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Abstract

We introduce the elliptic superalgebra Uq,p(;l (M|N)) as one parameter deformation of
the quantum superalgebra Uq(sAl (M|N)). For an arbitrary level k # 1 we give the bosoniza-
tion of the elliptic superalgebra qu(sAl(1|2)) and the screening currents that commute with

Uq7p((9Al(1|2)) modulo total difference.

1 Introduction

Infinite dimensional symmetry has been an impressive success in conformal field theory (CFT)
[1]. Solvable lattice model is an off-critical extension of CFT and infinite dimensional symmetry
plays an important role in algebraic analysis of solvable lattice model [2]. The lattice counter-
part of minimal unitary CFT is Andrews-Baxter-Forrester (ABF) model [3], whose Boltzmann
weights are elliptic solutions of the Yang-Baxter equation (YBE) of the face-type. Among the

solvable models based on YBE, those related to elliptic solutions occupy a fundamental place.
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Elliptic algebras are certain algebraic structures introduced to investigate these elliptic mod-
els. In study of k-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra
Uq7p(§l(2)) and constructed bosonization of the vertex operator by using this algebra. Jimbo-
Konno-Odake-Shiraishi [5] constructed the elliptic algebra U, ,(g) by dressing the usual Drinfeld
currents [20] of the quantum group U,(g) for non-twisted affine Lie algebra g. In this paper we
introduce the elliptic deformed superalgebra qup(;l(M |N)) as one parameter deformation of
the quantum superalgebra Uq(é\l (M|N)). We give the bosonization of the elliptic superalgebra
Uq7p(§l (1)2)) and Uq,p(sAl (2|1)) for generic level k, and give the screening currents that commute
with Uq,p(sAl(1|2)) and Uqu»,,(sAl(2|1)) modulo total difference.

In this paper we aim to contribute mathematical tools for the study of super ;\l(M |N)-
family of the ABF model [19]. Mathematical tools are the elliptic algebra qu(sAl(M |IN)) and
bosonizations. We give comments on sl (N)-family of the ABF model, where such mathematical
tools have been used previously in analogous, but simpler case. Andrews-Baxter-Forrester [3]
introduced the ABF model, that gives an extension of the hard hexagon model, and derived
local height probabilities by Baxter’s corner transfer matrix method (CTM) [6]. The k-fusion
and higher-rank generalization, that we call sl (N)-family of the ABF model, have been studied
in [7, 8, 10, 11]. Inspired by the vertex operator approach to the 6-vertex model [2, 12, 13, 14],
that originated from CTM, Lukyanov-Pugai [15] studied the vertex operator approach to the
ABF model, and derived integral representations of multi-point local height probabilities. In
study of k-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra Uqu»,,(sAl (2))
and constructed bosonization of the vertex operator by using this algebra. The vertex operator
approach to the higher-rank generalization of the ABF model have been studied in [16, 17, 18].
In the vertex operator approach to Q(N )-family of the ABF model, bosonization of the vertex
operator played important role. In construction of the vertex operator, the current of the
elliptic algebra Uq,p(sAl(N )) and its bosonization played important roles. In order to derive
integral representation of multi-point local height probabilities of super gl(M |N)-family of the
ABF model, we have to construct bosonizations of the vertex operators by using the current
of the elliptic algebra Uq7p(§l (M]|N)), and understand the structure of the space of state of the
model by CTM [6], that has been open problem for superalgebra sl(M|N).

Next we give comments on pure mathematical aspects. Through an attempt to understand
solvable models based on elliptic solutions of YBE, various versions of elliptic algebras have
been introduced [4, 5, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. It is important to understand
not only themselves but also relations between them. Here we summarize some basic facts on

the elliptic quantum group B, x(g) and the elliptic algebra U, ,(g). The elliptic quantum group



B, (g), was introduced by twisting the standard quantum group U,(g) [25, 26, 27, 28, 29],
where g is the symmetrizable Kac-Moody algebra. The elliptic quantum group B, x(g) has
quasi-Hopf structure and the elliptic algebra Uq7p(§l (2)) has H-Hopf algebroid structure [31, 32].
The realizations of the L-operators of the elliptic quantum group B, x(g) were constructed in
[5, 21, 22] by using the currents of the elliptic algebra U, ,(g) for g = sAl(N), Ag). This suggests
that the currents of U, ,(g) give the Drinfeld currents [20] of the elliptic quantum group By (g).
The construction of the elliptic quantum group B, x(¢g) has been extended to the superalgebra
g = SI(M]|N) [30]. In this paper we introduce the elliptic algebra Uq,p(sAl(M\N)). We conjecture
that the L-operator of Bq7,\(sAl(M|N)) is constructed by using the currents of Uq,p(;\l(M|N))
and that there exists H-Hopf algebroid structure for Uq,p(;\l (M|N)). The bosonizations of the
vertex operators give useful information for construction of the L-operator, thorough so-called
Miki’s construction [33] of the L-operator. The above is background mathematical theory of the
vertex operator. Next we give a comment on mathematical phenomenon of the space of state.
Date-Jimbo-Kuniba-Miwa-Okado [8, 9, 10, 11] found that local height probabilities of sAl(N )-
family of the ABF model were expressed in terms of the branching coefficients appearing in the
irreducible decomposition of the character of sAl(N ) [34, 35]. In order to extend this to super
sl (M|N)-family of the ABF model, we have to know the character formulae of the superalgebra
sl (M|N), that gives the affine generalization of formulae [36, 37].

The text is organized as follows. In section 2, after preparing the notations and giving the
definition of the quantum group Uq(sAl (M|N)), we introduce the elliptic deformed superalgebra
qu(sAl(M |IN)). Our approach is based on the dressing procedure of the Drinfeld current of
the quantum group. In section 3 we give bosonizations of the superalgebra U,(g), U, p(9) (9 =
sl(1]2), sI(2|1)) for an arbitrary level k. We give the screening currents that commute with
Uqg(9),Ugp(g) (9 = si(1]2), s1(2/1)) modulo total difference. In appendix we summarize some

useful formulae of bosonizations and screening currents.

2 Elliptic deformed superalgebra qup(sAl(M |IN))

In this section we introduce the elliptic superalgebra Uq,p(sAl(M |N)). Kac [38] introduced the
superalgebra generalization of contragredient Lie algebra. Van de Leur [39] classified the contra-
gredient superalgebra g of finite growth. Yamane [40] introduced quantum affine superalgebra
U,(g) and constructed the Drinfeld currents. We give elliptic deformation of the quantum affine

superalgebra by developing the dressing procedure [5].



2.1 Quantum superalgebra Uq(sAl(M|N))

In this section we review the Drinfeld realization of the quantum superalgebra Uq(é\l (M|N)) for

M,N =1,2,3,--- [40]. We restrict our consideration to M # N. The quantum superalgebra
Uq(sAl(M IN)) in [40] is a g-deformation of the universal enveloping algebra of sl(M|N) [39].

Hereafter we fix a complex number ¢ # 0, |¢q| < 1. Let us set

[r,y] = 2y —yz, {z,y}=zy+yz, [a,

a

_a-a"
q—q!

The Cartan matrix of the Lie superalgebra sl (M|N) is given by

0O —-1 0
1 92 _1
0o -1 2
-1
1 92 1
(Aijogijsm+n-1 = 10
1
0 0
1 0
M—-1
—

where the diagonal part is (A;;)o<i<pr+n—1 = (0,2,---,2,0,

1

-2 1

1
-2
1
0

N-1
T3, D),

(2.1)
1
0
;o (22)
0
1
—2

Definition 2.1  [/0] The generators of the quantum superalgebra Uq(SAl(M|N)), which we call

the Drinfeld generators, are given by

xfm, iy hiy ¢, (121 M+ N—-1,meZ,nc Zyy).

Defining relations are

c: central, [h,ajm]) =0,

[@im, @ n] = W(J%m&wfn,o,
(he, w5 (2)] = A5 (2),

g (2)] = 2l o)
a5 ()] = 2 )



(21 — ¢ z)af (21)a5 (22) = (5721 — 20)a ()2 (21), for A ] #0, (2.9)

v (21)x; (22) =z (22)2 (21), for [Aij| =0, (,5) # (M, M), (2.10)
{a3(21), 23 (22)} = 0, (2.11)
[z (21), 27 (22)] = (q—q&—ﬁ (5(q_0Z1/Z2)¢j(q§Z2) - 5(q621/Z2)T/Jf(q_%Z2)> ;
for (i,7) # (M, M), (2.12)
(ki (o), 2y ()} = m (3tac21 /)0y (a3 22) — 8" /)iy (a5 22))
(2.13)
(x;t(zl)x;t(zQ):ch(z) —(¢+ q_l)x;-t(zl):njc(z):nf(@) + x;t(z):nzi(zl):nf(zg»
+ (21 < 22) = 0, for ’AL]“ = 1, ') 75 M, (2.14)
(2 (z0) @y g (W) (z2) 27—y (w2) — ¢~ (202 (wi)ay, g (wa)ay (22)
—q:nf/[(zl)xﬁ(@):nf/l_l(wg)xﬁ“(wl) + $§E,(Z1)331:::/[_1(w2)$§\t4(Z2)33]:::/[+1(w1)
iy (1) (z2) 2y (wa)ay (1) — ¢ty (w)ayy_ (wa)ay (z2)ay (1)
—qryy(z2)ayy_y (wa)wyy g (wi)ay (21) + 2y (wo)ay, (22) @ (wi)zy, (21))
+(21 > 22) =0, (2.15)
where we have used 6(z) = ), 5 2. Here we have set the generating functions
gi(z) = Y aiar " (2.16)
meZ
Ui (g22) = ¢"exp ( g—q7") Y aimz m) , (2.17)
m>0
V(g 22) = ¢ M exp< q9—q Zal —mZ ) (2.18)
m>0

We changed the gauge of boson a; ,, from those of [40]. In what follows we assume ¢ € C.

2.2 Elliptic deformed superalgebra qup(sAl(M|N))

In this section we introduce the elliptic superalgebra Uq7p(,sAl(M|N)) for M,N =1,2,3,---,(M #

N). Let us introduce a deformation parameter r such that
r, r =r—c>0. (2.19)

We often use the parameterization.

2r —2mi * 2r* — = 2u 21)‘ (2‘20)



We have r7 = r*7*. Let us set the Jacobi theta functions [u], [u]* by

W2 (e (q2u) W2 (e *(q2u)
u P * u P
ul=qr , |t =g Tt ————. 2.21
) (Psp)3 ) (p*;p*)3, 221)
Here we have used the standard symbols.
Op(2) = (D P)oo (23 D)oo (P25 D)o (2.22)
(it tkoo = [ (1= 2tf - tpb). (2.23)
ni,,nE=0

Definition 2.2  The elliptic superalgebra qu(sAl(M|N)) is generated by the currents (operator

valued function) and elements
Ej(z), Fj(Z), Bjﬂ, hj, c (1 é J é M+ N-—-1,n¢€ Z;&O) (224)

The defining relations are given as follows.

For1 <4, S M+ N — 1, the relations are

c: central, [h;, Bjm] =0, (2.25)
(Bim, B;n] = [Ai,jmif[cm]q [E‘:;l]]q S (2.26)
[hi, Bj(2)] = AijEj(2), [hi, Fj(2)] = —Ai; Fj(2), (2.27)
B By (2)) = LB ), (B ()] = — ST ). (229
For1<14,7 <M+ N —1 such that (i,5) # (M, M), the relations are
|:ul — U2 — %] ) Ei(zl)Ej(zQ) = [ul — U9 + %} ' Ej(Zg)Ei(Zl), (2.29)
|:U1 — U2 + %] E(Zl)Fj(Zg) = |:U1 — U9 — %] F}(ZQ)E(Z:[), (230)
[Ei(21), Fj(22)] = (q_;i% (6(q C21/22)Hi(q 22) — 6(q°21/22)Hi(q " 22)) . (2:31)
{En(z1), Eni(22)} =0, {Fum(z1), Fap(z2)} =0, (2.32)
{Evm(z1), Fu(z2)} = m (6(q~%21/22) Hum(q" 22) — 6(q°21/22) Hn (g7 22)) -
(2.33)
For1<4,5 S M+ N — 1, the relations are
A1y — g + Aid
Hi(z1)Hj(z) = Lz — w1 — : ] luz Z o ¥ 5 ,]Hj(22)Hi(Z1)a (2.34)

A;
[u2 —u1 + 2’J]*[UQ —u; — 5



A
up —ug + 5 + =21
Hi(z1)Ej(22) = [ ,i Ai,j]*EJ('Z?)H (21)
[ur —uz + 5 — =]
U — Uy + L+ =2
Hi(z1)Fj(22) = { . ,-]Fj(z2)Hi(Z1)'

(2.35)

(2.36)

For1=i4,j S M+ N —1 (i # M) such that |A; ;| = 1, they satisfy the Serre relations

{g" 2P g™ 2} (27
{4 23 {q~ ”—} ( >
{gs 2} {q"a 2}
{g~As 2 e{g w2}
{ao 2y gt 2} oz Fan) {at 2

<EZ' (Zl)Ei (ZQ)E]' (Z)

—(q+ ¢ ) Ei(21)E;(2)Ei(22)

+E;(2)E;i(z1)E;i(22)
+(21 ¢ 22) =0,

<E(Z1)F( 2) Fj(2)

{a~ A“z}{q “g} 2\
iz (2
{g i 2 g o 2}
{g#s Z g2}

—(q+q ) Fi(21)Fj(2) Fy(22)

+F5(2) Fi(z1) Fi(22)

Z
{g9 2 {g 2} {ghiz2} ™
+(21<—>Z2):0,

and

(ST gy (@)

<EM(21)EM+1(wl)EM(Z2)EM—1(w2){ﬂ}*{ﬁ}*{w}*{w}*

qui w qz2 z:
{2 e as )

—q " En(21) Enrga (w1) Ear—1(w2) Ear(22)

RYVET BT MSEONARY. & a k' ¢

{aa iy <

+EM(2'1)EM—1(w2)EM(Z2)EM+1(w1){qwz} )

+EM+1(wl)EM(Z2)EM_1(w2)EM(Zl){qzjl} {QZU;Q} {qjull} {Zi;}

qz2 z qz z
e R i

By G ey

5y

_q_lEM—I—l(wl)EM—I(w2)EM(Z2)EM(Z1){z_z}*{ﬂ}*{z_l}*{ﬂ}*

—qEn(22) Enr—1(w2) Enr1 (w1) Ene (21) {E}}* {{E ;?ﬁ__f}}*{{z}*

wy \ "
w2

z—%(Ai,H-Ai,j)
—Aii 22 1
{2}

(2.37)

{e 2 e ”22}< >>{q MR L)
2

(2.38)

1
*

1
w9 =

1
>T*

{2y (e {2 ) ( )3

1

Py ey <_>—>

+ En—1(we) By (22) B (w1) Epr(21) (E ({2



+(2’1 > 22) =0,
(2.39)

(A HAZHEEHEE v
{(THEEH AN < )
{iAHEEH A HEE
{TEHZEHEH A
{EHEHEH S wy v
{2 HEHEHE:} < >
{TEHEH A H A (ﬂ)fl
{2 HEHTHEH
{ZHEHAEHE v
{EHEHTHE, < >
_q_lFM-',-l(wl)FM—l(w2)FM(Z2)FM(Zl)ig}}{{%iig}}{{gi <%>;

—qFn(22) Fry—1(w2) Fargpr (wi) Far(21) {{ }}{{ i 322}}{{;;;1

{EHEHEHES <@>l
(2 {2 {2
—I—(Zl <~ Zg) = 0. (2.40)

<FM(21)FM+1(wl)FM(Z2)FM—1 (w2)

—q " Far(21) Fars1 (i) Far—1 (w2) Far (22)

—qFy(21)Far(22) Far—1(w2) Fay41(wr)

+E0(21) Far—1(w2) Fag (22) Fargr (wr)

+Fpr(wy) Far(2z2) Far—1(w2) Fag (21)

+ Fpr—1(w2) Far(22) Farg (wi) Far(21)

Here we have used the abbreviations
{2} = 0"20 ), {2} = 2iD)s (2.41)

2.3 Dressing construction

In this section we construct Uq,p(;\l (M|N)) from Uq(sAl (M|N)) by developing the dressing pro-

cedure [5].

Definition 2.3 Let us introduce the dressing operators u; Fzp), 1<j<SM+N-1) by

u} (2,p) = exp <Z ﬁ%,—m(q%)m) , (2.42)
m>0 q
uj_(z,p) = exp <— Z ﬁamm(q_"z)_m> . (2.43)
m>0 q

Straightforward calculations show the following propositions.



Proposition 2.4  For1<4,7 < M+ N — 1, we have

(p*in’jzl/Z2 : p*)oo + 4
— x! (z0)u; (21,p), 2.44
(p*q‘Amzl/Zz;p*)oo J (22) i ) ( )

_ (p*q Aitez [29 1 p)oo
uj (z1,p); (22) = (p*in,jJcml/zz;p*)o:O x; (z2)u; (21,p), (2.45)
(pg= 921 /20 1 D)oo 4 N
— z ! (z2)u; (21,p) (2.46)

(pgi=¢21/22;P)oc ’ LR
_ _ (pgAiiz1/22 i Ploo  _
u; \Z1,p)xr; (29) = — X .
i (21,775 (22) (pg=Aiiz1/22;p)0c 7

T T [ 293 221 [ 22,0 ) oo
(pq= 41721 /223 )oo (P q 49T 21 | 295 p*)

(pg™7=21 /225 p)oo (p*a~ 94021 /22 D)o

u (21, p)a] (22) =

u; (21,p)a] (22) =

(22)u; (21,p), (2.47)

uj‘(z%p)u;r(zhp)-
(2.48)

u:'(zl,p)uj_ (’Z27p) =

Definition 2.5 We define the dressing currents ej(z,p),fj(z,p),¢;c(z,p), 1M+
N —1) by

ej(z,p) = uj (2,p)a} (2), (2.49)
fi(z,p) = (2)u; (2,p), (2.50)
U1 (z,p) = uf (q22,p)¢] (2)u; (¢ 22,p), (2.51)
¥ (2,p) = uf (22, p)0; (2)u; (¢%2,p). (2.52)

Proposition 2.6 The currents e;(z,p), fi(z,p) and a;pn, hi,c, (1 =i < M+ N —1,n € Zy)

satisfy the following relations

c: central, [h;,aj.,] =0, (2.53)
[@ims @jn] = WI”’”'%MO, (2.54)
[hisej(z,p)] = Aijej(z,p), (i, fi(2,p)] = —Ai;fi(2,p), (2.55)
5] = 3 2 ) { Pl >0 (250
m ¢, (m<0)
1m Sy (p)] = — 5 g ) { e (257
Ted™s (m<0)

210, (¢4 22/ 21)ei (21, p)e; (22, p)

= —zz@p*(qu’izg/zl)ej(zg,p)ei(zl,p), for |A; ;| # 0, (2.58)
[ei(21,p), €j(22,p)] = 0, for |4; ;| =0,(i,7) # (M, M), (2.59)
{em(21,p),em(22,p)} =0, (2.60)

210,(q" 4 29/ 21) fi(21,p) [ (22, D)



= —20,(q Y29/ 21) fj(22,p) fi(21,p), for |A; ;] # 0, (2.61)

[fi(zlap)7fj(z2ap)] =0, for |Ai,j| =0, (Z’]) 7£ (Mv M)’ (2'62)
{fam(21,p), fu(22,p)} =0, (2.63)

lei(1,p), fi(22,p)] = ﬁ (3tac=1/22)0 (a3 22,p) = (a°21 /22007 (475 22,1))
for (i,7) # (M, M), (2.64)
{ear(z1,p), far(z2,p)} = ﬁ (8(a™21 /2200 (a5 22, p) = 8(a°1/22)65, (4™ 22,p))
(2.65)

{gi 2} {q* f;}
{4 23 g4 Z )
{gi 2} {ghio 2}
{q~4 2y {q A 2}
{qh 21/ 2} (g 2/ 2} ) {gh2})
{q_AW' %}*{Q_Ai'j 272}* {q—AM 2_?}*
+(21 > 22) =0, for |[A; | =1,i%# M, (2.66)
{4 2 g )
(fi(zlvp)fi(z27p)fj(zap) {in,ji}{in,j%}
_ {q i 2 g Hi 22}
—(g+ a7 ") fi(z1,0) f5(2,p) fil22, D) =2

—Aijz —A;jz2 —Aii 22
e i) N Z_;f) S

+(Zl — ZQ) =0, for |Ai,j| =1,1 75 M, (267)

(B () ()
e R ELT ke
() (2 ) () )
(T G )
() () () ()
(B (B
() (e ()
BRI EE
by (2 ()
G ey
{2y () ()
e e e L=y
IRt IR Rt
(o o )

(62'(2’1,]))62'(2271))63(2 P)

—(q+q Mei(z1,p)ej (2, p)e;i (22, p)

+ej(z,p)ei(z1,p)ei(22,p)

<€M(Z17p)€M+1(wl,p)eM(Z%p)eM—l(W% )

—q Yen (21, p)enrs1(wi, penr—1(wz, p)enr (22, p)

—qen(z1,p)en (22, p)en—1 (w2, p)er+1(wi, p)

+enr (21, p)en—1 (w2, p)enr (22, p)err+1(wi, p)

+enr+1(wi, pen (22, p)en—1 (w2, plenr (21, p)

—q enry1(wi, p)enr—1(wa, p)ear (22, p)enr (21, p)

—qen (22, p)eni—1(we, p)enr+1(wi, p)ea (21, p)

10



{Z P { P {ar{e
+ enr—1(wa, pens (22, p)err+1 (w1, p)ens (21, p) {"E}*{Q}*{ﬁz}*{i}* )
w2 qz1 w2 quw1i

—|—(Z1 <~ ZQ) =0, (2.68)
{HZEHEEHE
{SEHEH 2 HES

—q " far(z1,0) Farea (w1, p) far—1 (wa, p) far (22, p) }E}}{{Zig}}{{gi
—qfum(z1,p) fu (22, ) frr—1 (w2, p) far1 (w1, p) ig}}{{g}}{{gf}}ig}}

+ (21, ) frr—1 (w2, p) far (22, ) far41 (w1, p) ig}}{{g}}{{gf}}iﬁi
+nﬂummmm@mvw4w%mmmmm%gi;ﬁggiff
—q_lfM+1(’lU1,p)fM_1(ZU2,p)fM(Zz,p)fM(Z1,p) }g}}{{giig}}{{gi
_QfM(Z27p)fM—1(w2v p)fM+1(lU1,p)fM(Zl,p) {é}}{{i_iig}};g}

+ far-1(w2, p) far (22, p) far+1(wi, p) far (21, p) :giﬁi&g;@i)

(fM(th)fMJrl(wl,p)fM(Z2,p)fM—1(w27p)

+(Zl < ZQ) =0. (2.69)
We have used the abbreviations (2.41).

Proposition 2.7 The currents w]-i(z) (1=j< M+ N —1) have the following formulae.

c Bim _
YE(TUT e p) =T rexp [ =) L 1 (2.70)
M0 [r*m]q
Here we have set
[r m}qa_ m >0
Bim—{ Totim 2O v, (2.71)
¢“majp,,  (m<0)
Definition 2.8 We define elliptic currents Ej(z), Fj(z), Hj(2),(1Sj =M+ N —1) by
Ej(2) = ¢j(2,p)e@i 2~ D, (2.72)
L(Pith,
Fj(2) = f(z,p)zrTiths), (2.73)
Hf(z) = Hj(¢*""2)z), (2.74)
Hj(e) = exp | = Y s | s 275
j 1 exp " z L eIy e v, (2.75)
M0 [r*m],



Here we have used the zero-mode operators P;,Q;, (1< j <M+ N —1).

A
2“, 1<4,j<M+N-1). (2.76)

Proposition 2.9 The currents Ej(z), Fj(z),Hj(z) and Bjyn,hj,c, 1Sj<M+N—-1,n¢
Zz0) satisfy the defining relations of elliptic superalgebra Uq,p(;\l(MUV)) (2.25), (2.26), (2.27),
(2.28), (2.29), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35), (2.36). They satisfy the Serre

relations (2.37), (2.38) and (2.39),(2.40) for 1 <i,5 < M+ N —1,(i # M) such that |A; j| = 1.

We have constructed the elliptic deformed superalgebra Uq,p(sAl(M |N)) from the quantum su-
peralgebra Uq(sAl(M|N)).

3 Bosonization

In this section we give new bosonization of the superalgebra Uq(SAl(1|2)),Uq,p(sAl(1|2)) for an
arbitrary level k, and their screening currents. Wakimoto [41] constructed bosonization of affine
algebra ;l(Z) for an arbitrary level k. We call this-type bosonization based on the flag manifold
[43] the Wakimoto realization. Feigin-Frenkel [42] generalized the Wakimoto realization to the
higher-rank affine algebra sAl(N ). Shiraishi [44] constructed the Wakimoto realization of the
quantum algebra Uq(é\l (2)) and its screening currents. Awata-Odake-Shiraishi constructed the
Wakimoto realization for the quantum algebra Uq(Q(N )) and its screening currents [45]. In
the case of Uq(<;l(2\1)) Awata-Odake-Shiraishi [46] constructed the Wakimoto realization and

Zhang-Gould [47] constructed the screening currents.

3.1 U,(sl(1]2)), U,,(sl(1]2)), Screening

In this section we give new bosonizations of Uq(SAl(l 12)), Uq,p(SAl(l |2)) and their screening currents.
In this section we assume the central element ¢ = k # 1. The Cartan matrix (A; )<, j<o of

;\l(l|2) is given by
(Aijlogijeo=1] -1 0 1 |- (3.1)

The Cartan matrix of the classical part si(1|2) is written by

(Aijhizij<o = (Vi +vig1)dij — Vidiji1 — Vig16ig1,5)1<i,j<2,

12



where we have set 1 = +,v5 = v3 = —. Let us introduce the bosons and the zero-mode

operators al,, Q) (meZ,j=1,2) bixd z’j, QY (meZ,1<i<j<3) by

S k—1)ym|,|A; m , -
a0 = DM ATe5 ok, Q4] = (- )AL bo, (3.2
2
pid b — .@5..5. , bid OV = S 8
[ma n ]— ViV m 1,i' 05,5/ Om+n,0, [mbe ]— ViVj0;.404,5'0m,0, (3-3)
2
VIS 18 .%5..5.. b3 O = S 06 6 4
[, en? ] = viv; Vi’ 03,5 OmeAn.0; [, Qe ] = vivj0; 10;,j:0m.o- (3.4)

Let us set the bosonic fields a(z), a4+ (z) and (% a> (z]ar) as follows.

a(z) = — Z [Zl—"]lz_m + Q4 + aplogz, (3.5)
m#0 q
ax(2) =+(¢—q7") D azmz™™ £ aglogg, (3.6)
m>0
<l a> (zla) = — Z a—mq_o‘|m|z_m + l(Qa + aplogz). (3.7)
E 22 Tm 5

We impose the cocycle condition to the zero-mode operator.

1,2 1,3 1,3 1,2 1,2 2,3 2,3 1,2 1,2 2,3 2,3 1,3
e e = —e@ @ e@ e = @@ oD@ = @@ (3.8)
Straightforward OPE calculations show the following propositions.

Proposition 3.1 Bosonization of the quantum superalgebra qup(é\l(lm)) is given as follows.

c=k, hi=a}—b" by ho=ad+200° + by — by, (3.9

k—
5t ml _ 230~ (h=D)im| _ gL —(k=1)lm|

1 —
al,m = amq q

)

(3.10)

agm = agnq—%\m\ + b2ﬁ3q—(k—1)|m|(qm + q—m) + b}ﬁ3q—(k—2)|m| _ b%,’?q_(k_l)'m', (311)
(3.12)

(3.13)

zi(z) = cfla:fl(z) + chxfz(z), 12
v} () = e () - ehanfa(0) 313
77 () = g i) — aria0) — gy F (). )
77 () = g () — 5ara(e) + er(a), (3.15)
where we have set
$f1(z) = o~ (B¢ )b (e ) (3.16)
i ,(2) = e~ (0] (2)=b13(2) 5 (3.17)

:E;I(z) —. P+ a7 ) 5 (3.18)
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T3 ,(2) =: b2 (D)4 (2) 5 (3.19)
$_’1(Z) —. ea}r(qﬁg_lz)—l-blz(qk*lz) ) (320)
x] 5(2) =: e“l(qi%zyrbl’z(qikﬂz) 5 (3.21)
z] 5(2) = eal—(qf%Z)—bz’g(q’k“Z)+(b+0)2’3(q”“2)—b1,'3(q”““2)+b1’3(q”“Z) : (3.22)
x_,4(2’) =: eal(qf%Z)—b?ﬁs(Q’kHZ)—bl,'S(Q”“+1Z)+(b+C)2’3(Q’k+22)+bl’3(Q’k2) : (3.23)
vy, (2) =: 02 (a" T DB (0 22)— (bh) 23 (g5 1 2) 401 (g2 2)—bh 2 (¢F 1 2) . (3.24)
25 4(2) = ea%(q7k_g_lz)+bg’3(q—k+2z)—(b+c)2»3(q—k+1z)+b£’3(q—k+2z)—b1!2(q7k+lz) . (3.25)
$2_3(z) =: ea%r(qﬁg_lZ)+b1'3(qk71Z)_biz(qkilz)_blz(qk72z) - (326)
Here we have set the coefficients as follows.

(Ch,cb’c;p@tz) = (Oé,ﬁ,’)/,’)/) ) (327)
- 111111qk—1a>
C11:,€19:C13)C14,C21,C99,C =\ T T3y gy T T . 3.28

( 1,15 €1,25 €1,3, €1,4) €21, €22 2,3) <qa @’ BB By ( )

Here o, B, # 0 are arbitrary parameters.

Next we give bosonization of the elliptic superalgebra Uq,p(;\l (1]2)). Our construction is based

on the dressing procedure of the quantum algebra developed in this paper.

Proposition 3.2  Bosonization of the elliptic superalgebra Uq,p(sAl(lﬂ)) is given as follows.

c=k, hy=ab—b> —by? hy=ad+ 2007 + b5 — by, (3.29)

—[r*m}qa' m >0
[rkm]q J,m ( ) , (1=1,2), (3.30)
q |m|aj7ma (m < 0)

rm = ak,q T Ml — p23g=(k=Diml _ pL3 —(k=D)im| (3.31)
agm = a%q—%\m\ + b%3q—(k—l)|m|(qm + q—m) + b71ﬁ3q—(k—2)|m| - brlr,b2q—(k—l)|m|7 (332)
Bj(2) = uf (z,p)af (2)*% 27710, (j = 1,2), (3.33)

_ _ LPiah) -
Fj(2) =z (2)u; (2,p)z -0 (j=1,2), (3.34)
Hi(2) = Hy(q*""%)2), (7 =1.2), (3.35)

where we have used (3.12), (3.13), (3.14), (3.15) and
qr*m " '

uj(z,p) = exp <Z WBJ’_mz ) , (1=1,2), (3.36)

m>0 q
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3 qrm 3 ‘
. = — 7Bm m ) - 172 ’ .
U] (Z,p) exXp < E ] j,m~ ) (j ) (3 31)

m>0
Bjm —m 2Q,; — S Pi+1h; .
Hj(z) =:exp —Z 2 ceti TR TR (5 =1,2). (3.38)
20 [r*m],
Here we have used the zero-mode operators
Ai g o
P, Q] =——==, 1Z4,5 £2). (3.39)

2

Proposition 3.3  The bosonic operators sj(z) (j = 1,2) given below are the screening currents

that commute with the quantum superalgebra Uq(sAl(1|2)) modulo total difference.

. —GEd) (=) ¢ .
5j(z) =t e \F-1 275i(2): (1 =1,2). (3.40)
Here we have set
$1(2) = —c1,581,5(2), (3.41)
. 1 . - .
52(z) = m(—cmsm(z) + c2,452,4(2)) + c2,552,5(2), (3.42)
where
S515(2) = e ) (3.43)
Sag(z) = :e V3 @O+ @) G) (3.44)
524(z) _ :e—ba’g(qz)+(b+c)2'3(z)—b17’3(qz)+b17’2(z) : (3‘45)
Gas(z) = :e tUEHRIEHIT) (3.46)
Here we have set the coefficients as follows.
(61757 €2,3,C2,4, 6275) = <q0z,7,7, %) ’ (347)

where parameters «, 3,y # 0 have been introduced in (3.27), (3.28) for the bosonizations of

Uq(SAl(1|2)). Eaplicitly the bosonic operators s1(2),s9(2) and 7 (2), 25 () satisfy the following

relations.
aim,sj(22)] = 0, (3.48)
[z (21),8j(22)] = 0O, (3.49)
[z, (1), 85(22)] = (q_;i%@(qk_lzz/zl) - 5(q_k+12’2/21))
x e EraEl=t) (3.50)
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and

{81(21),51(22)} = 0,

(21 — M 220)51(21)32(22) = (¢ 121 — 2)52(22)51(21),

—Az > —Az >

(21 — @ 7*%22)52(21)52(22) = (¢

By the commutation relation [a; m,s;(22)] = 0 we conclude the following.

zZ1 — 22)52(22)52(21).

(3.51)
(3.52)
(3.53)

Proposition 3.4  The bosonic operators sj(z) (j = 1,2) given in (3.40) become the screening

currents that commute with the elliptic algebra qup(é\l(lm)) modulo total difference. Explicitly

the bosonic operators s1(z), s2(z) and E1(z), Ea(2), F1(2), Fa(z) satisfy the following relations.

[Bim,sj(22)] = 0,
[Ei(21),8i(22)] = 0,
Fla)si(e)] = (6 20/ 2) = g™ 20/ 2)

(i _k=1y Lp+n,
x e FEre)El= )ui (zl,p)z{( itha)

The Jackson integral with parameters p and s # 0 is defined by

SO0

FE@)dyz = s(1—p) S Flsp™)p"

0 ne”L

From the above proposition we have
SO0 ~
[ / 53(2)d a2, Uq,p(31(1|2))} _o.
0

3.2 U,(sl(2]1)), U,,(sl(2]1)), Screening

(3.54)
(3.55)

(3.56)

(3.57)

(3.58)

In this section we review known results on bosonization of Uq(<;l(2\1)) [46] and its screening

currents [47]. We give bosonizations of qup(;l(Q\l)) and its screenings. In this section we

assume the central element ¢ = k£ # —1. The Cartan matrix (4; )<, j<2 of sl(2]1) is given by

(Aijlo<ijco=1| -1 2 -1

The Cartan matrix of the classical part sl(2|1) is written by

(Aijhzij<e = (Vi + vit1)0ij — Vibi j+1 — Vig10it1,5) 1< <25

16
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where we have set 1 = v = +,v3 = —. Let us introduce the bosons and the zero-mode

operators al,, QJ, (meZ,j=1,2) bixd z’j, QY (meZ1<i<j<3) by

[k + 1)m]y[A; ym]

[ainv a%] - m q5m+n707 [afm Q{z] = (k + 1)Ai7j5m,0’ (3-60)
2
pid bl = .%5' S bid OV = S 8 S
[m, n ]— ViV m 2,2 04,5'Om+n,0, [mbe ]— ViVj0;.404,5/0m 0, (3-61)
2
ij i3 — ‘%5. S8 id OV = LS 8 S
[cm,cn ]_VZV] m 4,4’ V5,7 9m+4n,0, [Cmch ]— ViVj0;.i04,5'0m 0- (362)

We impose the cocycle condition to the zero-mode operators.

1,2 ~1,3 1,3 1,2 1,2 2,3 2,3 1,2 1,3 2,3 2,3 1,3
€@ @ =@ @ @ e = Qe @@ = e e (3.63)

Proposition 3.5  [46]  Bosonization of the quantum superalgebra Uq(sAl(2]1)) is given as

follows.

c=k, hy=ab+2by% + by —02% hg=ad — by —byP, (3.64)
a1m = a%nq—%\m\ + b%fq—(k—i-l)\m\(qm + q—m) + biﬁ3q—(k+2)\m\ o bgrfq—(k—i-l)\m\’ (365)
U.m = a%q—%\m\ — pL2g(ktDim| _ pL3o—(ktD)im] (3.66)

1
af (z) = m(cflxﬁ(z) — ¢ 97 5(2)), (3.67)
ZE;(Z) = cilxil(z) + c;ﬂ;z(z), (3.68)

1
T, (2) = ————(c7 177 1(2) — ] o] 5(2)) + 7 277 2(2), 3.69
1 (2) (q—q—l)z( 11%1.1(2) = c19219(2)) + €1 377 5(2) ( )

1
Ty (2) = (0121 (2) — 3975 5(2) — €3 379 3(2) + €5 475 4(2)), (3.70)

(g—q7 ")z

L P-4 (@)

ol (z) = G (3.71)

ZEI2(Z) —. @b+ 20 ) :, (3.72)

x5 (2) = e~y (@) =6y (@) +62(a2) (3.73)

2, (2) = TG (3.74)
k+1 . , ,

21 (2) = o0k (@ 2 2) 402 (@R H22) +(be) 2 (gFH2) 1017 (g7 H22) 0 (g7 2) . (3.75)
_ k41 e e 3, 3,

ZE1_’2(Z) _. eal,(q T 2) b P (g F22) (o) b2 (g R ) 403 (g R 22) b2 (g R 1z) g (3.76)
k41 )

‘171—,3(’2) _. ea#(qTz)—b2+»3(qk+1Z)_b1,3(qk+1z)+b2,3(qk+1z) : (3.77)
k+1

wy(2) =0 R T AW (3.78)
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wy(2) = el T AT (3.79)
wy4(z) = ea%(qf%z)—bl,'Q(qfk’lz)—bl,'S(qik’lz)—(b+c)1’2(q*kz)—b173(q*kz) 5 (3.80)
x2—4(2) _. ea%(q*%)—biﬂ(qfkflz)_b17,3(q7k71Z)_(b+c)1,2(qfkfzz)_b1,3(q7kz) . (3.81)

Here we have set the coefficients as follows.

(CID cii_,Z’c;_,l?c;_Q) = (Oé,Oé,B,"}/) ) (382)
- 11 ¢"%'8 qq 11
(Cl,lv61,2’61,3’62,1’62,2’62,3’62,4) = <_7_7 — ST |- (3.83)

Here o, B,v # 0 are arbitrary parameters.

Note. The coefficients of the currents azf(z) have 4 free parameters in [46]. In this paper we
have only three free parameters «, 3,7, because we assume the commutation relations (3.102),

(3.103), (3.104) with the screening currents.

Proposition 3.6 Bosonization of the elliptic superalgebra Uq,p(sAl(2|1)) s given as follows.

c=Fk, hy=ab+2by% +by% —b2% ho=ad by —byP, (3.84)

%%,m, (m > 0)

Bjum = (=12), (3.85)

)

qk‘m‘aj,m, (m < 0)

a1m = a%nq—%\m\ + b%fq—(k—l—l)\m\(qm + q—m) + biﬁ3q—(k+2)\m\ _ bgrfq—(k—l—l)\m\’ (386)
U = amq—%\m\ _ b71ﬁ2q—(k+1)\m\ _ b71ﬁ3q—(k+1)\m\7 (3.87)
Ej(2) = uf (2 p)a; ()% 277710, (j =1,2), (3.88)

_ _ 1P th. ‘
Fj(2) =z (2)u; (2,p)zr (D) (j=1,2), (3.89)
Hj(2) = Hj(q*"%)2), (j=1,2), (3.90)

where we have used (3.67), (3.68), (3.69), (3.70) and
qr*m " '

u;_(zyp) = exp Z *7Bj,—mz ) (] = 172)7 (391)

[r*m]q

m>0
3 qrm . o
Uy (z,p) = exp <— Z mBj,mZ > , (1=1,2), (3.92)
m>0
_. Bjm —m | . 20— ePitih, (5 _

Hj(z) =exp | — 27;0 = ceCi T R (5 =1,2) (3.93)
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Here we have used the zero-mode operators

Ay
I (1<ij<2). (3.94)

Proposition 3.7 [47] The bosonic operators s1(z),s2(z) given below are the screening cur-

rents that commute with the quantum superalgebra Uq(SAl(2|1)) modulo total difference.

si(z) = e ECE g0y (=1,2). (3.95)
Here we have set
- 1 - - -
51(2) = m(_cl,331,3(z) + c1,451,4(2)) + c1,551,5(2), (3.96)
82(2) = —ca,582,5(2), (3.97)
where
S15(2) = = el ¥ ()63 (g2) 4037 () 5 (3.98)
Sa() = c e PR ) (3.99)
513(2) = = e 7037 (@ 12) = (ko) 2 (a2 4070 (2) b1 g ) 5 (3.100)
So5(2) = @)

Here we have set the coefficients as follows.

@
(01,3761,4761,576275) = (Oé,Oé, M) _> ) (3101)
Y oq
where parameters «, 3,y # 0 have been introduced in (3.82), (3.83) for the bosonizations of

Uq(sAl(2]1)). Eaplicitly the bosonic operators s1(2),s9(2) and 7 (2), x5 (2) satisfy the following

relations.
[aim, sj(22)] = 0, (3.102)
[z (21),8j(22)] = 0, (3.103)
[7; (1), 85(22)] = (q_;i%@(qkﬂzz/zl) - 5(q_k_12’2/21))
w e Grmed@l=t) (3.104)
and
(21 — q_A1'122)§1(21)§1(22) = (q_A“zl — 22)§1(22)§1(21), (3105)
(21 — q_A1’2Z2)§1(Z1)§2(22) = (q_A2’1Z1 — 22)52(22)51(21), (3.106)
{32(21), 52(22)} = 0. (3.107)
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By the commutation relation [a; m,s;(z2)] = 0 we conclude the following.

Proposition 3.8  The bosonic operators sj(z) (j = 1,2) given in (3.95) become the screening
currents that commute with the elliptic algebra qu(sAl(2|1)) modulo total difference. Explicitly
the bosonic operators s1(z), s2(z) and Eq(2), Ea(2), F1(2), Fa(2) satisfy the following relations.

[Bim,sj(22)] = 0, (3.108)
[Ei(21),55(22)] = 0, (3.109)
[Fi(z1),8(22)] = (q_;i%@(qkﬂ@/zl)—5(q_k_122/2‘1))

x e EOEIE) o gy s PR (3.110)

From the above proposition we have

[/OSOO 5i(2)d o1 2, Ugp(si(2[1))| = 0. (3.111)
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A Bosonization

In appendix we summarize relations of bosonization for Uq(SAl(1|2)) and its screening currents

relating to the delta-function 6(z) = ), ., 2.

{11 (21), 27 (22)} (A1)
= ifs(t]]‘cz’z/zl)eai(q%22)_1’13(‘ka122)—1’13(‘1’“122)a
{a11(21), 27 5(22)} A2)
= ié(q_k+222/zl) . ealf(‘f%22)—571’3(qik“z)—bis(q*’““zz) y

21
[2F 1 (21), 23,1 (22)] A3)

k—1 . 2, 3
(g =g )O(qF V) ;€T ) g ) R )b 2 2e)
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{xf2(21)=331_,3(22)} (A.4)

= i5(q_kz2/z1)6“1*(‘17%22)—1?2!3(‘1*’”122)—blf’(q*’““zz),
21
{z15(21), 77 4(22)} (45)
= i5(‘]_/“222/2'1) : ealf(‘f%22)—b?#3(f17’“+222)—b1+'3(q’k“zz) .
21
[xIQ(zl), T 3(22)] (A.6)
—(q— g Ho(d" 12n/2) (0 T 22) = (b4 0)23 (5 22) b2 (g5 )~ b2(g 2 ) y
(25,1 (21), 77 4 (22)] (A7)
—(g— q_l)é(q_kﬂ@/zl) Lerla” TZZ)JF(HC)Z 3(q " 29)+(b+)3 (g H222) —b1% (g FH 29) 4513 (¢ F 22) :
(231 (21), 75, (22)] 45)
=(q— q_l)(s(qkzg/zl)e“i(qk_g_l22)+bi’3(qk’2z2)+bi’3(qkz2)+b};3(qk7222)_b1+,2(qk71z2)’
[759(21), 71 5(22)] (4.9)

(231 (21), 52,3(22)] (A.11)
— (g — g Vb(gza/z) : e FTNEIFHHLI @ @)+ @)+ (bre) S a?2)

*)

[x2 2(21), $2.4(22)] (A12)
— (g — g V)8(gza/z1) : e~ FTOEIFHHEE DL @)+ (b+e)> () + (040> (@%2)
(2

[xl 1(21), 52,5(22)] (A.13)

B zié(q ) z1) : e IO 017 (22) by (a22) b1 3(22) =7 (a2)
2

(27 5(21), 52,3(22)] (A.14)
— ¢ g — ¢ D)8(qP 0/ z) : e (FTa) Rl tgh 4017 (22) bl (g22) b1 () b2 (022) (A.15)
1 _

{a11(21), 51,5(22)} = 2—5(q_k+122/731) Lo (=50 (A.16)
’ 2

(rma(en), s15(22)} = —0(gH maf ) s e (FTOEIAE (A7)
’ 2

25,1 (21), s2,3(22)] = (¢ — ¢ 1)6(g " 20/ 21)

< - eai(qkﬁ?m)—(ﬁa%(qk*szl\%Hbf(q’f*zl>—b&3(qk*2z1)—bi’2(qkflzl)+b&2(qk*3zn ), (A.18)

[wa(21), 82.4(22)] = —(g — ¢7)8(¢" 2o/ 1) s e ETNEITED (A.19)

1
(g — a7 1" 2212

[75.3(21), 52,5(22)] =
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k-1

x(é(q_k+122/zl) e~ (Fra)E@l=55) (A.20)

k—1
2 Bl N 1 oy ko3 jk=1y, 13¢ k—2_ \_ ;L3¢ k-2 \_ ;1.2 k1 1,20 k-3
5(q—k+3z2/z1) . ea+(q 21) (kfla )(q 21| 3 ) b+ (g 21)=b_"(q 21) b+ (g z1)+b2%(q 21) :)’

[215(21), 52,3(22)] (A.21)

k+1 o
= (q—q V)6(¢"20/21) : (0 22)= (i 0?) (a2 B 4012 (22) 461 2 (g22) b (g22) b2 (gz2) +(b+0) > (% 22)

[215(21), 52,4(22)] (A.22)
= (q— ¢ No(qF2a/21) : (a"%" 22)— (g a2) (22 | Bg 1) 4b12 (22) 4512 (g22) b (g22) b2 (qz2) + (b4 )22 (2 22)

il

[275(21), 52,3(22)] = —q(q — g7 )d(¢" 22/ 21) (A.23)
< - eal(q#@)—(ﬁ 2) (22| K5 1) 4612 (22) ~ 2607 (gz2) —b% % (g22) =072 (g22)+ (b+¢) 23 (22) +(b+¢) >3 (¢ 22) 5
[27 5(21), 52,5(22)] (A.24)

_ ziz (¢ z/21) : o (07T 22)= () (2ol 0 (20) 01 2 (g22) b (020) b2 (g22) +(040) 2 0 22)

[214(21), s2,4(22)] = q(g — ¢7")8(¢"22/21) (A.25)
< - eal(qk_é_l@)—(k—il 2) (22 K5 1) 4612 (22) ~ 2607 (gz2) —b% % (g22) =072 (g22)+ (b+¢) 2 (22) +(b+¢) >3 (¢ 22) 5
(27 4(21), 82,5(22)] (A.26)
— ig(qk@/zl) : eal(q%_lzz)—(ﬁtﬁ)(zz|%)erlf(ZQ)+b1’2(qZ2)—b1;3(qzz)—bi3(qu)+(b+c)2»3(q222) .
)
References

[1] A.A.Belavin, A.M.Polyakov and A.B.Zamolodchikov, Infinite Conformal Symmetry in Two-
dimensional Quantum Field Theory, Nucl. Phys. B241 333-380 (1984).

[2] M.Jimbo and T.Miwa, Algebraic Analysis of Solvable Lattice Models, CBMS Regional Con-

ference Series in Mathematics 85 (American Mathematical Society), 1994.

[3] G.E.Andrews, R.J.Baxter and P.J.Forrester, Eight-Vertex SOS Model and Generalized
Rogers-Ramanujan-type identities, J.Stat. Phys. 35, 193-266, (1984).

[4] H.Konno, An Elliptic Algebra Uq,p(sAl2) and the Fusion RSOS model, Commun.Math.Phys.
195, 373-403, (1998).

[5] M.Jimbo, H.Konno, S.Odake and J.Shiraishi, Elliptic Algebra Uq,p(s/l\g) : Drinfeld Currents
and Vertex Operators, Commun.Math.Phys. 199, 605-647, (1999).

22



[6]

[7]

8]

[13]

[14]

[18]

[19]

R.Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982.

E.Date, M.Jimbo, T.Miwa and M.Okado, Fusion of the Eight Vertex SOS Model,
Lett. Math. Phys.12, 209-215, (1986).

E.Date, M.Jimbo, A.Kuniba, T.Miwa and M.Okado, Exactly Solvable SOS Models. II:
Proof of the Star-triangle Relation and Combinatorial Identities, Adv.Stu.Pure.Math. 16,
17-122, (1988).

E.Date, M.Jimbo, A.Kuniba, T.Miwa and M.Okado, Exactly Solvable SOS Models : Lo-
cal Height Probabilities and Theta Function Identities, Nucl.Phys.B290[FS20], 231-273,
(1987).

M.Jimbo, T.Miwa and M.Okado, Solvable Lattice Models whose States are Dominant In-
tegral Weights of AY | Lett. Math. Phys.14, 123-131, (1987).

n—1»

M.Jimbo, A.Kuniba, T.Miwa and M.Okado, The Ag) Face Models, Commun.Math. Phys.
119, 543-565, (1988).

B.Davies, O.Foda, M.Jimbo, T.Miwa and A.Nakayashiki, Diagonalization of the XXZ
Hamiltonian by Vertex operators, Commun.Math.Phys.151, 89-153, (1993).

M.Jimbo, K.Miki, T.Miwa and A.Nakayashiki, Correlation Functions of the XXZ Model for
A < —1, Phys.Lett.B168, 256-263, (1992).

O.Foda, M.Jimbo, T.Miwa, K.Miki and A.Nakayashiki, Vertex Operators in Solvable Lat-
tice Models, J.Math.Phys.35, 13-46, (1994).

S.Lukyanov and Ya.Pugai, Multi-point Local Height Probabilities in the Integrable RSOS
Model, Nucl.Phys.B473, 631-658, (1996).

(1)

Y.Asai, M.Jimbo, T.Miwa and Ya.Pugai, Bosonizations of Vertex Operators for A, ”, Face

Model,J. Phys.A29:Math.Gen., 6595-6616, (1996).

H.Furutsu, T.Kojima and Y.-H.Quano, Type-II Vertex Operators for the Agll Face Model,
Int.J.Mod. Phys.A15, 1533-1556, (2000).

B.Feigin, M.Jimbo, T.Miwa, A.Odesskii and Ya.Pugai, Algebra of Screening Operators for
the Deformed W,, Algebra, Commun.Math.Phys.—bf 191, 501-541, (1998).

M.Okado, Solvable Face Models Related to the Lie Superalgebra sl(m|n), Lett. Math.Phys.
22, 39-43, (1991).

23



[20]

23]

[24]

[25]

[30]

[31]

V.G. Drinfeld, A New Realization of Yangians and Quantized Affine Algebras,
Sov. Math.Dokl. 36, 212-216, (1988).

T.Kojima and H.Konno, The Elliptic Algebra qu(sAl ~) and the Drinfeld Realization of
Elliptic Quantum Group Bq,A(SAlN), Commun. Math. Phys. 239, 405-447, (2003).

T.Kojima and H.Konno, The Drinfeld Realization of the Elliptic Quantum Group
Bya(AP), J.Math.Phys. 45, 3146-3179 ,(2004).

E.K.Sklyanin, Some Algebraic Structure Connected with the Yang-Baxter Equation,
Funct. Anal. Appl. 16, 263-270, (1982).

0O.Foda, K.Iohara, M.Jimbo, R.Kedem, T.Miwa and H.Yan, An Elliptic Quantum Algebra
for slo, Lett. Math. Phys. 32, 259-268, (1994).

G.Felder, Elliptic Quantum Group, Proc.ICMP Paris 1994, Cambridge-Hong Kong : In-
ternational Press, 211-218, (1995).

B.Enriquez and G.Felder, Elliptic Quantum Groups ETW(;\ZQ) and Quasi-Hopf Algebras,
Commun.Math.Phys. 195, 651-689, (1998).

C.Fr¢nsdal, Generalization and Exact Deformations of Quantum  Groups,

Publ.Res. Math.Sci. 33, 91-149, (1997).

C.Fr¢nsdal, Quasi-Hopf Deformation of Quantum Groups, Lett.Math.Phys. 40, 117-134,
(1997).

M.Jimbo, H.Konno, S.Odake and J.Shiraishi, Quasi-Hopf Twistors for Elliptic Quantum
Groups, Transformation Groups 4, 303-327, (1999).

Y.-Z. Zhang and M.D.Gould, Quasi-Hopf Superalgebras and Elliptic Quantum Superalge-
bra, J.Math.Phys. 40, 5264-5282, (1999).

H.Konno, Elliptic quantum group qu(sAlg), Hopf algebroid structure and elliptic hyper
geometric series, J. Geometry and Physics 59, 1485-1511, (2009).

H.Konno, Elliptic quantum group and vertex operators, J.Phys.A41:Math.Theor.
194012(12 pages), (2008).

K.Miki, Creation/annihilation Operators and Form Factors of the XXZ model,
Phys.Lett.A186, 217-224, (1994).

24



[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

V.G.Kac and D.H.Peterson, Infinite-dimensional Lie Algebras, Theta Functions and Mod-
ular Forms, Adv. Math.53, 125-264, (1984).

P.Goddard, A.Kent and D.Olive, Virasoro Algebras and Coset Space Models,
Phys. Lett.B152, 88-92, (1985).

V.Serganova, Kazhdan-Lusztig polynomials and character formula for the Lie superalgebra

gl(m|n), Selecta Math.2, 607-651, (1996).

B.Jonathan, Kazhdan-Lusztig polynomials and character formula for the Lie superalgebra

gl(m|n), J.Amer.Math.Sci.16, 185-231, (2003).
V.G .Kagc, Lie Superalgebras, Advances in Math. 26, 8-96, (1977).

Johan W.van de Leur, A Classification of Contragredient Lie Superalgebras of Finite
Growth, Commun. in Algebra 17, 1815-1841, (1989).

H.Yamane, On Defining Relations of the affine Lie Superalgebras and their Quantized
Universal Enveloping Superalgebras, Publ.Res.Inst.Math.Sci. 35, 321-390, (1999).

M.Wakimoto, Fock Representation of the Affine Lie Algebra A(l), Commun. Math. Phys.
104, 605-609, (1986).

B.L.Feigin and E.V.Frenkel, Representation of Affine Kac-Moody Algebras and Bosoniza-
tion, Physics and Mathematics of Strings (World Scientific), 271-316, 1990.

B.L.Feigin and E.V.Frenkel, Affine Kac-Moody Algebras and Semi-Infinite Flag Manifolds,
Commun. Math. Phys. 128, 161-189, (1990).

J.Shiraishi, Free Boson Representation of Uq(sAl2), Phys.Lett. A171, 243-248, (1992).

H.Awata, S.Odake and J.Shiraishi, Free Boson Realization of Uq(sAl ~N), Commun.Math. Phys.
162, 61-83, (1994).

H.Awata, S.Odake and J.Shiraishi, ¢-Difference Realization of U,(s{(M|N)) and Its Appli-
cation to Free Boson Realization of Uq(<;\l(2\1)), Lett. Math. Phys. 42, 271-279, (1997).

Y.-Z.Zhang and M.D.Gould, Uq(sAl(2|1)) Vertex Operators, Screen Currents and Correlation
Functions at Arbitrary Level, J.Math.Phys.41, 5277-5291, (2000).

25



