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ABSTRACT. The purpose of this paper is to present a systemic study of some families
of the generalized ¢-Euler numbers and polynomials of higher-order. In particular, by
using multivariate p-adic invariant integral on Zj, we construct the generalized g-Euler
numbers and polynomials of higher-order.

1. Introduction

Let p be a fixed odd prime and let Z,, Q,, C and C, denote the ring of p-adic
rational integers, the field of p-adic rational numbers, the complex number field and
the completion of algebraic closure of Q. The p-adic absolute value in C, is normalized
so that [p|, = %. For d a fixed positive odd integer with (p,d) = 1, let

X =Xg=lmZ/dp Z, X1 =17y,
N

X" = U a+ dpZy,
0<a<dp

(a,p):l
a+dpN7,={xrec X |x=a (moddp")},
where a € Z lies in 0 < a < dp”, (see [3-19)).
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2 EULER NUMBERS AND POLYNOMIALS

When one talks of g-extension, ¢ is variously considered as an indeterminate, a
complex number ¢ € C or p-adic number ¢ € C,. If ¢ € C, one normally assumes
lq| < 1. If ¢ € C,, one normally assumes |1 —¢|, < 1. In this paper we use the notation

ol = 0 and fo)y = =L

Let x be the Dirichlet’s character with conductor d(= odd) € N. Then the generalized
Euler polynomials, E,, ,(z), are defined as

d—1, 7] elt o) n
(1> FX(I‘,t> _ 22l:0( 1) X(l) et — ZEmX(aZ)%, (See [3’ 6])

dt
et +1 —

We note that, by substituting x = 0 in (1), £, (0) = E,, , is the familiar n-th Euler
number defined by

Fo(0.) = 2Xiz (1 iE

dt
et 4 1 —

For f € UD(Z,), let us start with the expression

Y16 = > fGul+pVz,)

0<j<pWN 0<j<pW

representing analogue of Riemann’s sums for f, cf.[1-10].
The fermionic p-adic invariant integral of f on Z, will be defined as the limit (N —
o0) of these sums, which it exists. The fermionic p-adic invariant integral of a function
f € UD(Z,) is defined in [1, 3, 5, 7, 10] as follows:

:/Zf(a:)du = hm Z fi j+pNZ = hm Z fi

O<]<p 0<j<p

Thus, we have
I(f1) +1(f) = 2f(0), where fi(z) = f(z+1).

By using integral iterative method, we also easily see that

(3) I(fn)+ (=) LI(f Z )" (D), where fo(x) = f(x +n) for n € N.

=0



From (3), we note that

; S D s (O < S
@ [ x@)ertauta) = 2= =3 Fury

By (4), we see that

(5) /X x(@)a"du(x) = By, and / W) (@ + 9)"duly) = Enx (), (see [6]).

X

The n-th generalized Euler polynomials of order k, ol )( ), are defined as

) (zz;l;;(—l)zw) u) ZE(k) _, (see [6. 7))

edt 41

In the special case z = 0, E,(lki(O) EY >)< are called the n-th generalized Euler numbers
of order k. Now, we consider the multivariate p-adic invariant integral on Z,, as follows:

/X c /X X(-Tl) .. .X(xk)e(m—l-...—l—xk-i-x)tdu(xl) . ~d,u(.’Ek)

(7> d—1, 1\l elt K o0 n
- (BEELIOE) S et

n=0

By (6) and (7), we obtain the Witt’s formula for the n-th generalized Euler polynomials
of order k as follows:

k
/X . /X (H x(%)) (w1 + -+ + 2)"du(x1) - - dp(zy) = B (2).

In the viewpoint of the g-extension of (8), we will consider the g-extension of generalized
Euler numbers and polynomials of order k. The purpose of this paper is to present a
systemic study of some families of the generalized g-Euler numbers and polynomials of
higher-order. In particular, by using multivariate p-adic invariant integral on Z,, we
construct the generalized ¢g-Euler numbers and polynomials of higher-order.
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2. On the g-extension of higher-order Euler numbers and polynomials

In this section we assume that ¢ € C, with |1 —¢|, < 1. For d € N withd =1
(mod 2), let x be the Dirichlet’s character with conductor d. For h € Z,k € N, let us
consider the generalized ¢-Euler numbers and polynomials of order & in the viewpoint
of the g-extension of (8). First, we consider the g-extension of (1) as follows:

> Buala) oy = [ Pt (g)dinty) =2 37 x(m)(-1)me e, (. (1, 4)
n=0 ’ X m=0

By (9), we have

/X 2+ g @)dpy) =2 3 x(m) (=)™ [l

m=0
(10) d— o " | glat)
—2 x0T

From the multivariate p-adic invariant integral on Z,, we can also derive the g-extension
of the generalized Euler polynomials of order k as follows:

(11)

d—1 k - ok " (™) (_1)lql(w+2§;1 a;)
= Z <H X(%)) (—1)>= (1—q)" Z : (1 + gdt)*

ay, - ,ar=0 \i=1 =0
d—1 k . 0 m+k—1 k
_ ok (H x<ai>> (0= 3 ( )0l + D0y + dil
ai, - ,ar=0 \i=1 m=0 m j=1
d—1 k—1 - 0o m+k—1 k—1
= ok Z ( X(%‘)) (—1)Z5=1 % < . ) (—=1)™x(m)[z + Z aj +mly
a,--,ar—1=0 \i=1 m=0 j=1

Let FF) (¢, 2) = Yoo Egk;q(x)% Then we have
(12)

Fi(ts) = 3 Bilal®)

=, i K = /m+k—1 K
= 2k ; -1 Z;zl a; - —1)ym t[x—l—zj':l aj—l—dm]q.
> (Hx<a>)< ERED Y LR IS

ai, - ,ar=0 \i=1



From (12), we obtain the following theorem.

Theorem 1. For k € N;n > 0, we have

1>lql(w+2§:1 a;)

B = z di HXa 1)1 9 ~ ()=
a1 = g)n 0 (14 gld)*

ai, - ,ar=0 =0
d—1 k . 00 m+k—1 k
=2 ) <Hx<ai>> CIEEEDY ( )Y e
a, - ,ar=0 \i=1 m=0 j=1

For h € Z, k € N, let us consider the extension of EY" 2( q¢(x) as follows:

(13)

k k
k Vs "
Bl @ = [ o [ @t (T | o+ 3w lyduten) - duta)
X b's i =
d—1
- Z (HX ) S ag gl 0 n/ / A5t (=i,

ak—O

k
w+Z (dz; + aj)|pdp(ar) - - - dp(wr)
j=1

2 (e

d—1

_ Sk a0 ai(h—7)

— Xa’l, g 1 Jq j=1 J ,
3 (H ) i e

ay,,0,=0

where (a: q)r = (1 —a)(1 —aq)--- (1 —ag®1), (see [1, 4]).

It is well known that the Gaussian binomial coeflicient is defined as

n _[n]q~[n—1]q-~-[n—k—l—1] see
- (), = T T, e )
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By (13) and (14), we easily see that

(15)
(h.k) 2" Uf <k SRy ai Sk () i n !
B @) = ) ) (-DELesg=iat i 3 (V) -y
n,X:q ~ n
(1 q) Qg ,ak:() =1 =0 l
€T k a; = m+k_]‘ m — m m
g Ft i1 ) Z( ) (=1)mgdth—k)m gdl
m=0 m q?
ki nn - m+k—1 m  d(h—k)m = ‘ Sk ay
= 2kdr > - (—1)™q > ] xta) ] (~1)=i=1%
m=0 q? a1, ap=0 \i=1
k
L T+ i a5
qZ?:1(h—J)aJ [m + #JH]Z&
Let ng’k)(t,x) =3 E;thk()l(x)tn—ﬁ From(15), we note that
(16)
(h.k) Exe (mtk—1 m  d(h—k)m = : Sk
FMR (¢ z) =28 > o (=1)™q > ] x(@) | (=)=
m=0 q ai, - ,ar=0 \i=1

g2i=1(h=Da; gtlmd+a+575, a5lq

By (16), we obtain the following theorem.

Theorem 2. For h € Z, k € N, we have

oo d—1 k
sty =21y 3 (") o S (T

m=0 ai,-,a=0 \7=1

(_1)25:1 aj q2§:1(h_j)a_j [m +

d—1 k n (n W43k a;
= > ([ TIxt@) | (~1)Ximasgzim=ia 2" (D) (=D'q 2= j).
. (1= = (—qh=FFD : gd),

r+ap+ax+--+ag,,
d Jo




For h = k, we have

(17)
k.,k
Bl (@)
_ . e Lt
_ a;j S5y (h—j)a l
— X a/z g 1 Jq j=1 J
1-q" Z;k 0 (H ) ; (—=¢'": qP)
e’} d—1 k
__ ok d|m m+k—1 —_1)™ . -1 Zk:1 a;j zk:ﬂk—j)aj
=2 3 (M) o S (T ) ()T
m=0 q ai, - ,ap=0 \i=1
r+ay+azs+---+ak,,
: [m d ]qd~
It is not difficult to show that
k . ' d—1
/ .. / H X(xj) quzl(m_J)mj-l—med“(xl) .. 'd,u(l'k) = H X(aj)
X X j=1 ai, - ,ar=0 \j=1
TS meay ()T ey / / P DT () - dpa(y)

mazx \d—1 k m—j)a;
LD S (Hj_lxw])) gEie e (1) e
N (—q¥m=F) : g9y,

From (18), we can derive the following equation (19).
(19)

max d—1 k k_ (m—j a; k_ a;
2477 30 L oy (T2 X(ay) ) @5 (7900 (1) %0
(—q2m=Fk) : g),,

I
S

--/X([a:-l-xl-I-"'-i-a:k]q(q—l)-i-l)m P EELY Hx (x) | du(z1) - - - dp(xy)

5 ()i

By (19), we obtain the following theorem.
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Theorem 3. For d,k € N with d =1 (mod 2), we have

DB (@)

I,x,q

— k m—j)a; ko a
27 S0 aa (T (@) @25 090 (<120
(—qdm=k) - qd) Bl Z ( )

From the definition of p-adic invariant integral on Z,, we note that

(20

qd(h—l)/ ,_,/[x+d+x1_|_...+g;k] j=1 (b=5)z; Hx xj) | du(xy) - - - dp()
X X

k d—1
j=1 1=0

Lo, “Zwm]q wam QI TG () - dp(a)

By (20), we obtain the following theorem.
Theorem 4. For h € Z, d € N with d =1 (mod 2), we have

ISH
=

d h—1 h.k h.k o l h—1,k—1
(21) =D EIK) (2 +d) + EMF () =2 x()(-1)'E{", )(z).
=0
Moreover,
T h,k
EMI () = (¢ - DEDY (2) + BVP) ().
Let

FE 0 = 3 B

Then we have

(22) FV(t,z) —2ZX g Y (—1)relntalat,



By

10.
11.
12.
13.
14.
15.
16.
17.

18.

(22), we see that

B () =2 x(m)g" ™ (=1)™ m + a]}

m=0
d—1 d=1 N/ 1\l l(z+a
= T—an 2 - Z x(a1)(=1)" (l)(11> qziz !
(1—=g" = —~  (1+49)
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