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Abstract

We diagonalize infinitely many commuting operators Ts(z). We call these operators
Tp(z) the boundary transfer matrix associated with the quantum group and the elliptic
quantum group. The boundary transfer matrix is related to the solvable model with a bound-
ary. When we diagonalize the boundary transfer matrix, we can calculate the correlation
functions for the solvable model with a boundary. We review the free field approach to diag-
onalization of the boundary transfer matrix T (z) associated with Uq(Aéz)) and qu(g;).
We construct the free field realizations of the eigenvectors of the boundary transfer matrix
Tg(z). This paper includes new unpublished formula of the eigenvector for Uq(A§2)). It is
thought that this diagonalization method can be extended to more general quantum group

Uy,(g) and elliptic quantum group Uy ,(g).
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1 Introduction

We study infinitely many commuting operators Tp(z) that we call the boundary transfer matrix.
The boundary transfer matrix is related to the solvable model with a boundary. There have
been many developments in solvable models in the last 30 years. Various models were found
to be exactly solvable and various methods were invented to solve these models. The Free field
approach is a powerful method to study exactly solvable models [1]. This paper is devoted to
the free field approach to diagonalization of the boundary transfer matrix 7Tp(z). When we
diagonalize the boundary transfer matrix, we can calculate the correlation functions for the
solvable model with a boundary. The first paper on this subject was devoted to the XXZ
chain with a boundary [2], in which the boundary transfer matrix T5(z) acts on the highest
representation of the quantum group Uq(gl\g). It is thought that this basic theory for the quantum
group Uq(;rg) can be extended to the quantum group Uy, (g) for arbitrary affine Lie algebra g. It
is thought that the theory on the quantum group U,(g) can be generalized to those on the elliptic
quantum group U, ,(g). In this paper we summarize the generalization on this direction. This
paper includes a review on free field approach to the boundary transfer matrix [2, 3, 4, 5, 6, 7, §]
and new unpublished formula of the boundary state for the quantum group Uq(Aéz)). The plan
of this paper is as follows. In section 2 we summarize the results for the quantum group Uq(Agz))
[4] and give new unpublished formulae of the boundary state associated with nontrivial K-matrix
K4 (z). In section 3 we review the results for the elliptic quantum group Uq,p(@), which gives
a generalization of the papers [2, 3, 6, 7.

2 Quantum group Uq(A?))

In this section we diagonalize the boundary transfer matrix Tp(z) for quantum group Uq(Agz)).

2.1 Boundary transfer matrix Tz(z)

We fix g and z such that 0 < |¢| < 1 and |¢?| < |2| < |¢72|. Let us set the g-integers

qa _ q—a

lalg = —
T g—q?
We use the abbreviation.
o0
k1 k k
(zip1,p2.pM)ee = [ (1= P52 pia).

k1,k2, - kpr=0



The R-matrix R(¢) for the twisted quantum group Uq(Ag)) is given by following [9].

1
b(z) c(z)
d(z) e(z) f(z)
. ze(z) b(z)
R(z) = w(2) —q%ze(2) J(2) e(2) . (2.1)
b(2) c(2)
n(z) —q*ze(z) d(z)
ze(z) b(2)
1
Here we have set
-1 21 2z —1)(gz + 1 2(z—1)(g2 -1
bz) = 2(22 - 1)’ o(2) = qq22 —7 @) = (22(2 - 1))(2221 1))’ e(z) = (qq2(z - 1))(;?”2 + 1))’
£z) = (> =1D((¢* +9)2— (g - D) i) = (> = 1((¢* —g)2 + (¢ +1))

(¢*z = 1)(¢*z + 1)
i) = ¢+ (@ —d' -+ tg-1z—g

(¢*z = 1)(¢*z + 1) ’

a(z) = (6°%6%)0(0%/20) oo (= 0721 6%) oo (=0 /2 6%) o0
(4°/216%) 00 (4225 4%) oo (—4°/ 2, ¢°) oo (— 4P 21 ¢ )

Let {vy,vp,v_} denote the natural basis of V' = C3. When viewed as an operator on V @V, the
k1,k2
Ji,J27?
ordering of the index is given by (+7 +)7 (+7 0)7 (+7 _)7 (07 +)7 (07 0)7 (07 _)7 (_7 +)7 (_7 0)7 (_7 _)'

The R-matrix R(z) satisfies the Yang-Baxter equation.

(¢%z = 1)(g*2 + 1) ’

matrix element of R(z) are defined by R(2)vk, ® vk, = D_j, j,—4 o Vi ® Vj, R(2) where the

Ry o(z1/22)R13(21/23)Ra3(22/23) = Ra3(22/23)R1,3(21/23)R12(21/22)- (2.2)

The R-matrix R(z) is characterized by the intertwiner as the quantum group Uq(Ag)). We set
the normalization function x(z) such that the minimal eigenvalue of the corner transfer matrix
becomes 1 [20]. There exist three diagonal solutions of the K-matrix for the quantum group
Uq(Ag)). The K-matrix K.(z), (¢ = %, 0) are given by following [12].

2

1 z
A _eole) L esle) WarEe
BE=cen| ! ) BE=sen | eedat |0 Y
1
where
olz) = (0°24") 0o (—0°2% 41?0 ou() = (EV—1422;¢%) oo (FV—1422;¢%) oo(2). (2.4)

(01225 ¢1%) 0o (—0°2% ¢1?) o

- 1 3
(£vV—1¢22;¢%) 0o (FV—1¢22;¢%) 0
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The K-matrix K (z) = K.(z) satisfies the boundary Yang-Baxter equation in End(V ® V') [10].
Ko (2z2)Ro1(2122) K1(21) R12(21/22) = Ra1(21/22) K1(21) R12(2122) Ka(22). (2.5)

We set the normalization function ¢.(z), (¢ = +,0) such that the minimal eigenvalue of the
boundary transfer matrix T5(z) becomes 1. The Izergin-Korepin model associated with the
identity solution Ko(z) = id was studied in [4]. In this paper we give the free field realization
of the boundary state for nontrivial solutions K4 (z). The Izergin-Korepin model with the
nontrivial solutions K.(z), (e = £,0) was studied in [5].
Let us introduce the vertex operators ®.(z), (e = 4, 0) [13, 15, 16] that satisfy the following
commutation relation
0oy (22)Pe, (21) = Y R (21/22)0 (21) P (22). (2.6)
€h,eb==%,0
The vertex operator ®.(z) and its dual ®*(z) = ¢~ 2®_.(—¢32), (e = %, 0) satisfy the inversion
relation
ch)q (Z)®:2 (Z) = 5517E2id7 (2’7)
1 (%0%) 00 (=0%30%) o0

144 (¢°%4%)oc (—4%5¢%) o0 *
Uq(Ag)). The boundary transfer matrix T(z) is given by

where g = Let us introduce the boundary transfer matrix Ts(z) for

Tp(z)=g Y (="K (2)Pa(2). (2.8)
€,e/=%.,0

The boundary transfer matrix Tp(z) is related to the boundary Izergin-Korepin model [4, 5].
From the commutation relations of the vertex operators (2.6) and the boundary Yang-Baxter

equation (2.5), the commutativity of the boundary transfer matrix Tp(z) is ensured.
[Tp(z1),Tp(22)] =0, for any z1, 2. (2.9)
We call the eigenvector |B)e,(e = £,0) with eigenvalue 1 the boundary state.
Tp(2)|B)e = | B)e- (2.10)

From the definition of ¢.(z), the boundary state | B) is the eigenvector with the minimal eigen-
value. In the following section we give the free field realization of the boundary state |B), for
the diagonal boundary K-matrix K(z), (¢ = +,0). The boundary state |B), for the identity
K-matrix Ko(z) was constructed in [4]. Let us introduce the type-II vertex operators ¥} (¢),

(= £, 0) that satisfy the following commutation relation.
(I)e(z)\ll,t(g) = T(Z/g)\ll,t(g)q)e(z)v (67 p= =, 0)7 (211)
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where

6 52 6 — 42«'
m(2) = 27" 5 ?(‘;5(3_132(162_342)_1), O,(2) = (1 P)oo (2 P)oo (P25 D)o

Multiplying the type-II vertex operators Wy (&) to the boundary state |B).,

‘617 627 e 7§N>M17M2,“‘,MN = \Il;k“ (61)\1122 (62) T \Il;k/,N (SN)’B>67 (212)

we have many eigenvectors.

TB(Z)|£1,£2,"',5N 1,42, N HT Z/gs 1/q3Z£s)|£1,£2,“‘,£N>u1,,u2,---,uN-

The vectors {|&1, -, &N)puy - un + are the basis of the space of the state of the boundary Izergin-

Korepin model.

2.2 Free field realization

In this section we give the free field realization of the boundary state |B).. Let us introduce

bosons a,,(m € Zg) as following [13, 14, 15, 16].
(@ @] = S 2 (2] = (1)) (2.13)

Let us set the zero-mode operators P, (Q by

[, P] = [am, Q] =0, [P,Q] = 1. (2.14)
Level-1 irreducible highest representation V(A7) of Uq(Ag)) is realized by

V(A1) = Cla_t,aa, -] @nez "@IA). |A) = eF[0).

The vacuum vector |0) is characterized by

am|0) =0, (m >0), P|0)=0.

Let us set the auxiliary operators P(z),Q(z), R~ (w), S~ (w) by

— a_mq%ﬂzm ) = amq—%nz—m
P mz;O 2m]g — (=1)™[ml,’ Q) ngo 2m], — (—=1)™[m],’
R™(w) = — ZO Lﬁﬁwm, S™(w) = ZO ﬁq”w—m



The free field realizations of the vertex operators ®.(z) [13, 15, 16] are given by

o_(z) = %ep(z)eQ(Z)eQ(_Zq4)P+%7
_ dw (@2 —1) | e
Po(z) = }él v/ —Tw ¢2(1 — qu/2)(1 — gz/w) | _(2)X (¢*w)

P (Z) o %% dw1 dZUQ q1/2(1—q2)2
* N 0, 2/ 1wy 2my/—Twe ¢4 22wiwe

(w1 — wa)*(q(w1 +w2) — (1 + ¢%)2)
(1 + qui/w2)(1 + qwa/wi)(1 — quw1/2)(1 — qz/w1)(1 — quaz/2)(1 — qz/w)
cO_(2) X (¢rw) X (¢Hwy) - .

X

1z. The integrand contour Cj

1

The integrand contour C4 encircles w = 0,gz but not w = ¢~
encircles w; = 0, ¢z, qws and wy = 0, gz, qw; but not w; = ¢~ '2z,¢ wy and we = ¢ 'z, ¢ lw;.
The free field realization of type-1I vertex operators W}, (§) are given as similar way [13]. Now we
have the free field realization of the boundary transfer matrix T(z), using those of the vertex
operators. We construct the free field realization of the boundary state |B)., analyzing those

of the boundary transfer matrix Tp(z). The following is main result of this section. The free

field realization of the boundary states | B)., (e = £, 0) are given by
IB). = el e~ %|0), (e ==,0). (2.15)

Here we have set

Y {em ((q%[—q—%” ! m>q4m> (/D }m 216)

m>0 2mlq — (=1)™[mlq [2m], — (=1)™[m],

r, m:even
0, m:odd

matrix Ko(z) = id was constructed in [4]. The realizations of |B), for the nontrivial K-matrix

Here we have used 0,,(z) = The boundary state |B)g for the identity K-

K(2) are new. Multiplying the type-II vertex operators W} (§) to the boundary state |B)., we
get the diagonalization of the boundary transfer matrix Tp(z). It is thought that this method

can be extended to the case of the affine quantum group Uy(g).

3 Elliptic quantum group qup(sflz\v)

In this section we diagonalize the boundary transfer matrix T(z) associated with the elliptic

quantum group qu(g;) [8]. It gives a generalization of the papers [2, 3, 6, 7].



3.1 Boundary transfer matrix

Let us set the integer N = 2,3,---. We assume that 0 <x <landr > N+ 2 (r € Z). We set

z =22, =e ™/ We set the elliptic theta function [u] by
u? —u u
[u] =277 020 (27),  Og(2) = (4 2)oo(25 Doo(2/2 @)oo-

Let €,(1 < 1 < N) be the orthonormal basis of R with the inner product (e,|e,) = d,,,. Let
us set €, = €, — € where € = Zivzl €. Note that Efj:l €,=0. Let oy (1 < pp < N —1) the

simple root : o, = €, —€,41. Let w, (1 < p < N —1) be the fundamental weights, which satisfy
(aplwy) =64, (1< pv<N-—1).
Explicitly we set w, = > 5'_; €,. The type Ax_1 weight lattice is the linear span of €, or w,.
N-1 N-1
P=> 7¢ =) Zw,
pn=1 pn=1
For a € P we set a, and a,, by

Ay = ap —ay, a, = (a+ple,), (u,veP).

Here we set p = ny:_ll wy,. Let us set the restricted path PT,+_N by
N-1 N—1
Pt y={a= ZcuwuePlcuez,cuEO,ZCMST_N}_
p=1 p=1

For a € P , condition 0 < a,, <7, (1 <pu<v <N —1) holds.

We recall elliptic solutions of the Yang-Baxter equation of face type. An ordered pair (b,a) €
P2 is called admissible if and only if there exists p (1 < p < N) such that b—a = €,- An ordered
set of four weights (a, b, c,d) € P* is called an admissible configuration around a face if and only

if the ordered pairs (b,a), (¢,b), (d,a) and (c,d) are admissible. Let us set the Boltzmann

c d
weight functions W u | associated with admissible configuration (a,b,c,d) € P* [11].
b a
For a € PTJF_N, we set
a+2, a+e€
W T ) = Rw), (3.1)
a—+ €, a
a+€,+€ a+¢ ,—1
1774 K H uwl = R( )[u][au, ]’ (32)
a-+ €, a [u —1] [au,z/]
a+é€,+€ a-+é —ay |1
% g u| = R(uyt = 2l (3.3)
a+ € a [u —1] [au,u]




The normalizing function R(u) is given by

R(u) _ Z’r:l % (p(z_l) ( ) B (:1:2«2, $2T, $2N)oo(x2r+2N_2Z7 $27’” $2N)oo
(,D(Z) ($27‘Z; x27“’ $2N)oo($2NZ; x27“’ x2N)OO

)

Because 0 < a,, <r (1 <pu <v <N —1) holds for a € P, the Boltzmann weight functions

are well defined. The Boltzmann weight functions satisfy the Yang-Baxter equation of the face

type.
d
Z w ‘ ul w © 9 U w ¢ f Ul — U
g c g b a g a
d e d
= Z w g f Ui w (%) w g Uy —ug | - (34)
P b a g f c b

We set the normalization function ¢(z) such that the minimal eigenvalue of the corner transfer
matrix becomes 1 [20]. An order set of three weights (a,b,g) € P3 is called an admissible

configuration at a boundary if and only if the ordered pairs (g,a) and (g,b) are admissible. Let
a

us set the boundary Boltzmann weight functions K | ¢ u | for admissible weights (a, b, g)

as following [12].

r—in-1_2, 0 h(z) [c—ullar, + ¢+ ul

K c = T ral 2

G MITET T T RET [et dlan, t e dl
b

Sa- (3.5)

In this paper, we consider the case of continuous parameter 0 < ¢ < 1. The normalization
function h(z) is given by following [8].
(22 +2N=2 /.2, 20 ANy (G IN+2 .2, 2 AN
(227 )22 22 24N (23N /22, 22 2N
(£2N+2C/Z; x2r7 $2N)oo(£2r_2c/2; x2r7 sz)oo
(22NF2r=20=2 [ g 0r g 2N (2042 [ g2 2N

oo

h(z)

X

N (x2r+2N—2c—2a1,j /Z; 3:.27“’ $2N)oo($2c+2a1’j /Z; $27”’ 332N)oo 16
X 1_[2 (22 +2N=2=%a1,=2 [ 12 12N (20 2+2ar; [ 42 p2N) (3.6)
‘7:

The boundary Boltzmann weight functions and the Boltzmann weight functions satisfy the

Boundary Yang-Baxter equation.

C C
ZW / up —us | W up +ug | K f uy | K d U9
19 b a g



e g
c d c f
= ZW up —us | W up +ug | K f u | K b U9 37)
£.9 e b g
g a
We set the normalization function h(z) such that the minimal eigenvalue of the boundary transfer
matrix Tp(z) becomes 1.
The vertex operator ®®®(z) and the dual vertex operator ®*(@?)(z) associated with the

elliptic quantum group Uq,p(@), are the operators which satisfy the following commutation

relations
DD ()0t (z) = STW [ T T Jus—ur | 809 (20)80) (z)), (38)
b ¢
g
b
o*@0) ()3*(0:0) () = ZW ¢ up —up | @9 (29)*9) (z), (3.9)
g g a
()0 () = W T s up | 9709 ()80 (2)),  (3.10)
9 a b
and the inversion relation
3(@9) (2)0*9) (2) = b, (3.11)

—_

We define the boundary transfer matrix T(2) for the elliptic quantum group Uy p(sln).

N a
Tp(z) =Y @@ K| a+e, u | ®Fe)(3), (3.12)
p=1

a

From the commutation relations of the vertex operators (3.8), (3.9), (3.10), and the boundary

Yang-Baxter equation (3.7), the boundary Tp(z) commute with each other.
[Tp(z1),Tp(22)] =0, for any z1, 2o. (3.13)
We call the eigenvector |B) with the eigenvalue 1 the boundary state.
T3(2)|B) = |B). (3.14)
Let us introduce the type-II vertex operators W*®:(z) by

() ()W) (25) = x(29/21 ) TP (29) B4 (), (3.15)
D) )W) (29) = y(21/29) T 0D (29) B D (). (3.16)



where we have set

N-1 Ogon(—z2)

x(z) =z O, on (—xz1)

We set the vectors |£17£27 e 7£M>H17H27‘“7HM (1 < M1y 2y 005 WM < N)

’517627”.7§M>N17N27“‘7MM (317)

P (0HEuy +Eug+o 8y b tEuy +"'+€HM)(£1) ey ey ’b+€“1v1)(£M_1)\P*(b+EM]\/I ’b)(fM)|B>.

Now we have many eigenvectors of T5(z).

TB(Z)|£17£27""£M M2, N HX éj/z 1/51 ) |£17£2""’£M>u1,u2,"qu'

The vectors |£1,&2, -+, §0M) iy o, puas ar€ the basis of the space of the state of the boundary

Uq7p(§;) face model.

3.2 Free field realization

In this section we give the free field realizations of the boundary state |B). Let us introduce the
bosons (¢, (i =1,2,---, N — 1;m € Z) as following [17].
[(r = D)m]e [(N = D)m],

m Om n,0 (] = k)
81 BY] = [rm]s ! [Jl\f)m z - i (3.18)
m> Fn Nm sgn(j—Fk) r—1m|z M|y 5 . k
mx [rm]x [Nm]x m—+n,0 (] 7& )
Let us set Y by Z;VZI 272mBl = 0. The above commutation relations are valid for all
1 <j,k < N. We also introduce the zero-mode operators Py, Qq, (o € P) by
[V—=1P, Q4] = (a|B), (B € P). (3.19)

In what follows we deal with the bosonic Fock space Fj, generated by ﬁi m(m > 0) over the
vacuum vector |l, k), where [ =b+p, k=a+pforac Pr v be PF ..

: : — T 0 —/— r—1
Fik=CHF 1, By Vet N )L k), |l k) =V V@V Qk g gy

=)o

The commutation relation of bosons /7, is not symmetric. It is convenient to introduce new

where

l_

BIILE) =0, (m>0), Pul,k) = <

generators of bosons oy (me€Zyp;1<j<N—-1)by
o, = 27" (B, — B (3.20)
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They satisfy the following commutation relations.
k] [(T‘ - 1)’171,]90 [Aj,km]m

n

i ak] = 5
[am7 « m [T‘m]m [m]w m—i—n,Oa

where A; ;. is a matrix element of the Cartan matrix of sl type. We give a free field realization
of the vertex operators ®®% (z). Let us set the operators P_(z), Q_(z), R.(2),5(z), (1 <j <
N —1) by

Ps) = 3l Q) == Y e

m>0 m>0
. 1 . . 1
RL(z) = =) —al,2" §(2) =) —ame"
m>0 m>0

Let us set the basic operators U(z),Fq,(2), (1 < j < N —1) on the Fock space Fi .

U(z) = /z?%e— VYR~ P P (0,0 (),

TlQa TlPaRzSJz
Fo,(2) = (2) 52(2)

In what follows we set | = b+p,k = a+p, (a € P ,be P y_)andm, = \/r(r — 1)Pz,, T, =
7 —my,. Then m,, acts on Fy i, as an integer (e, —¢,|rl—(r—1)k). We give the free field realization

of the vertex operators ®(@+é:9)(2) (1 < u < N —1) [17] by

<I>(a+€1,a) (z(]_l) _

pn—1
Pl ;1) 7! 74 Il 17 (20) Fay (21) Fag (22) -+ Fay (1)

2mzj
1:[ UJ 1+ 2 — Tl
j=1 —Uj-1— l]
Here we set z; = x2% . We take the integration contour to be simple closed curve that encircles

zj = 0,x1+2’"8zj_1, (s € N)butnot z; = 271722, _1,(s € N) for 1 < j < p—1. The ®(@+ea)(z)
is an operator such that ®(@+éa) (2) : Fip — Fik+e,- The free field realization of the dual vertex
operator ®*(®%) (%) and the type-II vertex operator W*(®®)(z) are given by similar way [17, 18].
Now we have the free field realization of the boundary transfer matrix T5(z), using those of the
vertex operators. We construct the free field realization of the boundary state |B), analyzing
those of the transfer matrix Tp(z). The following is main result of this section. The free field

realization of the boundary state |B) is given as following [8].

|B) = e'|k, k). (3.21)
Here we have set
1 Ny [rm]
1 _71‘ Lig(m)e? 0", + > Z Dj(m)pl,,, (3.22)
2m>0]:1k:1m (r = 1)ml, m>0 j=1

11



where

Dj(m) = —0p (KN _])m[{f]i[g?ln/jgjw>
+x(j_1)m[(—7’ -[F(fili)‘;ic —Jj+2)mfe
r—2c+2j—2)ym [ N-1
+[m]g[c(g;:(_ - ) kzzj;rlw—mm,k
P B N e, o2
and
L) = Lim]a[(N — k)m]s Lijm) 1<j<k<N-1). (3.24)

Here we have used

lalg =2+ 27, Om(x) =

Multiplying the type-II vertex operators \I/Z(a’b) (&) to the boundary state |B), we get the diago-
nalization of the boundary transfer matrix T5(z) on the space of state of the boundary Uq,p(%)
face model. It is thought that this method can be extended to the case of the elliptic quantum
group Uy ,(g) for affine Lie algebra g [19].
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