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Abstract

In this note, we show that the Carathéodory’s extensionrdma is still valid for a class of
subsets of less restricted than a semi-ring, which we call quasi-semgj-
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1 Introduction

Due to paradoxes such as the Banach-Tarski paradols_(rs_e_elﬁanala‘r_aﬂ_lﬂﬂ), it is not always

possible to define a measure (e.g., Lebesgue measure) iowlee pet of the main sél. Instead, we
must restrict our attention to certain measurable sub$és ©he Carathéodory’s extension theorem
basically extends a countably additive premeasure defmadsimall class, usually a semi-ring, to a
large class of measurable sets that contains the smallefTtrgereal line is the main motivation for
using a semi-ring as the starting class of subsets, bechedgorel sigma-algebra can be generated
by a class of semi-open intervals, which is a semi-ring. &foge, by defining a premeasure on
this class of semi-open intervals (which is an easy taskgxension to the Borel sigma-algebra
(which contains “non-pathological” subsets®f is readily available through the extension theorem.
However, as a semi-ring requires closure by intersectibmsay be more difficult to define a semi-
ring of subsets of some non-flat surfaces such as cylinderslased surfaces (sphere, torus, double
torus, triple torus, Klein bottle and so on).

In this note, we show that it is possible to weaken the assomptegarding the initial class of
subsets in the Carathéodory’s extension theorem. We dafimaw class of subsets that does not
require closure by intersections and prove that: (1) athelets in this collection are measurable (in
the sense of Carathéodory’s “splitting principle”), (Betextension (the outer measure) agrees with
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the premeasure on the starting collection and (3) it is umigu the smallest ring generated by this
collection. Some of the proofs given in this note are sintitethose ir[ Athreya and LatlirlL(;dO?).

Below we define a quasi-semi-ring of subsets which plays gortant role in the construction of
our theory.

DEFINITION 1.1. Let(2 be nonempty. A clasd of subsets of? is a quasi-semi-ring if the following
conditions hold;

1. o c A,

2. If A, B € A, then there exist disjoint subsels, ... B,,C,...,C, € AsuchthatA N B =
Ui, B;andAn B = J"_, C;, wheren, k < oo,

The main difference between a quasi-semi-ring and a semwiis that the former may not be
closed by finite intersections but the latter must be. It ish@rd to see, by the above definition, that
a semi-ring is always a quasi-semi-ring, but the convers®islways true. Below, we show some
classes of subsets ©f that are quasi-semi-rings but are not semi-rings. The fwstéxamples are
artificial ones, but the last one is more natural. The reaaersvited to find other examples.

ExamMpLE 1.1. Consider thatd, B,C' ¢ Qand A = {0, A, B, ANBNC,ANBNC* AN BN
C,ANB°NC AN BNC,A°N BN C*°}. Then,Ais a quasi-semi-ring but it is not necessarily a
semi-ring (it is not closed under finite intersections).

In order to better understand the above example, the rebdaldsdraw a Venn diagram with the
setsA, B andC.

EXAMPLE 1.2. Suppose thdt = R? and.A = {all semi-closed rectangles where basdeight Ug.

Itis not a semi-ring, because some intersections of redémdp produce squares. On the other hand,
every square can be represented by finite union of disjootargles with different base and height.

Note alsothatifA, B € A, thenAN B and AN B° may bed, rectangles with different base and height
or finite unions of disjoint rectangles with different baseldneigh. Therefored is a quasi-semi-ring.

ExXAMPLE 1.3. Let() be a circle in the plane and assume thétis a class containing all the semi-
closed arcs of), assume also that € A . Itis easy to see thatl is not a semi-ring, since it is not
closed under intersections. Take the parametrized dres (0,27] € AandB = (7, %] € A, then
ANB = (7,%]U(0,%] ¢ A. On the other hand, it is a quasi-semi-ring, becausé,if? € A, then
AN B and AN B¢ are unions of semi-closed disjoint arcs®@ror they are inA. Notice that,4 would
be a semi-ring if it were defined as the class containing alsbmi-closed parametrized arcs{of

restricted to the interval0, 27|. The quasi-semi-ring does not require such a restriction.
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Apparently, a collection of subsets formed by all semi-etb¥ieces” of any smooth close surface
IS not a semi-ring (since some intersections are not semsed “pieces”), but, on the other hand, itis
a quasi-semi-ring (since these intersections are formaaimn of semi-closed “pieces”).
With the purpose of proving our results, we use the usuastfsitly introduced i@ry
), namely: the outer measure and the Carathéod@pliting principle” (the criteria for mea-
surability of sets). Lef) be nonempty. Given a premeasurevell-defined in a quasi-semi-ring
A (i.e., u(@) = 0 and it is countably additive), the outer measure induced: las a function of

sets from the power set of? to [0, o] is usually defined ag*(A) = inf { Do (Ay) o A C

Ujs1 45 {45} C A} for all A C €. In this definition, it should be clear that the covers/f

have to be formed by countable many sets. The well-knownesti®s of an outer measure are: (i)
w (@) =0, (i) ©* is monotone and (iii)s* is countably subadditive.

In this note, we use another equivalent definition of outeasnee where the covers are formed
by disjoint sets. This will help us to prove that the outer mea equals the premeasure on the
quasi-semi-ring.

PROPOSITION1.1. The outer measure induced pycan alternatively be defined as

j=21 j=21

forall A C Q.

Proof. Notice thatu*(A) < u(A) forall A C Q, since

{{Aj}j>1 c Adisjoint: A C UA]} C {{Aj}j>1 CA: AcC UAj}.
j>1 j>1

Define B, = Ay, By = Ao NAS, B, = A;N A5, N...NAS, fori > 1. By definition of quasi-
semi-rings, there exist disjoint set§',...,C; € A such thatd, N A;, | = Uf;l CT. Note that
A, NAS _(NAS , = U"”" (C'NAS_,), therefore exist anotherdisjointsequengg,...,D{:_ivi cA

suchtha(Cl'N A¢_,) = U”‘ D%, thenA, NA; | NA; = U U”‘ D?.. Thus, by repetitively
applying this argument, we achieveBt = J!", H* such thatd}, ... H < A are disjoint sets.
AS U,>1 An = U1 Br = U,» U2y HY, we have that for each cover df, {A,.},>1, there exist
another cover ofi formed by disjoint set${ H*}"" },.>1 € A. Also, observe that

:(Am(UA))U(Aﬂ(UA)) (Um) (UA mAZ-)),
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there exist disjoint setd]”,..., Nj* € A such thatd,, N 4; = U;‘f’g’l N7, then by finite additivity
p(An) = 3200 (HP) + 3200 325 p(NF), thus

Mn

p(A4) = 3 p() and S0 (A = 303 )

i=1 n>1 n>1 i=1
Therefore, ifA C 2, thenp(A) < p*(A) and we conclude that(A) = p*(A) forall A C €. ]

In what follows, we present the Carathéodory’s “splittimgnciple” which defines measurable
sets. A setd C (2 is said to beu*-mensurable if for alE C Q, p*(F) = p*(ENA) + p*(E N A°).
The class of all measurable subsats= { A; A is u*-measurablgis indeed a sigma-algebra and the
triplet (2, M, p*) is a measure space independently of the starting class sé&ub(the premeasure
1 must be countably additive).

1.1 Extension Theorem

This section establishes that all elements listed in a eg&si-ring are measurable and also that the
outer measure is equivalent to the premeasure on the qerasiFsg.

THEOREM 1.1. (Extension theorem) L&l be nonemptyA a quasi-semi-ring of2 and . a countably
additive premeasure ad. Then,

1. ACM,
2. w*(A) = p(A) forall A e A.
Proof. LetA € A, B C Qand{4;};>: C Asuchthatr C |J;., 4;. Notice that
A= (A NA) U (AN A%.

By definition of quasi-semi-ring, for eagh> 1 there exist disjoint set8?, . . . , B,ij, ci, .. .ng cA
suchthatd; N A = (J[, B/ andA4; N A° = ([, 7. Therefore,

A= (635) U (EJCJ)
=1 i=1
By the finite additivity of the premeasurewe have
kj n;
plAy) =Y (B + ) ul(C))
=1 =1
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and .
> AN =D B +> > uC).
7>1 7>1 =1 7>1 =1
Notice thatE N A € |J,~, U, Bl andE N A° C U;=1 Ui, €7, hence, by definition,
> (A = pr(ENA) + p(EN A%,
j>1

for all covers,{A;},>1 C A, of E. Then,
P (E) 2 p (ENA)+p' (BN A

By subadditivity we conclude that*(E) = p*(ENA) + p*(EN A°). ThatisVAe A= Ae M,
thus. A C M, which proves item 1.

Now, let A € A and suppose that*(A) < oo (if it is infinity the equality is obvious). For each
e > 0, there exist a cover of, {A,, },>1 C A such that

A) < (A < pt(A) + e (1)
n>1
Without lost of generality, consider that the coverbis formed by disjoint sets (see Proposition
[L.1). Note thatd = J,.,(A N A,), then there exist disjoint set®/}",..., M € A such that
AN A, =, M. Therefore, by the countably additive property, we havé tha

—u(UUW) =SS wom

n>1i=1 n>1 i=1

On the other hand, there exist also disjoint Séfs. .., N € Asuch thatd, N A° = [ J;”*, N/, thus

A, = (A, NA) U (A, N A% (UM")U(@N{‘).

By finite additivity of the measure,

ST uA) = S ) + S uv) > 305 )

n>1 n>1 i=1 n>1 i=1 n>1 i=1

A) <> pu(A,)

n>1

A) <Y (A < p(A) + e

n>1

implying thatu(A) < p*(A). We conclude thati(A) = p*(A) forall A € A. ]

and

Then, for eack > 0,
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1.2 Uniqueness of the extension

As a quasi-semi-ring is not a-system, the uniqueness of the extension is not guaranieetthis
section, we prove that the extension is unique when restrit the smallest ring generated by the
quasi-semi-ring.

PROPOSITION1.2. If Ais a quasi-semi-ring, then(A) = {A: A =UE, B;, {B;}r, € Adisjoint}
is the smallest ring generated by

Proof. By definition of quasi-semi-ring, ifl, B € A, then there exist disjoint sequencés . . ., Ay,
Bi,...,B, € AsuchthatAnN B = Ule A;andA N B¢ = |J;, B;. By construction, A C r(A),
thusA, B,ANB, AN B er(A)= AU B € r(A) (notice thatd and B need not be disjoint sets).
Now, let A, B € r(A), then there exist disjoint sets;,....C, € AandD,,...,D, € A
such thatd = |Ji_, C; and B = |J, D; (whereC; and D; need not be disjoint). Notice that
AuB =UJj_, Ule(CiUDj) € r(A),i.e.,r(A)is closed under finite unions. Note also thiat B =
Ui, Ul (C;n D) withC;n D, € r(A)foralli=1,... kandj =1,...,n,thenAN B € r(A),
sincer(.A) is closed under finite unions. Finally, ds1 B = | J¥_ (C;nDSN DS, N...N D) and
C;NnDENDE  N...nDfer(A)foralli =1,..., kwe have thatd N B¢ € r(A). We conclude
thatr(A) is a ring generated byl. In fact,r(.A) is the smallest ring generated By since all other
rings generated byl must be closed under finite unions of sets frdm O

THEOREM 1.2. Let A be a quasi-semi-ring dl. Lety; and i, be two countably additive and finite
measures defined oM such thatu;(A) = us(A) for all A € A. Then,u(A) = po(A) for all
Aer(A).

Proof. DefineC = {A € r(A), (A) = ua(A)}, thenAd C C C r(A). Let A € r(A), then
A=, D;, with Dy,..., D, € Abeing disjoint sets. Notice thd,, ..., D) € C, thenu,(D;) =
ua(D;) foralli =1, ...k and (by additive property of the involved measures)

i (A) = (UD) - gmwi) - ZZ;M(DD - u(UD) — 1n(A)

implying thatA = | J¥_, D, € C, thereforey(A) c C andr(A) = C. -

Next, we establish that 2 is covered by elementary sets.ihof finite premeasure, then every
setinA can be represented by a union of disjoint setgliwith also finite premeasure.

PROPOSITION1.3. Let.4 be a quasi-semi-ring and a premeasure defined iA. Assume that there
exist a covel A4;},>1 C A for  such thatu(A;) < oo forall i > 1. Then, for allA € A, there exist
disjoint sets{C; }i>1 C A such thatd = | J,., C; with u(C;) < cofori > 1.
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Proof. Let {4;};>1 C A such that? = |J,., A; with u(A;) < oo for i > 1. By arguments given in
Propositio L1, we can considgt; }i>1 di_sjoint sets.

If A € A thenA = J,-,(4; N A), sinceA C |J,», 4;. There exist a disjoint sequence
Bii,...,Bi € Asuch thabél;- NA= Uf;l B; ;. By monatonicity, we have that(B; ;) < oo for
all 7, j (sinceB; ; C A; for all ¢, j). Therefore, exist a disjoint sequence of sﬁtgm}f’;l}izl cA
such that .

A= U U Bi; and u(B;;) < oo
i>1j=1

forallj =1,...,k andi > 1. O
Now, we can extend Theordm 1.2 to the case of sigma-finite unesis

THEOREM 1.3. (Unigueness theorem) Let be a quasi-semi-ring dl and 1 a (countably additive)
sigma-finite measure (i.e., there ex{st;};>; C A such thatQ = [J;., 4; with u(4;) < oo for
i > 1). Then,u* is the unique extension ofi.A) that agrees with: on A.

Proof. Suppose that there exist another measuoa r(.A) that agrees with. on A. By Proposition
[1.3, every set itd can be expressed as union of disjoint setd iof finite premeasure. By assumption,
v andp* must agree for each one of these elementary setiswiiith finite premeasure, by countably
additive, we conclude that agree withu* for every set in the ring (since the setsrifd) can be
represented by finite unions of disjoint elementary setd of finite measures). O

The smallest sigma-algebra generateddg the smallest sigma-algebra generated [¥). It is
known that if two sigma-finite measures agree on thering) they must agree on the smallest sigma
algebra generated by.4). Therefore, two sigma-finite premeasures definedlanust agree in the
smallest sigma-algebra generatedhy

Acknowledgments

| gratefully acknowledge grants from FAPESP (Brazil). | wi® thank Professor Nelson Ithiro
Tanaka for valuable comments and discussions on this maptusc

References

Athreya, KB and Lahiri, SN (2007). Measure theory and Prdipatheory, Springer.



Banach, S and Tarski, A (1924). Sur la dcomposition des elnlssnde points en parties respectivement congru-
entesFundamenta Mathematica8, 244-277. Link{ http://matwbn.icm.edu.pl/ksiazki/fmm@/fm6127.pdf.

Carathéodory, C, Vorlesungen ber reelle Funktionen, d,sBerlin: Leipzig 1918, 2nd ed, New York: Chelsea
1948.


http://matwbn.icm.edu.pl/ksiazki/fm/fm6/fm6127.pdf

	1 Introduction
	1.1 Extension Theorem
	1.2 Uniqueness of the extension


