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Abstract

We illustrate the usefulness of functional equations in establishing relationships
between master integrals under the integration-by-parts reduction procedure by
considering a certain two-loop propagator-type diagram as an example.
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An adequate theoretical interpretation of the increasingly precise data col-
lected by the experiments at the CERN Large Hadron Collider and elsewhere
necessitates advanced technologies for the calculation of radiative corrections,
which typically depend on several different mass scales. Feynman diagrams
involving quantum loops may be reduced to so-called master integrals via ded-
icated algorithms, such as integration by parts (IBP) H, H] The evaluation of

the master integrals often turns out to be a bottleneck of the entire theoretical
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analysis, the more if many different mass scales are involved. Any method to
reduce the number of master integrals of a given set of Feynman diagrams is,
therefore, highly welcome. Recently, relationships between master integrals of
the two-loop sunset diagram were found in Refs. |3, 4]. In the present paper, a
new relationship of this type will be presented, which is found using functional
equations [5].

The derivation of functional equations for integrals with two and more loops
is much more complicated than in the one-loop case. In this following, we
consider two-loop propagator-type integrals. Two-loop integrals differ by the
number of internal lines. According to the algorithm of Refs. [5, 6], functional
equations may be obtained from recurrence relations connecting two-loop inte-
grals with different numbers of lines. The most complicated integrals in such a
functional equation may be eliminated by an appropriate choice of four-momenta

and masses.

Figure 1: Two-loop diagram corresponding to integral Vl(ldl)l.

Let us consider the following two-loop propagator-type integral with four
internal lines:
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where d is the space-time dimension. The Feynman diagram corresponding to
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this integral is shown in Fig.[Il With the aid of generalized recurrence relations

given in Ref. 7], the integral Vy(ldy)mw with arbitrary integers v; may be reduced



to the integral Vl(ldl)l, four two-loop integrals with three lines of the type
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the product of a one-loop propagator-type integral,
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with masses m3 and m3, times a one-loop vacuum-type integral,
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and products of one-loop vacuum-type integrals with different masses.

In Ref. [7], several generalized recurrence relations for the integral V,,(fl 321,3 va

were presented. One of these relations, namely the one in Eq. (55) therein,

reads:
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where uj, = mi —m3

—m? and Ayjx = —uijk (Wi +Ukij) — UjikUrij. According
to the algorithm of Ref. [5] to obtain functional equation, one has to eliminate
from Eq. (@) the integrals Vl(ldl)1 and Vl(ldl)2 by an appropriate choice of four-
momentum and masses. For my4 = 0, the left-hand side of Eq. (B vanishes, so

that we obtain an expression for the integral Vl(ldl)1 in terms of integrals with



lesser numbers of lines, namely,
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After multiplying Eq. (6) with the factor ¢> — m3 and then setting ¢ = m3,
the contribution proportional to the integral Vl(ldl)1 drops out, and obtain the

following relationship:
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+2m3 Ty (md m3 mi:m3) — (3d — 8) Ty (mi, m3, mi; m3)
+ (d = 2)J{5} (mF, m3, 0: 0). (7)
Equation (@) connects two-loop propagator-type integrals with different kine-
matics. The analytic expression for the integral Jl('ﬁ (m2,m3,m%;0) in terms
of the Gauss hypergeometric function o F; presented in Ref. [] is considerably
simpler than the analytic expressions for the integrals Jl('ﬁ and Jé‘lii with exter-

nal momentum square being different from zero. It is interesting to notice that

the Cayley—Menger determinant
Dizg = [¢° = (m1+ma +m3)’][¢* — (m1 — ma2 +m3)?]
X ¢* = (m1 +ma —m3)?][¢* — (m1 —ma — m3)?] (8)
for this kinematics is different from zero:

Digsl ez = (mi —m3)*[(m] —m3)* +8m5(2m3 — mi —m3)]. ~ (9)

Thus, Eq. (@) is a clear illustration that the number of nontrivial basis integrals,

as predicted by IBP, may re reduced not only if Dj23 = 0 or one mass is zero as



was observed in Ref. [7], but also for other values of four-momentum momentum
square and masses. One possible interpretation is that the total number of basis
integrals arising from the IBP reduction of the integral J$%),,, (m2,m%,m3;m3)
with arbitrary integer powers of propagators remains the same, but that one
nontrivial integral may be replaced by simpler one.

For the particular case when m; = 0 and m3 = m% = m?, the reduction
of the number of basis integrals was observed in Ref. |9]. For this kinematics,
Eq. (@) yields
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Jéfi (m?,0,m*m?) =

so that, instead of two nontrivial integrals, only one nontrivial basis integral,
Jl('ﬁ (m?2,0,m?;m?), remains.

Putting ms = 0 in Eq. (@), we recover Eq. (9) in Ref. [3], which was obtained
there as a special case via differential reduction |10, [11, 12, [13, [14, [15, 116, [17,
18,119, 20, 21, 22]. Another generalization of Eq. (9) in Ref. [3] was obtained in
Ref. [4] using IBP in connection with an effective propagator mass |23].

We would like mention that Eq. () connects integrals of different mass as-
signments. Such integrals may arise from rather different Feynman diagrams.
Relationships of this type may be very useful, e.g., for proving the gauge inde-
pendence of radiative corrections to physical observables.

In conclusion, functional equations [5, 6] provide a powerful tool for disclos-
ing hidden relationships between what appear to be master integrals upon stan-
dard applications of the IBP reduction procedure [1, 2]. Similar relationships
have previously been revealed using differential reduction [3] and a nonstandard
variant of the IBP reduction procedure implemented with propagator masses to

be integrated over [4].
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