less than 2.0 GeV
which have hadronic decays to the Nππ final states. The
non-resonant term tBorn

γvN,π∆ is calculated from the well

established Born terms of γvN → π∆ [39, 47]. Their
amplitudes are presented in Appendix I. The additional
contact term tcγvN,π∆ was introduced in [52, 53, 54] to
account phenomenologically for the other possible pro-
duction mechanisms through the π∆ intermediate states,
as well as for FSI effects. Parametrization of these am-
plitudes may be found in Appendix II. The diagrams in
the bottom of Fig. 1 represents the direct term T dir

γvN,ππN

in Eq.(1) which was introduced in [51, 53] to describe the
direct γN → Nππ mechanisms. It was parameterized in
JM05 [51, 53] in terms of a contact vertex and a particle-
exchange amplitude . The parameterization of this term
in JM05 will be given explicitly in Section III.
In this paper, we have further improved the JM05

model in order to fit the new CLAS data on pπ+π− elec-
troproduction cross sections. The CLAS pπ+π− data

allowed us to extend considerably our knowledge of the
direct production term T dir

γvN,π∆ of Eq.(1) in the low W

and low Q2 region. The resulting model, called JM06, de-
scribes successfully all available CLAS and world pπ+π−

electroproduction data at W < 1.6 GeV and Q2 from
0.25 to 0.6 GeV2. A good description of the data of nine
differential cross sections with rather different manifes-
tation of contributing mechanisms in these observables
enables us to establish all essential pπ+π− electropro-
duction mechanisms in this kinematic domain. In par-
ticular, it allows us to isolate the resonant contributions
for determining the electrocouplings of the P11(1440) and
D13(1520) states. Within JM06, we find that these two
N∗ states are the main contributors to the resonant part
of the pπ+π− cross sections at W < 1.6 GeV.
In Section II, we define the kinematics of pπ+π− pro-

duction. The JM06 model will be specified in Section
III. The fitting procedures are explained in Section IV.
Section V is devoted to discuss the results. A summary
and outlook are given in Section VI.

II. KINEMATICS AND CROSS SECTIONS OF

pπ+π− ELECTROPRODUCTION

At a given invariant mass W and photon virtuality
Q2, the cross section of the γvp → pπ+π− reaction can
be written as

dσ

dνdΩe′
= Γv

∫

d5σ

d5τ
d5τ (3)

where ν is virtual photon energy in the lab. frame, Γv is
the virtual photon flux defined by the momenta of incom-
ing and outgoing electrons [1] and d5τ is the phase space
volume of the five independent variables in the C.M. sys-
tem of the final pπ+π− state. There are many possible
choices [62] of the five independent variables. Defining
Mπ+p, Mπ−p, and Mπ+π− as invariant mass variables of
the three possible two-particle pairs in the pπ+π− sys-
tem, we adopt the following three assignments:

1. d5τ1 = dMpπ+dMπ+π−dΩπ−dα[p′π+][pπ−], where

Ωπ− (θπ− , ϕπ−) are the final π− spherical angles
with respect to the direction of virtual photon, and
α[p′π+]pπ−] is the angle between the plane B defined

by the momenta of the final p′π+ pair and the plane
A defined by the initial proton and the final π− (see
Fig. 2);

2. d5τ2 = dMpπ+dMπ+π−dΩp′dα[p′p][π+π−], where Ωp′

(θp′ , ϕp′) are the final proton spherical angles with
respect to the direction of virtual photon, and

[1] explicit expressions for invariant ν and virtual photon flux Γv

may be found in [63]
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FIG. 1: The mechanisms of JM05 model [51, 52] contributing to pπ+π− electroproduction in kinematic area covered by recent
CLAS measurements [10]: W < 1.6 GeV and 0.25 < Q2 < 0.6 GeV2

α[p′p][π+π−] is the angle between the plane B’ de-

fined by the momenta of π+π− pair and the plane
A’ defined by the momenta of the initial and final
protons ;

3. d5τ3 = dMpπ+dMpπ−dΩπ+dα[p′π−][pπ+], where Ωπ+

(θπ+ , ϕπ+) are the final π+ spherical angles with
respect to the direction of virtual photon, and
α[p′π−][pπ+] is the angle between the plane B” de-

fined by the momenta of the final p′π− pair and the
plane A” defined by the initial proton and the final
π+.

The emission angles for the final state particles in the
case of first assignment are shown in Fig. 2. This choice
of the kinematical variables is most suitable for describ-
ing pπ+π− electroproduction through the π−∆++ inter-
mediate state, which is the dominant contributor of all

isobar channels in the kinematical region covered by the
considered data. For the others assignments the emis-
sion angles of the final hadrons are similar to the ones
given in Fig. 2. The relations between the momenta of
the final state hadrons and the five variables of the first
assignment can be found in [10].
The limited statistics of the available data does not

allow the use of correlated five-fold differential cross sec-
tions in the analysis. Instead, we use the differential cross
sections depending on only one final kinematic variable,
obtained from integrating the 5-fold differential cross sec-
tions over four other independent kinematic variables.
These differential cross sections were obtained with rea-
sonable statistical accuracy in [9, 10, 11, 56]. They are
defined as:.

dσ

dMπ+π−

=

∫

d5σ

d5τ2
dMπ+pdΩπ−dα[pπ−][p′π+]
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dσ

dMπ+p

=

∫

d5σ

d5τ2
dMπ+π−dΩπ−dα[pπ−][p′π+]

dσ

dMπ−p

=

∫

d5σ

d5τ3
dMπ+pdΩπ+dα[pπ+][p′π−]

for invariant mass distributions, and

dσ

d(−cosθπ−)
=

∫

d5σ

d5τ2
dMpπ+dMπ+π−dϕπ−dα[pπ−][p′π+]

dσ

d(α[pπ−][p′π+])
=

∫

d5σ

d5τ2
dMpπ+dMπ+π−dΩπ− (4)

for angular distributions. Other distributions for the an-
gles θπ+ , θp, and α[pπ+][p′π−], α[pp′][π+π−] are similarly de-
fined. Overall nine independent 1-fold differential cross
section in each bin of W and Q2 were included in the
analysis.

III. JM06 MODEL

As a starting point, we described the recent CLAS data
[10] at 1.3 < W < 1.6 GeV and 0.25 < Q2 < 0.60 GeV2

A

~nz
z

xy

ϕπ−

e′

e

γ

p′

p

π−

π+

θπ−

electron scattering plane

A

B

e′

e

γ

p′

π−π−

p

π+

~γ

~β

α(π−p)(π+p′)

FIG. 2: The kinematics variables for description of ep →

e′p′π+π− reaction in the CM frame of the final hadrons (first
assignment presented in the Section II). The top plot shows
π− spherical angles θπ− and ϕπ− while the bottom plot shows
angle α[pπ−][p′π+] between two planes: one of them (plane A)
is defined by the 3-momenta of the initial proton and the final
π−, a second (plane B) is defined by the 3-momenta of the
two others final hadrons π+ and p.

N∗,∆∗ M, Γtot BFπ∆ BFρp

GeV GeV % %

P11(1440) 1.440 var var var

D13(1520) 1.520 var. var. var.

S31(1620) 1.620 0.150 62. 29.

P33(1600) var var. var. var.

S11(1650) 1.650 0.167 2. 3.

D15(1675) 1.675 0.160 53. 0.

F15(1680) 1.680 0.130 22. 7.

D13(1700) var. var. var. var.

D33(1700) 1.700 0.300 78. 8.

P13(1720) var. var. var. var.

3/2+(1720)cand. var. var. var. var.

TABLE I: List of resonances included and theirs hadronic
properties: total decay widths Γtot, branching fractions (BF)
to π∆ and ρp final states. The quoted values are taken
from Review of Particle Properties. The quantities labeled as
”var.” correspond to the variable parameters fit to the CLAS
pπ+π− data [9].

within the JM05 model [51, 52], which is briefly outlined
in Section I. The relations between JM model amplitudes
and charged double pion electroproduction cross sections
are presented in Appendix IV. Here we only specify the
input to our calculations and indicate improvements in-
corporated in JM06 for the analysis presented in this pa-
per.

The nucleon resonances included in the resonant term
tR of Eq.(2) are listed in Table I. The 3/2+(1720) state
observed in the analysis of CLAS pπ+π− electroproduc-
tion data [9] is also included there. The N∗ hadronic de-
cay widths, branching fraction to π∆ and ρp final states
were taken in part from analysis of hadroproduction data
[65] (numbers in Table I). Hadronic parameters for other
states needed in the calculations of resonant amplitude
tR (symbols ”var” in Table I) were taken from analysis
[52] of the CLAS data [9], which covered 1.4 < W <
2.0 GeV and 0.5 < Q2 < 1.5 GeV2. The initial values
of the electromagnetic form factors, A1/2(Q

2), S1/2(Q
2),

A3/2(Q
2) were estimated from interpolations [35, 52, 66]

of CLAS and world data to the considered Q2 region cov-
ered by the data [10] and further adjusted in fitting the
data. With these specifications, it was found that the fits
at low W and Q2 [10, 11] are only sensitive to the first
two N∗’s listed in the Table I. The contributions from
the higher masses N∗, ∆∗ states are not varied in the fits
of recent CLAS data [10] collected at 1.3 < W < 1.6 GeV
and 0.25 < Q2 < 0.60 GeV2.

Detailed expressions of the term tBorn in Eq.(2) may
be found in [47] and are summarized in Appendix I, It
contains the minimal set of Reggeiezed Born terms. The
initial and final state interactions in tBorn are taken into
account in absorptive approximation [67] by using a pro-
cedure developed in [47] to evaluate the absorptive coef-
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FIG. 3: (color online) Manifestation of additional contributions to the π∆ isobar channels with respect to the resonant and
Born terms, parametrized by extra contact terms, described in the Section III. The data [10] at W=1.33 GeV (six panels at the
left side), W=1.36 GeV (six panels at the right side) and Q2=0.425 GeV 2 are shown by full symbols. Full JM06 calculations
are shown by solid lines, while the same cross sections, calculated taking off the contributions from additional contact terms in
π∆ channels, are shown by dotted lines.

ficients from the data on πN -scattering.

An analysis of the CLAS pπ+π− data at Q2 > 0.5
GeV2 [9] revealed the need of an additional contribu-
tions to π∆ isobar channels. These contributions were
parametrized by the contact terms tc of Eq.(2) [52, 53]
that have different Lorentz structure with respect to the
contact interactions in the described above Born terms.
The contributions from these additional contact terms
were confirmed in the analysis of the recent CLAS data
[10, 11] at Q2 < 0.5 GeV2. This is demonstrated in Fig. 3
where the differences between the solid and dashed curves
are from the tc term. The additional contact terms tc are
given in Appendix II.

Within JM05 it was found that the pπ+π− production
through the isobar channels account for 70 to 90 % of the
fully integrated cross sections in the nucleon resonance
region. The remaining parts were assumed to be due to
direct 2π production mechanism that the final pπ+π−

state is produced without forming an unstable hadron
in the intermediate state. Initially these direct 2π pro-
duction contributions were parametrized by the 3-body
phase space [48, 49]. Their strengths in each interval of
W and Q2 were adjusted to fit the data. However, the
CLAS data on C.M. π− angular distributions shown in
Figs. 4 and 5 revealed steep slopes at the backward C.M.

π− emission angles. Such behavior is clearly incompati-
ble with the 3-body phase space parametrization of the
direct 2π pion production mechanisms. We improve this
part by considering the particle-exchange processes illus-
trated on the left side of Fig. 7. The direct γvN → ππN
term T dir of Eq.(1) is then parameterized as [51]:

T dir = A(W )εµ(qγ)Up′(Pp′)γµUp(Pp)((P1P2)e
b(t01−t01 max)

+ (P2P3)e
b(t02−t02 max)) (5)

with

t01 = (Pp − P3)
2

t02 = (qγ − P1)
2 (6)

where Up, Up′ are the spinors of the initial and final pro-
tons. The first and the second terms in Eq. (5) de-
scribe the contributions from the bottom and top dia-
grams on the left side of Fig. 7. The Pi (i=1,2,3) in
Eqs.(5)-(6) stand for the final hadron 4-momenta, shown
in the bottom/top left sides of Fig. 7 by upper middle
and down legs, respectively. The variables t0j (j=1,2) in
Eq.(6) are four momenta-transfer square in exchange pro-
cesses shown on the left sides of bottom and top rows of
Fig. 7. The maximum values of t01 and t02 are defined
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FIG. 4: (color online) A signature of direct 2π production
mechanisms, seen in the previous CLAS pπ+π− data [9]. The
data on π− angular distributions at W=1.49 GeV, Q2=0.65
GeV 2 (left) and at W=1.49 GeV, Q2=0.95 GeV 2 (right) are
shown by points with error bars. The full calculation are
shown by solid lines.The dashed lines correspond to the con-
tributions from JM05 direct 2π production [51].

as t01 max, t
0
2 max, respectively. The ǫµŪγµU represents a

Lorentz invariant coupling between the incident virtual
photons and protons; the propagators of the unspecified
exchange particles as well as other couplings with exter-

nal momenta are parameterized as ((P1P2)e
b(t01−t01 max)

(for the bottom diagram on the left side of Fig. 7) and

(P2P3)e
b(t02−t02 max)) (for the top diagram on the left side

of Fig. 7), the strength A(W ) is adjusted in the fit.

The direct 2π production mechanisms, T dir as parame-
terized in Eqs.(5)-(6), are needed to describe the three in-
variant masses and the π− angular distribution obtained
in [9]. In particular they allowed us to describe π− an-
gular distributions at the backward C.M. angles and Q2

> 0.5 GeV2. This is shown in Fig. 4. Here we note that
the steep enhancement at backward angles for the π− dif-
ferential cross sections is generated from the exponential
form of the parameterization. In Fig. 5 we show that the
direct 2π production term T dir is further established in
fitting the data on π− angular distribution at Q2 < 0.5
GeV2.

The JM05 model, described above, was unable to re-
produce the data on π+ and p angular distributions. This
failure has become evident at W > 1.40 GeV and for all
photon virtualities of [10, 11]. One example is shown in
Fig. 6. We see that the invariant mass distributions and
π− angular distribution can be reproduced reasonably,

while considerable differences remain for the π+ and p
angular distributions remain. It is therefore necessary to
improve the parameterization of T dir.
In the JM06 model employed in this work, the contact

interactions of the final hadron and the initial particles
in two diagrams of the left side of Fig. 7 were replaced
by additional exchange processes shown in four diagrams
on the right side of Fig. 7. The propagators in both un-
specified exchange mechanisms are parametrized by the
same exponential functions of the momentum-transfer
variables ti and their slope parameter b = 4.0 GeV−2 is
determined in the fit to the data. In this way we get the
following parameterization for the two diagrams shown
on the top right part of Fig. 7:

T dir = Ak(W )εµ(qγ)Up′(Pp′)γµUp(Pp)×
(P2P3)e

b(t1−t1 max) ×
{α1(W )eb(t2−t2 max) + α2(W )eb(t3−t3 max)},

(7)

with

t1 = (qγ − P1)
2;

t2 = (Pp − P3)
2; (8)

t3 = (Pp − P2)
2,

where Pi (i=1,2,3) stand for four-momenta of the three
hadrons, shown in the top middle diagram of Fig. 7 by
upper middle and down legs, respectively, and Pp, Pp′ are
four-momenta of the initial and final state proton. The
qγ represents the four-momentum of the initial photon,
and ǫµ is the initial photon vector. The scalar products
(P2P3) in Eq.(7) and (P1P2) in (9) were implemented in
order to better describe invariant mass distributions for
the final state hadrons.
Two terms in the parametrization (7) correspond to

the diagrams in the middle and right sides of the top row
in the Fig. 7. The relative contributions from these di-
agrams α1(W ) and α2(W ) are determined in fits to the
data under restriction α1(W ) + α2(W ) = 1. Each dia-
gram accounts for three processes, corresponding to var-
ious assignments of the final state hadrons shown on the
right side of Fig. 7 diagrams. Full amplitude is evaluated
from the coherent sum of all contributions.
Similarly, the parameterization of the amplitudes for

diagrams on the right-hand-side of the bottom row in
Fig. 7 are from modifying Eq.(5) of JM05 model :

T dir = A(W )εµ(qγ)Up′(Pp′)γµUp(Pp)(P1P2)×
eb(t1−t1 max){α1(W )eb(t2−t2 max)(t2 − t2 max) +

α2(W )eb(t3−t3 max)(t3 − t3 max)}, (9)

where

t1 = (Pp − P3)
2;

t2 = (qγ − P1)
2; (10)

t3 = (qγ − P2)
2.,
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FIG. 5: (color online) A signature of direct 2π production in the recent CLAS pπ+π− data at low W and Q2 [10, 11]. π−

C.M. angular distributions at W=1.49 GeV, Q2=0.325 GeV 2 (top left), W=1.49 GeV, Q2=0.375 GeV 2 (top right), W=1.49
GeV, Q2=0.425 GeV 2 (bottom left), W=1.46 GeV, Q2=0.525 GeV 2 (bottom right) and their fit within the framework of JM05
model [52]. Full calculations are shown by solid lines, while the contributions from direct 2π processes of JM05 model are
shown by dash lines.

and Pi (i=1,2,3) stand for four-momenta of the three fi-
nal hadrons, shown in the bottom middle diagram of the
Fig. 7 by upper middle and down legs, respectively. It is
found that the additional exponential function and the
factors (t2−t2max) and (t3−t3max) in Eqs.(7,9) are essen-
tial to remove the discrepancies of π+ and p angular dis-
tributions in backward and forward angles, respectively,
seen in Fig. 6. After implementation of the improvements
in parametrization of direct 2π production mechanisms,
we succeeded in describing all differential cross section of
the CLAS pπ+π− data. One example is shown in Fig. 8

IV. FITTING PROCEDURES

The JM06 parameters for the non-resonant mecha-
nisms, as well as the electrocouplings and hadronic decay

TABLE II: The intervals of χ2/(data points) values corre-
sponding to closest to the data calculated differential cross
sections, selected in the fit.

Q2 interval

GeV2 χ2/(data points)

0.25-0.4 2.71-2.80

0.4-0.5 1.77-1.87

0.5-0.6 1.39-1.65

widths to the π∆ and ρp final states of nucleon reso-
nances listed in Table I were varied simultaneously in
the χ2-fits. In this way we accounted for correlations of
resonant and non-resonant contributions in the fits.
For the non-resonant amplitudes, the π∆ Born terms
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TABLE III: χ2/d.p. from the fit of all invariant mass and θi
(i=π−,π+,p) angular distributions within the framework of
JM06 model.

Q2, GeV2

bin center 0.275 0.325 0.375 0.425 0.475 0.525 0.575

χ2/d.p. 2.74 2.01 1.90 1.60 1.37 1.63 1.25

TABLE IV: The partial waves for coherent sum of Born and
additional contact terms in π−∆++ channel of total angular
momentum J and for helicities of the initial and final particles
λγ=1, λp=1/2, λ∆=3/2. The amplitudes were evaluated at
Q2=0.275 GeV2 and for running ∆ mass 1.14 GeV

W, GeV J Real part for Imaginary part

TJ Born for TJ Born

and contact terms and contact terms

1.31 0.5 0. 0.

1.34 0.5 0. 0.

1.36 0.5 0. 0.

1.39 0.5 0. 0.

1.41 0.5 0. 0.

1.44 0.5 0. 0.

1.46 0.5 0. 0.

1.49 0.5 0. 0.

1.51 0.5 0. 0.

1.54 0.5 0. 0.

1.56 0.5 0. 0.

1.31 1.5 -14.63 -5.31

1.34 1.5 -14.89 -5.42

1.36 1.5 -15.04 -5.48

1.39 1.5 -14.70 -5.48

1.41 1.5 -13.82 -5.45

1.44 1.5 -11.38 -5.38

1.46 1.5 -10.15 -5.28

1.49 1.5 -10.56 -5.16

1.51 1.5 -9.23 -5.00

1.54 1.5 -8.69 -4.83

1.56 1.5 -8.09 -4.64

1.31 2.5 -3.59 -0.58

1.34 2.5 -5.05 -0.87

1.36 2.5 -6.22 -1.14

1.39 2.5 -7.13 -1.39

1.41 2.5 -7.78 -1.63

1.44 2.5 -7.95 -1.87

1.46 2.5 -8.21 -2.09

1.49 2.5 -8.76 -2.31

1.51 2.5 -8.77 -2.51

1.54 2.5 -8.90 -2.70

1.56 2.5 -8.93 -2.88
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FIG. 6: (color online) The recent CLAS pπ+π− data at
W=1.51 GeV, Q2=0.43 GeV2 and their fit within the frame-
work of JM05 model shown by solid lines. The contributions
from direct 2π production, resulting in discrepancies in the
description of π+ and p angular distributions, are shown by
dashed lines.

are fixed in the fit. The magnitudes of the additional
contact terms in π−∆++ and π+∆0 isobar channels and
all direct 2π production amplitudes defined in the previ-
ous section were varied, applying different multiplicative
factors to the different amplitudes. These factors were
the same for all W -bins inside a single Q2-interval, while
they were different in different Q2-bins. Therefore, the
W -dependence of non-resonant mechanisms, established
in preliminary adjustment to the CLAS data, remain un-
changed in the fit, allowing us to avoid additional W -
dependent fluctuations of non-resonant mechanisms, that
may mask the N∗ contributions. The multiplicative fac-
tors were determined as random numbers normally dis-
tributed around unity with σ values in the range of 10 to
20 %.
Electrocouplings of P11(1440) and D13(1520) reso-

nances were varied within 30 % of their initial values,
determined in a preliminary adjustment to the CLAS
data. Recent analyses of the CLAS π+n and π0p elec-
troproduction data [33, 34] revealed zero crossing in Q2-
evolution of P11(1440) A1/2 electrocoupling at photon

virtualities 0.4-0.5 GeV2. At these photon virtualities
only non-zero S1/2 electrocoupling of P11(1440) state af-

fects the pπ+π− CLAS data description, while negligi-
ble P11(1440) A1/2 electrocoupling values are required
in order to reproduce the final hadron angular distribu-
tions. Electrocoupling of other states listed in Table I
were fixed at the values obtained in a preliminary adjust-
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FIG. 7: Direct 2π production mechanisms of JM06 model. Top (bottom): the diagrams on the left side, describing direct 2π
production mechanisms of JM05 model, were replaced by diagrams, shown in the middle and right parts of the plot. Contact
interaction in down (upper) vertex was replaced by additional particle-exchange amplitudes. Sets of diagrams in the middle and
right parts of the plot correspond to various assignments for the four momenta squared running over propagators in exchange
amplitudes (see definitions Eqs. (7,9) of ti (i=1,2,3) for diagrams in top/bottom rows respectively).

ment to the CLAS data, as described in the previous Sec-
tion. The π∆ and ρp hadronic decay widths for P11(1440)
and D13(1520) were also varied in a range, which corre-
sponds to the total hadronic decay width floating from
40 to 600 MeV. The total N∗ decay widths were calcu-
lated by summing-up the partial widths over all decay
channels. Partial hadronic decay widths for N∗’s with
masses greater than 1.55 GeV were taken from the pre-
vious analyses of charged double pion electroproduction
data [51, 52, 53]. They are independent of Q2 and are in
good agreement with the values reported in PDG [64].

With the model described above, we fit the CLAS data
[10] of nine differential cross sections of ep → e′p′π+π−

electroproduction reaction, minimizing χ2/d.p.. A spe-
cial procedure was developed in order to obtain not only
the best data fit, corresponding to minimal χ2/d.p., but
also to establish the bands of calculated cross sections,
that are compatible to the data within their uncertain-
ties. For each trial set of calculated cross sections the
χ2/d.p. value was estimated in point by point compari-
son between measured and calculated nine 1-fold differ-
ential cross sections in all bins of W and Q2 covered by
measurements. We selected in the fit all calculated 1-fold
differential cross sections with χ2/d.p less than maximal
χ2/d.pmax, determined so that the values of selected 1-
fold differential cross section should be inside the data
uncertainties for dominant part of the data points (see ex-
ample in Fig 9). The values of resonant and non-resonant
parameters of JM06 model assigned to one selected in the

fit cross sections were utilized in evaluation of various iso-
bar channel cross sections as described in the Section V.

V. RESULTS AND DISCUSSION

Within the framework of JM06 model, we have suc-
ceeded in fitting the CLAS pπ+π− electroproduction
data at low W and Q2 [10, 38].

The band of cross sections selected in fitting procedure
provided reasonable data description. It may be seen
from intervals of χ2/d.p. values achieved in the CLAS
data fit and listed in Table II for three Q2 areas, where
data fits were carried out. The example of data descrip-
tion in single bin of W and Q2 is shown in Fig. 9. For the
first time we determined in the fit the intervals of 1-fold
differential pπ+π− cross sections that are compatible to
the data, accounting for the data uncertainties1.

In the upper two rows of Fig. 8 we show some of the
best fits (solid curves) to the three invariant mass dis-
tributions (top row), angular distributions of three out-

[1] To the best of our knowledge, in previous resonance analysis
of electroproduction data the errors in the fit parameters were
estimated assuming linear error propagation. This simplification
may result in unrealistically small uncertainties in the resulting
fit parameter.
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FIG. 8: (color online) Fit of recent CLAS charged double pion data [10] at W= 1.51 GeV and Q2=0.43 GeV2 after discussed
in the Section III improvements in parametrization of direct 2π production mechanisms. Full JM06 calculations are shown by
solid lines, while the contributions from π−∆++, π+∆0 isobar channels and direct 2π production are shown by dot-dash, dot
and dash lines respectively.

going particles (center row). The contributions from the
π−∆++, π+∆0 isobar channels and direct two-pion pro-
duction term T dir are also shown there. The minimal
χ2/d.p. achieved in the fits of the mentioned above six
1-fold differential cross sections in each bin of Q2 cov-
ered by measurements are listed in the Table III. The
larger χ2/d.p. at smallest photon virtualities are mostly
related to the smaller statistical uncertainties of the data
points and the fact that systematic uncertainties were
not included in the fit.

To check the robustness of JM06 mechanisms, we then
use the determined parameters to predict the distribu-
tions as functions of the angles αi, defined in Section II,
between various reaction planes. In the bottom row
of Fig. 8, we see that the predicted distributions (solid

curves) are in good agreement with the data. Clearly,
a global fit to the differential cross sections data en-
ables us to establish all essential pπ+π− electroproduc-
tion mechanisms at phenomenological level in the area
of 1.3<W<1.57 GeV and 0.25<Q2<0.6 GeV2 covered by
the recent CLAS data [10]. No additional mechanisms
are needed to describe the CLAS data in this kinemati-
cal domain.

The success of the JM06 model can also be seen in
Fig. 10 comparing the calculated fully integrated cross
sections with the data.
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FIG. 9: (color online) Fit of CLAS data on pπ+π− electroproduction [10] at W=1.46 GeV and Q2=0.33 GeV2 within the
framework of JM06 model. Selected in the fitting procedure calculated differential cross sections are shown by bunches of
dashed lines

A. π∆ contributions

With the parameters determined from the fits (see ex-
ample in Fig. 9) , we now use the JM06 model to in-
vestigate the π∆ contributions to the pπ+π− electropro-
duction cross sections. This is done by examining the
calculations of nine differential cross sections without in-
cluding the direct two-pion production term T dir. For
each selected in the data fit set of differential cross sec-
tions we evaluated the contribution from the coherent
sum of the amplitudes from π−∆++ and π+∆0 channels.
In this way we determine the bands of these partial cross
sections imposed by the uncertainties of the experimental
data. The coherent sum of isobar channel contributions
extracted in the fit of pπ+π− cross sections in single bin
of W and Q2 is shown in Fig. 12.

We see in Fig. 12 that the π∆ contributions account
for most of the measured cross sections. The differences
are due to the direct 2π production mechanisms and their
interference with π∆ production amplitudes. These con-
tributions are most pronounced for the π− production at
backward angles where the direct 2π production mecha-
nisms give the main contributions. This distinctive sig-
nature allows us to separate the cross sections generated
by a coherent sum of isobar channel amplitudes and those
by the direct 2π production.

In Fig.13 we compare the contributions from each of
the two π∆ channels. Clearly, the π−∆++ channel is a
major contributor to the cross sections, as expected from
isospin symmetry. The π−∆++ and π+∆0 channels ex-
hibit rather different shapes in all nine differential cross
sections, allowing us to separate their respective contri-
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FIG. 10: The contributions from various isobar channels to the fully integrated pπ+π− electroproduction cross sections. The
recent CLAS data are shown by full symbols. Shadowed areas represent the systematical uncertainties. Full calculations within
the framework of JM06 are shown by solid lines. The contributions from π−∆++, π+∆0 channels are shown by dashed and
dot-dashed lines, respectively. The contributions from direct 2π production are shown by dotted lines.



13

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.225 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.275 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.325 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.375 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.425 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.475 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.525 GeV2

σ
in

te
g
r.

(µ
b
n
)

0

10

20

30

40

50

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65

W (GeV)

Q2 = 0.575 GeV2

σ
in

te
g
r.

(µ
b
n
)

FIG. 11: Resonant and non-resonant contributions, determined from the recent CLAS data fit within the framework of JM06
model. The data are shown by full symbols. Shadowed areas represent the systematic uncertainties. Full JM06 calculations
are shown by full solid lines. The contributions from N∗’s and non-resonant mechanisms are shown by dot-dashed and dashed
lines, respectively.



14

0

100

200

300

1 1.2 1.4
0

50

100

150

200

0.25 0.5
0

100

200

300

1 1.2 1.4

0

10

20

30

0 100 200
0

5

10

15

20

25

0 100 200
0

10

20

30

0 100 200

0

2

4

6

8

10

0 200
0

2

4

6

8

10

0 200
0

2

4

6

8

10

0 200

Mπ+p (GeV)

d
σ

/
d
M

(µ
b
n
/
G

e
V

)

Mπ+π− (GeV) Mπ−p (GeV)

α(π−p)(π+p′) (deg) α(π+p)(π−p′) (deg) α(p′p)(π−π+) (deg)

θπ− (deg) θπ+ (deg) θp (deg)

d
σ

d
(−

c
o
s

θ
)

(µ
b
n
/
ra

d
)

d
σ

d
α

(µ
b
n
/
ra

d
)

FIG. 12: (color online) Differential cross sections for the coherent sum of π∆ channel amplitudes at W=1.46 GeV and Q2=0.325
GeV2 are shown by bars connected by curves. The bar sizes represent uncertainties for these cross sections. The cross section
values corresponding to the best data fit are shown by solid lines. Full symbols are the measured cross sections.

butions.
Differential cross sections of individual isobar channels

extracted from the CLAS data [10] may be found in [68].
This information will be useful for developing a more mi-
croscopic understanding of the isobar production mecha-
nisms, such as those described in terms of explicit meson
baryon diagrams [40, 44, 45, 57, 58, 59].

B. Non-resonant partial-wave amplitudes in π∆
channels

Estimates for the amplitudes of mechanisms contribut-
ing to the charged double pion electroproduction are
of particular importance for N∗ studies in a global
multi-channel analysis within the framework of advanced

coupled channel formalism, such as that developed in
[57, 58, 59, 60, 61]. A first step foreseen in these efforts
will be the combined analysis of major single and double
pion electroproduction channels. Analysis of the pπ+π−

electroproduction data allowed us to obtain information
on non-resonant amplitudes contributing to π∆ isobar
channels, decomposed into a set of partial waves, de-
scribed in the Appendix VI. They were estimated within
the framework of JM06 model with parameters corre-
sponding to the minimal χ2/d.p.. Non-resonant parts of
π∆ channel amplitudes consist of Born terms and addi-
tional contact terms described in Section III. The ab-
sorbtive coefficients applied to the Born term in order to
account for ISI&FSI [47] were taken off. In this way we
get the amplitudes, that are non-distorted by the interac-
tions with open inelastic channels. The partial waves for
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FIG. 13: (color online) Contributions from various isobar channels to charged double pion electroproduction obtained from
the CLAS data fit at W=1.46 GeV and Q2=0.325 GeV2. The cross sections for π−∆++, π+∆0 isobar channels are shown by
bars connected by solid and dash lines, respectively. Full symbols are the measured cross sections. The uncertainties of bars
represent the spread of the cross sections calculated with JM06 parameters determined from the fit of measured differential
cross sections, as described in the Section IV. The values connected by solid lines represent the π−∆++ and π+∆0 channel
cross sections, estimated with JM06 parameters, that correspond to the best data fit of minimal χ2/d.p.

non-resonant amplitudes in π∆ isobar channels, derived
in the CLAS data fit, are given in [69]. In Tables IV,V,VI
and VII we give example of such partial waves at Q2 =
0.275 GeV2. The tables contain the partial waves for 4
of 12 independent helicity amplitudes for the photon he-
licity λγ=1, at fixed values of Q2 and running mass of
π+p system as a function of W . It shall be noted that
the partial waves of J=1/2 total angular momenta van-
ish for the helicity amplitudes corresponding to the 3/2
total spin projections on the initial photon or the final
pion momenta, as it is expected from angular momentum
conservation.

C. Resonant mechanisms

With the parameters determined, we can examine the
resonant and non-resonant contributions within JM06.
The results for the integrated cross sections are already
shown in Fig. 11. The results for the nine differential
cross sections at W=1.51 GeV and Q2=0.425 GeV2 are
shown in Fig. 14.

In Fig. 11 we see that the contribution from resonant
cross sections becomes sizable at W > 1.40 GeV and in-
creases with W. The resonant contributions also increase
with Q2. At W > 1.40 GeV the resonant contribution
ranges from 10 % to 30 %. In Fig. 14 we see that the
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FIG. 14: (color on line) Resonant (dot-dash lines) and non-resonant (dot lines) mechanism contributions to the 1-fold differential
cross sections at W=1.51 GeV and Q2=0.425 GeV2. The solid lines represent full JM06 calculation.

shapes of the resonant and non-resonant differential cross
sections are rather different, allowing us to isolate the
resonant contribution in a combined fit of nine 1-fold dif-
ferential cross section, despite of relatively small resonant
contributions to the fully integrated cross sections

From analyzing the results shown in Figs.11 and 14, we
find that the dominant part of resonant cross sections at
W < 1.6 GeV and Q2 from 0.25 to 0.60 GeV2 comes from
the P11(1440) andD13(1520) resonant states. Previously,
the P11(1440) and D13(1520) electrocouplings at a single
Q2 = 0.4 GeV2 were determined from the analysis of the
1π CLAS data[35]. The analysis presented above has ex-
tended the determination of these resonance parameters
to cover the region of photon virtualities from 0.25 to
0.60 GeV2. Moreover, in pπ+π− production the contri-
bution from P11(1440) does not interfere with that from
the tail of P33(1223), as it does in Nπ electroproduction.

This feature makes pπ+π− exclusive channel particularly
attractive for the studies of the P11(1440) resonance.

VI. CONCLUSIONS AND OUTLOOK.

The analysis of comprehensive CLAS data on charged
double pion electroproduction at W < 1.6 GeV and
Q2=0.25-0.60 GeV2 within the framework of JM06 model
allowed us to establish all essential contributing mecha-
nisms at those kinematics. A good description of nine
1-fold differential and fully integrated cross sections was
achieved in the entire kinematics. The robustness of the
established mechanisms was demonstrated in the suc-
cessful prediction of the three angular distributions αi

(i=1,2,3), which were not included in the fit.
The CLAS data allowed us to evaluate the contribu-
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TABLE V: The partial waves for coherent sum of Born and
additional contact terms in π−∆++ channel of total angular
momentum J and for helicities of the initial and final particles
λγ=1, λp=1/2, λ∆=1/2. The amplitudes were evaluated at
Q2=0.275 GeV2 and for running ∆ mass 1.14 GeV

W, GeV J Real part for Imaginary part

TJ Born for TJ Born

and contact terms and contact terms

1.31 0.5 -0.09 0.73

1.34 0.5 -0.12 1.04

1.36 0.5 1.25 1.28

1.39 0.5 1.36 1.47

1.41 0.5 2.18 1.63

1.44 0.5 3.19 1.76

1.46 0.5 3.63 1.85

1.49 0.5 3.72 1.92

1.51 0.5 4.65 1.97

1.54 0.5 4.73 1.98

1.56 0.5 4.52 1.98

1.31 1.5 -12.56 -4.37

1.34 1.5 -11.99 -4.05

1.36 1.5 -11.25 -3.74

1.39 1.5 -10.41 -3.42

1.41 1.5 -8.99 -3.09

1.44 1.5 -6.18 -2.76

1.46 1.5 -4.60 -2.41

1.49 1.5 -4.60 -2.07

1.51 1.5 -2.80 -1.72

1.54 1.5 -2.04 -1.37

1.56 1.5 -1.40 -1.03

1.31 2.5 -3.86 -0.62

1.34 2.5 -5.16 -0.89

1.36 2.5 -6.05 -1.12

1.39 2.5 -6.67 -1.33

1.41 2.5 -6.96 -1.51

1.44 2.5 -6.69 -1.68

1.46 2.5 -6.53 -1.83

1.49 2.5 -6.71 -1.96

1.51 2.5 -6.23 -2.07

1.54 2.5 -5.96 -2.15

1.56 2.5 -5.64 -2.20

tions from the π∆ channels, coherently or incoherently,
to nine differential cross sections. These π∆ differential
cross sections are determined in each bin of W and Q2

and may be found in [68]. This information as well the
corresponding extracted partial wave amplitudes could
be useful for a microscopic understanding of π∆ pro-
duction mechanisms, such as that being investigated at
EBAC [57, 58, 59, 60].

Successful description within the framework of JM06
model of the large body of pπ+π− electroproduction data

TABLE VI: The partial waves for coherent sum of Born and
additional contact terms in π−∆++ channel of total angular
momentum J and for helicities of the initial and final particles
λγ=1, λp=1/2, λ∆=-1/2. The amplitudes were evaluated at
Q2=0.275 GeV2 and for running ∆ mass 1.14 GeV

W, GeV J Real part for Imaginary part

TJ Born for TJ Born

and contact terms and contact terms

1.31 0.5 -0.77 0.40

1.34 0.5 -1.35 0.42

1.36 0.5 -1.24 0.38

1.39 0.5 -1.23 0.31

1.41 0.5 -0.96 0.22

1.44 0.5 -0.10 0.12

1.46 0.5 0.10 0.009

1.49 0.5 0.012 -0.109

1.51 0.5 0.24 -0.22

1.54 0.5 0.12 -0.34

1.56 0.5 -0.10 -0.45

1.31 1.5 -11.00 -3.67

1.34 1.5 -10.06 -3.12

1.36 1.5 -9.21 -2.63

1.39 1.5 -8.42 -2.18

1.41 1.5 -7.27 -1.76

1.44 1.5 -4.98 -1.37

1.46 1.5 -3.77 -1.01

1.49 1.5 -3.34 -0.67

1.51 1.5 -2.77 -0.37

1.54 1.5 -2.42 -0.12

1.56 1.5 -2.14 0.11

1.31 2.5 -3.41 -0.53

1.34 2.5 -4.34 -0.72

1.36 2.5 -4.90 -0.86

1.39 2.5 -5.24 -0.98

1.41 2.5 -5.31 -1.07

1.44 2.5 -4.92 -1.13

1.46 2.5 -4.64 -1.17

1.49 2.5 -4.71 -1.20

1.51 2.5 -4.23 -1.19

1.54 2.5 -3.96 -1.15

1.56 2.5 -3.67 -1.09

allowed us to isolate the resonant parts of cross sec-
tions, offering access to electrocouplings of P11(1440) and
D13(1520) resonances at Q

2=0.25-0.60 GeV2. Evaluation
of these electrocouplings is in progress [55, 56]. In this
low Q2 region, the meson-baryon dressing of the N -N∗

transition amplitudes is expected to be large [60, 70, 71].
Therefore, evolution of P11(1440) and D13(1520) electro-
couplings at lower Q2 < 0.6 GeV2 is of particular interest
for studies of meson-baryon dressing and still unexplored
in double pion electroproduction.
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TABLE VII: The partial waves for coherent sum of Born and
additional contact terms in π−∆++ channel of total angular
momentum J and for helicities of the initial and final particles
λγ=1, λp=1/2, λ∆=-3/2. The amplitudes were evaluated at
Q2=0.275 GeV2 and for running ∆ mass 1.14 GeV

W, GeV J Real part for Imaginary part

TJ Born for TJ Born

and contact terms and contact terms

1.31 0.5 0. 0.

1.34 0.5 0. 0.

1.36 0.5 0. 0.

1.39 0.5 0. 0.

1.41 0.5 0. 0.

1.44 0.5 0. 0.

1.46 0.5 0. 0.

1.49 0.5 0. 0.

1.51 0.5 0. 0.

1.54 0.5 0. 0.

1.56 0.5 0. 0.

1.31 1.5 -9.82 -3.29

1.34 1.5 -8.70 -2.78

1.36 1.5 -7.97 -2.42

1.39 1.5 -7.25 -2.12

1.41 1.5 -6.44 -1.88

1.44 1.5 -4.98 -1.67

1.46 1.5 -4.16 -1.49

1.49 1.5 -4.23 -1.34

1.51 1.5 -3.47 -1.20

1.54 1.5 -3.16 -1.08

1.56 1.5 -2.85 -0.97

1.31 2.5 -2.44 -0.35

1.34 2.5 -2.95 -0.43

1.36 2.5 -3.24 -0.47

1.39 2.5 -3.37 -0.50

1.41 2.5 -3.38 -0.52

1.44 2.5 -3.16 -0.53

1.46 2.5 -3.01 -0.53

1.49 2.5 -3.04 -0.53

1.51 2.5 -2.82 -0.52

1.54 2.5 -2.70 -0.52

1.56 2.5 -2.56 -0.51
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Appendix I: Born amplitudes.

Here we present the list of amplitudes for the Reggeized
Born terms used in the JM06 model. These terms were
derived from the diagrams shown in Fig. 15.
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FIG. 15: Born amplitudes in JM06 model

They consist of the contact term, the t-channel pion-in-
flight diagram,the s-pole nucleon term, and the u-channel
∆-in-flight diagram [39, 72]. In order to describe the
off-shell pion or ∆ interactions to the hadronic currents
shown in the right side diagrams of the Fig. 15, the re-
spective hadronic vertex functions were used. The off-
shell effects in virtual photon interactions to the hadronic
currents depicted in the Fig. 15 were taken into account
by implementing electromagnetic vertex functions. For
hadronic and electromagnetic vertex functions we used a
compilation of experimental data [63, 73, 74].
The helicity amplitudes for the contact term are given

by

tcλ∆λγλp
= gc(Q

2, t)uµ(p2, λ∆)u(p1, λp)εµ(q, λγ) (11)

where p1 and p2 are the target proton and ∆ four mo-
menta, q is the photon four momentum and uµ, εµ and u
are Rarita-Schwinger spinor-tensor for ∆ with λ∆ helic-
ity, the 4-vector of ingoing photon with λγ helicity, and
the proton target spinor of λp helicity; gc(Q

2, t) is an
effective contact term vertex function.
The pion-in-flight contribution reads:

tpifλ∆λγλp
= gπ(Q

2, t)
(2pµπ − qµ)εµ(q, λγ)

t−m2
π

·

uν(p2, λ∆)u(p1, λp)(q
ν − pνπ) (12)

where pπ is the pion momentum, mπ is the pion mass
and gπ(Q

2,t) is the product of strong and electromagnetic

vertex functions:

gπ(Q
2, t) = Gπ,em(Q2)GπN∆(t). (13)

The electromagnetic vertex function is described by the
pole fit of the pion form factor [63]:

Gπ,em(Q2) =
1

(

1 + Q2(GeV 2)
Λ2

π

)

1

GπN∆(tmin)
(14)

where tmin corresponds to pion production in hadronic
C.M. at zero degree angle; the factor 1

GπN∆(tmin)
reflects

the way Gπ,em(Q2) form factor was extracted from sin-
gle pion electroproduction data [74]. The analysis in [74]
yielded Λ2

π = 0.462 GeV 2 which we used in our calcu-
lations. Concerning the t-dependence of πN∆ vertex,
we introduce as vertex function the hadronic form factor
successfully applied in NN → N∆ relativistic transition
potentials [73]:

GπN∆(t) = g0
Λ2 −m2

π

Λ2 − t
(15)

The interaction constant g0 and cut-off parameter Λ are:
g0 = 2.1/mπ and Λ = 0.75 GeV. Current conservation
implies equality of the contact term coupling gc(Q

2, t)
and the product of the hadronic and electromagnetic ver-
tex functions gπ(Q

2, t) in the pion-in-flight term.
The s-channel nucleon contribution is given by:

tNλ∆λγλp
= gN (Q2)g0

(2pµ1 + qµ)εµ(q, λγ)

s−m2
N

·

uν(p2, λ∆)u(p1, λp)p
ν
π (16)

where s is Mandelstam invariant s = (q+p1)
2, mN is the

nucleon mass, gN is the electromagnetic vertex function,
described by the dipole fit [63]:

gN (Q2) =
1

(

1 + Q2(GeV 2)
0.71

)2 (17)

The last contribution to the Born terms that we con-
sidered was the ∆-in-flight, which is given by:

t∆λ∆λγλp
= 2g∆(Q

2, t)
(2pµ2 − qµ)εµ(q, λγ)

u−m2
∆

·

uν(p2, λ∆)p
ν
πu(p1, λp), (18)

where u is the Mandelstam variable corresponding to the
crossed invariant momentum transfer u = (p1−pπ)

2, and
g∆(Q

2, t) is the product of electromagnetic and strong
vertex functions. The vertex function g∆(Q

2, t) is re-
lated to the gπ(Q

2, t) and gN vertex functions by current
conservation of the total Born amplitude:

g∆(Q
2, t) =

gπ(Q
2, t) + gN (Q2)

2
. (19)
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Finally we substituted π propagator in the pion in
flight diagram (right top Fig. 15) by the π-Regge tra-
jectory, following to the approach proposed in [75]:

1

t−m2
π

→ Rπ(t) =

(

S

S0

)απ(t)

πα
′

π

sin(παπ(t))
· 1 + e−iπαπ(t)

2
· 1

Γ(1 + απ(t))
(20)

where S0=1.0 GeV 2, and α
′

=0.7 GeV−2 is the slope of
the pion Regge trajectory, and Γ is the gamma function.
The pion Regge trajectory απ(t) is given by:

απ(t) = α
′

(t−m2
π), (21)

where the dimension variables are in units of GeV2. We
also implemented an additional W-independent multi-
plicative factor αR to the Reggeized t-channel Born am-
plitudes in order to account for the differences in effective
electromagnetic and hadronic couplings for Regge trajec-
tory and for the pion. Parameter αR was determined
from the data fit and is equal to 1.35.
Reggeized Born terms were obtained by multiplying all

Born amplitudes with a common factor:

αR(t−m2
π)Rπ(t) (22)

In this way we maintain the full Reggeized Born am-
plitude, which remains current conserving, while the t-
channel term acquires the propagator Rπ(t) Eq. (20), in-
stead of the pion pole.

Appendix II: The amplitudes for non-resonant

mechanisms in π ∆ channels beyond Reggeized Born

terms.

Here we present the expressions for non-resonant mech-
anisms in π∆ channels, complementary to the Reggeized
Born terms, described in Appendix I. These mechanisms
were parametrized by two additional contact terms:

tc = (A(W,Q2)ǫγµu
ν
∆γ

µupπν +

B(W,Q2)ǫγνu
ν
∆γ

δu(2pπ − qγ)δ)
1

t− Λ2
. (23)

Parameters A(W ,Q2), B(W ,Q2) were fitted to the CLAS
data in each bin of W and Q2 independently. The factor

1
t−Λ2 in Eq. (23) allowed us to better describe the angular
distributions of the final hadrons. The cut-off parameter
Λ2 was determined to 1.64 GeV2 from the data fit.
These terms could effectively account for the additional

contributions to the π∆ final states from other open ex-
clusive channels arising from hadronic final state inter-
actions. These extra terms may come from other mech-
anisms in π∆ production in addition to Reggeized Born

TABLE VIII: The parameters A(W ,Q2), B(W ,Q2) in Eq.
(23) derived from the CLAS data fit at Q2=0.275 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 7.0 63.0 5.0 45.0

1.34 4.5 40.5 5.0 50.0

1.36 22.5 22.5 17.0 17.0

1.39 22.5 22.5 30.0 30.0

1.41 15.0 10.0 36.0 24.0

1.44 16.0 4.0 62.4 15.6

1.46 18.0 2.0 90.0 10.0

1.49 14.4 3.6 88.0 12.0

1.51 9.0 1.0 126.0 14.0

1.54 7.2 0.8 126.0 14.0

1.56 5.4 0.6 128.0 14.5

terms. Lorentz structure of the transition p → ∆ current
could be more complex than a simple tensor structure
gµν , which was used for the Reggeized Born terms of the
Appendix I. The two terms in Eq. (23) may originate
from the additional tensor structures, which may enter
into this current:

γµpπν ,

pδcγδgµν , (24)

where pc = (2pπ − qγ) is the difference of the final pion
momentum and momentum transfered qγ − pπ. The ten-
sor structures (24) being contracted to the spin-tensors
of the initial and the final particles gives us the first and
the second terms in Eq. (23), respectively.

We found no evidence for contributions to the p → ∆
transition current from other tensor structures.

The parameters A(W ,Q2), B(W ,Q2) in Eq. (23), ob-
tained from the CLAS data fit, are listed in the tables
below for both π−∆++ and π+∆0 isobar channels.In the
fits we varied sum of A(W ,Q2) and B(W ,Q2), while their
ratio was fixed in preliminary adjustment to the CLAS
data [10].

Appendix III: Full three-body amplitudes for isobar

channels.

The three-body amplitudes for γp → π∆ → pπ+π−

isobar channels T π∆
γ∗N,ππN (Eq. (1)) were calculated using

a Breit-Wigner ansatz as a product of quasi-two-body π∆
production amplitudes 〈πλ∆|T |λpλγ〉, shown in square
brackets in Eq. (2); ∆ → πN 〈πλp′ |T |λ∆〉 decay ampli-
tudes (Γ∆,πN in Eq. (2)) and ∆ propagator(G∆ in Eq.
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TABLE IX: The parameters A(W ,Q2), B(W ,Q2) in Eq. (23)
derived from the CLAS data fit at Q2=0.325 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 8.0 72.0 3.7 33.3

1.34 9.6 86.4 6.0 54.0

1.36 25.0 25.0 77.5 77.5

1.39 20.0 20.0 75.0 75.0

1.41 28.0 12.0 80.5 34.5

1.44 56.0 14.0 92.0 23.0

1.46 56.0 14.0 104.0 11.0

1.49 20.0 5.0 100.0 25.0

1.51 12.0 3.0 135.0 15.0

1.54 12.0 3.0 153.0 17.0

TABLE X: The parameters A(W ,Q2), B(W ,Q2) in Eq. (23)
derived from the CLAS data fit at Q2=0.375 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 7.0 63.0 3.7 33.3

1.34 8.0 72.0 6.0 54.0

1.36 29.0 29.0 35.0 35.0

1.39 25.0 25.0 25.0 25.0

1.41 33.6 14.4 21.0 10.0

1.44 40.0 10.0 32.0 8.0

1.46 22.5 2.5 45.5 5.0

1.49 16.0 4.0 56.0 14.0

1.51 16.0 4.0 81.0 9.0

1.54 16.0 4.0 108.0 12.0

TABLE XI: The parameters A(W ,Q2), B(W ,Q2) in Eq. (23)
derived from the CLAS data fit at Q2=0.425 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 9.8 88.2 3.7 33.3

1.34 8.4 75.6 4.0 36.0

1.36 55.0 55.0 30.0 30.0

1.39 53.0 53.0 20.0 20.0

1.41 80.6 34.5 21.0 9.0

1.44 80.0 20.0 24.0 6.0

1.46 54.0 6.0 45.0 5.0

1.49 38.4 9.6 32.0 8.0

1.51 18.0 2.0 26.0 4.0

TABLE XII: The parameters A(W ,Q2), B(W ,Q2) in Eq. (23)
derived from the CLAS data fit at Q2=0.475 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 14.5 131.5 7.7 69.3

1.34 10.0 90.0 7.5 67.5

1.36 55.0 55.0 70.0 70.0

1.39 45.0 45.0 55.0 55.0

1.41 91.0 39.0 91.0 39.0

1.44 80.0 20.0 96.0 24.0

1.46 45.0 5.0 90.0 10.0

1.49 16.0 4.0 48.0 12.0

TABLE XIII: The parameters A(W ,Q2), B(W ,Q2) in Eq.
(23) derived from the CLAS data fit at Q2=0.525 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 8.5 76.5 7.7 69.3

1.34 8.0 80.0 7.5 67.5

1.36 90.0 90.0 60.0 60.0

1.39 75.0 75.0 50.0 50.0

1.41 87.5 37.5 91.0 39.0

1.44 88.0 22.0 104.0 26.0

1.46 81.0 9.0 99.0 9.0

1.49 30.4 7.6 38.4 9.6

(2)) :

T π∆
γ∗N,ππN =

∑

λ∆

〈πλp′ |T |λ∆〉〈πλ∆|T |λpλγ〉
M2

∆ −M2
πp − iΓ∆(Mπp)M∆

, (25)

where M∆ , Γ∆(Mπp), are the ∆ mass and total hadronic
decay width, which is a function of running Mπp masses.
The mass dependence was obtained by calculating the
total decay width Γ∆(Mπp) from the matrix elements

TABLE XIV: The parameters A(W ,Q2), B(W ,Q2) in Eq.
(23) derived from the CLAS data fit at Q2=0.575 GeV2

W, GeV A(W,Q2), B(W,Q2), A(W,Q2), B(W,Q2),

GeV π−∆++ GeVπ−∆++ GeV π+∆0 GeV π+∆0

channel channel channel channel

1.31 7.5 67.5 4.7 42.3

1.34 6.8 61.2 7.5 67.5

1.36 80.0 80.0 60.0 60.0

1.39 75.0 75.0 55.0 55.0

1.41 84.0 36.0 91.0 39.0

1.44 96.0 24.0 104.0 26.0
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(26). Therefore, expression Eq. (25) fulfills the unitarity
conditions. The sum is running over helicities λ∆.
The 〈πλp′ |T |λ∆〉 decay amplitudes were calculated as:

〈πλp′ |T |λ∆〉 = g∆F∆(Mπp)up′uµ
∆p

π
µ, (26)

The coupling constant g∆, was fitted to the total
hadronic decay widths of the ∆ at the central mass 1.23
GeV:

g∆++→π+p = 15, (27)

g∆+→π−p = 15 ∗ (1/
√
3). (28)

A numerical factor 1/
√
3 represents isospin Clebsch-

Gordan coefficient.
Mass dependence of the total hadronic decay widths

Γ∆(Mπp) was determined through the Lorentz structure
of decay amplitudes (26), as well as the hadronic form
factors F∆(Mπp) [76]:

F∆(Mπp) =
F (P ∗

πR)

F (P ∗
π )

,

F (P ∗
π ) =

√

P ∗2
π

Λ2
∆ + P ∗2

π

{

P ∗
πR

P ∗
π

}

. (29)

where P ∗
π , P

∗
πR are moduli of pion three-momenta in the

rest frame of the ∆ at current and the central Mπp re-
spectively. Λ∆ = 0.235 GeV.

Appendix IV: Cross-sections and amplitudes in

JM06 model.

All amplitudes were calculated for the S-matrix defined
as:

S = I + (2π)4δ4(Pf − Pi)iT, (30)

where Pf and Pi are total four momenta of the final and
the initial particles respectively. The Dirac spinors were
normalized as:

UpUp = 2MN , (31)

where Up, (Up) are Dirac (conjugated Dirac) spinors, MN

is the nucleon mass. With this parameterization of the S-
matrix and Dirac spinor normalization, the phase space
element for the final particle i with three-momentum vec-
tor ~pi and energy Ei is defined as:

d3~pi/(2Ei(2π)
3), (32)

All time-space tensors (currents, the particle four-
momenta) in JM model correspond to the gµν tensor
(µ=0,1,2,3,4) with the components: g00 = 1, g11 = g22 =
g33 = −1.
The cross-sections of pπ+π− exclusive reaction induced

by virtual photons absorption off the protons were de-
termined in the single photon exchange approximation.

These cross-sections are related to the measured exclu-
sive electron scattering cross-sections according to Eq.
(3) of Section II. This formalism is described in details
in [63]. The kinematics of the pπ+π− final state are de-
termined unambiguously by the 5-fold differential cross-
section d5σ (see Section II). This 5-fold differential cross-
section for pπ+π− production by virtual photons off the
protons was calculated as a contraction of leptonic and
hadronic tensors divided by the invariant virtual photon
flux and multiplied by d5Φ phase space differential for
the 3-body final state. The leptonic tensor Lµν is well
known from QED [63]. The hadronic tensor represents
a product of the hadronic currents J∗

µ and Jν contracted
to the spin-density matrices for the initial and the final
hadrons.
This paper deals with spin averaged differential cross

sections, that are independent from any polarization ob-
servable. The d5σ cross-section is computed for unpo-
larized electron beam, proton target and with the unity
spin-density matrices for the final state hadrons. In order
to get rid of virtual photon polarization degree of free-
dom, we integrate d5σ cross-section over the azimuthal
φ angle of one of the final hadrons, defined in the Sec-
tion II. This integration results in φ-independent 4-fold
differential cross-section.
The 4-fold differential γvirtp → pπ+π− cross-section

after integration over the final π− azimuthal angle φπ−

is given by:

d4σ =
4πα

4KLMN

{

J∗
xJx + J∗

yJy

2
+ ǫLJ

∗
z Jz

}

d4φ, (33)

where α is fine structure constant, ǫL stands for degree of
longitudinal polarization of virtual photons, as it was de-
fined in [63]. The factor 4KLMN is the invariant virtual
photon flux, MN is nucleon mass, KL is the equivalent
photon energy:

KL =
W 2 −M2

N

2MN
, (34)

d4φ stands for the 3-body phase space differential after
integration over φπ− . This differential may be expressed
in terms of the final state kinematic variables as:

d4φ = 2π
1

32W 2(2π)5
dsπ+π−dsπ+pdθπ−dα[p′π+][pπ−],

dsπ+π− = dM2
π+π− ,

dsπ+p = dM2
π+p,(35)

where W is invariant mass of the final hadron system,
while the Mij are the invariant masses of the i,j pair of
the final hadrons. All angles for the final hadrons are
defined in the hadronic C.M. frame (see Section II for
definition of kinematic variables).
The Eq.(33) also gives the 1-fold differential cross-

sections for isobar channels γp → π∆ with the unstable
final particle ∆ of running mass M∆. In order to get
these cross sections, d4φ differential in Eq. (33) should



24

be replaced by 1-fold differential dΦ2b describing phase
space element for two body final state after integration
over the final hadron φ angle:

dΦ2b = 2π
pf
4W

dθf , (36)

Ef =
W 2 +M2

f −M2
f ′

2W
, (37)

pf =
√

E2
f −M2

f , (38)

where Ef , Pf are the energy and momentum modules
of one of the final hadron f (f=π, ∆), Mf is its mass,
while the index f ′ stands for the other hadron. All frame
dependent kinematic variables of the final hadrons are
defined in the π∆ or γvirtp C.M. frame.
The longitudinal polarization parameter ǫL of the vir-

tual photon is determined by the electron electromag-
netic currents. The QED calculations give [63]:

ǫL =

√

Q2

ν2

{

1 + 2
Q2 + ν2

Q2
tg2

θe′

2

}−1

, (39)

where ν is Lorentz invariant in electron scattering:

ν =
(qp)

MN
, (40)

and q and p are the four-momenta of photon and target
proton, respectively. The ν value is equal to the energy
transfered to the virtual photon in the lab frame. θe′ is
the electron scattering angle in the lab. frame.
The hadronic current Jν and the virtual photon vec-

tors ǫ(λγ) (λγ=-1,0,+1) are related to reaction helicity
amplitudes 〈λf |T |λpλγ〉 as:

ǫν(λγ = −1)Jν(λp, λf ) = 〈λf |T |λpλγ = −1〉, (41)

ǫν(λγ = 1)Jν(λp, λf ) = 〈λf |T |λpλγ = 1〉, (42)

ǫν(λγ = 0)Jν(λp, λf ) = 〈λf |T |λpλγ = 0〉, (43)

whereλi (i=γ, p) stand for the initial state photon and
proton helicities. The λf is generic symbol for the helic-
ities in the final state. The vectors ǫ(λγ) were estimated
in the lab. frame in all JM calculations, resulting in the
hadronic currents and hadronic tensor determined in lab.
frame. Contracted components of the leptonic and the
hadronic tensors should be determined in the same frame.
Therefore, components of the leptonic tensor should cal-
culated in the lab. frame. This is a reason why the
kinematical variables in Eq. (39) were evaluated in the
lab. frame.
The J0 component of the hadronic current was ob-

tained employing current conservation:

q0J
0 − qzJ

z = 0. (44)

[1] explicit expressions for the photon vectors ǫν(λγ) may be found
in [63].

The hadronic currents Jν were derived from Eqs. (41-
44):

Jx = −〈λf |T |λpλγ = 1〉 − 〈λf |T |λpλγ = −1〉√
2

,

Jy = i
〈λf |T |λpλγ = 1〉+ 〈λf |T |λpλγ = −1〉√

2
,

Jz =
ν

√

Q2
〈λf |T |λpλγ = 0〉. (45)

Since the contraction of the leptonic and the hadronic
tensors is Lorentz invariant, all expressions for cross sec-
tions listed above are valid in any frame. However, the
expressions for Lorentz invariants in cross sections incor-
porate the frame dependent observables defined in par-
ticular frames: electron scattering angle in the lab frame,
the final hadron angles in C.M.frame.

Appendix V: Parameters for the resonant

mechanisms

TABLE XV: The initial values of P11(1440) and D13(1520)
electrocouplings used in calculations of the contributions from
various isobar channels.

P11(1440) P11(1440) D13(1520) D13(1520) D13(1520)

Q2, A1/2*10
3 S1/2*10

3 A1/2*10
3 S1/2*10

3 A3/2*10
3

GeV2 GeV−1/2 GeV−1/2 GeV−1/2 GeV−1/2 GeV−1/2

0.275 -33.0 50.0 -55.0 -47.0 70.0

0.325 -25.0 51.0 -58.0 -50.0 70.0

0.375 -15.0 36.0 -65.0 -62.0 80.0

0.425 0.0 43.0 -80.0 -48.0 70.0

0.475 17.0 44.0 -65.0 -48.0 70.0

0.525 20.0 45.0 -60.0 -48.0 70.0

0.575 27.0 46.0 -55.0 -48.0 63.0

Here we present the initial values of the parameters
of P11(1440) and D13(1520) resonances used in com-
puting the various isobar channel contributions. They
were obtained from interpolation of previously available
CLAS/world N∗ electrocoupling data [66] to the kine-
matical area covered by the recent CLAS data [10]. The
starting values of hadronic parameters were taken from
previous analysis of the CLAS Nππ electroproduction

TABLE XVI: The P11(1440) and D13(1520) hadronic decay
widths used to extract contributions from different isobar
channels.

P11(1440) D13(1520)

Γtot, MeV 320. 125.

Γπ∆, MeV 77. 29.

Γρp, MeV 0. 11.
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data within the framework of JM05 model [52]. Inter-
polated electrocoupling values were further adjusted to
measured differential cross sections. Only listed in the
Tables XV,XVI resonances have a measurable impact on
observables in the CLAS data. The contributions from
other resonances are well inside the data uncertainties.
Listed in the tables below resonance parameters were var-
ied as it was described in the Section IV
These parameters should be used in combination with

non-resonant JM06 parameters in order to describe su-
perposition of resonant and non-resonant mechanisms in
various isobar channels. They can not be interpreted
as resonance parameter values derived from the data fit,
since no attempt was made to improve the determined
N∗ parameters as well as to evaluate the uncertainties
of N∗ parameters, related to the accuracies of measured
cross sections.

Appendix VI: The set of partial waves, used for

expansion of the non-resonant helicity amplitudes in

π∆ isobar channels

Non-resonant helicity amplitudes in π∆ isobar chan-
nels were expanded over the set of partial waves, corre-
sponding to the quantum states with the total angular
momenta J and it’s projections µ and ν onto the direc-
tions along the initial and final particle momenta in the
C.M, frame. The defined partial waves 〈πλ∆|T J |λγλp〉
are related to the full helicity amplitude 〈πλ∆|T |λγλp〉
as:

〈πλ∆|T J |λγλp〉 =
π
∫

0

2J + 1

2
〈πλ∆|T |λγλp〉 ·

dJµν(cos θπ) sin θπdθπ

µ = λγ − λp

ν = −λ∆. (46)

The helicity amplitudes 〈πλ∆|T |λγλp〉 may be written
as infinite sums over the partial waves in Eq. (46)

〈πλ∆|T |λγλp〉 =
∑

J

〈πλ∆|T J |λγλp〉dJµν(cos θπ), (47)

where θπ is the pion polar emission angle in the CM

frame. CLAS data analysis showed that at W <
1.55 GeV the partial wave basis may be restricted to
Jmax=5/2. Contribution from partial waves with J >
5/2 are inside the data uncertainties.

The helicity amplitudes depend on the W , Q2 vari-
ables, describing the initial state and on the θπ , Mπp

variables of the final state, where Mπp stands for run-
ning mass of the ∆ isobar. After integration (46) the
partial waves 〈πλ∆|T J |λγλp〉 depend on W , Q2 and Mπp

variables only. All helicity amplitudes and partial waves,
discussed here, contain the factor ei(λγ−λp)φπ , which de-
scribes their dependence on the pion azimuthal emission
angle φπ. This exponential factor is retained for any re-
action dynamic, being a consequence of the rotational
invariance of the production amplitudes.

Instead of helicity representation, LS representation
is frequently used for the description of the π∆ final
state. The partial waves 〈πλ∆|T J |λγλp〉 in helicity rep-
resentation may be expressed through the partial waves
〈LS(π∆)|T J |λγλp〉, in LS representation as:

〈πλ∆|T |λγλp〉 =
∑

LS

〈πλ∆|LS〉〈LS(π∆)|T J |λγλp〉 (48)

The transition coefficients 〈πλ∆|LS〉 are given by the
products of Clebsch-Gordan coefficients and the factor
accounting for different wave function normalizations in
the LS and helicity representations

〈LS|πλ∆〉 =
√

2J + 1

2L+ 1
〈L 0 S = 3/2− λ∆|J − λ∆〉 ·

〈0 0 3/2− λ∆|S − λ∆〉. (49)

The Clebsch-Gordan coefficient 〈Sπ = 0, λπ = 0, S∆ =
3/2,−λ∆|S = 3/2,−λ∆〉 describes the spinless π and the
∆ of 3/3 spin, which are coupled to the total spin S=3/2.
Since the quantization axis is along the π momenta, the
total spin projection is -λ∆. The Clebsch-Gordan coeffi-
cient 〈L0S − λ∆|J − λ∆〉 corresponds to the orbital an-
gular momentum L and the total spin S=3/2 of the π∆
system coupled to the total angular momentum J . The
projection of the orbital angular momentum is equal to
zero because of choice of the quantization axis mentioned
above.


