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MOTIVIC MILNOR FIBRE OF CYCLIC L,-ALGEBRAS

YUNFENG JIANG

ABSTRACT. We define motivic Milnor fiber of cyclic Loo-algebras of dimension
three using the method of Denef and Loeser of motivic integration. It is proved
by Nicaise and Sebag that the topological Euler characteristic of the motivic
Milnor fiber is equal to the Euler characteristic of the étale cohomology of the
analytic Milnor fiber. We prove that the value of Behrend function on the
germ moduli space determined by L is equal to the Euler characteristic of the
analytic Milnor fiber. Thus we prove that Behrend function depends only on
the formal neighborhood of the moduli space.
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1. INTRODUCTION

Let L be an L.-algebra with finite dimensional cohomology. If there is a
nondegenerate symmetric bilinear form on L which has degree 3, see definition
in Section 2] we call L a cyclic Lo-algebra. From transfer theorem in [13], [3],
there is a cyclic Loo-algebra structure on the cohomology H(L). In this paper
we assume that H(L) = 0 only except for i = 1,2. Then by cyclic property
H'(L) = H*(L).

From the cyclic Lo.-algebra structure on H(L), there is a potential function
f: HY(L) — C, which is a formal power series beginning from cubic terms. Let
M := H'(L) and let 0 € M be the origin. The germ (formal) moduli space (X, 0)
associated to L is the critical locus of f, i.e. the vanishing locus of df.

Following [9], [14], we define motivic Milnor fiber M Fy(L) of L using resolution
of singularities of the critical subscheme of df. This motivic Milnor fiber M Fy(L)
can be seen as an element in the equivariant Grothendieck group of varieties over
C. Let Xy be the zero locus of f, and for each z € Xy, we define the motivic
Milnor fiber M F, (L) at x in a similar way. Taking Euler characteristic we get a
constructible function on Xj.

We also define analytic Milnor fiber of L in the sense of [I8]. This analytic
Milnor fiber is an analytic space over the non-archimedean field K = C((t)).
From [18], the Euler characteristic of the étale cohomology of the analytic Minor
fiber in the sense of Berkovich [5], is equal to the topological Euler characteristic
of the motivic Milnor fiber. Using this result we prove that the value of Behrend
function on the critical set X = V(df) is given by the Euler characteristic of the
analytic Minor fiber. This way we prove that the Behrend function depends only
on the formal neighborhood of the points in the moduli space.

Moreover, if L is a Donaldson-Thomas type dg Lie algebra, then the motivic
Milnor fiber can give the pointed Donaldson-Thomas invariant determined by L.
In the paper [3], Behrend and Getzler prove that the formal potential function f for
the cyclic dg Lie algebra L coming from the Schur objects in the derived category
of coherent sheaves on Calabi-Yau threefolds can be made to be convergent over
a local neighborhood of the origin 0 € M. In this case, the pointed Donaldson-
Thomas invariant determined by L is given by the general Milnor number of f in
[20], see [2].

The paper is outlined as follows. We briefly review the definition of cyclic
L.-algebra and deformation theory in Section 2l For more details about cyclic
Loo-algebras, see [3]. In Section [ the Maurer-Cartan space of a cyclic Loo-algebra
is discussed, and the Maurer-Cartan space gives the germ moduli space of L. We
define motivic Milnor fiber of cyclic Ly-algebras in Section @ Finally in Section
Bl we relate the Behrend function of the moduli space of L to motivic Milnor fiber
of L.
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Convention. We work over C throughout the paper. Denote by R = C[[t]] the
ring of formal power series, and K = C((t)), the quotient field. For the analytic
Milnor fiber §,, which is an analytic space over the non-archimedean field K, we
use the étale cohomology of §, in the sense of Berkovich, [5].

Acknowledgments. The author would like to thank Professors Kai Behrend and
Yan Soibelman for their encouragements and answering related questions. The au-
thor is very grateful to Professor Johannes Nicaise for giving valuable suggestions
on analytic Milnor fibers.

2. THE CYCLIC Ls-ALGEBRA AND DEFORMATION THEORY.

2.1. Cyclic L.-algebras.

Definition 2.1. An L. -algebra L is a Z-graded C-vector space ®;L° equipped
with linear maps:

e s AFL — L[2 — K],

given by a1 ® - @ ar — pglay, -+ ,ar) for k > 1, which satisfies the
higher order Jacobi identities for any ay,--- ,ay:

Z Z (_1)5+(n—l+1)(l—1)6(0;al,...7%).

1=1 o€ Sh(l,n—1)

(1) ﬂn—l-ﬁ-l(ﬂl(ao(l)) o 7acr(l))7 Ao(14+1)s """ 7acr(n)) =0,

where the shuffle Sh(l,n — 1) is the set of all permutations o : {1,--- ,n} —

{1,--- ,n} satisfying o(1) < --- < o(l) and c(l +1) < --- < o(n). The symbol

e(oyay, - ,an) (which we abbreviate €(o)) stands for the Koszul sign defined by
Ao(1) N N () = (—1)&6(0')CL1 NN\ ap,

where o is the parity of the permutation o.

The L. ,-morphisms.

Definition 2.2. An L., morphism between two Loo-algebras L and L' is defined
by a degree zero coalgebra morphism F from S(L[1]) to S(L'[1]) which commutes
with the codifferentials Q and Q'. It is completely determined by a set of linear
maps Fy, : SY(L[1]) — L'[1 —n] (or equivalently F,, : \" L — L'[1 —n]) satisfying
a set of equations.

An Loo-morphism F : L —» L' is called quasi-isomorphic if the first component
Fy : L — L' induces an isomorphism between cohomology groups of complexes

(L) and (L', 1)),
The cyclic L.,-algebras.

Definition 2.3. A Cyclic Lo.-algebra of dimension d is a triple (L, ju, &), where
(L, ) is an Leo-algebra with linear maps (ug), and

e: L®L— C[-d]
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s a perfect pairing which means that
HY(L)® H¥(L) — C

is a perfect pairing of finite dimensional vector spaces for each i. The bilinear
form & satisfies the following conditions:

(1) = is graded symmetric, i.e. &(a,b) = (—1)®a(b,a);
(2) For anyn > 1,

33(#71(3317 Tt 71'71)7 xn—i—l) = (_1)”-‘1—-’21($2+"'+$7l+1)%(un(x27 e 7‘TTL+1)7 xl)'

Transfer theorem.

Let (L, u, ) be a cyclic Lo-algebra. We write d = p;. Let

n: L — L[-1]
be map of degree —1, such that
(1) n* =0
(2) ndn = n;
(3) &(nz,y) + (—1)a(z,ny) = 0.
Let
I=1-[d,n),
where [d,n] = dn + nd. Then 112 = II.
Let
M =TI(L).

Let ¢ : M — L be the inclusion and p : L — M the projection. Then
tp =11, pv=idyy.
Theorem 2.4. ([3]) Let (L, i, &) be a cyclic Lo-algebra, then there exists a cyclic
Loo-algebra structure on M such that there is a Loo-morphism
p: M — L
as Loo-algebras.

Remark 2.5. For the cohomology H®(L) of L, one can choose the contraction
operator n such that ¢ : H*(L) — L is a quasi-isomorphic morphism of Luo-
algebras.

Cyclic differential graded Lie algebras
A special case of cyclic Lyo-algebra is the cyclic dg Lie algebra.

Definition 2.6. A Differential Graded Lie Algebra (dg Lie algebra) is a
triple (L, |,],d), where L = @®;L; is a Z-graded vector space, and the bracket [,] :
L x L — L is bilinear and d : L —> L 1is a linear map such that

(1) The bracket [,] is homogeneous skewsymmetric which means that [L*, L7] C
L and [a,b] + (—1)®[b,a] = 0 for every a,b homogeneous.
(2) Every homogeneous elements a,b, c satisfy the Jacobi identity:

[a, [b, ¢l] = [[a,b], ] + (=1)™[b, [a, c]).
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(3) The map d has degree 1, d*> = 0 and d[a,b] = [da,b] + (—1)%[a,db], d is
called the differential of L.

Definition 2.7. A Cyclic Differential Graded Lie Algebra of dimension
d is a DGLA L together with a bilinear form
®: L xL— C[d]
such that for any homogeneous elements a, b, c,
(1) @® is graded symmetric, i.e. &(a,b) = (—1)%e(b, a);
(2) ®(da,b) + (—1)%¢e(a,db) = 0;
(3) &(la,b], c) = &(a, [b,c]);
(4) e induces a perfect pairing
HY L® L) — C
which induces a perfect pairing
H(L)® HY(L) — C

for any 1.

For a cyclic dg Lie algebra L, let
Z' =ker(d : L' — L'
B =im(d: L7t — LY,
then the cohomology is H'(L) = Z'/B". The cohomology H® = &;H'(L) has a
induced dg Lie algebra structure with zero differential.

Definition 2.8. A morphism f : L — L' betrween two dg Lie algebras is a mor-
phism as graded vector spaces compatible with the differential and the Lie bracket.
The morphism f is called a quasi-isomorphism if it induces an isomorphism on
the cohomology dg Lie algebras.

Example 2.9. Let Y be a smooth Calabi-Yau 3-fold. Let F be any derived object
in the derived category of coherent sheaves on'Y. We take E®* — F as a projective

resolution. Let
L=@ @ A"(X, Hom (E", E*)o),

n p+q=n
where Homi(E®, E®)g is taken as sheaf of vector bundles over X. On the complex
Homi(E®, E®)q there exists a bracket given by

[ 0] = 9 — (=17 [, ).

We define the differential _

d =0,
on L, where 0 is the Dolbeault differential. The bracket [,] is defined by

Ww® o, TRV =wATR [p,1].
Then we check that L is a dg Lie algebra under d and [,].
Again using the trace on Hom(E®, E®), let
& : Hom(E®, E®) x Hom(E®*, E*) — Ox
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be given by
YR Y > tr(p o).
Then & is symmetric and induces
e: L x L — C[-3]
by
A% (X, Hom?(E®, E*)o) @ A»*~9 (X, Hom?(E®, E*)y) — C
and

90®¢’—>/)<tr(900¢)AWX-

We check that e is symmetric and satisfies the condition in Definition[2.7. So L
is a cyclic dg Lie algebra of dimension 3, which we call Donaldson-Thomas type
dg Lie algebra.

2.2. Deformation theory of L..-algebras. For a dg Lie algebra L the defor-
mation theory of L is given by the Maurer-Cartan equation. L-algebras are
generalizations of dg Lie algebras. We have a modified deformation functor for
the Loo-algebras.

Let Artc be the category of local Artin algebras over C.

Definition 2.10. The modified deformation functor Defr : Artc — Sets of an
Loo-algebra is given by:

s _1yi(i+1)/2 i
Defr(B) = {ae C(L' @mp)| Y CLT2 (o) = 0},
=1

where B € Artc, C(L* ®@mp) is the complement of d(L° @ mp) in L' @ mp. This
is also called the homotopy Maurer-Cartan functor.

Let F: L — L' be a morphism between Lo-algebras L and L. Then if F is a
quasi-isoporphism, it reduces an isomorphism Def; = Def, for the deformation
functors, see [15].

3. THE MAURER-CARTAN SPACE.

3.1. The moduli space. Let L be a cyclic L.-algebra of dimension 3. Let

ad _1)i(i+1)/2 i
(2) Xi={re L' S @®) = 0}
i=1

The space X is called the Maurer-Cartan space associated to the cyclic Ly,-algebra
L.

By the transfer theorem there is a cyclic Lyo-algebra structure on the coho-
mology H(L). Let (H(L),v, ) be the cyclic Lo-algebra structure. The Maurer-
Cartan map

(3) MC =@ F: AHY(L) — H*(L)
k
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is given by
k(k+1)/2

:171®---®:17k%Z%%(m@-“@ak).
k
The Maurer-Cartan space of H(L) is given by

(4) MC = {x € H'(L)| @ Fi.(x) = 0}.

Theorem 3.1. If H'(L) = 0, then the Maurer-Cartan space MC' is isomorphic

to the completion (X ,0) of the Maurer-Cartan space X with respect to the origin
0e L.

PROOF. See [15], [16]. O

3.2. The formal potential. In this section we talk about a special case that the
cohomology of the cyclic Lo-algebra L satisfies that H* # 0 only for ¢ = 1,2.
Then the structure maps are given by the following

(5) v : AFHY (L) — H?(L)
And the bilinear form k is given by

k:HY(L) — H*(L) = HY(L)".

Define the potential function
(6) f:HYL) —C

by
o0 (_1)n(n+1)/2

f(Z):ZW

n=2

K(Wn(z, -+ ,2),2),

for » € HY(L).
Proposition 3.2. ([3]) We have that df = F.

PROOF. This result is proved in [3]. For the convenience, we recall the proof here.
Recall that
F = ®pFy,
where F}, : H' (L) — H?(L) is defined by
(_1)k(k+1)/2
k!
Since H(L) is a cyclic Loo-algebra, the bilinear form

k:H(L) x H(L) — H(L)

Fi(z) = vp(z, 0, 2).

induces an isomorphism
k: HY(L) = (H*(L))".
Thus F}, is a defferential form on H'(L) for each k > 2. Since
Fy(2) € H*(L) = (H'(L))",
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it can be taken as a function on H'(L), and for z € H'(L),
(_1)k(k+1)/2

Fk(Z)(.Z’) = k! K,(.’L',I/k(z,'” 72))’
Consider the formal function f defined in (6)). Let
f=®rfr
where f; is the function defined by
(_1)k(k+1)/2
f(z) = W”(”}c(zw' 1 2) %)
Then we have that for any z € H'(L),
k41 \k(k+1)/2
dfk (-1)
E(‘T) = - Wﬁ(yk(z’.” ’x’... 72)72)
(_1)k(k+1)/2
= (k+ 1)WH($,W¢(2,“' 1 7))
_1)k(k+1)/2
— %H(fzy Vk(27 e 72))7
where the second equality comes from the cyclic property of x and (vg)g>2. So
% = Fy(z), and df = F.

O

Let {21, -+ ,2m} be a basis of H'(L)V. Let
(C<.Z'1,”’ 7xm>
O(f)

where 0. (f) represents the derivative of the formal potential function f. Then we
have the following result:

A=

Theorem 3.3. The deformation functor Defr of the cyclic Lo-algebra L is pro-
represented by the local complete algebra A.

4. THE MOTIVIC MILNOR FIBER.

4.1. Resolution of singularities. Let (L, u, &) be a cyclic Lo-algebra of di-
mension 3. By transfer theorem there is a cyclic Lo.-algebra structure on the
cohomology H (L), which we denote by (H(L),v, k).

The cyclicity property of H(L) gives a formal potential function
(7) f:HY (L) —C
defined by

n(n+1)

z f(z) = Z%ﬁ(%(z,...,z),z).
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In general f is a formal series and f(0) = 0, where 0 € H'(L) is the origin.
We generalize the motivic Milnor fiber of the holomorphic functions to the formal
series f as suggested in [I4]. For simplicity, let M := H'(L) and let m = dim(M).
Let x € X be a point such that f(x) =0, and f is convergent at the point x. Let

-~

Jo 2 M — C[[t]

be the formal completion of f at x. Then 9 is a special formal C[[t]]-scheme.
First we have a result of resolution of singularities.

Theorem 4.1. ([22],[I8]) Let M be an affine generically smooth formal C[[t]]-
scheme. Then 9N admits a resolution of singularities by means of formal admissible
blow-ups. [

Using Theorem A.T] let
8) h:9) — M
be the resolution of singularity of formal C[[t]]-scheme 9.

Let E;, i € A, be the set of irreducible components of the exceptional divisors
of the resolution. For I C A, we set

E; ::ﬂEZ-

el
and
E;:=E/\ | JE;
J¢l
Let m; be the multiplicity of the component F;, which means that the special
fiber of the resolution is

€A

4.2. Grothendieck group of varieties. In this section we briefly review the
Grothendieck group of varieties. Let S be an algebraic variety over C. Let Varg
be the category of S-varieties.

Let Ko(Varg) be the Grothendieck group of S-varieties. By definition
Ko(Varg) is an abelian group with generators given by all the varieties [X]’s,
where X — S are S-varieties, and the relations are [X] = [Y], if X is isomor-
phic to Y, and [X] = [Y]+ [X \ Y] if YV is a Zariski closed subvariety of X. Let
[X],[Y] € Ko(Varg), and define [X][Y] = [X xgY]. Then we have a product on
Ko(Varg). Let L represent the class of [AlL x S]. Let Mg = Ko(Varg)[L™!] be
the ring by inverting the class L in the ring Ko(Varg).

If S is a point Spec(C), we write Ko(Varc) for the Grothendieck ring of C-
varieties. One can take the map Varc — Ko(Varc) to be the universal Euler
characteristic. After inverting the class L. = [A}C], we get the ring Mc.

We introduce the equivariant Grothendieck group defined in [9]. Let yu, be the
cyclic group of order n, which can be taken as the algebraic variety Spec(C|x]/(z"—
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1)). Let ptyng —> pin be the map x — z%. Then all the groups y,, form a projective
system. Let

Mn,un
be the direct limit.
Suppose that X is a S-variety. The action u, x X — X is called a good action

if each orbit is contained in an affine subvariety of X. A good fi-action on X is
an action of £ which factors through a good u,-action for some n.

The equivariant Grothendieck group Kf(Varg) is defined as follows: The
generators are S-varieties [X] with a good fi-action; and the relations are: [X, i] =
[Y, ii] if X is isomorphic to Y as ji-equivariant S-varieties, and [ X, fi] = [Y, ] +[X \
Y, ] if Y is a Zariski closed subvariety of X with the fi-action induced from that
on X, if V is an affine variety with a good ji-action, then [X x V, ] = [X x AZ, fi].
The group K}(Vars) has a ring structure if we define the product as the fibre
product with the good fi-action. Still we let L represent the class [S x A}C, ] and
let Mlg = K!/(Varg)[L™!] be the ring obtained from K'(Varg) by inverting the
class L.

If S = Spec(C), then we write K{;‘(Vars) as K{;‘(Varc), and M‘SL as Mé. Let

s € S be a geometric point. Then we have natural maps K} (Varg) — Kg (Vare)
and M’y — M given by the correspondence [X, i] — [X, i].

4.3. The motivic Milnor fiber. Let (L, u, &) be a cyclic Loo-algebra of dimen-
sion 3. Then we have a cyclic Loo-algebra structure (H (L), v, k) on the cohomology
H(L). On H'(L) we have a formal series

f:HYL) — C.
Recall that
h:Y— M
is the resolution of singularitiy of the formal scheme 9.

Let m; = ged(m;)icr. Let U be an affine Zariski open subset of 9), such that,
on U, foh =uv™, with v a unit in U and v a morphism from U to A%:. The

restriction of £ N U, which we denote by E‘f NU, is defined by
{(z,9) € AL x (B3 nU)|2™ = w1,

The E can be covered by the open subsets U of Y. We can glue together all such
constructions and get the Galois cover

Ey — E§
with Galois group ft,,,. Remember that /i = @un is the direct limit of the groups

fin. Then there is a natural /i action on E; Thus we get [E;] € MﬂXO.

Definition 4.2. The motivic Milnor fiber of the cyclic Lo-algebra L is defined as
follows:

MFy(L) = Y (1-L)7ER nh~H(0).
0£ICA
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It is clear that M Fy(L) € Mg.

Remark 4.3. Let x € Xg be a point and f is convergent at x. Then one can

define
MF,(L):= Y (1-L)E nh(2).
0#£ICA

It is clear that M F,(L) € ./\/lé.

A constructible function. Taking Euler characteristic we get an integer value
function:

(9) Xtop - Xo —7Z
which is given by
T Xtop(MFy(L)) := Z XtOp(E; Nh(z))
P£ICA

for x € Xj.
Proposition 4.4. The function xiop s a constructible function on Xg.

PrOOF. This is easily from the fact that the function is given by taking Euler
characteristic of the fiber of the morphism ) — 9. O

4.4. The analytic Milnor fiber. Let R = C[[t]] be the formal power series ring,
which is a discrete valuation ring. Let K = C((¢)) be the quotient field. Let

—

M := HY(L) be the formal scheme. In this section we recall the analytic Milnor
fiber §, for any x in the special fiber of 9t defined in [18].

First note that the field K is a non-archimedean field. And K is also a discrete

valuation ring with the standard valuation. The norm is given by
| a| — Cval(a)

for a € K, where ¢ € (0,1) is a fixed number. Then the norms of the elements of

C are equal to 1, the formal series f € C[[z1,- - ,2y]], taken as a formal series in
K{[x1,- - ,2m]], is convergent in the domain U C (AF)* = {|z;| < 1,1 <i < m}.
Let
fo M — C[[t]]

be the morphism given by the formal series f, which is the formal completion of f
at . Let 9y be the special fibre, and 9, the generic fiber. The generic fiber M,
can be taken in the category of separated quasi-compact rigid K-varieties. Then
from [I8], there is a canonical specialization morphism

sp @ My, — M.

Definition 4.5. For any x € My, the analytic Milnor fiber §, is defined as
Sz = sp~ ({2}).
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Let im/\Tx} is the formal completion of 9t along x, then §, is isomorphic to

the general fiber of the morphism im/\?p} — M. Or as explained in [14], the
analytic Milnor fibration is given by

Ble)Nf7Hn) = {z = (z1,-- ,2m) C U| maxi|z;| < ,0 < |f(z)] <}
— {w € (AD)™|0 < |w| < n},
where n < € < 0. The analytic Milnor fiber is the generic fiber of such fibration.

From [I8], MF(L) is actually the motivic Serre invariants and taking Euler
characteristic yields

(10) Xet(gsc) = Xtop(MFx(L))v

where .t (§,) is the Euler characteristic of the étale cohomology of the analytic
space §, over the non-archimedean field K in the sense of Berkovich [5].

Remark 4.6. The homotopy type A(F.) of the analytic Milnor fiber §, was dis-
cussed by Nicaise [19]. Getzler [12] defined a simplicial set MCo(L) for any nilpo-
tent Loo-algebra L, which is a Kan complex. We conjecture that the homotopy
type M Co(L) of the cyclic Loo-algebra L is equivalent to the homotopy type A(Fz)
of the analytic Milnor fiber §,. We hope to return this later.

In general the superpotential function f : H'(L) — C obtained from a cyclic
Loo-algebra is a formal power series. In this paper we assume that f is convergent
at the point in f~(0). As in Kontsevich and Soibelman [13], one can take the
formal power series f as a series over the non-archimedean field K := C((t)) with a
norm given by the standard valuation. Then f is convergent over a neighborhood of
zero on the Berkovich analytic space (A™)%". According to the theory of Berkovich
[6] on vanishing cycles over non-archimedean field we may construct the vanishing
cycle sheaf of cyclic Loo-algebras using Berkovich theory, such that the stalk of the
vanishing cycle sheaf is the Euler characteristic of the analytic Milnor fiber defined
in this paper. We leave this as a future work.

5. THE RELATION TO BEHREND FUNCTION.

In this section we relate the motivic Milnor fiber to Behrend function defined
in [2].

5.1. The Behrend constructible function. The cohomology H*(L) # 0 only
for i = 1,2, where H'(L) classifies the deformation and H?(L) classifies the ob-
struction. Since H'(L) = H?(L)V, from [2], the obstruction theory associated to
L is symmetric.

There is a cyclic Ly.-algebra structure (H(L),v, k) on the cohomology. The
Maurer-Cartan space is defined by
(_1)n(n+l)

MC(L)={z € H\(L)| ) _ ———alw, o 2) =0}
n=2
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Let X = MC(L) = Z(df) ¢ H'(L) be the Maurer-Cartan space, which is
the germ moduli space of the deformation theory associated L. Suppose that X
is closed inside M, which means that f is convergent at x € X. As in [2], let
Cx/mi(r) be the normal cone, which belongs to the cotangent bundle Q21 (7). Let

T CX/Hl(L) — X

be the projection. Let C’ represent the irreducible components of C'y /av(n)- Let
the cycle cx/p1(r) on X given by

ex = oy = O (DI mult () r ().
Cl
Here mult(C”) is the length of Cx/p1 (1) at the generic point of C”.
The Behrend canonical constructible function vx is defined to be the Euler

obstruction function Eu(cx/g1(r)). The Euler obstruction Euc, is a constructible
function that assigns the value

Bue(P)= [ | el@)ns(u'(P). &)
nH(P)
for any point P € X, where pu : ¢x — cx is the Nash blowup and T is the

universal tangent bundle. For details, see [2].

The local moduli space X is determined by the cyclic Lo.-algebra L, we have:

Proposition 5.1. The germ moduli space X admits a symmetric obstruction
theory in the sense of [2].

PROOF. The deformation is classified by H'(L), the first cohomology, and
the obstruction is given by the second cohomology H?(L). By cyclic property,
HY(L) = (H?(L))V, and the deformation is isomorphic to the dual of the obstruc-
tion. Hence the obstruction theory is symmetric. O

Characteristic cycles.

Let
be the map sending the integral value cycles to conic Lagrangian cycles. Then
from [2],

L(CX/Hl(L)) = Cx/um,

is the normal cone.

Let

L: COH*(X) — ﬁX(QHl(L))

be the map sending the constructible functions to conic lagrangian cycles. Then
(11) L(vx) = Cx/m-

Let 1y, be the canonical constructible function for a subvariety V € X. Then
if V=73, a;Y;, for subvarieties ¥; C V, we have 1y =), a;Eu(Y;).

Recall that there is a formal series

f:HY(L) —C
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given by the cyclic relations v and the binear form k. If the series f is a holomor-
phic function on M, then

vx(0) = (-1 (1 — x(Fy))
where Fy is the Milnor fibre of the function of f at the point 0 € H'(L).

5.2. The formal blow-up. Let M := H'(L). And let I C Oy be the ideal of
the singular subvariety of M determined by the differential df.

Then from [22] and [18], we have
Proposition 5.2. The resolution h : ) — 9 can be obtained by blow-up along

the vanishing locus V(I) and the completion of the blow-up is naturally isomorphic
to the formal blow-up. i.e.

Bly(1yM 22 Bly(gp)M.

Then we have:

Lemma 5.3. The resolution BlyryM of (M, Xo) is isomorphic to the projectiviza-
tion of the conormal bundle TVM inside Qpr, hence

E; = P(T) ) M).

PrOOF. The closed subscheme X C M is the singular locus of the scheme M.
From [22], the resolution h : 9 — 9 can be obtained from blowups along the
singular locus X. O

The formal scheme 9t — C[[t]] is defined over the formal power series ring C[[t]].
We take the formal series f in the non-archimedean field K, hence define a global
section of Qgﬁn / (O, for the generic fiber M. In the resolution h, m; is the

order of A* f along the exceptional divisor E;, which can defined as the length of
the Ogp e-module Ogyp ¢/ fOop ¢ at a generic point £ € E; in the formal scheme 1.
Similarly let n; be the order of (f) along h(F;) = C; and p; the order of the Jacobi
ideal (df) along E;.

Proposition 5.4.
m; = N + D;.

PROOF. The Jacobi ideal (df) is given by the cokernel of the induced morphism
h*ng’( — Q@.

Let v(t) be an analytic curve in the exceptional divisor E over the C((t)). We
compute that

ondl (1)) = ondf(t) + ond - (ea(8). -+ 5 )

implies the proposition. Then this is a routine computation as in [21].

Remark 5.5. This proposition can be taken as a generalization of Proposition 2.2
in [21] for a regular function f to the formal power series inside the category of
rigid spaces over mon-archimedean field.
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5.3. Relation to Behrend function. Recall that the Behrend function
vx : X = 7Z
satisfies
L(vx) = Cx/nr C Qur,
as in (II)).
Lemma 5.6. The cycle Cx/yy is equivalent to the cycle > i piEi in Q.

ProOF. Let h: Q) — 9 be the blow-up along the singular subscheme X C M.
Let I C Oy be the ideal of X. From the definition of blow-up, the projectivization
of the normal cone P(Cy/ys) = P(D,, I"/1""1) is equal to the exceptional divisor
E.

By Lemma [5.3], the resolution h is isomorphic to the projectivization of the
conormal bundle, and hence IP’(C’X/M) =P ,piki) =E. O

Proposition 5.7.
L(vx) = (=1)" " (L(xtop) — L(llx,))-

ProOF. From E; = P(Ty, M), and
L(lx,) = (-1)™! ZniEi, L(Xtop) = (—1)™ ! Zszz

and Proposition [5.4] Lemma [5.6] the result follows. O

Then from the correspondence of the constructible functions and Lagrange cy-
cles one has:

Corollary 5.8.
Vx = (_1)m_1(Xtop —1x,).

Over the origin 0 € M, we have
vx(0) = (=)™ (1 - ZmiX(Ei N h_l(o))> :

From (I0)), we have

Corollary 5.9. We have

(12) vx(0) = (=1)™ (1 = xet(S0)) ,

where §o is the analytic Milnor fiber over 0 € MM in the sense of [1§].

Remark 5.10. The formula ({12) means that the value of the Behrend function
vx s given by the analytic Milnor fiber in the formal setting, hence is independent
of the formal neighborhood of 0.
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5.4. Regular function. In this section we assume that the series f is a regular
function. Then there is a morphism f : M — Spec(C[t]) and the formal variety
M is the t-adic completion of f.

Remark 5.11. If the cyclic Loo-algebra L is from a Schur object in the derived
category of coherent sheaves on Calabi- Yau 3-folds, the formal potential f has been
already proved by Behrend-Getzler [3] to be convergent.

We still let X = V(df). For the origin 0 € M, let Fjy be the Milnor fiber at
the point 0 in the sense of [20]. Then from A’campo’s [I] formula, which states
that the Euler characteristic of the exceptional divisor is the Euler characteristic
of the Milnor fiber, or the result x¢:(Fo) = Xtop(Fo) of [18], the following result is
obvious.

vx(0) = (=1)"(1 — Xtop(F0))
where xtop(Fp) is the topological Euler characteristic of the Milnor fiber.
Relation to Donaldson-Thomas invariants.

Let L be a Donaldson-Thomas type dg Lie algebra, i.e. L is a cyclic dg Lie
algebra of dimension three such that H*(L) = 0 only except i = 1,2. Let 0 € M
be the origin. Then from [2] and [3], vx(0) is the pointed Donaldson-Thomas
invariant. Then

Theorem 5.12. Let 0 € H(L) be the origin, then the value vx(0) is the pointed
Donaldson-thomas invariant and is equal to the FEuler characteristic of the motivic
Milnor fiber of the cyclic dg Lie algebra L. [
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