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Any physical quantum device for quantum information processing is subject to errors in
implementation. In order to be reliable and efficient, quanum computers will need error
correcting or error avoiding methods. Fault-tolerance acheved through quantum error cor-
rection will be an integral part of quantum computers. Of the many methods that have
been discovered to implement it, a highly successful appraa has been to use transversal
gates and specific initial states. A critical element for itsmplementation is the availability
of high-fidelity initial states such as|0) and the Magic State. Here we report an experiment,
performed in a nuclear magnetic resonance (NMR) quantum preoessor, showing sufficient
guantum control to improve the fidelity of imperfect initial magic states by distilling five of

them into one with higher fidelity.

Quantum information processing (QH} promises a dramatic computational speed-up over
classical computers for certain problems. In implemeotathe physical quantum devices for QIP
are subject to errors due to the effects of unwanted intersctvith the environment or quantum

control imperfections. In order to be reliable and efficjequiantum computers will need error
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correcting or error avoiding methods. One method to actiayétolerant quantum computation is
to encode the state of a single quantum bit (qubit) into daxflseveral qubits that are more robust
to errors. Based on this idea, quantum error correctiong;dtle theory of fault-tolerant quantum
computation and the accuracy threshold theorem have beetogecd™. A key element for fault-
tolerant quantum computation is to avoid bad error propagaOne straightforward protocol is to
use transversal gates where an error occurring okttihhgubit in one block can only propagate to
the kth qubit in the other blocks. A highly successful approachdbieve fault-tolerant universal
guantum computation is based on quantum error correctidgswith gates from the Clifford
group that can be applied transversétfy Unfortunately they are not universit* and they must
be supplemented with the preparation of not only|thjestate but also another type of state such
as aMagic State?=1¢ Thus, a critical element for fault-tolerance is the availlty of high-fidelity
magic states. Consequently, in the pursuit of experiméatst-tolerant quantum computation, it
is important to determine whether we have sufficient expenital control to prepare these magic
states. In general these will be prepared with some impogcisThe states can be improved
by distilling many magic states to produce a fewer numbeheft which have higher fidelity.
Here we report an experiment, performed in a seven-qubieauenagnetic resonance (NMR)
guantum processor, showing sufficient quantum control fdement a distillation protocol based
on the five-bit quantum error correcting cotge which uses only Clifford gates. The fidelity of

imperfect initial magic states is improved by distillingdief them into one with higher fidelity.



Results

Theoretical protocol. The Clifford group is defined as the group of operators thgisitae Pauli

group onto itself under conjugation. The Pauli group is defias” {£1, +il, +0,, +io,, +o,,

+io,, +0,, tio,} whereo,, o,, 0., andl denote the Pauli matrices and identity operator, respec-

tively. The Clifford group om qubits is a finite subgroup of the unitary groUp2™) and can be
generated by the Hadamard g&fe the phase-shift gatg,;,, and the controlled-not gate NOT

represented as

H=—s S, = JONOT = (1)

in the computational basig0), |1)}.

An arbitrary one-qubit state can be represented in the Biptiere as

pP= (]l + P20z +py0y + szZ) /2 (2)

wherep,, p, andp, are the three polarization components of the state. Theasigies™ are
defined as th& states withp, = +£1/v/3, p, = £1/V/3, p. = +1//3 (T type) and the 2 states
with p, = 0, p, = £1/V2, p. = £1/V2; p, = 0, p. = £1/V2, p, = £1/V2; p. = 0,
p. = +1/v/2, p, = £1/3/2 (H type). These states are called "magic” because of theiitybil
with Clifford gates, to enable universal quantum compaotatind the ability to be purified, when
it has been prepared imperfectly, using only Clifford grayerationg. In our current work we

distill an imperfect magic state intolgtype magic state represented as

Py = {]l + (0, + 0y + az)/\/g} /2. (3)
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To quantify how near a stajeis to the magic state, we define the m-polarization (poléidran

the direction of the magic state)

p=2Tr[parp] — 1 = %(pﬁpﬁpz)- @)

The distillation algorithm requires five copies of a faultagic statep;,, = p®° as the input
state. In the original propos#, the measurement of four stabilize¥s(i = 1, ..., 4) is applied to
Pin,WhereS; =0, ®0, 0,0, 1,5, =1R0, R0, R0, R0, 5% =0, 1R, R0, R0,
andS, = 0. ® 0, ® 1® 0, ® o,. If the outcome of any of these observables-is, the state
is discarded and the distillation fails. If the results dftaé measurement arel, corresponding
to the trivial syndrome, one applies the decoding transétion for the five-qubit error correcting
code!! to the measured state and obtains the output gtatew |0000) (0000| wherepy, has the
output m-polarizatiom,,;. If the input m-polarizatiom,, > py = \/ﬁ ~ 0.655, distillation is
possible ang,,; > p;, and produces a state nearer to the magic one. In an iteraiiaen it is

possible to obtain the output m-polarization approaching

As NMR QIP is implemented in an ensemble of spin systems, thielputput of expectation
values of ensemble measuremetitare available. Consequently the above projective measure-
ment of the stabilizers cannot be implemented in our expeErtirHowever, as the decoding opera-
tion is just a basis transformation from one stabilizer palog to another, it is possible to evaluate
the result of the distillation after decoding. Therefore @irectly apply the decoding operation

to the input state),,,, and the output state becomes a statistical mixture of 16ilplesoutcomes



represented as
15
Pout = Y 0ips @ [0) (il (5)

=0

whered; is the probability of each outcome, afd = |0000),

0001), ... ,

1111), fori = 0,
1,2, ...,15, noting py = pais- Now measuring0) on all four qubits in|:) indicates a successful

purification. We can obtaifi, andp; using partial quantum state tomograpfly

Experimental results. The data were taken with a Bruker 700 MHz spectrometer. We
choose!3C- labelled trans-crotonic acid dissolved in d6-acetona asven-qubit register. The
structure of the molecule and the parameters of qubits anersin Tabld 1. We prepare a labelled
pseudo-pure staje, = 000,0000 using the method in Ret?, where0 = |0)(0| and the order of
qubitsis M, H, H,, C;, C;, C3, C,. One should note that we are using the deviation densityixnatr

formalism.

We prepare an initial imperfect magic state with three equuddrization components by
depolarizing the state = (1+0.)/2. First we apply ar/2 pulse to rotate the staeto (1+o0,)/2
and then another /2 pulse along directioricos a, sin a, 0] is applied. We use phase cycling to
average the- andy- components of the state to zero, and therefore the polenizaf the spin

initially in the state0 is reduced. The depolarized state is represented as
(1—o0,sina)/2. (6)

Finally we apply a rotation with anglerccos(1/+/3) about the directiof—1/v/2,1/+/2,0] to



obtain an imperfect magic state
p= {ﬂ+p(am+ay+az)/\/§} /2 (7)

wherep = — sin a. The evolution ofr, in the preparing is shown in Fig[ll. By doing the above
operation for qubits M, ¢ C,, Cs, C4, respectively, we obtain five copies of the imperfect magic
statesp;,, = p®°. Exploiting partial state tomography, we measpr®r each qubit and use the

average as the input m-polarizatipy for p;,,.

The circuit for the distillation operation is shown in Figl £, carries the distilled state
after the distillation. With partial state tomography, vanaeterming), and p; in equation[(5),
wherepy = pg;s, from which the output m-polarization,,; is obtained. The experimental results
for magic state distillation for various,, are shown in Fig[]3, where figures (a) and (b) show the
measureg,,,; andd,, respectively. The straight line in figure (a) represerggtmctionp,.; = pin.-

The data points above the line show the states that have Isgéled experimentally.

The implementation time of the distillation procedure is@at0.1 s, a non-negligible amount
of time (10%) compared to coherence tin1e (n Table[1). Hence the decay of the signals due
to the limitation of coherence time is an important sourcerobrs. We extracp,,,; by measuring
the ratio oftyp,.; andd,, where these two factors are obtained by various singlereahterms in
a series of experiments (see details in Methods). We hawereskthat the terms have the same
amount of decoherence. The results of simulations with agiply rated’; and7; are shown in
Fig.[3 as the blue squares and red triangles. The simulaguits show that the decoherence rates
are long enough to allow the distillation and suggest thatdéviation off, from the theoretical
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expectation can be mainly attributed to relaxation effeatiditionally, imperfection in the shaped

pulses and inhomogeneities of magnetic fields also conéritauerrors.

Discussion

We modify the original distillation protocol by avoidingehprojective measurement, which is
not possible to implement in the NMR QIP’s. We exploit pdritate tomography to obtain each
output in the mixture of the outcomes after the distillatiand only in a post-processing step do we
choose the one we need. Although we could accesR)t8) (0000| subspace using a procedure
similar to the pseudo-pure state preparation, the methadidiake a substantially longer amount
of time and would be more error-prone. In this work we aim fquantitative result, i.e. increasing
the magic state purity. We need to minimize the readout maaions to avoid control-error
induced distortions of the inferred final state and assediptirity. Hence, we limited ourselves to

simple high-fidelity readout procedures.

In summary, we have implemented a protocol for distillinggnastates based on the five
qubit quantum error correction code. We exploit five qubiscbntrolling a seven-qubit NMR
guantum information processor. The experiment shows teabave obtained enough control to

purify faulty magic states through distillation.

Methods

Overview of the experiment. To implement the experiment, we exploit standard Isech and



Hermite-shaped pulses as well as numerically optimized BRAulse$?! to implement single-
spin operations. The GRAPE pulses are optimized to be rdbustdio frequency (r.f.) inho-
mogeneities and chemical shift variations. All pulses ammlgined in a custom-built software
compiler4?, The compiler loads the information about the internal Hamian and the desired
unitary transformation from simple predefined buildingdie. The blocks are then systemati-
cally put together to form a pulse sequence ensuring thatrtoes in the building blocks do not

propagate as the sequence progresses.

R.f. selection. The effect of pulse imperfections due to r.f. inhomogesmsiis reduced
by selecting signal based on r.f. pov#r The signal selection is achieved by spatially selecting
molecules from a small region in the sample. The method igaino imaging methods’ and has
been used in previous works Here we substitute the original pulse sequence proposRdfi
by a single GRAPE pulse to optimize the performance. Besigliscing r.f inhomogeneities, the
spatial selection of spins can also reduce the static fibldnmogeneities and therefore reduces the
loss of signal during the experiment. We have found that leeteve relaxation time{;) of spins

after the r.f. selection increases significantly, e.g.,aia tactor 2 for some spins.

Partial state tomography. We use the spectra obtained from the labelled pseudo-pates st
ps = 000,0000 shown in Fig.[4 as a phase reference and to normalize thelsign@; and G
spectra, for measuring the initial and output m-polar@atiTo obtain the reduced density matrix
of C, through the partial state tomography, we expand equdtlpaga sum of product operators
18 and represen; as

1
Pi = 5 (] + DixOx + PiyOy +pi7z0z) ’ (8)



In the expansion there are 128 terms that are required toiet by the experiment.

The coefficients of such expansion can be directly relateddgoneasurable spectral ampli-
tudes’®. On the other hand, such coefficients can also be relatea t@kvant parameters of (5),
1.8, Di ., Diy» Di,- @NdO; fori = 0, 1, 2, ..., 15. The relation between these parameters and the NMR

observables can be expressed by the set of linear equations
C=AXxR. 9)

Thenth element('(n), of the column vecto€' is the coefficient related to the operat@r /o, so7 072073
with the order of qubitd/, Hq, Hy, C;, C;, C3, C4, wheres can be one element of the Pauli group
{04,0,4,0,,1} and the vecton = (n,n9, 73, 74) iS the four digit binary representation of the
integern — 1. Fors = o, 0y, 0, andl, R(n) = 0,pn . 0npny, Onpn . @ande,, respectively. The

elements of the matriXd are given by

A(k,m) = T, (= 1)k (10)

Providing that we have all necessary coefficients measwedaan reconstruct the distilled
states using the following approach. First, we fit the NMRc$@ lines to the yield complex
amplitudes for measuring all necessary coefficiéfitsFig. [3 illustrates the spectra of, @fter
the completion of distillation fop;,, = 0.95, where the experimentally measured, fitted, and ideal
spectra are shown as the red, black, and blue curves, regiecthen the staté [5) is reconstructed
by solving the set of equatioris (9). Our calculation showsfibur readout operations are sufficient
to determine all coefficients: first, read out opy €econd, read out on,Gfter the application of a
7/2 pulse; third, read out on{after the application of a/2 pulse; and forth, read out on, @fter
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a polarization transfer from Hto C,. The last two readout operations are sufficient to measure
all 9;, and the first two are used to meastye. The errors for the coefficients, as well errors for
Dixs Piy» Di- @Ndé; , are estimated from the uncertainty of the fitting paranset&he measured
initial and output m-polarization, as well &sandp;, are listed as Supplementary Tables S1-S10
in the Supplementary Informatiéf. The comparison of the various measupgavith the theory

is shown as equations (1-7) in the Supplementary Methodgistipplementary Information.
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—1309

6.9 —4864

—1.7 15.5 —4086

1275 3.8 6.2 —2990

—7.1 156.0 —0.7 41.6 —25488

6.6 —-18 1629 1.6 69.7 —21586

-09 6.5 3.3 7.1 1.4 72.4 —29398

Ty(s) 0.84 085 084 1.27 1.17 1.19 1.13

Ti(s) 0.61 057 066 104 066 116 0.84
Table 1: Characteristics of the molecule of trans-crotonic acid Molecular structure is shown
as Fig. [6l The chemical shifts and J-coupling constants (in Hz) are on and below the
diagonal in the table, respectively. The transversal relaxation times 7, measured by a
Hahn echo and 73 calculated by measuring the width of the peaks through fitting the
spectra are listed at the bottom. The chemical shifts are given with respect to reference
frequencies of 700.13 MHz (protons) and 176.05 MHz (carbons). The molecule contains
nine weakly coupled spin half nuclei but consists of a seven qubit system since the methyl

group can be treated as a single qubit using a gradient-based subspace selection 22,
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Figure 1: The evolution of o, in the preparation of a faulty magic state in Bloch sphere,
where arrows represent the states of the qubit. aA 7/2 rotation along y-axis transforms,
(blue) too,. (green).b, Anotherr /2 rotation along directioffcos a, sin a, 0] transformss,. (green)
to o, cos’> a + o, cosasina — o, sina (black). In phase cycling we apply the secorf® rotation
by changingu to = + a to transforme, t0 o, cos® a + o, cosasina + o, sina. After averaging
the z- andy- components to zero, the polarization is reduced-#q sin a, shown as the yellow
arrow in figurec, noting thata € [r,37/2]. d, A final rotation with anglearccos(1/+/3) along

[—1/+/2,1//2,0] transforms—o sin a (yellow) to —sin a(o, + o, + 0.)/+/3 (red).
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I =expli(-n/4)s o | I =expli(v4)c o]

Figure 2:Gate sequence for Magic State distillationThe sequence is constructed from the five
qubit error correction cod€’ where+X = exp(Fino,/4), Y = exp(Fino,/4), andZ, =
exp(—iao,/2). Qubits labelled as M, € C,, C; and G are used to encode the five copies of the
initial state. Due to the nature of the algorithm, the carfgrcontains the distilled magic state
only when M, G, C; and C are in thel0000) state. It is important to emphasize that all gates are

Clifford gates. The refocussing pulses (which also deaiifsland H5) are not shown.
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Figure 3: Experimental results after the completion of magic state dstillation. Output m-
polarization of the faulty magic stata)(and the probability, (b) of finding this state in the mix-
ture of outcomes [see equatidd (5)] as a function of the impyttolarization of the initial faulty
magic state. The experimental data are represented byldtkditcles and the error bars are esti-
mated from the uncertainty of the fitting parameters. The iimfigure (a) represents the function
Pout = Pin- The experimental points above the line show the statethest been distilled, while
the points below the line show the states that cannot béleiktn the protocol. The theoretical
prediction is represented by the black solid curves. The biuares and red triangles, connected
by dashed lines for visual convenience, are the simulatsnlts where the dephasing rates are
chosen agy andT; (see Tablé]l), respectively. The effectiie during the experiment should
be similar to the Hahn echib,. The deviation can be attributed to other error sourcestésdg
The dephasing times of,Hand H, actually do not influence the results becauseahld H, can be

17
effectively assumed ifh ando, during the whole experiment, respectively.
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Figure 4: NMR spectra. a,b, Spectra of € and G obtained byr /2 readout pulses when the

system lies in the labelled pseudo-pure state- 000.0000. The vertical axes have arbitrary but

the same units.
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Figure 5: Spectra of C, after the completion of distillation for p;, = 0.95. The spectra are
divided in four different parts shown as figuresq) for better visualization. The vertical axes
have arbitrary but the same units. The experimentally nredsditting, and ideal spectra are

shown as the red, black, and blue curves, respectively.
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Figure 6: Molecular structure of trans-crotonic acid.
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