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Abstract. We examine the covariant properties of generalized models of two-field inflation,
with non-canonical kinetic terms and a possibly non-trivial field metric. We demonstrate
that kinetic-term derivatives and covariant field derivatives do commute in a proper covariant
framework, which was not realized before in the literature. We also define a set of generalized
slow-roll parameters, using a unified notation. Within this framework, we study the most
general class of models that allows for well-defined adiabatic and entropic sound speeds, which
we identify as the models with parallel momentum and field velocity vectors. For these models
we write the exact cubic action in terms of the adiabatic and isocurvature perturbations. We
thus provide the tool to calculate the exact non-Gaussianity beyond slow-roll and at any
scale for these generalized models. We illustrate our general results by considering their
long-wavelength limit, as well as with the example of two-field DBI inflation.


http://arxiv.org/abs/1312.6139v2
mailto:Eleftheria.Tzavara@th.u-psud.fr
mailto:Shuntaro.Mizuno@apc.univ-paris7.fr
mailto:Bartjan.Van-Tent@th.u-psud.fr

Contents

1 Introduction 1
2 Formalism 3
2.1 Background 4
2.1.1 Background dynamics 4

2.1.2 Covariant derivatives 5

2.1.3 Orthonormal basis 8

2.1.4 Slow-roll parameters 8

2.2 Perturbations 10
2.2.1  ADM setup 10

2.2.2  Gauge-invariant perturbations 11

2.2.3  Defining sound speeds 11

3 The diagonal class of models 12
3.1 Kinetic-term derivatives 13
3.2  Sound speed revisited 14
3.3 Slow-roll parameters revisited 15

4 Second-order action 17
5 Third-order action 19
6 Applications 23
6.1 Long-wavelength limit 23
6.2 DBI model 24

7 Conclusions 26
A Gauge issues 28
A.1 Gauge transformations 28
A.2 Second-order 0i Einstein equation 30

B Details of the computation for DBI inflation and its third-order action 31

1 Introduction

Inflation is widely believed to be the most likely explanation for the origin of temperature
fluctuations of the Cosmic Microwave Background (CMB) [1-4] (see e.g. [5, 6] for reviews).
The prediction that the primordial density perturbations generated during inflation are nearly
scale-invariant and almost Gaussian is strongly supported by recent Planck observations [7, 8].
However, due to the limited information available in the power spectrum of the primordial
density perturbations, it is still difficult to determine the most consistent inflation model
among a very large number of models.

Therefore, in order to distinguish otherwise degenerate models, additional observables
are necessary. In particular, the non-Gaussianity of the primordial density perturbations



has become an increasingly popular observable [9]. It has been shown to be suppressed by a
slow-roll parameter in the simplest single-field inflation models [10]. Hence any observation of
primordial non-Gaussianity would be an indication of a more complicated model. Although
it was reported recently by Planck [11] that no primordial non-Gaussianity of the standard
local, equilateral, and orthogonal shapes has been detected, the higher precision of the Planck
constraints means that it is now more important than ever that each inflation model should
pass this test. Hence the development of methods to compute non-Gaussianity and a bet-
ter understanding of the correspondence between theoretical inflation models and the type
and magnitude of the non-Gaussianity of the CMB remain very important (see [12, 13] for
reviews).

There are a number of distinct mechanisms to produce non-Gaussianity during inflation.
One of these occurs in multiple-field inflation where not only adiabatic perturbations but also
entropy perturbations are produced. It is well known that since the entropy perturbations
can be converted into adiabatic ones during! multiple-field inflation, the gauge-invariant
curvature perturbation ¢ originally defined in [18] can evolve on super-horizon scales [19-
21]. This conversion is associated with a turn of the inflaton trajectory and can produce
non-Gaussianity of the so-called local type.

On the other hand, if the inflaton possesses non-canonical kinetic terms like k-inflation
[22, 23] or DBI inflation [24, 25], another type of non-Gaussianity is produced during horizon
crossing by the derivative interactions of the field, even in single-field models [26]. This non-
Gaussianity is of the so-called equilateral type [27].2 Studying multiple-field models with
non-canonical terms is therefore very interesting: one can in principle produce both local
and equilateral non-Gaussianity [29].

The first study of the third-order action in multiple-field inflation was done in [30] for
models with canonical kinetic terms. However, since the action of [30] is written in terms
of the scalar fields, the authors had to use the 6N formalism [31-36] to compute the non-
Gaussianity of the adiabatic perturbation ( that is directly related to the non-Gaussianity of
the CMB. The standard § N formalism requires that the slow-roll approximation is imposed
at horizon crossing in order to be able to neglect spatial gradients outside the horizon [37]
(for generalizations of the 6N formalism see [38, 39]). In [40], two of us succeeded in con-
structing the exact third-order action directly for the gauge-invariant second-order adiabatic
and isocurvature perturbations (instead of the fields), which is valid beyond any slow-roll
or super-horizon approximations. This included deriving a proper definition of the second-
order gauge-invariant isocurvature perturbation and resolving several issues regarding gauge
invariance at second order. (For discussions on the gauge-invariant curvature perturbation at
second order, see also [41-48].) The analysis of [40] is based on the the covariant® approach
[50-54] developed by Rigopoulos, Shellard and Van Tent, hereafter referred to as RSvT. (For
related works on non-Gaussianity in multiple-field inflation models with canonical kinetic
terms, see [55-80].)

In this paper we extend the work of [40] to the case of two-field models with general
kinetic terms and a possibly non-trivial field metric. This is motivated from the point of view

!The non-linearities can also develop through the conversion of the entropy perturbations into adiabatic
perturbations after inflation as in the curvaton mechanism [14, 15] and modulated reheating [16, 17].

2Sometimes so-called orthogonal-type [28] non-Gaussianity is produced instead or in addition.

3Strictly speaking, it is the formalism proposed by [47] that is called the “covariant formalism”. But since
the formalism developed by RSvT is based on the covariant approach [49] and it is in principle equivalent
to the covariant formalism after choosing a coordinate system and expanding to the given order in spatial
gradients, we simply refer to the formalism developed by RSvT as “covariant approach” here.



of inflation models based on high-energy theories like supergravity or string theory, where
the inflaton fields are identified as Kéahler fields or represent the position of a brane in an
internal space. In such models a non-trivial field-space metric Gap, with A and B being
generic field-space indices, is naturally introduced (see for example [6] for a review). It is
known [81, 82] that the non-Gaussianity of a multiple-field extension of DBI inflation where
a probe D-brane moves in a multi-dimensional throat can be studied using a metric Gap in
combination with general kinetic terms of the form that we will define in the next section
(for related works, see [29, 83-96]).* These models are more general than the ones considered
in for example [102-106] that depend on X only (defined in the next section). But again,
since the analysis of [81, 82] is based on the third-order action in terms of the fields like that
of [30], to compute the non-Gaussianity of ¢ the §N formalism is necessary, with its implied
slow-roll approximation. Here we go beyond that restriction.

In this paper we will derive the full exact third-order action for what we call the diagonal
class of models. This is a very general class of models with generalized kinetic terms as
mentioned above and defined in the next section, with the sole restriction being that the
kinetic term is only coupled to tensors that are diagonal in the adiabatic-entropic field-space
basis. This action is valid beyond any slow-roll or long-wavelength approximations. Our
expressions are all written in a manifestly covariant way. We also address the issue of the
commutation of covariant field derivatives and derivatives with respect to the kinetic term,
showing that in a proper covariant framework they do actually commute, which was not
realized before in the literature. We define a new hierarchy of slow-roll-like parameters, that
describe all types of derivatives of the Langrangian in a unified way. While most of these
parameters will be small in the slow-roll approximation, no such approximation is made in
this paper, all expressions are exact.

The paper is organized as follows. In Sec. 2 we introduce the basic elements of our
formalism and discuss the issue of covariance. In Sec. 3 we introduce the diagonal class of
models that describes the most general type of Lagrangians (within our starting assumptions)
that allows for well-defined adiabatic and entropic sound speeds, and we introduce the new
hierarchy of parameters. For this diagonal class of models we provide the second-order
and third-order action for the adiabatic and isocurvature perturbations in Sec. 4 and 5,
respectively. Next, in Sec. 6, we apply our general results to the long-wavelength limit and
to two-field DBI inflation. Finally, we conclude in Sec. 7, followed by two appendices with
additional details about some of the longer calculations in the paper.

2 Formalism

In this section we introduce the basic elements of our formalism, which consist of the quan-
tities we use to describe the generalized inflationary background as well as the cosmological
perturbations on it. We will extend the results of [40] to accommodate the new properties of
generalized models of inflation.

1t is worth noting that there is another type of multiple-field extension of DBI inflation where multiple
branes move in different throats [97-101]. In this type of model, there is no natural field-space metric, and
depending on their specific Lagrangians and field trajectories they might not be of the type studied in this
paper, as explained later on.



2.1 Background

We start here by defining our generalized background and exploring its properties. In such a
background one encounters two types of derivatives: derivatives with respect to the kinetic
terms and covariant derivatives with respect to the fields. Hence it is crucial to examine
and understand their commutation. Furthermore, we study two different field bases that are
relevant to our models and are induced by the dynamics of the system. Finally, we start
building a hierarchy of slow-roll parameters, a procedure that will be completed in section 3.

2.1.1 Background dynamics

We will consider an inflationary universe dominated by two scalar fields, which in the back-
ground are homogeneous and will be denoted there by ¢#, with A = 1,2. A generalization to
any number of fields is straightforward although calculations can be a lot more cumbersome.
The matter Lagrangian P[X4P G 45(¢), ¢C] is a general function of the kinetic term of the
fields X4B, the field metric G 45, which is taken to be an arbitrary function of the fields
only, and the fields themselves. The action that describes the physical system of space-time
and matter is

1
S = 3 /d4:m/—g [/{72R + QP] , (2.1)
where 2 = 87G and X4B in the background reduces to

_ 149"

XA4B — .
2N N

(2.2)

It should be noted that, while quite general, P does not describe all possible types of kinetic
terms: we do not consider higher derivative terms (e.g. terms of the type ¢[J¢ are not covered
by this definition). For the canonical case P = X — W, where

X = GapXAB = 1 7

= (2.3)

and W is the field potential. We denote the length of ¢4 by ¢, defining the length of a vector

as its norm:
A=|AB| = \/ARAB. (2.4)

Field indices are lowered and raised using the field metric G4p in the usual way:
Ap = GpcAC. (2.5)

Furthermore, in (2.1) R is the Ricci scalar and ¢ is the determinant of the Friedmann-
Robertson-Walker metric, o
G = —N2dt* + h;jdz'da?, (2.6)

where h;; is the metric of the spatial hypersurfaces that is assumed to be a® times the identity
matrix, i.e. a flat universe. The rate of change of the scale factor a is the Hubble parameter,

H=——, 2.7

Na (2.7)
a measure of the expansion rate of the universe. Here we have not made a choice of time
coordinate. N = 1 corresponds to the usual cosmic time, N = a to the conformal time, while
N = 1/H corresponds to a time variable that coincides with the number of e-foldings.



The canonical conjugate momentum Il 4 of the fields will turn out to be an important
quantity for our formalism. It is at the basis of the definition of the slow-roll parameters and
the basis vectors in field-space, as explained later on. It is given by

oP B

where we have introduced the short-hand notation

__oF (2.9)

Plp) = 558
The angular brackets are used to distinguish X4? derivatives from field derivatives, as well
as to denote the symmetric properties of the derivative, following the notation of [81]. Notice
that the field momentum is not necessarily parallel to the velocity of the fields, defined as

4 _ O
= —. 2.10
- (210)
Within this framework, the background field equation is given by
DI + 3NHIIA — NP4 = 0. (2.11)

Here we first encounter the covariant time derivative, which we define in (2.21) in the next
subsection. This derivative reduces simply to IT# in the canonical case, and hence the field
equation acquires its canonical form, found for example in [54]. Note that it is due to the
use of the conjugate momentum and the covariant derivative that the form of this equation
remains simple and reminiscent of the canonical case equation. We will further investigate the
properties of covariant derivatives in the next subsection 2.1.2, as well as their commutation
with kinetic-term derivatives. Finally, the Einstein equations are

IQQ I£2 2

H? = 0 (HAﬁA - P) =5p and H= —%NHAﬁA- (2.12)

2.1.2 Covariant derivatives

As mentioned above, in this paper we treat the case of two-field inflation, where the two
fields ¢ are considered the coordinates of a field manifold with a possibly non-trivial field
metric Gap(¢). We define the covariant field derivative (denoted by a semicolon, as opposed
to the normal derivative, which is denoted by a comma) on this manifold in the usual way
(I'4 is the Christoffel symbol defined from the field metric G4p in the usual way):

AGD = AGD B + TR ACD: + TEpACD: + ...~ TopApp —ThpAZE — ... (2.13)

Its purpose is to ensure that, when computing the derivative, the quantity A is not just
transported in field space by §¢f, but transported in a parallel way (otherwise there is no
physical meaning of the derivative). Hence the covariant derivative is the natural derivative
on curved field spaces.

We express everything in a fully covariant way with respect to the field manifold. This
has several advantages. In the first place, the explicitly covariant equations are manifestly
invariant under changes of field coordinates. Secondly, the explicitly covariant equations are
in general shorter and easier to understand. Finally, the fact that the covariant derivative



of the field metric is zero by construction means that the action of raising and lowering field
indices commutes with taking covariant derivatives. That simplifies several manipulations.
For example, the quantity As(¢)A?(¢4) is a scalar and hence the normal derivative and
covariant derivative are equal: (A4A%).c = (A4A4) c. However, only with the covariant
derivative can this be simplified to 244 A% ‘0 1t is not equal to 2AAAA

Working within the Lagrangian formulation of the theory in ‘curved field space, the
covariant derivative of the generalised velocity of the fields is zero, HA,B = 0, since the
generalised coordinates and velocities are independent. This means that

Xap.c =0. (2.14)

As we will show, this is an important relation for making sense of covariant derivatives in the
presence of derivatives with respect to both ¢ and X“4Z. In the only previous work that
used a covariant framework to describe the third-order action in inflation with generalized
kinetic terms, [90], the authors implicitly assumed the non-covariant condition Xapc = 0
even in a covariant framework on a curved field manifold, but that led to several issues with
in particular mixed covariant derivatives. In a covariant framework the relation (2.14) is the
natural way to express the independence of the generalised coordinates and velocities that
live in a curved field space.

The Lagrangian P we are considering is a function of the fields ¢ and the field veloci-
ties as encoded in X455, (The field metric G4p is a function of the fields and does not need
to be considered separately for this argument.) Hence in our calculations we will typically
encounter derivatives with respect to ¢, which should be covariant derivatives in our co-
variant formalism, and derivatives with respect to X2, which are ordinary derivatives since
X4B is a tensor living in the tangent space. The question now is whether these two types
of derivatives can be exchanged in a mixed derivative, i.e. whether they commute. In [90],
assuming implicitly that X g c = 0, the authors came to the conclusion that they do not
commute. Here, however, we show that with the relation (2.14) they do commute.

To show this, we rewrite the Lagrangian P as a function of some number of contractions
z; of functions f? of »* and functions g; 5 of X45:

P(XAB’gbC) = ( ) = (fl (Qs)gz)\( )) (215)

Here A stands for any number of upper and lower indices A % Since P is a scalar, Pc = Pg,
and with the relation (2.14) we find P = >_,(0P/0z) f 'cgix and hence

Zzaz 0z fA 95 5ap)fi ng/\""za £ :CJi\(AB)- (2.17)

Similarly, Piapy = S (OP/0z) f1g; » (AB) 80 that P 4p).c is also equal to the right-hand side
of (2.17). In the end this means that the covariant derivative with respect to ¢ and the
derivative with respect to X4® commute:

P.oap) = Plap)c- (2.18)
5 As a random example, one could have the Lagrangian
P = AABXBCXCDXDA eXp[GEFXEF/(AGHAGH + XGHXGH)L (2.16)

where Aap is some function of the qu only. In that case P would be the function P(z1,z22,23,24) =
z1explz2/(z3 + z4)] of 4 contraction varlables of the above type, with f1 ap = Aag, gf‘B = XBCXCDXDA,
foap =Gagp, g5% = XAB f3 = AupA?E g3 =1, fs=1, and gs = XapX*E



Note that the fact that P is a scalar does not matter, one can easily see that the argument can
be generalized to non-scalar quantities, e.g. Piapy.c(pr)y = PaBy(pE):c- For completeness’
sake we add here that derivatives with respect to X# also commute with each other, since
they are normal derivatives,

_ 1 (0Pup)  9Puas
Plapycp) =5 (a xop T oxpo ) = Piepyap) (2.19)

and that as usual two covariant derivatives with respect to ¢ do not commute, but give
terms proportional to the Riemann tensor:

AR op = ABlipe = —Rbep AT — -+ Ripep Az + .. (2:20)
Finally, we define the covariant space-time derivative D,;:
DuQ = Q700,06 + Q7o) DX P, (2.21)

This is a derivative with respect to the space-time coordinates x*, but it is covariant with
respect to the field manifold. In fact, the quantity O is a scalar with respect to space-time
but can carry any number of field indices and derivatives with respect to ¢ and X45. Note
that the relation X4p.c = 0 is used in this definition.

As an example we can consider the covariant time derivative of P 4py, which according
to the definition above is given by

DiPap) = Papycd® + Papycp) DX, (2.22)

One might worry that this expression is not compatible with the standard definition of the
covariant time derivative,

Dy Piapy = Piap) — The Py — ThePap) ¢
= Pap)c0° + PapycnyXP =TS pPopyd” —TGpPuacyd”,  (2.23)

since one does not seem to have enough I' terms to make both P 4py ¢ and XD covariant,
and in particular one appears to end up with a covariant P 4p).c but a non-covariant XCD,
However, this is just a consequence of not keeping proper track of the free indices in P 4p).
Working with an explicit example, e.g. Piapy = f(¢)Xap, one sees that there is no need
to ‘use’ the I" terms for f(¢), since it is a scalar with all indices internally contracted, but
that on the other hand the I' terms are exactly what is needed to construct the covariant
Dy X ap. Completely generally, P4p) has by construction only two free indices, and the two T’
terms will be used to make the corresponding quantity covariant (be it an X 4p or something
depending on ¢*), while all other quantities have their indices internally contracted and do
not need additional I" terms to be written in a covariant way. Of course this argument holds
for quantities with any number of free indices, since there is always one I' term per free index.

In order to work out (2.21) further, one needs to have an expression for D, X AB Tt
turns out that this is not trivial. Examining equation (2.11) one can see why it is not
straightforward to compute D; X4B: (2.11) is given in terms of the momentum of the fields
and not their velocity. These two are related as

Ty = Pyp 17 (2.24)

In general, this relation cannot be solved explicitly for IT4.



2.1.3 Orthonormal basis

Since we are studying two-field inflation, the field space is two-dimensional and we need to
define a basis. It will turn out to be very useful to define a basis induced by the momentum
vector IT4, with the unit vectors

DA — efley g D117
|DIIA — efleg g D115

HA
BTl

)

ef! (2.25)
the first one parallel to the field momentum and the second one parallel to the component
of the rate of change of the field momentum perpendicular to the momentum itself. As
will be explained in more detail in section 2.2.2, this choice is motivated by the two types
of scalar perturbations present in the system: the adiabatic perturbation, which is a linear
combination of the curvature and the energy density perturbation and corresponds to the
ey direction, and the isocurvature or entropic perturbation, which is defined through the
non-adiabatic pressure perturbation and which on super-horizon scales becomes orthogonal
to the adiabatic one.

One could in principle just as well choose to work with a field basis defined through the
velocity of the fields IT# instead of the momentum:

el = —. (2.26)

In the case of canonical kinetic terms these two bases coincide, since then there is no distinc-
tion between the momentum and velocity vectors, but this is no longer the case in general
with generalized kinetic terms. The energy density p, along the perturbation of which we
define the adiabatic direction in the flat gauge, depends by definition both on the velocity
of the field IT* and on its momentum II4 (see equation (2.12)), so the choice seems to be
ambiguous. However, the reason for and more discussion about our particular choice of basis
and the implications thereof follow in subsections 2.2.2 and 3.1.
The vectors of the orthonormal basis obey

GABeéef = Omn, (2.27)
which implies
Gap = e1a€1B + €262, (2.28)
where the indices m,n can take the values 1 or 2 and shall from now on denote adiabatic and
isocurvature component, respectively (sometimes also denoted as || and L, respectively).

2.1.4 Slow-roll parameters

We start constructing the background slow-roll parameters by considering the € parameter,

H I<L2P<AB>XAB IQQHAﬁA KQHQ
€ = — = =

NH? H? 9H?  25H?

(2.29)
In the last equation we have defined the parameter = that is equal to the ratio of the
momentum to the velocity of the fields:

12 12 GACP(AB) P(CD) X BD

_ - . 2.30
04 2PupXAB Piap) XAB (2.30)

[1]




In addition to €, we construct a hierarchy of n slow-roll parameters:

(n) 1 1 n—1
n
i’ = iy (NDt> T4, (2.31)

(1 2)

i.e. considering derivatives of the field equation (2.11). 1" is just eja. For 1’ we will use
the short-hand notation n4. We find

D, 114 1
A t A A
- = -3 —p
T NHI ‘atggt
1 1
= pleis = -3+ ——e 4 PA L =plegs = ——eqga P, 2.32
n =n"era + el 7 T €24 = e (2.32)

These equations are identical to the definitions of 5!l and n' for the canonical kinetic term
case. This is due to expressing the field equation in terms of the conjugate momentum IT4
as well as choosing to define the field basis through the same quantity. For the second order
slow-roll parameters we find

3 1 Dyl g 1
&= = < N > = 3(cera=na) + pap Pl
1 1
¢h=3(e—nl) + thPAefa ¢h=-3nt+ thP,Ae?’ (2.33)

and so on.

For the time derivatives of the slow-roll parameters and basis vectors it is straightforward
to find

—
—

2NH=

¢ =2NHe (e +nl+ > Dieil = NHnted,  Dies = —NHpted

Dt = NH (M + en — gl

il = NH (el + el + )2 = 01)?), it = NH (5 + et — 20" (2.34)
Dyt = NH (194 + (2¢ — nhe?)
&= NH (0 + @2e = el +tet), &b = NH (14 + (2e et —otel).

All these expressions, except for é, are identical to the ones with canonical kinetic terms.
Although we defined the slow-roll parameters in terms of IT4, one could in principle also
define slow-roll parameters through the velocity of the fields IT4:

(n) 1 1 n—1 B
Ny = Tig] (NDt> 4. (2.35)
For some expressions later on it will be useful to have also defined these 77 quantities. Note
again that for canonical kinetic terms there is no difference between n and 7.

Under the normal assumption that the derivatives of slow-roll parameters should be one
order higher in slow roll, we find from the equation for é that in the non-canonical case there
exists an additional slow-roll parameter, namely =/(NHZE). One can rewrite it as follows:

BT [ S
ENH NHPyp) X AP

(P<AB) cpy DX + P(AB);E¢E> XAP 4 Pap D X2

(2.36)



We cannot further simplify this expression for the time being, since we do not have an
expression for D, X8, We shall do so in section 3.

2.2 Perturbations

In this subsection we introduce the tools to study perturbations on the generalized back-
ground. We start by reviewing the ADM formalism. Next we define the adiabatic and
isocurvature perturbations using the field-space basis (2.25), generalizing the work of [40].
We finally study the sound speeds relevant in generalized models of inflation.

2.2.1 ADM setup

In order to study perturbations on the background described in subsection 2.1, we will work
in the context of the ADM formalism and write the fully non-linear metric g, as

ds?® = —N2dt? + Bij(dxi + Nidt)(dxj + det)a (2'37)

where N is the lapse function and N? the shift. From now on barred quantities will denote the
fully non-linear quantity, as opposed to their non-barred version that denotes the background
part. For quantities that do not have a background part, as for example N?, there is no need
to introduce the bar and in general we will not write it to lighten the notation. Note that for
the field the fully nonlinear version is distinguished by the use of the symbol ¢*, with the
the background field being denoted ¢4 as in the previous section. The action takes the form

S = %/d‘lx\/ﬁﬁ </£72R(3) + QP(XAB,GAB,@I)) + % /d‘%\/ﬁ]vlnz (EUEU — EQ) ,
(2.38)

where h is the determinant of the space metric Bij. For the purposes of this paper, we will
consider a spatial metric of the form

hij = a*e**6;, (2.39)
where « is the curvature perturbation. R is the intrinsic 3-curvature, and the tensor Eij
(proportional to the extrinsic curvature K;; = —N _1El-j) is

_ 1 /=
By =3 (hl-j — D;N; — DjNi) . (2.40)

D; is the covariant space-time derivative on the space hypersurface, being just 0; when acting
on space scalars. Indices i, 7, k will denote space coordinates.
The fully non-linear form of the kinetic term reads

_ 1, 1r1 . , _ A .
XAP = ——g"0,0" 0,07 = 5 [ﬁ (@ = N9jp?) (9P = N79; ") — W 9ip% 05" |,
(2.41)
while the canonical momentum of the fields is generalised to
_ _ 9P _ L,ZJB - Njawa
HAENW:PMB)*]' (2.42)

N

Minimising the action with respect to the metric elements gives two constraint equations for
the system: the N; momentum constraint,

1 . _
D; [ﬁ(Ef — EB6))| = k2Madip, (2.43)
and the N energy constraint,

k2R 4 2P — 2P 1) (2X4P + h90;0%0;08) — N72572 (EjE — E*) = 0. (2.44)

,10,



2.2.2 Gauge-invariant perturbations

Any fully non-linear quantity can be expanded as an infinite series of perturbations as
~ 1
Q= Q+Q(1) +§Q(2) + e (2-45)

We choose the adiabatic perturbation at first order to be in the direction of the energy density
perturbation in the flat gauge (see e.g. [40]). Its general form is

NH
G =au) — 5 PO (2.46)
From (2.12) we find that for the background
p=—3HIAd" = —6NHP 15 X7, (2.47)

By expanding to first order the momentum constraint (2.43), we find that

K}Q K}Q A
Hay = e L = —5 Lagq). (2.48)
Hence we finally get
NTiy HE=Tly A [E a4
G = Q) — HH ¢B <P(1 Q) — T 11 Ya) = @a) — kK iewp(l)- (2.49)

The vector coupled to the perturbation of the field is the momentum IT* and hence it is indeed
the momentum that we have to use in order to define the proper field basis to discriminate
between adiabatic and isocurvature effects.

The orthogonal combination, which is proportional to the isocurvature perturbation
outside the horizon,® takes the form

_H= =
G = 0 egAgp(l) —KAf iegAgoé). (2.50)

Hence, we have expressed the adiabatic and isocurvature perturbations in terms of the field
perturbations, in agreement with our previous work [40].

2.2.3 Defining sound speeds

We shall finish this section by considering the implications of a non-trivial kinetic term
on the kinematics of the perturbations. This results in a non-trivial sound speed for the
perturbations, manifesting itself as a ratio of the gradient to the time derivative of the
perturbations different from unity. We will define the adiabatic and entropic sound speed in
terms of the kinetic term and gradient term of the second order action of the field perturbation

SEven though strictly speaking inside the horizon the isocurvature perturbation as defined through the
pressure and energy density perturbations, p(1y — (p/p)p(1), see [34], is not proportional to just 2 but also has
a term proportional to él (the latter being proportional to (2 on super-horizon scales), we will still refer to
this orthogonal combination as the isocurvature perturbation on all scales. For a related study of these gauge-
invariant quantities in terms of the energy density and pressure perturbations within generalized inflationary
models, see [107].
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in the flat gauge. It can be found by perturbing the action (2.38) to second order, keeping
here only the time and space derivative terms (indicated by the label (k-g)):

- 1 g
S((;()g) - 5 /dtd3.%' a3 [(P(AB> + 2P<AC><BD>XCD)DtLpADt(pB — P(AB>hZJDZ‘LpADj(pB] (251)

Here ¢4 denotes the first order perturbation of the fields, we have suppressed the subscript
(1) in order to keep notation light.

In order to study the properties of these perturbations, we decompose them into adia-
batic and entropy components with the help of the basis defined in (2.25),

o = pme’t . (2.52)

In terms of the decomposed fields, (2.51) can be rewritten as

. 1 .
559 = 5 [ A0 [Konpnitn = G 0100560 (2.53)
where
Kon = (Prapy + 2Pacyp) XP))ehel | (2.54)
Gmn = Plapye'me’s . (2.55)

Note that the covariant derivatives have become ordinary ones, since @, is a scalar in field
space.

In order to define an adiabatic and entropic sound speed, the matrices K,,, and G,
should be diagonal. Then one takes the ratio of the coefficients of the time derivative and
the gradient terms:

1

2
Cad

)

1
1 and LK (2.56)

11 2, Gao

Q

While one could in principle define sound speeds even if the matrices are not diagonal in
this basis (for example in a similar way as one determines the eigenfrequencies of a system
of coupled harmonic oscillators), these would then not be the adiabatic and entropic sound
speeds. We restrict ourselves in the rest of the paper to those models where K and G
are diagonal in the adiabatic-entropic basis, so that the sound speeds are the adiabatic and
entropic ones. In the next section we will investigate the conditions for this to be the case, and
find that the resulting class of models allows for important simplifications in the calculations.

3 The diagonal class of models

In this section we introduce the most general class of models that allows for well-defined
adiabatic and entropic sound speeds. After demonstrating the necessary conditions to achieve
that, we reexamine the sound speeds as well as the slow-roll parameters. We complete our
study by defining generalized slow-roll parameters with mixed kinetic-term and covariant-
field derivatives.
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3.1 Kinetic-term derivatives

In order to define the adiabatic and entropic sound speeds and hence in order to study when
the matrices ICp,, and G,y are diagonal, we need to examine the properties of the derivatives
of the Lagrangian with respect to the kinetic term. We start with a general Lagrangian P of
the form P = P(XAB GAB p4), where we remind the reader that the bar is used to indicate
fully non-linear quantities, while ¢* is also the fully non-linear field, its background version
being denoted ¢#. The derivative P< AB) can be decomposed in the directions of an arbitrary
orthonormal basis of unit vectors in the two-field space {é;,éx} as

p{AB) = Prié1a€1p + Pra (614628 + €24€1B) + Pré2afap, (3.1)

where we keep in mind that 15< AB) is by construction symmetric. Let us now set the tilded
orthonormal basis {é;,¢é>} through the relation

XAB = xX&el + X'&el, (3.2)

i.e. the basis that diagonalizes the non-linear kinetic term (which can always be done since
XAB s symmetric), with X and X’ its eigenvalues. Now one can rewrite the derivative of
the Lagrangian with respect to the kinetic term as

Piap) = Py Xap + P2 (614625 + €24618) + PaGas, (3.3)

with pX and p@ defined by the relations Pj; = PXX + p@ and Py, = PXX == P@. The
determinant of X4# is in general non-zero. However, the determinant of the background

X 4B is zero, meaning that one of the eigenvalues goes to zero in the background limit. From
the definition (2.2) of the background X45,

19448

XAB —
2N N

= Xeftel, (3.4)
we see that in the background the basis {€;, €2} reduces to the velocity basis (2.26) so that
our notation using the tilde is consistent. Moreover, X becomes X, while X’ goes to zero in
the background.

In the background the momentum vector (2.24) can be decomposed in the tilded basis
as

ITy = % (Pr1€14 + P12624) . (3.5)

It is clear that in the general case the momentum and the velocity vectors are not parallel
and hence the definition of the most convenient and physical field-space basis is ambiguous.
This can be resolved by setting Pjo = 0. In that case the momentum and velocity vectors
are parallel and the background momentum basis {ej,e2} and velocity basis {€1,é} are
identical and can be used interchangeably. We will in fact impose the same condition on the
fully non-linear Lagrangian: Pjs = 0. Then

Piapy = Prié1aé1p + Prnésaéap = Py Xap + PG ap, (3.6)

where Pi1, Pso, PX, and PG are functions of the fields go and their derivatives X45.
Demanding Pjo = 0 is equivalent to studying models where X4 is only contracted with
tensors of the form

Aap = An1€14€1B + Axnéaaéap, (3.7)
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i.e. tensors Ayp that are diagonal in the {é1,é2} basis. Although restricted, this class of
models encompasses a very wide range of Lagrangians. On the other hand, terms of the form
0P coupling to the kinetic term are excluded, since we would end up with additional mixed
terms €1 4€2p as soon as the field trajectory makes a turn in field space. The above arguments
remain true for higher-order kinetic-term derivatives: as long as X 4 is only contracted with
diagonal tensors, no mixed terms can appear. We show in the next section that the condition
Py = 0 is sufficient to have K12 = G2 = 0. It also significantly simplifies calculations.
Finally, since the two bases e,;,4 and €,,4 coincide in the background, we find that for
these models
- = P() =PxX + Pg. (3.8)

In order to lighten the notation, we introduced here barred indices, which from now on shall
denote kinetic-term derivatives contracted with basis vectors, in the following way:

Puapeiel = P
Papeies = Py
Papyesed = P;. (3.9)

Note that although P; = 0 for the diagonal models, the 1 notation is still required since
second-order mixed derivatives, like Pj7, are not necessarily zero (remember that all deriva-
tives with respect to X48 are taken first, before the contraction with the basis vectors, and
that those two operations do not commute).

3.2 Sound speed revisited

For the class of models described in the previous section the matrices ICp,,, and G, are
diagonal. In order to see that, we compute the second derivative (2.19)

Piapycp)y = 7)? (GacGep + GapGpe) + Py xXapXep + PaagGapGep

Por . _ L
+% (GapXep + XapGep) (3.10)

by differentiating (3.6) with respect to X¢P. It now becomes clear why we chose to express
P(AB) in terms of X4p and Gap and not €,4¢&,p: the form of equation (3.6) allows us to
easily compute the second-order derivative with respect to X“P. The first term in (3.10)

comes from the derivative of X%, while the rest of the terms are related to the derivatives
of P X and P@:

_ L 1.
Pxcpy = PxxXcp + 5PxaGep

1. L
Pecpy = 5Px¢Xep + FaaGep. (3.11)

The equations (3.11) Just express the general fact that any quantity with indices ¢p can be
expressed in the basis é1c€1p, €1c€2p, €2c€1D, €acap and that the terms proportional to
é1c€1p and éacéap can be replaced by terms proportional to Xop and Gep like in (3.3). The
quantities Py g, PXG, PGG are defined by these equatlons as the coefficients of the X¢op and
Gcp components. The absence of the cross terms é;c€ap and éacé1p in (3.11) is due to the
symmetry P< AB)(CD) = P<C DY(AB), and the same symmetry also imposes that Prg = Pge.

— 14 —



From the background version of (3.10) we now find that P<AC><BD>XCD6{‘BQB = 0 using
the orthogonality of the basis as well as (2.28) and (3.4), which now reads X4? = XefleP.
Since P; = 0 we conclude from (2.54) and (2.55) that K12 = G12 = 0, so that these matrices
are indeed diagonal as claimed. The background values of KC,,,, and G,,, take the form

Ky = diag [P() +2X Psg, Py + 2XPﬁ] — diag [E +2X Py, E (3.12)

and

G = diag [Pﬁ, PQ] — diag [E PQ]. (3.13)

To find the second equality in (3.12) we used (3.10) to get P;; = Px/2, as well as (3.8).
Using (2.56), this translates into an adiabatic and entropic sound speed

1 2X P55 1 =
- = 1+ — 00 and - = 5 (314)
Cad = Cen P

3.3 Slow-roll parameters revisited

The fact that the background momentum and field-velocity field-space bases coincide in the
diagonal class of models allows for major computational simplifications. Within these models
we can compute D; X4B (and hence further simplify expressions like (2.36)) as

D, XAB = XeleP + aNHX '  (e5 el + elel), (3.15)

where we used (2.34) for the derivatives of the unit vectors. Furthermore, the complicated
relation between = and X4P (2.36) is now replaced by the far more simple (3.8). The time
derivative of X itself is calculated a little further down in this section, in (3.21). The rest of
this section is devoted to exploring the consequences of this simplification for the background
quantities.

Now that we have set e,,4 = €,4, we can also introduce a hierarchy of new parameters
that incorporates all types of derivatives on P:

2yg—1 ~ &
AArAy _ FEP QX B B Bl B (3.16)

_ o = — - - - ..e e~
g E (BH)P T (BiBi)(BgBg) ™M Tty

where sgn(p) is the sign function, i.e. sgn(0) = 0 and sgn(p) = 1 for p > 0. While definition
(3.16) might appear complicated, it is actually a very convenient unified description of the
possible derivatives on P. Whenever a quantity like Ag‘g appears in an expression, the
reader will know that it means 2 covariant field derivatives on P (upper indices) and 3
kinetic derivatives with respect to X4® (lower indices), the latter being respectively of pure
adiabatic (0 = 11), mixed (1 = 12), and pure isocurvature (2 = 22) type. Of course, in
practice the upper indices will also often be contracted with basis vectors. We remind the
reader that first-order field derivatives (p = 1) contracted with e;4 are denoted by || and
contracted with esq by L. The prefactor of (3.16) is there just for dimensional reasons
and because the derivatives in the equations always occur with these factors. Note that the
A%:Yg{’q parameters are invariant under permutations of the lower indices. On the other hand,
they are not invariant under permutations of the upper indices, since covariant derivatives
do not commute (see (2.20)). This is strictly true for three or more upper indices; in the
case of two field derivatives, the upper indices do commute, since one of them is a normal

derivative.
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The ordinary slow-roll parameters (2.31) are related to the new generalized parameters
(3.16). For example, for p =1 and p = 2 one can write

nt = —3eft + A4,

€4 =3 (eef —nt + AM) +7llAZ, (3.17)
and so on. However, for these previously defined normal slow-roll parameters we shall keep
the standard notation n™4. In addition, the A?2 component is related to the first-order y
parameter, already known from the canonical case,

é

2NHe
Notice that y is not necessarily small during a slow-roll period, so in that sense it is not

really a slow-roll parameter. It is worth mentioning that the sound speeds are also related
to the parameters (3.16), the ones with p = 0 (pure kinetic derivatives):

x=—-A2+ (3.18)

1 1 1
— =14+ Arj d —=—. 3.19
Z + Agp  an 2 T, (3.19)

Differentiating (3.8) we get

NH=

= (1 -2 + Abe, (3.20)

and hence” )

Ao X

" =ongv
2NHX

indicating that the non-canonical character of the kinetic terms affects only the adiabatic

direction in the background. Although we prefer showing our expressions in terms of the

new generalized A parameters, the combination 7l seems to be a characteristic quantity for

general inflation models and hence from now on we will use this short-hand notation when

this combination appears. For the derivative of € (2.36) one finds

4l
¢ =2NHe <e+" ;”7 ) (3.22)

=2, — A and =9t (3.21)

Notice that since for the diagonal class of models IT4 and II4 are parallel vectors, we can
rewrite € in terms of the magnitude of these vectors as

K211
Finally, we also give here the derivatives of the sound speeds:
; 2 I
Cad  _ _Cad) Al Al el (A g a )
NHew 2 { 0" R0 Tz, TR TR ) T
Con LI Ab il (2, + Agg) — 2, b (3.24)
NHce,  2¢2, | 2 o o

"1t is important to note that even though we now have e,, = é,,, this is caused by the fact that I1* and
I1* have the same direction, not the same magnitude. Hence there is no reason why ﬁ”, defined from II*, and
nll, defined from I1* should be the same, and indeed they are not in general as this equation shows.
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The time derivatives of the sound speeds are considered as slow-roll parameters in the
literature, in the sense that one can set

éad éen
1 and 1 3.25
NHcy S1 ™% Npe, <5 (3.25)

assuming slow-roll. Furthermore, within the slow-roll approximation all time derivatives of
slow-roll parameters are one order smaller as compared to the slow-roll E‘)arameters them-
selves. Keeping these statements in mind, one should assume that the Amll'_'_'_?,fq with p #£ 0
behave as ordinary slow-roll parameters, in the sense that the higher is the number of field
derivatives (i.e. p), the higher is the order of the slow-roll parameter. This is not strictly true
for the pure isocurvature field-derivative components, as is already known for the case of x
(which is not necessarily small during slow-roll evolution). On the other hand, the p = 0
parameters (the pure kinetic derivatives) are not necessarily small assuming slow roll. For
example, no condition on the order of the p = 0 parameters occurs from demanding the
left-hand side of (3.24) to be small, since the Agg; and Asg terms within the parentheses are
already multiplied by the slow-roll parameter 7/l. On the other hand, the same relation shows
that they should be at most of order O(1), in order not to make (3.24) large after all.

After this discussion of the behaviour of these parameters in the slow-roll approximation,
it should be emphasized that no such approximation is made in this paper. All expressions
here are exact and the slow-roll parameters can be large. Finally, we would like to remind
the reader that no explicit expressions for the slow-roll parameters (both the normal and the
new ones) would be possible (i.e. being able to replace time derivatives D; by derivatives with
respect to the fields and kinetic term) unless the momentum and velocity bases were coin-
ciding. Hence, we can now continue studying perturbations on this background, restricting
ourselves to the diagonal class of models.

4 Second-order action

Having set the framework of the diagonal class of models, we are now ready to study pertur-
bations in these models. We shall work in the flat gauge a,) = 0, where r is the perturbation
order, and hence the adiabatic and isocurvature perturbations defined respectively in (2.49)
and (2.50) take the form (see also [40])

H HE =
Gm = —memap” = —qremap” = =\ Semae’. (4.1)

In order to study first-order perturbations one needs to calculate the second-order action.
To that end, one needs to perturb the ADM action (2.38) to second order and rewrite the
field contributions in terms of the gauge-invariant combinations (4.1). Afterwards one can
replace the D;p? terms occurring in the action by the expression

Zm = —kA iemADtgoA, (4.2)

where by differentiating (4.1), one can find that
I L _/ Al L
Zi=Gt5 () G- nNHG =G+ (e+il) NHG -y NHG
., _»  Ede L _/ Al L
Zy=6+ 7= (£) G0 NHG = G+ (el ) NHG + 0" NHG.
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Finally, one needs to use the first-order momentum constraint (2.43), which for the flat gauge
takes the form

Nay = —eN(i. (4.3)

Putting all these steps together, we find the second-order action to be

Il o (26 Al Al
<§ + 377 + <C(2ld AO) + cad) Cl

# (2eftim =3 (x = g ) G+ 2 (6 + 30" — A el - é))a@]

<Ag - c%) (1 + A5

ad

11
&iﬁ%?{ N&+N%+NW

+2HZ1

- (00 + 2, 007 } (4.4)

where Riimn = Riimn /(k?Z). This is the second-order action governing the evolution of the
first-order adiabatic and isocurvature perturbations. In order to compare with the canonical
case, studied in [40], we perform three integrations by parts and use (4.3) to rewrite the
action in the form

Sp=[dtn S {Cl G+ (2o — o) NHGG —2NH (1 + (' - AD2S) -G (45)

Cad

1
4 |2eRiom — 30221 — 262 4 (2X—77”—A%2> Z (n + 20t — AR )
ad

Al I 2
+§ni(fsi—ﬁ”Aol)—3e<’7 = —x>]<§<NH>2 (@ + en<ai<2>2)}-

Note that although the term éggg can be recast as (2 by integration by parts, we choose to
keep it in this form in order to make contact with the canonical action computed in [40],
as well as to visually separate the dominant terms (the coefficients of (oCy and élgg) for
the equations of motion in the long-wavelength limit, discussed in subsection 6.1, from the
higher-order slow-roll terms in the coefficient of (2. As expected the time derivative of the
adiabatic perturbation is always accompanied by the inverse of its sound speed. On the other
hand, the entropic sound speed appears only in the spatial gradient term of the isocurvature
perturbation (compare with our definition of the sound speeds (2.56)). In the limit where
Zd = c =1 and Am Agm = R1221 = 0 (and hence 77” = 77”) we recover the action of the
canonlcal kinetic term models with trivial field metric.

Interestingly enough, the first order perpendicular slow-roll parameters n'- and AGl also
appear in a combination equivalent to the one of ﬁ”. Although this combination does not
occur naturally from the derivative of one of the background quantities (as opposed to ﬁ”
which is the time derivative of X given by (3.21)), we will use from now on the unifying
short-hand notation

W= - A§)cEy, (4.6)

and hence for the parallel component one can use interchangeably 7l or All.
Using the second-order action we can derive the equations of motion for the first-order
adiabatic and isocurvature perturbations, which we will denote by 6£/0(,,, where L is the
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second-order Lagrangian density:

oL 203 | & 2d N \. NH e
g 349 I all — ad bl P S S
641 N { ad + ad ( TR CaalVH NH? Cl c¢21d (77 o )CQ
1
—(NH)? [ (— + 1) (gL + (3 +2e+ 7l — 77”)) —3A5% — (34 2+ 37)AL
ad
A||AJ_ J_A” 2Cad L 2aeN 5>
- +1 NHc3d77 (o p +2aeNO*¢y
_ d 362)‘ 2 _ 2 1 ~ 1
_E< 2% N)—l—?aeN@Cl—O, aA_;(cl H(n +n)62) (4.7)

¢

Cad

oL 2a3%€¢ | - N )
o= _ [N [ Al
50, N {<2+NH <3+26+77 +1 NH2><2+NH(n /e

1 1
+(NH)? | 2€6* + 5(1 + 2+ 3x + 3l + 4l + 5(—1 +e2et

N R . c .
—2eRq901 + (77” + 17 ) d]\C;H + 77” <77”(1 - 26301) + 77”)
1 A )
+§nl(n”—n”) 3 <3+26+77”+?7 <1+ > ))(nl—nL)
ad

ey (77”(/\13'() + Aéﬁ) +3(Ag" + A%2)> + A%(i’ml - chﬁ“)] CQ}
+2aeNc2,0%¢ = 0, (4.8)

where 92 = 9;0°. The combination A is defined by the first-order energy constraint equation
(2.44), which in the flat gauge takes the form

O'NY = 92, (4.9)

Its importance will become clear in subsection 6.1. One can easily verify that both equations
reduce to the related canonical expressions in [40] (where a specific choice of time coordinate
was made: the number of e-folds, which means NH = 1 and hence N /N = ¢€), assuming
czd:cznzlandAgL:Agm:f%um:OandﬁA:ﬁA:nA.

5 Third-order action

Next, we perturb the action (2.38) to third order, in order to find the cubic interactions of the
gauge-invariant cosmological perturbations needed to calculate the related non-Gaussianity
for the diagonal class of models. We work again in the flat gauge. After a long but straight-
forward computation (similar to the one in [40] for the canonical case) we find the final
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result

ase 1 K- . . m . m .o m .
Sa) = / d'v 5 N{ - NE (7%% + K2<§> G = M{"CnCE = 2K2E™ Gn 1o = M5 (m3

—-NH

(KgEmEncmcn + (2M7 G+ Ka (01— 1G2) ) (G — 1) + BAT™ G
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al
. <3n" _ 4l <77|| ;7 > +§||> L gAll
ad

_ElnL <2ﬁ|| 77” B 6) el 20l 26t 490 26
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ad

—3(Al¢ — ) AT GG + ¢

cad cad
R A211 2 3 R
+2nt Rigg — QT (3o + [3/\222 — 677L§ <— + 1> R1221] 3

Cad

4 gl 1 ) R
—6[3 <X_77 277 —6)—|—2<6—77”(CT—1)+§(77”+3)>R1221
ad

oL (nl 4 AL A221 1 /% .. .
) P FGRSQ1+431221A6”

2
Cad

29 (fl 1 + ot @)

ad

GG + -

c%cm}

+(ctn = 1) <N2 ((e+hGe? + ' o*c) - %aiczaml@)

yonm! C+ T ondic; — AN H (e + 7l G000°Co + 41 (00,02 — (\)?)
ad

2 1 L .
L2 (N2 (el =iy 4 Gaa = ” Z N N (L
Cad H cad

+(0¢2)? <N2 ((Cznﬁ + AQ + Mgt + (A — AQGUL)Cz) + %AzoG)] } (5.1)

Here we defined the combinations

1 -
K1 = Aggo +3 (cT - 1>’ Ky=2(1-¢2,) +Ajig + Agg, BN =ntef + (e +il)es ,(5.2)
ad

A —i—AA—i—Km ——61—2K1n e, MQA:AA—i—AA—i—KQn —eefl —2Konte
Cad
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Notice that in the above definitions (5.2) only 7 occurs, not 7. On the contrary, in the
action (5.1) only 74 occurs explicitly. We remind the reader that 7 and /# are defined
respectively in (3.21) and (4.6) and that 7 = 7", while #ll = 7ll.

As was explained in [40], the cubic part of the action S3() is not gauge-invariant on
its own, one needs to add the contributions of the second-order fields, S3(z), which we will
do next. The canonical case study in [40] taught us that these extra terms can be rewritten
after a few redefinitions as quadratic terms of the gauge-invariant perturbations, multiplying
the second-order equations of motion 0L£/0(,,. Performing a redefinition of the perturbations
these can finally be removed, since they cancel with the new contributions arising from the
second-order action. However, this redefinition is important since it contributes to in principle
observable quantities and notably to fﬁg, the parameter of non-Gaussianity due to products
of two power spectra. See [40] for details and the end of subsection 6.1 for an example.

The aforementioned redefinition accounts for the extra quadratic terms of first-order
perturbations, needed to construct the second-order gauge-invariant perturbations from the
second-order non gauge-invariant fields. Hence, one can calculate them either by performing
integrations by parts in the action or by finding the second-order gauge transformation. The
former calculation being a rather complicated procedure, we choose to find the second-order
gauge transformation of the energy density perturbation and rewrite it in terms of the field
perturbations as was done in [40]. In the rest of this section we will focus on these terms
needed to complete the third-order study.

The first and second-order gauge transformations for any scalar quantity A read

Aqy = Aqy + AT
/1(2) = A(2) + AT(Q) + T(l) <2A(1) + AT(l) + AT(l)) R (5.3)

where T{, is the change of the time coordinate when doing a gauge transformation to the
tilded gauge. More details on gauge transformations can be found in appendix A. Notice
that in order to lighten the notation we shall not include the (1) subscripts for the first-order
perturbations in the rest of the paper. Applying the above transformation to the energy
density perturbation at second order and setting the tilded gauge to be the uniform energy
density gauge p(y = 0 we can find the second-order time shift 7). Rewriting it in terms of
the first-order gauge-invariant quantities, it takes the form

p G—a [ —d B
To) :—%Jr EVHO[ < EVHO[ + (G — ) <n” +77”)>- (5.4)

This second-order time shift is needed to construct the second-order gauge-invariant adia-
batic perturbation, which in the uniform energy density gauge coincides with the curvature
perturbation:

1 1 1 G+ a

1 1. 2
§C1(2) = 504(2) = 5@(2) + §T(2)NH + B (Cl - Oé) NI + 0°B. (55)

In the above equation the 9% terms account for spatial gradient terms that vanish outside
the horizon. Their explicit form is given in appendix A. We want to rewrite T(yy in terms of
the field perturbations, since these are more appropriate during an inflationary period. To
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that end, one needs to use the second-order 0¢ Einstein equation,

—eNH |Qia) + NH % (e =) (G = a)* = (e+ 2 — 22 (G~ @)
—%3*202‘ (égai@) ] +PA=0, (5.6)

where 024 are terms involving spatial gradients and hence they can be ignored on super-
horizon scales. Their form can be found in appendix A. We also defined the short-hand
notation

H
Qm(r) = _ﬁemA@A(Ar)- (5.7)

Putting everything together we find

1 1 1
§C1(2) = 504(2) + 5@1(2) + f17
e+ Al . L o200 (¢
fi="5" G-’ =G|+ (G -a) (ﬁ ‘”L@) ~ g0 " (Go)
1 2 2
_2NH68 A+ 0°B. (5.8)

This is the gauge transformation of the second-order adiabatic perturbation for an arbitrary
gauge. In the flat gauge, where o = 0, one recovers the gauge transformation found in [40],
taking into account that in the canonical case 7/l = nll. Notice that the only evidence of the
non-canonical kinetic terms in the above expression is actually 7/, since the definition of the
gauge-invariant perturbations depends only on (5.3) and the gauge transformation of « (see
appendix A).

We can repeat this procedure for the second-order isocurvature perturbation. After
performing the second-order gauge transformation for the relevant field quantity Qs(), we

get
1

%Qz(z) = %Qz(z) +(C1—a) {(6 +iil)G + ﬁ@ + % (1 —«a) ] (5.9)

However, this quantity does not correspond to our isocurvature perturbation at second order
(it is not orthogonal to the adiabatic perturbation). It turns out that one needs to consider the
gradient of the fully non-linear quantity in order to properly define the correct combination
(for details see [40]):

1 1 T B
360 =50 — 5+ wd Y (Claj@) (5.10)
and hence find the second-order gauge transformation for the isocurvature perturbation
1 1
5(2(2) = 5@2(2) + f2, (5.11)
1
n 2 . 1 . 1 o ..
fo= TG0’ =G|+ e+ i) (=) G+ 756 (G =) + 75072 (G06)

Setting @ = 0 and 7l = nll one recovers the flat gauge expression for the isocurvature
perturbation found in [40].
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Having found the gauge transformations for the cosmological perturbations, the second-
order field contributions in the action take the form

5@2:/d%?éﬁm¥m (5.12)
Cm

where 0L/, are the equations of motion for the first-order perturbations (4.7-4.8). The
total third-order action, which is gauge-invariant, is then S(1)+S3(2) with S3(q) given in (5.1).
One can compute the relevant redefinition of the adiabatic and isocurvature perturbation in
the action as (see [40])

1
Cm + §Cm(2) = Cme + fm 00’ (513)

where (. are the redefined perturbations.

With this discussion, we close the study of the third-order action and second-order
perturbations. We have found the cubic interactions of the gauge-invariant perturbations,
as well as the quadratic redefinition of the perturbations. With these tools in hand, one can
compute the related second-order measurable quantities using the in-in formalism, i.e. the
third-order correlation function for the adiabatic and isocurvature perturbations. We leave
these computations for a future paper.

6 Applications

In this section, we will illustrate our general results with some concrete examples. In particu-
lar, we will study the consequences of our results in the long-wavelength limit, i.e. outside the
cosmological horizon, as well as for the symmetrized and well-studied case of DBI inflation.

6.1 Long-wavelength limit

We shall first consider the long-wavelength limit. By this term we mean keeping only zeroth
order terms in a spatial gradient expansion and hence ignoring any spatial gradient terms.
This assumption follows logically from the fact that outside the horizon the wavelength of
the perturbation k, related to gradient terms, is much smaller than the Hubble length scale
H, related to time derivative terms.

Applying this hypothesis at second order, we find for the equation of motion for the
adiabatic perturbation

(1 =NH(p" +i)é (6.1)

and hence outside the horizon the adiabatic perturbation is only sourced by the isocurvature
one, as in the canonical case. However, the sourcing also depends on the adiabatic sound
speed, as well as on the contribution of Aél, given that 7+ = (nt — A%)cid. In the limit
CZd — 0 the sourcing of the adiabatic perturbation by the isocurvature one is only half of
what it is in the canonical case. Notice that in the super-horizon regime, as in the canonical
case, the equation for the adiabatic mode (4.7) coincides with the first-order momentum
constraint equation

9’ = 0. (6.2)

For the isocurvature equation one needs to assume slow roll in addition to the long-
wavelength approximation in order to further simplify the evolution equation. By the slow-
roll assumption we also mean here that ¢,q < NHcyg. Applying these approximations to
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(4.8) we find

. 2 . Al — pll
C2 = <§6R1221 — X — n 5 " NHCQ (63)

As in the canonical case the isocurvature component evolves independently from the adiabatic
one. Its evolution depends on the generalized slow-roll parameters and the adiabatic sound
speed, since 7l = (n” — Ag)czd, as well as on the curvature of the field space Rize1. On the
contrary, the adiabatic perturbation is not affected by the field curvature. Notice finally that
the entropic sound speed does not appear in these equations and hence plays no role in the
super-horizon evolution of the perturbations.

Given a specific model of inflation, these equations can be perturbed to second order
and in principle can be solved using Green’s functions within the long-wavelength formalism.
This would allow not only for the study of the super-horizon evolution of the perturbations,
but also of the scale-dependence of the related super-horizon non-Gaussianity. Since this
is beyond the scope of this paper, we only give here the super-horizon parameter of non-
Gaussianity directly after horizon crossing, fﬁl. It can be found from the redefinition of
the adiabatic perturbation (5.8) and the rule (5.13). This redefinition will contribute to the
horizon-crossing third-order correlation function as

(Cz6ién) = (e + TNGGN GG, (6.4)

where we used the slow-roll result that right outside the horizon (¢1(2) = 0. Hence one can
find for flﬁfL) at horizon crossing

6 .4 _
— 15113* =€y + nLl =€, 42y (nL| - Ag*> ) (6.5)

The star indicates that quantities are evaluated at horizon crossing.

6.2 DBI model

Here we consider DBI inflation [24, 25], which is motivated by string theory and known to be
able to give large equilateral-type non-Gaussianity. In DBI inflation, the inflaton is identified
with the position of a moving D3 brane whose dynamics are described by the DBI action.
Since the position of the brane in each compact direction is described by a scalar field, DBI
inflation is naturally a multiple-field model [108]. In the two-field DBI model, the Lagrangian
is given by

mnwz—ﬁg(l—ﬁww—g—ww»

V=X- () (X2-8), §=CGacGppXAEXCD (6.6)

where W is the potential and f is a function of the scalar fields that reflects the information
of the geometry of the compactified internal space. Here, we do not need to specify the form
of these functions, our results are valid for arbitrary W and f. It is worth mentioning that
Y is equal to X when evaluated at the background level, which we write as

Y - X. (6.7)

In this model, the variable 4 defined by

Fy=1/1-2f(p)Y, (6.8)
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with the background behaviour

¥y=y=41-2f(9)X, (6.9)

plays an important role. Actually, based on the definition of the sound speed given in
Eq. (3.14), we can show that

Y = Cad = Cen = Cs - (610)

In general, A parameters with a different number of kinetic derivatives with respect to X458
are not related through a common function. But as we will show, in the DBI model, these
A parameters are related through ¢, as long as the number of covariant field derivatives is
the same. Then in addition to the field curvature, which always appears when we consider
non-flat field spaces, the new physical ingredients in DBI inflation compared to a canonical
two-field inflationary model are only the sound speed and the derivatives of the function f.
We briefly summarize the quantities appearing in the action in the DBI model. For the
intermediate steps to obtain these, see Appendix B. The e parameter is given by

r2112
€ = CSW . (611)
For the linear terms in the expansion of P, we find that
[ 2 A A 1 (1—cs)® ia (A
P() = a ==, PQ = CSP(], no = —361 + ﬁ <Wf 4 , (6.12)

while P; = 0 as expected (required for the adiabatic and entropic sound speeds to be well-
defined). For the quadratic terms in the expansion of P, we find that

Ao =~ A= Ago, Mgy =—ciAgs. Az = ciAg, (6.13)
S
A 2\2
A [P —=c) A 24 A AB Cs 5AB
0= gpEmg M2 TN AT =gmPt (6.14)
while Ajg = As1 = A‘{‘ = 0. The 7 parameter is given by

. T [(1—co)?(1+2c) ,. .

A_ 2 A s s) pA A

n" = cg [—361 ~ T < 22 e+ w . (6.15)

Notice that while fll = 7ll, 4+ # 7+ (= nt). Similarly, for the cubic terms in the expansion
of P, we find that

3(1 —c2)? c? 2
Aooo =~ Ai1o = 5 Awo,  Asoo = —5 oo (6.16)
S
cs c 6
Agzo = —F oo, Aot = F oo, Asze = ¢iAono0 (6.17)
3
M= (S-1)a8, Af—0+daf, ab -+, (6.18)
S
A 2 2\ A A ap _ (1=c})? 2 1 AB 2\ piA £;B
Agy = —cs(1=3c)Ay, AJ° = 5 207 +3(1= ) 2 7], (6.19)
12f3H?c;
a4 _ (- c3)’ RFEFAB 4 (1 - 2)fAFB], AABC = 1-c PABC - (6.90)
2 12f3H2c2 s s ' 9fH3II T
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while A7g5 = A111 = Asig = Azt = A% = A‘% = A’f‘B = 0. The quantities K7, Ko, MlA, MQA
defined in (5.2) are simplified as

3 3(1 — 2
Kl - _2K2 - ( 4 S) )
S CS
3 2 3 . 1 3 1
= S 2 ef=—2<nA—nA>——2eef+—2<1——> (it +ibed . (6.21)
S CS CS CS CS CS

Finally, the time derivative of ¢4 is given by

¢ _ Al _ ol
NHcg

(6.22)

where we can see that for the canonical case with ¢s = 1, when 7l = gll, it becomes trivial.
Although we do not give the explicit form of ¢4 and  as they are long and not so interesting,
they can also be expressed in terms of the A parameters above.

Inserting all the above expressions into the general third-order action (5.1), we find
the complete action for the DBI model. An alternative expression is given in (B.19). As a
consistency check, if we take the small sound speed limit ¢, < 1 together with keeping only
the leading-order quantities in the slow-roll approximation, we obtain

a’e G| ¢
SW):/J%#N{ NHE 1+@
N . _ _
to s §1h 10;¢10;C1 — (1h" 0;¢20;Ca + 2(ah ]ai<16j<2] }, (6.23)

which was first obtained in [83]. Here it is also assumed that ]:21221 is not too large, so
that when multiplied with a slow-roll parameter it can be neglected. Currently, the study
of the non-Gaussianity in multiple-field DBI inflation is limited to the case where the above
conditions are satisfied (for example, see [93]). In that case, based on (6.23) and the JNV
formalism, the amplitude of the equilateral-type bispectrum is given by [81]

3) 35 1
)= e T T (6.24)
where T, denotes the transfer between adiabatic and entropic modes after horizon crossing.
However, observational results by Planck show that flsf? is small, which suggests that cs
cannot be much smaller than one, hence invalidating the assumptions of (6.23), unless T, is
sufficiently large. On the other hand, the action (5.1) or (B.19) we obtained here can be used
directly with the in-in formalism in order to calculate the exact non-Gaussianity in more
general set-ups: beyond the slow-roll or small sound speed limit. We leave that computation

for a future paper.

7 Conclusions

In this paper we addressed several issues concerning generalized models of two-field inflation.
Such models are for example related to extra-dimensional physical theories, after these have
been compactified and hence new scalar degrees of freedom have appeared. The scalar degrees
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of freedom usually come along with non-trivial kinetic terms and field metrics. The related
literature is very rich since such models offer specific signatures that can distinguish them
from the canonical models, especially concerning their predictions about non-Gaussianity.

Generalized kinetic terms induce a new type of derivative, namely the derivative of the
Lagrangian with respect to the kinetic terms X“Z, while non-trivial field metrics introduce
the necessity to consider covariant field derivatives respecting parallel displacement of vectors
in the curved field space. We first considered the background properties of such models. It
is clear that when studying the dynamics and deriving equations of motion, mixed covari-
ant field and kinetic-term derivatives appear. Hence the issue of whether these derivatives
commute becomes important. It turns out that they do, contrary to what was assumed in
the literature so far. One only needs to take into account the appropriate covariant relation
Xap:.c = 0 for the generalized coordinates, which is natural in the context of a Lagrangian
formulation in curved field space.

However, the next problem one has to confront is whether one should consider the
generalized momentum T4 of the fields or their velocity I to define the field-space basis
and hence the parallel and perpendicular components of quantities that live in field space. We
dealt with this problem by considering a restricted but still very general class of models, the
diagonal class of models, where the two vectors are parallel. This is equivalent to saying that
we considered models for which the kinetic terms are only contracted with tensors that are
diagonal in the adiabatic-entropic basis (for example, this would exclude terms of the form
0o XAP in a model with a turning field trajectory). As a consequence, as we showed, this
class of models is also defined by having a well-defined adiabatic and entropic sound speed.

We next built a new hierarchy of slow-roll parameters A (3.16) that involve mixed
derivatives of fields and kinetic terms. The pure kinetic-term derivatives are related to sound
speeds, naturally appearing in all models with higher-order kinetic terms. Pure field and
mixed derivatives of the Lagrangian, on the other hand, are effectively dynamical slow-roll
parameters that characterize the inflationary background. We emphasize that while we call
these quantities slow-roll parameters, we do not use any slow-roll approximation in this paper,
all expressions are completely exact and the parameters can be large.

We derived the exact second and third-order action of the gauge-invariant adiabatic and
isocurvature perturbations in terms of the covariant slow-roll parameters for the diagonal class
of models. At third order, we not only computed the cubic action of the first-order fields, we
also considered the second-order contributions of the fields, which leads to a redefinition of the
perturbations that contributes to the three-point correlation function. From this redefinition
we computed the horizon-crossing part of flsflﬁ, the fn1, parameter related to products of two
power spectra.

As an illustration, we considered the DBI model, a highly symmetrised model, in order
to better understand the different quantities involved in the theory. For the DBI model
the adiabatic and entropic sound speeds coincide, and there are only two scalar functions
of the fields: their potential and the function f, a remnant of the geometry of the internal
compactified space. It turns out that the new physical ingredients, as compared to a canonical
two-field inflationary model, are the field curvature, the sound speed and the derivatives of
the function f.

The covariant third-order action we have computed, beyond slow-roll or super-horizon
approximations, will likely prove very useful for future calculations. As it is the exact action
in terms of the gauge-invariant perturbations (as opposed to the fields) one does not need to
use the 6NV formalism, and hence assume slow-roll at horizon crossing, in order to calculate
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the related non-Gaussianity. We leave the explicit computation of the bispectrum and its
fn1, parameters for a future paper.
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A Gauge issues

In this appendix we present some intermediate steps of the calculation of the gauge transfor-
mations used in section 5 and of the perturbed 0i Einstein equation (5.6).
A.1 Gauge transformations

In the context of perturbation theory around an homogeneous background any quantity A
that has a non-zero background value can be decomposed into an homogeneous part A(t)
and an infinite series of perturbations as

Alt,x) = A(t) + Ay (t, ) + %A@) (L) +--- (A1)

where the subscripts in the parentheses denote the order of the perturbation.
We decompose the spatial part of the ADM metric as

hij = a(t)2 exp [2a5ij + 2)@']'], (AQ)

where x;; is traceless and o is the scalar curvature perturbation. As any tensor, the spatial
metric can be split into a scalar, a vector and a tensor part as

Xij = DijF' + Fj5) + 7ij» (A.3)

where | or D; is the covariant derivative on the space hypersurface, i.e. relative to the spatial
metric h;; (being just 0; when acting on space scalars) and indices enclosed in parentheses
are to be symmetrized. We have also introduced the operator

1

The vector F; is divergence-free, while the pure tensor part -;;, that represents gravity waves,
is transverse, i.e. traceless and divergence-free:

F|ZZ =0, Vk\k =0 and 4/ =0. (A.5)

)

Finally, the shift function N? can be split up again in a scalar part and a divergence-free
vector:

N'=9'9+ N{ with N, =0. (A.6)

Next we will consider arbitrary coordinate transformations that up to second order take
the form [41, 44]

~ 1 v . i _ g i
at = ﬂ:“+5ﬁ) +§ (5&)@5(1) + ﬁ&) with B0=T and Bt =0"B+p1, (A7)
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where again we split the space part of the coordinate transformation in a derivative of a
scalar and a divergence-free vector. Note that the tilde in this appendix corresponds to an
arbitrary gauge, it is not necessarily the uniform energy density gauge as in section 5. Under
such coordinate transformations the perturbations of a tensor transform as [41]

Aqy = Aq) + Lg,, 4,

Ap) =A@ + Ly A+ L A+2Lg, A, (A.8)
where Lg is the Lie derivative along the vector j3
(LgA)ptz = BrO ALz — 0B Al — - + Oy BT AL + . (A.9)
Using the gauge transformation (A.8) for g;; one can find to second order
G205 + Xig(2) = @)% + Xij(2) + NHT ()05 + Bagij) + 0T Ny) + TN
T (6 &) 8 + iy + Xis | + B0k | (o + &) 85 + X35 + X |
b5 (3805 — By’ +xay (85 = 8 4o (85 - 57) . (A10)

where we have suppressed the (1) index for first-order quantities, in order to lighten the
notation. Taking the trace of the above equation we find

ag) = gy + NHT(5) + 5025(2) +T (&d+a) + %ai (T(Ni + Ni)) + 850 (& + &) (A1)
while acting with Dy; we find the form of 9% 9):
%azﬁ@) - % (aZF(Q) - 82F(2)> + %aiT(Ni N - %a—zafaﬂ‘ (a(iT(Nj) + Nj)))
— 5072000 (310, + Kig)) — 307200 (8565 — BB
~0720'0 (v (8% — B)) - (A.12)

Combining the above equations we finally find

1. 1 1 1, .
M2 T 5N T §NHT(2) + §T <a + C) + 0°B, (A.13)

with
2 Lok LA Loem 1. Y —2 i Aj Y
B =580 (a+6) + STOF + <T@+ M) - 0720 (9T () + Ny)) |
L 20ing . o209 :
— 30720 (80, (xis + X)) — 020 (Bral — i)
1. i 1/,
—307200 (u (B — B ) + 5 <32F(2) _ aQF(Q)) . (A.14)
All the terms in 9?B vanish on super-horizon scales: spatial gradients can be neglected in

that case, and the divergenceless vectors 3; and N; and the transverse traceless tensor x;;
rapidly decay on super-horizon scales (see e.g. [51]).
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A.2 Second-order 0: Einstein equation

In order to simplify calculations we choose to work in a gauge where F(y) = Fyq) = 0.
Consequently we can set N;| (1) = 0 (see [40]). The second-order 0i Einstein equation takes
the form

1 1 a’H
ZazNu(Q) - NakNa)@k@M(n - QTawu)ai@%(l) — a0ty — 20;0" a1y Okt (1)

) H 2,
+6ka(1)8¢8’“¢(1) — 0ia(1)62¢(1) — H@ZN(Q) + 82‘04(2) + GNN(U@ZN(U — Na(l)&N(l)

—%Na@du) =

eNHO,Q(2) — 022—2 (G =) 9 Gy —aqy) — ¢ (é + 77”) NH; (G — o)
—2eHN(y) (% + 1> 9 (Ciy —aqy) —€ <€ + 77”) NH@‘C%@) — 2€(o(1)0iCo(1)

—2en" NH((i1y — o1y)0iCogr) + ;TZ(HL — At ) NH o1y 0i(Grn) — o)) (A.15)

where we re-expressed (1) in terms of the first-order adiabatic and isocurvature perturba-
tions. The first-order ;) and N(;) have the form (see [40])

N G
({92¢(1) = —W({ﬁa(l) + 82)\ and N(l) = % — GN(C(I) — a(l)). (A.lﬁ)
To eliminate the a(9) and N(y) we perturb NH = a/a to second order,
& (2) N 2
F — N(Q) = EH(2) + ﬁN(l)H(l) (A.l?)

Next we rewrite H o) in terms of p(y) taking into account that H;) = eH (C(l) — a(l)):

%H@) = —eNQH% — N (Cay — o) (A.18)
Inserting these results into (A.15) we can conclude that
O*N; (2 =0 (A.19)
and
—eNH [Quz) - NH% + (e —nlh (Gray — a(1))2 —(e+ 77”)(22(1) — 20 Gy (Grny — )
00| + PA=0, (A.20)
where

23 1 a2H
PA=07%0 [23%@ (G — o)) = 570" Ny Ouditbr) — 20" Bk

—28¢8ka(1)8kw(1) + 8ka(1)823k¢(1) — 82‘04(1)321/1(1) . (A.Ql)

Note that for an arbitrary gauge the only change in expression (A.20) will be the appearance
of additional spatial gradient terms in 9%A.
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B Details of the computation for DBI inflation and its third-order action

Here we briefly summarize some intermediate steps to obtain the quantities in DBI inflation
considered in subsection 6.2 and also give an alternative expression for the third-order DBI
action.

For Y and 7, we can show that

Yiapy = Gap — 2f(XGAB — Xan) > V’Gap +2fXap, (B.1)
Via = —Fa(X2 = 8) >0, (B.2)
Y(AB) = %17(143) — —%( 2Gap +2fXaB), (B.3)

o fe =) (1-9%)
YA = 'VY:A 2f’7 f;A — 2f’7 f;Aa (B-4)

which gives

P, Liea 2f X P, -2’ W, B.5
(AB)_>7(7 AB+2fXaB), Pa— 572 fia—Wa. (B.5)

We remind the reader that the arrow indicates the limit of taking the homogeneous back-

ground value.
Similarly, to obtain the quadratic terms in the expansion of P, we can show that

_ L 1. - 1.
YiaBycpy = —2f <GABGCD - §GACGBD - §GADGBC>
1 1
— =2f (GABGCD - §GACGBD - §GADGBC> : (B.6)
Yiapy.c = —2f.c(XGap — Xap) = —2f.c(XGap — Xan), (B.7)

Yoap = —fap(X?*—8) =0,

and
3 f( 1g
YaB)cp) = 3 %YMBW((JD) + Yianycn)
— r 1( 2q 2f X e 2f X,
— |20 Gas +2fXa)(v"Gep +2fXep)
1 1
-2 <GABGCD - §GACGBD - §GADGBC>> ; (B.9)
_ fe T > . [
c ==+ 5% |Y - =Y,
Y(AB);C ( 5 T Ra%c | Yas) = S¥asyc
1+ 2ff.
— —%( GAB+2fXAB) fj’C(XGAB—XAB), (B 10)
_ B | fyB fo 1472 - 1-—7%. 1—~2 _
N.AB = (—74-7 Y;A—gy;AB‘FW'YBf,A‘F 2% fAf,B—Wf,AB
_22f L f 2y f
A=) fafis A=) fuas (B.11)
4f2y3 2fv
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It is worth mentioning that during the calculations above, we must take the background value
only at the last step. If we take this operation before taking derivatives, we would obtain
wrong results. Putting all this together we obtain

_ 1
Pasyon) = % (?WzGAB +2fXaB)(v*Gop + 2f Xep) —

1 1
2 <GABGCD - §GACGBD - §GADGBC>> , (B.12)
P, f—c (L—7") G 2fXan) — 2(XGap — X B.13
(ABY.C — 372 (v*Gap +2fXap) —2(XGap — XuB) | , (B.13)
> (1 - ) f;AB (1 - 7)3(1 + 3’7)f;Af;B
Pyp — 572 + 1753 —W.an. (B.14)

In a similar way, we can obtain the cubic terms in the expansion of P as

2
Piapycoyer) — 3%(72&;3 +2fXaB)(v*Gep + 2f Xep) (V' Ger + 2f Xpr)

2

1 1
ic (Y*Gap + 2fXap)(GepGrr — §GCEGDF - iGCFGDE)

3\
f2 2 1 1
- g( v"Gep +2fXep)(GerGap — §GEAGFB - §GEBGFA)
2
=3\

1 1
§ (4 Gr +2f Xpr)(CanCep — 5CacCip — sCanCacB15)

N

(AB)(CD);E — —fT <?( *Gap +2fXaB)(vY*Gep + 2f Xep)

1 1
-2 <GABGCD - gGACGBD — §GADGBC>>

+§—WE;’(3 +9%)(V*Gap +2fXap) (v’ Gep +2f Xcp)
2ff,E

,-Y3

((XGap — XaB)(v*Gep +2f Xep)
+(v*Gap +2fXaB)(XGep — Xep))
1 1
_f_E(l + 3’7 )(GABGCD - §GACGBD — §GADG30), (B.lﬁ)
_ _2y2
N (1 )f;CD + 3(1 =) fefp
2f73 Af?y°

A2
. (—%f;cp 20 ;%f;cf@) (XGap — Xap), (B.17)

1—7)2 1—7)3(1+3
(Qf;y) foanc 4 Zl)fg(73 )

3(1—=*(1 447 +59°
+ Ll 1 57 E )f;Af;Bf;C—VV;ABC- (B.18)
8/%
Using the above expressions one can easily recover the DBI quantities given in subsection
6.2.

Piapy.cp ) (VG ap +2fXagB)

P spc —

(fiaBfip + fiBofia + f.cafB)
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We also give here an alternative expression for the third-order DBI action. Perturbing
the ADM action in the flat gauge to third order, replacing field perturbations by adiabatic
and isocurvature perturbations according to (4.1) and using the slow-roll parameter results
from section 6.2 one can find the explicit exact form

a’e Zy |23 (1 o (1
Sapy = [ d* St el U (R RS (|
3(1) / TR2IN NH | ¢2 (cg ) 2 2

3 3
(5 2) -5

S

. . €
+ 7t + 73 50— Afn

S

G

—~ NHZ >
1 2 02

S

2 4 3 € 3 3

36221 (é + 1> (5 + 3AF" Cmn + 261 <— o <é - 1> - éMme) ]
8 . )
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where we remind the reader that Z,, is given in (4.2).
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