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Abstract

Lattice QCD simulations provide a promising way to disegtardifferent interpretations of hadronic
resonances, which might be of particular relevance to wtaed the nature of the so-calleédy Z par-
ticles. Recent studies have shown that in addition to thé-esthblished naive quark model picture, the
axial-vector mesorf; (1285) can also be understood as a dynamically generated stateipoi the/ K™
interaction. In this work, we calculate the energy levelthefK K* system in thef; (1285) channel in finite
volume using the chiral unitary approach. We propose tautate the loop function in the dimensional reg-
ularization scheme, which is equivalent to the hybrid apphoadopted in previous studies. We also study
the inverse problem of extracting the bound state inforomaftiom synthetic lattice QCD data and comment

on the difference between our approach and the Liischeroaheth
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I. INTRODUCTION

The f,(1285)isal(JPY) = 0 (17+) axial-vector state with mass = 1281.94-0.5 MeV and
widthT' = 24.2+ 1.1 MeV [1]. In the naive quark model, this state is assignedAs &L ; = *P,
state. In recent years, however, it has been suggested talypgaaically generated state made
from the K K* interaction, together with its axial-vector counterp ]. Such a picture has
been extensively tested in the past dec 4-14]. All teasdies yield consistent results that
the ground-state axial-vector mesons can be understooghasically generated states or at least
contain large pseudoscalar meson-vector meson components

Lattice QCD (LQCD) simulations can be applied to study theperties of hadrons from first
principles using quark and gluon degrees of freedom. Alghostudies of ground-state hadrons,
which do not decay via strong interactions, have been widbéished and have turned out to be
quite successful (see, e.g., Re B 16]), studies ofh@sces are more challenging, since they
do not correspond to discrete energy levels on the lattivg cansiderable additional efforts are
needed to extract physical information from LQCD simulasio The Liuscher method is the de
facto standard one in the case of single channel two-bodﬁe@catterindﬂﬂS]. In this frame-
work, the discrete energy levels obtained in LQCD simutatiare related to the scattering phase
shifts in infinite spacetimﬁ*.ln Ref. [26], the authors have developed a new effective g to
connect the LQCD discrete energy levels with the physicakplshifts (energies) by keeping the
full relativistic two-body propagator, from which the Lileer formulation can be derived. This
new approach has been applied to study finite volume effadtsel meson-baryon interaction in
the Julich model [27]; thé< D, nD, interaction E9]; the pion-kaon scatterir@[@, 31k th
DN, 735, interaction [[32]; therp interaction ]; therr interaction [33]; and théC NV interac-
tion [34].

In the present work, we apply this approach to studyAhé* interaction in thef; (1285) chan-
nel. Thef,(1285) is peculiar in the chiral unitary approach since it is madefthe single channel
K K* interaction and is located below téK™* threshold. As a result, it appears as a bound state
in the dynamical picture. Its experimental width can be wigtd from considering other coupled
channels (see, e.g., R[13]) without affecting its natoeing dominantly d& K™ bound state.

Inclusion of high-order kernels in the chiral unitary apgeb is found to have negligible effects

L Although in the present work we only need to tackle a singlenciel problem, it should be noted that the Liischer
method has been generalized to the case of muItichannEtBngtEI ]. A thorough study of the coupled

andn K channels has recently been done in R., 24] and forahgledrm and K K channels in Ref| [25].
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on this pictureHZ].

II. THEORETICAL FRAMEWORK
A. Continuum

In the chiral unitary approach of ReH [3], thie(1285) is made of a single chann%(\f(*l@ +

|K*K)). The relevant/-matrix is

€-€

T

Vi(s) =

S

(—3) {33 — (M2 m? M ) — S — ) (M2 — )|, ()

where f is the pseudoscalar decay constanthe invariant mass squared(c’) stands for the
polarization four-vector of the incoming (outgoing)‘. The massed/ (M'), m (m') correspond
to the initial (finalﬁ{ *and K, respectively. The potenti®l is unitarized via the following Bethe-
[3]:

Salpeter equatio

N

T=[1+VG) (-V)e &, (2)
whereG = G(1 + 1 -2) andq is given by
1= 5=V O mPls = 07 =)’ ©
The scalar loop functioty has the following form:
6o =i [ 5t [ — @)
2m)* (P —q)? — M? 4+ ie ¢> — m? +ie

with P the total incident momentum, which in the center-of-maamf is(1/s, 0, 0, 0).
The loop functionG is divergent and needs to be regularized. This can be doner eit the

dimensional regularization scheme or in the cutoff schdm#he former, the loop function reads

2 2 a2 2
67(v5) g lat + I 4 T
+ %[In(s — (M? = m?) +20/5) +In(s + (M? —m?) +2qv/5) ()

—In(=s + (M? —m?) + 2¢\/s) — In(—s — (M?* — m?) + 2q/s)]}.
In our work, the regularization parameters are chosen tg bp= —1.85 andu = 900 MeV [Q].
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B. Finite volume

To study thef, (1285) meson in finite volume, one replac&of Eq. (2) byT, obtained using
the same equation with the same potential and replacingthmction in Eq.(2) by its counterpart
defined in a finite box of siz&. The function® in finite volume,&, can be calculated again either
in the dimensional regularization scheme, the cutoff sehfZfi], or a combination of both—the
hybrid approach [28]. To remove small unphysical discaritias in the cutoff scheme, a smooth
cutoff has been implemented in Relﬂ[%]. In the hybrid apph)EJS], an average of the results
obtained with several sharp cutoffs is taken. This can sawepatational time when very large
cutoff values are used.

In principle in finite volume one mixes partial waves due te tlubic, rather than spherical,
symmetry of the finite boxes chosen in the lattice simulaiorhe problem has been thoroughly
studied in Ref.HS] and it is particularly relevant when quegforms lattice simulations for parti-

Ell 26]
is also done in Refl[35]. In the present paper we only stugdyesys with the two particles at rest

clesin a moving fram 4]. The formulation for mayframes along the lines of Re

interacting withS-waves. We shall discuss the mixing in detail in Sec. IV, batamticipate that
for the levels that we consider in the inverse analysis, trdysingle channel with L=0 is relevant.
In this work, we propose to calcula€éin the dimensional regularization scheme. Introducing

the so-called finite-volume correctiof(?, G can be written as:
G =GP +4G, (6)
For the loop function of Eq[{4)4G has the following formﬂS]:
1 1
G = G(L) = Gloo) =~ [ dudia(MP(s)) @)
0

where

M?(s) = (2° — 2)s +aM?* + (1 — 2)m? — ic. (8)

Depending on the value af’s = v/ P2, G needs to be treated diﬁerentl@n the case Gf >

M + m, 6,(M?(s)) can be written as a sum of the following three p , 471

5, (M>(s)) = g] — g5 + g5, 9)
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where they; , ; are defined as

2

7“_

1L 1 ra? =) —mi) | o0
! L3Z{4“”+M2< W MG [ Me) }’(“

. [T ¢y 1 B 1 r(z? —x)(s —m?,)
% = / 22 { ErMEET LM TR T MR } IS
g5 = 8, (MP(m2)) — (2 — 2)(s — m2)5, 1 (M2(m2). (12)

The separation scale,, needs to satisfyi,, < M+m = Mg.-+mg. Inthe case of/s < M+m,

5,(M?) has a much simpler form [45]:

—1/2—r 2\3—2r
(M2 (s)) = VMO S e (AR, (13)

73/21(r) =

whereK,(z) is the modified Bessel function of the second kind, and

S= 3 % 3 a-ago, (14)

n#0 Ng=—00 Ny=—00 Nz=—00

with @ = (n,,n,,n.). It should be mentioned that the discrete summations in @$13) are
only taken up to a certain numbeér| .. = i whereL anda are the lattice size and lattice
spacing, respectively. Nowadays, most LQCD simulatiorgpgaéd L /a in the range ofl6 ~ 32.

In the hybrid approach, the finite volume effect is calcudatethe following way:

. gmaz q<gqmaz d3q
5G= lm | Z I(q) / (@) (15)
where the functior (¢) is
1 w(q) + «'(7)

I(q) = 16
9 = @ D P~ @@ + @ i€ (0

with ¢ = 2271 (77 € 2%), w(q) = \/m? + =/ M?+ %, andE = /s.

In the Luscher method, the funCtIdI(lq) of Eq (16) is reduced t&G]
1 1

I(q) = B tic (17)

wherep = \/2(E?, M? ,m?)/2E.
In the present paper we are also treatingAfieas a stable particle, while in fact it has a width
of around 45 MeV. In an unguenched calculation if one usesrpiadators of K* K one would

reach the decay channels and one would have to deal withrbe-body channels df K7. The
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formalism to deal with three body-systems in finite volumal&o available in Refsmlgl!SO]. For
two-body systems with one unstable particle, one can useefsm in which the self-energy of
the unstable particle is discretized in the moving fra@.[]ﬂe shall not do this here, although
when more refined lattice calculations are available it \wdod interesting to tackle this problem.
There are reasons not to do that at the present time. One of ifhéhat many of the present
lattice simulations use large pion masses where the deaaynels would be blocked, but even
there they can assess the existence of a bound st&fé<éfnature. The second reason is that in
present lattice simulations, even using unquenched ediouk, levels tied to channels that couple
to certain quantum numbers do not show up unless explietpotators for this particular channel
are explicitly used as interpolators. This was the case e ptsystem looking for the, (1260)
resonance in RefsELEDSZ] and in theD system in Ref.@9], where the levels associated to the
coupled channeh D, also did not show up in the simulation. The reason for this $@ems to

be that the coupled channels not considered would show ugeitirhe evolution at times where
noise appears in the simulations, preventing any signal ireing seen. The argument has stronger
weight for the decay channels of resonances with a smalhwiitke the present one with = 24
MeV. Obviously, there would be problems in the interpretanf the levels if these depend on the
interpolators used, but the idea is to use interpolatotts meximum overlap with the actual states,
and there the effective field theories that we are using areuath help since they are telling the
nature of the states under consideration. Then we suggest inserpolators that accommodate

this structure, and in the present case these would B¢ interpolators.

It is true that the consideration of the decay channels ofptrécles involved in a problem
leads to changes in the spectr [H, , 53] and that to ribper spectrum multihadron
interpolators should be usej&54], but also, as mention&kin|[54] , one can and must restrict
oneself to lower energies if the interpolators accountmugtiie inelastic spectrum are not used.
Concerning the present case we can use the analogy of this wbere we haveX K* and the
K* can decay to<r , and the case of Ref. [11], where one hadand thep could decay torr.

In spite of the large width of thg, the first level was very similar in the analysis with a stable
or a decaying. The second level changed a bit more in both approachest isutiasonable to
expect that with a smaller width of th€*, the differences would be much smaller. This, and other
reasons that we will discus in Sec. IV concerning partial @evaixing, advise us to make use of

only the first two levels that we shall discuss in the nextisact
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[ll. RESULTS AND DISCUSSIONS
A. The energy levels

The left panel of Figlll shows the energy levels as functidribecubic box sizd. obtained
in the dimensional regularization scheme. For the sake wipesison, we show as well the en-
ergy levels obtained in the hybrid method with,, = 4000 MeV. With the scale of Fid.11, the
two curves are hardly distinguishable. However, as noticedl previous works, there are some
unphysical discontinuities in the hybrid approach, whigagdpear with an average of the results
obtained with several sharp cutoffs [28] or with a smooth)tft[]. This can be better appre-
ciated from Fig[R, which shows that the dimensional regzédion scheme exhibits no sign of
fluctuation, where small fluctuations can still be seen attaftualue of about 7000 MeV in the
cutoff (hybrid) approacH. In the following, unless otherwise noticed, we work with thenen-

sional regularization method.
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FIG. 1. Energy levels of thé& K* system withG obtained from the dimensional regularization scheme
in comparison with those obtained in the hybrid approacft) (end the Lischer approach (right) with

dmaz = 4000 MeV. The lattice sizd. is given in units ofl /m., wherem, is the physical pion mass.

The energy levels obtained in the Luscher approach arersbovthe right panel of Fid.l1 as
functions of the cubic box siz&, in comparison with those obtained in the dimensional r@gul
ization scheme. It is clear that at least for the two lowergnéevels, the Luscher results show
stronger fluctuations than those of the dimensional regalaon approach (also than those of the
hybrid approach). Furthermore, it is shown in R [31] ttieet deduced phase shifts from the

2 In the dimensional regularization scheme, for the sake ofparison g, has been related 1@ .  Via guax =

2Tﬂ|n|max-
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FIG. 2. Finite-volume correction$(, for the K K* system calculated in the dimensional regularization
scheme and the cutoff scheme with a sharp cuigiffy, at the energyy’ = 1250 MeV (left) and £ = 1400
MeV (right) and withL = 2.5/m..

Luscher method can deviate by about 20 percent from thetefieapproach of Ref@S] at the
energy region where the resonance dominates, at leastdarithinteraction in thek™ channel
(see Fig. 12 of Refl[31]).

As discussed in Re&G], the new terms incorporated in @t} with respect to the Lischer
approach are exponentially suppressed and one would wevidgther other exponentially sup-
pressed contributions frorrandu channels, neglected in both approaches are not equalargle
In this sense, explicit calculations of these effects dam@rfesons in the scalar sector|[55], or the

vector sectorlE6], show them to be negligible for latticeesibigger thad, = 1.5 m_ .
The a,(1260) and b;(1235) states have recently been studiedNip = 2 lattice QCD EJZ],

where in addition tgyg interpolators, meson-meson interpolators were also takenaccount.
Compared with the:; (1260) and b,(1235), the f;(1285) is more suited to test the dynamical
nature of the axial-vector mesons because of the followeagans. First, it is a single channel
problem. Second, itis a bound state. Therefore it appeasimsrete energy level even in LQCD
simulations. Third, it is built from the interaction of twarange mesons, which makes it less
susceptible to chiral extrapolations.

The ground-state pseudoscalar mesons and vector mesandéaw studied in a number of
ny = 2+ 1 LQCD simulations 1]. Some of the gauge configuratioesazailable on the
International Lattice Data Grid, e.g., the PACS-CS confgjons [58], which in principle makes
a study of thef, (1285) straightforward. In Tablg I, we show the masses off{{¢285) calculated

in our framework, defined as the energies wHEreas a pole below th& K* threshold, with the
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K, K* masses, and the lattice sizeof the PACS-CS configuratioELSS] (note, however, that these
masses are calculated there with ogdyinterpolators). It is interesting to note that tfig1285)
remains as a bound state at these unphysical situationsharariding energy increases as the

masses of its components increase.

TABLE |. Masses,M, and binding energied3, of the f;(1285) at unphysical quark masses and in finite
volume. TheK and K* masses are those obtained by the PACS:ES- 2 + 1 simulations ]. In the
last row, the numbers in the parentheses are the uncegtastdming from those of th&* and K added in

guadrature. All the energies are in units of MeV while thédatsizeL is in units of fm.

Inputs Confl Conf2 Conf3 Conf4 Conf5 Conf¢Physical

mi | 554(8) 594(9) 582(9) 635(9) 713(10) 789(11495.0
My~ [939(17) 984(16) 963(16) 1015(15) 1078(17) 1156(1893.1
L [2.90(4) 2.90(4) 2.90(4) 2.90(4) 2.90(4) 2.90(4) co

M | 1367 1442 1412 1506 1635 1785 1286

B |126(19) 136(18) 133(18) 144(17) 156(20) 160(20}02.1

In Fig.[3, we show the mass of thfg(1285) as a function of the lattice sizk at six different
combinations of light and strange quark masses, correspgtathose of the PACS-CS configu-
rations. It is clear that the results already approach tteitinuum limits at a lattice size of two

to three timed /m.,.

B. The inverse problem

In this section we tackle the inverse problem of extractingfiective potential from discrete
energy levels of LQCD. Close to th€ K* threshold, one can assume a potential of the following

form:

V =a+b[s— (Mg« +mg)?. (18)

The two parameters andb can be determined by fitting to the lattice energies.
We assume that the first and second energy levels shown ifllFage "LQCD” data. We

take three energies from the first level and three more frarsétond one, and assign them an
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FIG. 3. Mass of thef;(1285) as a function of the lattice sizk at six combinations of light and strange

guark masses, from lower to upper corresponding to Conflottf&Cof Tabldl, respectively.

error of 10 MeV. The corresponding values @fare: 2.0 m_* 3.0m_',4.0m!. Performing a

least-squares fit, we obtaing,,, ~ 1 x 10~° and the following two values:
a=—157+29, b= (-1.4411)x10"*MeV? (19)

With the potential of Eq.L(18), by solving the correspondBethe-Salpeter equation, one finds
a bound state at/ = 1286 + 37 MeV, whose central value coincides with the original value
we started with. It should be noted that although the bouat stpproaches its continuum limit
as L increases, the potential approach has the advantage ttet itonnect the LQCD energy
levels at moderaté or small L with the binding energies in the continuum in a quite ac@uaaitd
model-independent way (for a relevant and extensive dsscassee, e.g., ReE[LSZ]).

Of course, for the case at hand, one does not need to go thtbegiverse process to obtain
the f1(1285) because it appears as a bound state. Nevertheless, thesipreallows us to obtain
an effective potential in a more or less model-independeyt w

Following the approach of RefHQGS], one can quantiy iblative contributions of the
meson-meson component in tfig1205) wave function. The coupling constant of a resonance to

its component channel can be calculated as follows,

2 1 L S—3S0 1
g = }1—{210(5 —50)T = sll)rglo Vg~ o _aa ; (20)

s 0s |s=sq
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wheres is the pole position. From the above equation, one can otitairdentity,

oG oVt
— gzg + ¢ 9 1. (21)

The first term gives the contribution of the composite congmtrbeing dynamically generated,

while the second term gives the rest (e.g., genginer missing meson-meson channels). For the
f1(1285), we find that—gQ%—f = 0.50, which implies that the meson-meson component accounts
for about half of thef; (1285) wave function. Given the fact that tife(1285) is located about 100

MeV below theK K* threshold, this value does not seem that small.

IV. D-WAVES FOR K K* WITH CHIRAL LAGRANGIANS

In dealing with theK K* system with finite volumes one has to look at spin projectiams
partial wave mixing. There has been much work done alongethess recently. By usingq
interpolators@ 9] new methods and suitable interpotahave been developed to project on
the desired spin states. More relevant to our problem, ubied iischer formalism for scattering
of two particles, several papers have dealt with this prablé\ detailed study for the case of
0~, 1/2% interacting particles is done in R70], which is geneed in Ref. ] to moving
frames. The case df/2*", 1/2" interacting particles is studied in R7|%]and applied to the
deuteron case in Ret. [[75]. A formal extension to the sdatjeof particles with arbitrary spin
is done in Ref.|[76]. For a first study of coupled-channel@fen LQCD simulations, see, e.g.,
Refs. EJBELQ

In the present case, we are concerned about the scatteringarid 1~ particles in the rest
frame of the patrticles. If we only took into accoustwave interaction between the and1~
particles, it can be shown that on the cubic lattice and fai tnomentum? = 0 the S-wave only
mixes with theG-wave. However, in infinite volume, thf (1285) can decay into a pair of~
and(~ particles via theD-wave. In this case, mixing af = 0 andL = 2 can occur. In order to
assess the relevance of this component in the problem thstiuag we go back to the theory that
generates the interaction of these particles using chyraduhics. The chiral Lagrangian for this

interaction is given in Ref [77] by

ﬁvvpp = —%PTI'([VM, &,Vu] [P, 8”P]), (22)

3 See Refsmgq for the generalized Luscher formula iftichannel meson(baryon)-baryon scattering formulated

in both non-relativistic quantum mechanics and quanturd fletory.
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which leads to the potential

Vo~ (p1 + p3) (P2 + pa)€e'ey, (23)

wherep,, p2, ps, p4 correspond to the two incoming and two outgoing momenfa ii* — K K*,
ande* is the polarization of the vector. It is clear that this poi@rhas noD-waves. However,
D-waves are automatically generated where this Lagrangigginterpreted by means of the local
hidden gauge approac f&jr%] and is generated by the exelo&a light vector mesom(meson

for the K K* interaction). In this case one has the expliciiropagator and the potential becomes

~ . 2
7 rtps) (Pt pa)eley (24)
—(p1 —p3)? — m,
which this time develops &-wave. It is easy to see that the ratio of thewave toS-wave is

(using|pi — p3| < m, for the derivation)

, 2 pt 1
LR S (25)
Vb 3m%E1E2+p2/2

with p’'the CM momentum.
Now we look at the energy levels of Fig. 1, that we have usedheisimulation. We actually

took the first two levels foi.m., > 2 in the inverse analysis. Then we consider the le2els 4

that have energies in the continuum and we find the ratiosfey = 2

E = 0.002 for level 2 (26)
Vo
=0.079 for level 3 (27)
= 0.208 for level 4 (28)

The numbers would be further reduced by Clebsh-Gordan ceefts of . = 2 andS = 1 to give
J = 1, which are unity forL. = 0. For bigger values ol, these energies are smaller and these
ratios also decrease. For instancefot, = 3 and level 4 we would find72/f/0 ~ 0.059.

The discussions conducted here are useful, because sirftav@®nly used the levels 1 and 2
for Lm, > 2, then we always have a ratio 6@/‘70 smaller than two per thousand, and we can
safely ignore the mixing. However, we also see that if we wenese the level 4 in our analysis
and for values of.m, < 2 we would have mixture of the order of 25% which would requisda
explicitly consider the mixing for a proper interpretatiofthe results.

The D-wave decay of th¢; (1285) could in principle induce more complicated mixing patterns

For spin-0 and spin-1 scattering, which is the present dasan be shown that thé = 1 D-wave
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of the f,(1285) does not mix with any of the variou8- and F-waves. However, it mixes with
the J = 3 D-wave. Indeed, at energies much higher than considered.hefe3 resonances have
been found that decay intlg K, such as the;(1850) [B].

However, for the purpose of a rough error estimate, we camnasgshat the/ = 3 D-wave
is of a similar size as thé-wave induced by Eq. (24), such that the uncertainties gute
Egs. (26)-(28) might be larger by a factor of 2. If latticealdecome more precise, a coupled-
channel calculation including thte-wave and the twd>-waves will be necessary. At nonzero total

momentum, which is not considered here, the mixing can beaoore complicated [71].

V. SUMMARY

We have studied th& K* interaction in thef; (1285) channel in finite volume with the chiral
unitary approach. The relativistic loop function was céted in the dimensional regularization
scheme and compared with the hybrid approach developetbpsdy. It was shown that although
both approaches yield the same results if treated profbdylimensional regularization scheme
is numerically more stable. In addition, we found that thistler method fluctuates more strongly
with the variation of the cutoff, but agrees with the hybridthiod qualitatively.

In anticipation of future lattice QCD studies, we have chlted the position of the; (1285)
at six different combinations of light and strange quark seasas a function of the lattice size
If confirmed, this could provide another test of ti¢1285) being a dynamically generated state.

Indeed, thell K* meson-meson component is found to account for one half afate function.
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