arXiv:1012.1015v2 [math.DG] 7 Dec 2010

On the causal properties of symmetric Lorentzian
spaces *

Ya. V. Bazaikin

Abstract

The causal properties of Lorentzian symmetric spaces are investigated
in the paper. There is proved the global hyperbolicity of the Cahen—
Wallach Lorentzian symmetric spaces, corresponding to solvable Lie alge-
bras.

1 Introduction

Symmetric Lorentzian spaces play a significant role in the foundations of modern
supergravity theories [Il 2]. In [3], a classification of all Lorentzian symmetric
spaces was given. Besides the universal covers of multi-dimensional de Sitter
and anti-de Sitter spaces, the only simply-connected symmetric spaces are the
Cahen—Wallach spaces CW,,(A), which are constructed in the following way
[1]. Consider the Euclidean space R™ with coordinates (z!,...,2") and the
plane R? with coordinates (£,7). Let A = (a;;) be a symmetric matrix. Then
CW,(A) = (R* x R™,ds, ,), where

ds} 4 =2dn | d¢ + Z aigr'zldy | + (dz)? + ...+ (dz™)2

i,j=1
One of the main results of the paper is the following

Theorem 1. The space CW,,(A) is globally hyperbolic.

Remark 1. The spaces CW,,(A) correspond to solvable Lie algebras in the
classification of [3]. It can be shown in the remaining cases that de Sitter space
is globally hyperbolic (for instance, [2]), and anti-de Sitter space is not globally
hyperbolic [4].

Theorem 1 turns out to be an immediate consequence of the following more
general result.
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Theorem 2. Let (M,g1) be a Riemannian C'-manifold and let there exist
a point po with the property that the exponential map exp,, : Tp,M — M is a
diffeomorphism. Denote by p(p) = p(po,p) the Riemannian distance function to
the point pg.

Consider the following Lorentzian metric go on N = R? x M:

g2 = 2dn (d§ — Fdn) + g1,

where &, are the coordinates on R? and F : M — R is a continuous function.
Assume that

[F(p)| < i + c3p(p)°
or some constants c1,ca. Then (N, gs) is globally hyperbolic.
g g Yy ny.

Remark 2. One can relax the conditions of Theorem 2: instead of the
function p one can choose the distance function to some subset S C M; and
the exponential map condition can be substituted by the following one: the
restriction of the function p to every piecewise C'-smooth curve in M is a
piecewise C'-smooth real function. The last property is closely related to the
cut locus structure of M.

2 Proof of the main results

Let (N, g) be a time-oriented Lorentzian manifold. The manifold (N, g) is called
strongly causal if for each point p € N and for each neighborhood U of p there
exists an open neighborhood V' C U of p € V such that each causal curve in N,
starting and ending in V, is entirely contained in U. As usual, a causal future
(past) JT(p) (J~(p)) of the point p is the set of all such points ¢ that either
p = q or there exists a future directed (past directed) causal curve starting at p
and ending at ¢g. A strongly causal Lorentzian manifold (N, g) is called globally
hyperbolic if for each pair p,q € N the set J™(p) N J~(q) is compact.

It is proved in [6, [7] that global hyperbolicity of the time-oriented Lorentzian
manifold (N, g) is equivalent to the following condition: (N, g) is isometric to
the direct product R x S with the metric —3dt? + g, where 8 is a smooth
positive function, g; is a Riemannian metric on S depending smoothly on ¢, and
each "section” {t} x S is a smooth space-like Cauchy hypersurface in M.

We say that a space-time (N1, ¢1) is asymptotically dominated by a space-
time (Na, ge) if there exists a continuous map f : N3 — N, satisfying the
following two properties:

1) for each causal curve 7 in Ny the curve f(v) is causal in Na;

2) for each point p € Ny the set f~!(p) is compact.

Lemma 1. Let (N1,g1) be asymptotically dominated by (Na,g2). Then if
(N2, g2) is globally hyperbolic, then (N1,g1) is also globally hyperbolic.

Proof. Since (Na, go) is globally hyperbolic, there exists a time function
T : Ny — R [6,[7]. Put T = T’ o f. The property 1) of the map f implies



that T': Ny — R is a time function on N7. Then (Ny, g1) is stably causal and,
consequently, it is strongly causal [5].

Let us prove that for each compact set K’ C Ny the set K = f~1(K’) C N,
is compact. Introducing Riemannian metrics on N; and Ny, we can assume
that N7 and Ny are metric spaces with countable topology bases. So, it suffices
for us to prove that from each sequence p; € K we can extract a convergent
subsequence. Therefore, in view of compactness of K’, we can assume that
f(pi) = q € K'. This means that there exits a subsequence p; converging to the
set Ko = f~1(q), which is compact by the property 2) of the map f. Consider
an open e-neighborhood U of the compact K with the compact closure K = U.
Then we can assume that p; € U and, passing to a subsequence, we obtain that
p; = p € Ki. So far as p; converges to Ky, we see that p € Ko C K.

Further, if z € JT(p) N J ™ (q), then f(z) € JT(f(p))NJ (f(g)). Therefore,
JT(p) N J~(q) is a subset of the compact set f~1(JT(f(p))NJ~(f(g))). So far
as the set JT(p) N J~(q) is closed in a strongly causal space-time [5], we can
conclude that it is compact. This argument completes the proof of the global
hyperbolicity of (N1, ¢1). The lemma is proved.

Consider the following metric on N = R? with coordinates (1, &, 7):

g = 2dn (d§ — f(r)dn) + dr?,

where f : R — R is a continuous function. Let (N, g) be oriented in time by the
coordinate vector field 6%.

Theorem 3. Let there exist constants c1,ca such that |f(7)| < 272 + c3.
Then the metric g is globally hyperbolic.

Remark 3. In the paper [§] the global hyperbolicity of the metric g was
proved in the case when f(7) ~ 7. However, the method that was used there
does not work in the general case.

Proof. Let fo(7) = c372 + 3. Let us consider the metric

g = 2dn (€ — fo(r)dn) + dr?,

which dominates g, and let us show its global hyperbolicity.
First of all, we construct a global time function T'= T'(n,£, 7). We will seek
T in the form:

T =n—®,7), (1)

for some smooth function ® : R? — R. It is easy to calculate the gradient of T
with respect to the metric g:

VT = (1 - 2f0(7‘)(1)5) (95 - @56,, - (I)-,—aT.
We will try to find a time function 7', whose gradient is time-like, that is

IVT|* = 2fo(1)0F + 2 — 2B, < 0,



or, equivalently,
2 o,
— < . 2
2fo(r) ~ fo(T) ®
Let ¢,% : R — R be some smooth functions. More precisely, we will try to find
the function @ in the following form:

oen =0 (55).

Then the condition (2) changes into the following inequality:

o (5ta) [ 305 (o) ] < i ®

Take & > 0 and put (1) = e fo(1) = e(c37% + ¢3), that is ¥(7)/fo(r) = €. Then

2
P +

1;}(7(—)2 = 2526%72 < 2520%
o\T

A2+ c3
Consequently, the inequality (3
following equation:

~—

holds everywhere if we require ¢ to satisfy the

~—

¢ (z) (14 2e%cia®) =

N ™

An elementary integration yields

¢e () arctan (\/iaclx) )

1
N 2\/501

So we have proved that the everywhere defined smooth function

1 \/55015
T.(&,n,7)=n— arctan | ——=
5(5 n T) n 2\/501 (C%T2 —l—C%)

is a time function with the time-like gradient. In particular, this implies strong
causality of the metric g [5].

Consider two points p; = (&, 7, 7), ¢ = 1,2 in N, where T'(p1) < T(p2) (in
the opposite case the intersection of the cones K = J¥(p;) N J ™ (p2) is empty).
Note that for all 1y, & the transformation

(577777—) — (§+§0777+77077—)

is an isometry of the Lorentzian manifold (N, g). Consequently, we can assume,
without loss of generality, that 1 = 0.

Lemma 2. Assuming the conditions described above, if na < —=—, then

4\/561 ’
K = J%(p1)NJ ™ (p2) is compact.



Proof of Lemma 2. In the further calculations we put

=t = =S i=1,2.

2,2 29 2.2 2
T4 + ¢35 TS+ C

Now choose € > 0 small enough so that

|pe ()| — 12,0 =1,2.

T
o 4\/501
Consider some point p € K and two causal curves: (T, starting at p; and
ending at p, and §(T), starting at p and ending at py (it is evident that we can
choose the time function T as a regular parameter on these curves). Joining
these curves, we can assume that we have one piecewise causal curve (7)),
starting at pi, going through p and ending at ps. Then, using monotonicity of
the functions T (strict) and 7 (non-strict) along v, we have

¢=(2(T)) < ¢e(2(T)) — pe (1) +

—m2 <n(T)—m +

™ ™ <
4\/561 4\/561 1?2 =

< ™
o 4\/561 '

The definition of the function ¢. immediately implies that there exists a constant
d such that z(T') < d for all T. Since the initial point p was taken to be arbitrary,
we have z(p) < d for all p € K. Analogously,

¢=(2(T)) = ¢e(z(T)) — ¢e(w2) —

+ne>n((T) — +n2 >

T
4\/5 Cc1 " 4\/§C1

> ™
o 4\/561 '

Therefore, we can assume that for all p € K the following inequality takes place:

|z(p)| < d. (4)
Further, from the relation (1) we have:
1=
that is d:z: 5 5
52— (1+42e%32”) > — - (1+2%c3d?).
Consequently,

daT ~ fodT fo fo dT _ fodT ~ fo dT =

dz 1 d¢ € 2¢3T dr 1 dg 2ciT dr 2
€

This immediately implies

d d 2
% > —fo— (1+ 2e%¢2 d2) + 21}0?7’% > —fog (1+ 2€2C%d2) —2dicf |7

dar
dT




Further, we use the causality condition for the curve ~:

d¢ dn dr\”
02 Qﬁ(ﬁ‘ Oﬁ)Jr(ﬁ) 2

dr 2
)+ (7)) ©

Let us assume, first, that # > 1. Then, continuing the previous inequality, we
dn | dr

obtain
2 2 dr 2
—2fo | 1+ = (1422324 —L) —4dc? — ) <
fo(+g(+“1 ))(dT) agr|” dT+<dT) =0

In view of our assumption about the growth of 1, we can change the parameter
T on the curve ~, taking the coordinate 1 as a new parameter. In this case
(dividing by fo), we have:

dn 2 2.2 2 2
20 (—fog(1+25 1d%) — 2dc}

1 (dr\? d 2
- (d—;> — 4dc? %d—T —2<1+g(1+25%§d2)) <0.
So far as
d_ 1 1
Vfo C%"'i_% “ o’
we have
1 dr\? 1 d 2
(ﬁ?;) 1 ?—; —2(1+g(1+252cfd2)) <0

The last estimate implies

1 dr

— Y 94
V.fo dn !

2
<y [AdPE +2 (14 = (1 + 2e2c¢id?) ).
9

1 dr _ d 1 i c1T
Te dn = i \ & arcsin o ,

we can integrate the last inequality and, using a priori boundedness of 7, we
obtain that the total increment of the function 7 on those subsegments of =,
where 4 7 > 1, is bounded by some constant D depending only on c1, ¢, 72 and
on the constants &;1,&2,d, e which are determined by the choice of the points

b1, P2-
If d” < 1, the inequality (5) can be immediately rewritten as:

dr\?
(ﬁ) — 4dc?

By virtue of

dr 2
Tﬁ‘ —-2fo (1 + = (1+ 252c§d2)) <0



As in the previous case, dividing by fo and integrating, we obtain that the total
increment of 7 on those subsegments, where j—g < 1, is also universally bounded
by the constant D.

Thus we have proved that the coordinate 7 is universally bounded along each
causal curve. The estimate (4) implies that the coordinate £ is also universally
bounded. Therefore, the set K is contained in a bounded domain in R3, that
is, the closure of K is compact. Strong causality implies the closeness and,
consequently, compactness of K [5]. The lemma is proved.

Now let p1 and p2 be the same as above but without any restriction on 7.
As above, we consider the intersection of the cones K = J¥(p1) NJ ™ (p2). Take
a constant C' > 0 and consider the following Lorentzian metric on the manifold
N = R0, 7):

g% = 2dn' (d¢' - fo(r)dn) + dr”,

where
1t C% 2 C% 212 /2
folr) =g " + gz =cim +c5.
Now choose C' large enough for the inequality

T
2 < Tcll (6)

to hold. Consider the transformation o : N — N’:

a(&,n,7) = (én%)

It is evident that the transformation of the Lorentzian spaces o : (N, ds?) —
(N’,ds") is a conformal diffeomorphism. Consequently, it maps homeomorphi-
cally the intersection K of the causal future and past of the points pi,ps to
the intersection K’ of the corresponding causal future and past of the points
py = (&/C?,0,7/C) and ph = (£&2/C? 19, 72/C). Inequality (6) and Lemma 2
imply that K’ is compact and, therefore, K is also compact. Our theorem is
proved.

Remark 4. The asymptotical growth of the function fy in Theorem 3 is
optimal in the class of power functions. Indeed, if, in the conditions of Theorem
3, we consider f = 727¢ for ¢ > 0, then it is sufficient to take a class of the
causal curves of the form v(s) = (&, n(s),7(s)). Such curves are causal on the
plane with coordinates (n,7) with respect to the Lorentzian metric

dr?
—2dn* + ——.
f(7)
An elementary integration shows that this metric is not globally hyperbolic:
there exist light-like curves, both future- and past-directed, which escape to
+o00 with respect to the variable 7 for a finite increment of 7.



Proof of Theorem 2. It suffices to note that the metric g in the conditions
of Theorem 2 is asymptotically dominated by the metric

ds? = go = 2dn (d€ — (c} + 3p?) dn) + dp*.

Indeed, let v(s) = (&(s),n(s),p(s)) be a causal curve in N. Let d5(t), 0 <
t < p(p(s)) be the shortest normal geodesic joining the points py = d5(0) and

¢
p(s) = d5(p(p(s)))- Let

dp . (dp\ 0  (dp ap\ 9
ds_dp( )3p+<ds o (dS)ap)

be the decomposition of the tangent vector into radial and tangential compo-
nents with respect to the level hypersurface of the function p (which is, in fact,
the geodesic sphere of radius p centered at py). Moreover, we can interpret 8%
as a tangent vector field to the normal geodesic ds. In this case

By the assumptions of the theorem, each piecewise C'-smooth curve in N is
projected under the map (&,71,p) — (£,1, p(p)) to a piecewise C*-smooth curve
in R3. Then, (7) implies that each causal curve in N is projected under the
same map to a causal curve in R? with the Lorentzian metric

g =2dn (dé — (c + ¢3p*) dn) + dp®.

Obviously, the level sets of the function p (that is, the geodesic spheres in M)
are compact. It remains to apply Theorem 3 and Lemma 1.
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