
ar
X

iv
:1

60
2.

07
62

4v
2 

 [
he

p-
ph

] 
 2

4 
N

ov
 2

01
6

Prepared for submission to JCAP

Matter Power Spectrum in Hidden

Neutrino Interacting Dark Matter

Models: A Closer Look at the

Collision Term

Tobias Binder,a Laura Covi,a Ayuki Kamada,b Hitoshi
Murayama,c,d,e Tomo Takahashi,f and Naoki Yoshidac,g,h

aInstitute for Theoretical Physics, Georg-August University Göttingen, Friedrich-Hund-Platz
1, Göttingen, D-37077 Germany

bDepartment of Physics and Astronomy, University of California, Riverside, California 92521,
USA

cKavli Institute for the Physics and Mathematics of the Universe (WPI), University of Tokyo
Institutes for Advanced Study, University of Tokyo, Kashiwa 277-8583, Japan

dDepartment of Physics, University of California, Berkeley, Berkeley, California 94720, USA
eTheoretical Physics Group, Lawrence Berkeley National Laboratory, Berkeley, California
94720, USA

fDepartment of Physics, Saga University, Saga 840-8502, Japan
gDepartment of Physics, University of Tokyo, Tokyo 113-0033, Japan
hCREST, Japan Science and Technology Agency, 4-1-8 Honcho, Kawaguchi, Saitama, 332-
0012, Japan

E-mail: tobias.binder@theorie.physik.uni-goettingen.de,
laura.covi@theorie.physik.uni-goettingen.de, ayuki.kamada@ucr.edu,
hitoshi.murayama@ipmu.jp, tomot@cc.saga-u.ac.jp,
naoki.yoshida@phys.s.u-tokyo.ac.jp

Abstract. Dark Matter (DM) models providing possible alternative solutions to the small-
scale crisis of standard cosmology are nowadays of growing interest. We consider DM in-
teracting with light hidden fermions via well motivated fundamental operators showing the
resultant matter power spectrum is suppressed on subgalactic scales within a plausible pa-
rameter region. Our basic description of the evolution of cosmological perturbations relies
on a fully consistent first principles derivation of a perturbed Fokker-Planck type equation,
generalizing existing literature. The cosmological perturbation of the Fokker-Planck equa-
tion is presented for the first time in two different gauges, where the results transform into
each other according to the rules of gauge transformation. Furthermore, our focus lies on a
derivation of a broadly applicable and easily computable collision term showing important
phenomenological differences to other existing approximations. As one of the main results
and concerning the small-scale crisis, we show the equal importance of vector and scalar boson
mediated interactions between DM and light fermions.

http://arxiv.org/abs/1602.07624v2
mailto:tobias.binder@theorie.physik.uni-goettingen.de
mailto:laura.covi@theorie.physik.uni-goettingen.de
mailto:ayuki.kamada@ucr.edu
mailto:hitoshi.murayama@ipmu.jp
mailto:tomot@cc.saga-u.ac.jp
mailto:naoki.yoshida@phys.s.u-tokyo.ac.jp


Contents

1 Introduction 1

2 Fokker-Planck Equation 3

2.1 Collision Term 3

2.2 Perturbation Theory in the Synchronous Gauge 6

3 Neutrino Interacting Dark Matter 9

3.1 Simplified Neutrino Model 10

3.2 Minimal Halo Mass 10

3.3 Matter Power Spectrum 14

4 Summary and Outlook 16

A Perturbation Theory in the Conformal Newtonian Gauge 17

B Impact of the Higher Order Terms in the Boltzmann Hierarchy 18

C Thermal History Calculation 20

C.1 Relic Abundance 20

C.2 Minimal Halo Mass of Pseudo Scalar and Pseudo Vector Operators 21

1 Introduction

Precise measurements of cosmic microwave background (CMB) anisotropies have been build-
ing strong evidence for the existence of a new form of matter, called dark matter (DM) [1, 2].
However, its nature has not yet been uncovered and one of the most important subjects both
in astrophysics and in particle physics. Recently vigorous efforts have been devoted to cos-
mological probes of interaction strengths between DM and other long-lived particles [3–16].
Interestingly, such probes are not limited to couplings of the DM to standard model (SM)
particles (e.g., baryons, photons, and neutrinos). Couplings to hidden particles are equally
subject to searches. In this paper, we restrict our discussion to hidden light particles, which
we call neutrinos for simplicity. However, the formulation developed and given in this paper
is applicable to other models with DM couplings to SM particles.

Interacting DM models are not only within the scope of precise measurements of large-
scale structure of the Universe. They also have their motivation in apparent discrepancies be-
tween predictions from DM-only N -body simulations and observations on subgalactic scales.
Such discrepancies are called the small-scale crisis collectively: the missing satellite prob-

lem [17, 18]; the cusp vs core problem [19–21]; the too big to fail problem [22, 23]. The simula-
tions assume DM consists of particles with negligible thermal velocities and faint interactions,
called cold dark matter (CDM). The small-scale crisis may imply alternatives to the CDM
paradigm, while it has to be clarified by state-of-the-art hydrodynamic simulations what role
baryonic processes play in the formation and evolution of subgalactic objects [24, 25]. One
famous alternative is called the warm dark matter (WDM) model, in which sizable thermal
velocities of DM particles suppress the formation of subgalactic objects [26]. Interacting DM
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effectively reduces the abundance of substructures in a galactic halo to a similar degree as
some WDM models do [27–36].

Although there is a growing interest in interacting DM models, it is still unclear what
the evolution equations of cosmological perturbations are in such models. This is because
it is difficult to handle and simplify collision terms in Boltzmann equations. Some works
start with the relativistic Navier-Stokes equation for the DM imperfect fluid in particle flow
manifest (Eckart’s) formulation [37, 38]. They determine fluid variables with the help of the
Chapman-Enskog method to estimate damping scales in matter power spectra in interact-
ing DM models. Others just add a collision term in the evolution equations of cosmological
perturbations by analogy to the well-known Thomson scattering term for baryons and pho-
tons [39]. One plausible way is to reduce the collision term to the Fokker-Planck equation by
assuming the momentum transfer in each collision is smaller than the typical DM momen-
tum. Such formulation is developed for the traditional bino-like DM in [40]. However, the
overall factor, i.e., the reaction rate, in the Fokker-Planck equation is controversial so far. A
systematic expansion of the collision term in terms of momentum transfer leads to a reaction
rate proportional to the invariant amplitude at zero momentum transfer t → 0 [41–43]. On
the other hand, in [44, 45], the reaction rate is given by t-averaging like

∫

dt(−t)dσ/dt.

The two formulations introduced above result in different phenomenological consequences.
We consider a simple model, where the SM sector is extended by a Dirac DM, a Dirac (hid-
den) neutrino, and a mediator. A similar scenario is investigated in [28]. When the mediator
is a scalar, the reaction rate with zero momentum transfer is negligible and does not change
the matter power spectra on and above subgalactic scales within a plausible range of model
parameters. A subgalactic damping scale can be achieved by a vector mediator within this
formulation [29]. On the other hand, both vector and scalar mediators can suppress the
resultant matter power spectra with the t-averaged reaction rate. We address this point by
calculating the resultant matter power spectra in the latter formulation numerically. To this
end, we derive the evolution equations of cosmological perturbations in two gauges: the con-
formal Newtonian gauge and the synchronous gauge [46]. We provide an explicit form of
gauge transformations between them. We also show a derivation of the t-averaged reaction
rate. It may be useful because a similar derivation is given only in an unpublished thesis [44].
In the recent ETHOS (effective theory of structure formation) papers [34, 35], they study the
structure formation in interacting DM models based on the former treatment of the collision
term, while they also mention the importance of the t-averaging in some models. The ETHOS
paper and this paper are complementary to each other in a treatment of the collision term.

The paper is organized as follows. In section 2 we start from first principles and give
a detailed derivation of the Fokker-Planck equation with the t-averaged reaction rate. Fur-
thermore, the evolution equations of cosmological perturbations in the synchronous gauge are
derived for the most general case of an imperfect fluid. We show explicitly in appendix A that
our results transform into the form of the conformal Newtonian gauge according to the rules
of gauge transformation. In section 3, we give an introduction of the neutrino interacting
DM model first. Then, we summarize our analytic results for scalar and vector mediators:
the relic density of DM; the t-averaged reaction rate; the resultant smallest mass of halos. In
appendix C, we present details of our calculations of chemical decoupling and also summarize
the results for models with pseudo scalar and pseudo vector mediators. Finally, we show the
resultant matter power spectra to stress that not only a vector, but also a scalar mediator
can lead to a sizable suppression of matter power spectra. In appendix B, we discuss the
parameter region for the DM where the perfect fluid approximation is valid.
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Throughout this paper, we use the Planck 2013 cosmological parameters [2]: Ωm =
0.3175, H0 = 67.11, ln(1010As) = 3.098, and ns = 0.9624. Updating these input parameters
to the Planck 2015 ones would not change our results significantly.

2 Fokker-Planck Equation

In this section, the perturbed Fokker-Planck equation is derived. Our starting point is the
classical Boltzmann equation with the collision term. We expand it assuming the momentum
transfer per collision is smaller than the typical DM momentum. Within this approximation
the collision term satisfies detailed balance and respects number conservation. As a further
result of this expansion method, the momentum transfer rate can easily be computed by
first taking a t-average and secondly a thermal average of the differential scattering cross
section. As an important result of the formalism used, the t-average is a direct consequence
of the expansion method. Other methods like in [42] expand the scattering amplitude in
terms of small momentum transfer and keep only the zero order. But this approximation
shows a completely different phenomenology for certain DM theories as will be shown as
an explicit example in section 3. As part of this section, we develop evolution equations
of linear cosmological perturbations in the synchronous gauge. A comparison to previous
works is given. The results are equivalent to the conformal Newtonian gauge under the gauge
transformation law as we show for the first time in the appendix A.

2.1 Collision Term

In this section, we derive a Fokker-Planck equation for the DM phase space distribution
function f , partially inspired by the unpublished thesis [44]. Our starting point is a classical
Boltzmann equation for the DM,

[

Pµ∂xµ − Γµ
κλP

κP λ∂Pµ

]

f = C[f ] , (2.1)

where Pµ is the conjugate momentum of the spatial coordinate xµ. When we handle the
collision term C[f ], it is convenient to take a local inertial frame Xµ, where the metric is
diag(−1,+1,+1,+1) and the proper momentum is denoted by pµ = (E,p). We normalize
the distribution function such that

∑

s

∫

d3p/(2π)3(pµ/E)f = nµ, where s are spin degrees
of freedom and nµ is the DM number current. If we assume the DM particles to interact
elastically with particles in a thermal bath, i.e., DM(1)+TP(2) ↔ DM(3)+TP(4), the collision
term takes the form

C[f1] =
1

2

∑

s3

∫

d3p3

(2π)32E3

[

− Seq(p1, p3)f1(1∓ f3) + Seq(p3, p1)f3(1∓ f1)
]

, (2.2)

where

Seq(p1, p3) =
∑

s2

∫

d3p2

(2π)32E2

∑

s4

∫

d3p4

(2π)32E4
(2π)4δ4(p1 + p2 − p3 − p4)

×|M(1 + 2 → 3 + 4)|2f eq
2 (1∓ f eq

4 ) , (2.3)

Seq(p3, p1) =
∑

s2

∫

d3p2

(2π)32E2

∑

s4

∫

d3p4

(2π)32E4
(2π)4δ4(p3 + p4 − p1 − p2)

×|M(3 + 4 → 1 + 2)|2f eq
4 (1∓ f eq

2 ) . (2.4)
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Here, |M|2 is the spin-averaged invariant amplitude squared, and f eq is a thermal distribution,

f eq = (exp{(−p · u− µ)/T} ± 1)−1 (2.5)

with a temperature T ≃ T0(τ)+T1(x), a reference four velocity uµ ≃ (1,u(x)), and a chemical
potential µ.

If the elastic scattering is T -inversion invariant, |M|2’s are identical between the forward
and backward scatterings,

|M(1 + 2 → 3 + 4)|2 = |M(3 + 4 → 1 + 2)|2 = |M|2 . (2.6)

In the presence of four-momentum conservation δ4(p1 + p2 − p3 − p4), thermal distributions
satisfy

f eq
2 (1∓ f eq

4 ) = exp{−(p1 − p3) · u/T}f eq
4 (1∓ f eq

2 ) . (2.7)

From (2.6) and (2.7), we obtain the following relation:

Seq(p1, p3) = exp{−(p1 − p3) · u/T}Seq(p3, p1). (2.8)

Thus, the collision term is

C[f1] =
1

2

∑

s3

∫

d3p3

(2π)32E3
Seq(p3, p1)

[

f3(1∓ f1)− exp{−(p1 − p3) · u/T}f1(1∓ f3)
]

.(2.9)

We can easily check that the above expression satisfies the so-called detailed balance, i.e.,
C[f1] = 0 if f1 = f eq

1 and f3 = f eq
3 , which follows from the T -inversion invariance.

We assume that momentum transfer q̃ = p3 − p1 is smaller than the typical DM mo-
mentum p1i and expand the collision term up to the second order,

f3 ≃ f1 + q̃i
∂f1
∂p1i

+
1

2
q̃iq̃j

∂2f1
∂p1i∂p1j

, exp{−(p1 − p3) · u/T} = 1 +Aiq̃i +Bij q̃iq̃j ,

(2.10)

where

Ai = −v1i − ui

T
, Bij =

1

2

(

∂Ai

∂p1j
+AiAj

)

, (2.11)

with the velocity of the particle v = p/E. After collecting terms, we obtain

[

f3(1∓ f1)− exp{−(p1 − p3)/T}f1(1∓ f3)
]

≃ αiq̃i +
1

2

(

∂αi

∂p1j
+ αiAj

)

q̃iq̃j , (2.12)

where

αi =
∂f1
∂p1i

−Aif1(1∓ f1) . (2.13)

The collision term is

C[f1] ≃
1

2

{

αiβi +
1

2

(

∂αi

∂p1j
+ αiAj

)

γij

}

, (2.14)
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where

βi =
∑

s3

∫

d3p3

(2π)32E3
Seq(p3, p1)q̃i , γij =

∑

s3

∫

d3p3

(2π)32E3
Seq(p3, p1)q̃iq̃j . (2.15)

It should be noted that αi = 0 and thus C[f1] = 0 if f1 = f eq
1 , which implies that the detailed

balance is maintained in the approximation.
We expand Seq(p3, p1) in terms of q̃, noting that pµ3 = (

√

E2
1 + 2p1iq̃i + q̃2,p1 + q̃).

The scalar function Seq depends on q̃ only through p1iq̃i and q̃2. Since we keep the terms
only up to the second order in terms of q̃, the expansion in terms of q̃2 leads to higher order
terms in C[f1], which are to be neglected in our treatment. Therefore we expand Seq only in
terms of p1iq̃i as follows 1:

Seq(p3, p1) ≃ Seq
0 (p1, q̃

2) + Seq
1 (p1, q̃

2)p1iq̃i , (2.16)

Seq(p1, p3) ≃ Seq
0 (p1, q̃

2) +
∂Seq

0 (p1, q̃
2)

∂p1i
q̃i − Seq

1 (p1, q̃
2)p1iq̃i , (2.17)

where Seq
0 (p1, q̃

2) and Seq
1 (p1, q̃

2) are the expansion coefficients defined by (2.16).
Substituting (2.16) and (2.17) into (2.15) and using (2.8) and (2.10), we obtain

βi =
∑

s3

∫

d3p3

(2π)32E3

1

2

[

Seq(p3, p1) + exp{(p1 − p3) · u/T}Seq(p1, p3)
]

q̃i

≃
∑

s3

∫

d3p3

2(2π)3

[(

−p1j q̃j

E3
1

)

Seq
0 (p1, q̃

2)q̃i +
1

2E1
(−Ajq̃j)S

eq
0 (p1, q̃

2)q̃i +
1

2E1

∂Seq
0 (p1, q̃

2)

∂p1j
q̃iq̃j

]

≃ E1

2

∂

∂p1j

(

1

E1
γ̃ij

)

− 1

2
Aj γ̃ij , (2.18)

where

γ̃ij =
1

3
δij
∑

s3

∫

d3p3

(2π)32E1
Seq
0 (p1, q̃

2)q̃2 . (2.19)

In the second equality of (2.18), we have dropped the term proportional to Seq
0 (p1, q̃

2)q̃i,
since it vanishes after integrated in terms of d3p3 = d3q̃. In addition, in the last equality,
we have replaced q̃iq̃j with (1/3)δij q̃

2 using rotational invariance. This is valid under the
presence of the integral in terms of d3p3 = d3q̃. It should be noted that, γij = γ̃ij holds up
to the second order in q̃.

In practice it is more convenient when evaluating (2.19) to replace the perturbative
quantities Seq

0 (p1, q̃
2) and −q̃2 with their non-perturbative counterparts Seq(p3, p1) and t/(1−

v1iv1i/3) = −(p3 − p1)
2/(1 − v1iv1i/3), respectively. These resulting coefficients only differ

through higher order terms and amount to an alternate perturbative expansion. Substituting
(2.18) and (2.19) into (2.14), we obtain a Fokker-Planck-type equation for f1 since the collision
term becomes,

C[f1] ≃ E1
∂

∂p1i

[

γ

(

E1T
∂f1
∂p1i

+ (p1i − E1ui)f1(1∓ f1)

)

]

, (2.20)

1 In fact, if we take q̃ → 0, Seq diverges owing to a delta function of zero δ(0)δ3(p4 −p2) in the integrand.
The expansion just in terms of p1iq̃i also allows us to avoid such a divergence.
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where the momentum transfer rate is

γ =
1

6E1T (1− v1iv1i/3)

∑

s2

∫

d3p2

(2π)3
f eq
2 (1∓ f eq

2 )

∫ 0

−4p2
cm

dt(−t)
dσ

dt
v . (2.21)

Here, dσ/dt is the differential cross section and v is the relative velocity of the initial particles.
The center of mass momentum is evaluated by 4sp2

cm = {s− (m1 −m2)
2}{s− (m1 +m2)

2},
where s = −(p1+p2)

2 and m is the mass of the particle. This equation satisfies two important
requirements. First, it maintains the detailed balance: if f1 = f eq

1 , then C[f1] = 0. Second,
it conserves the DM number,

∂Xµnµ
1 =

∑

s1

∫

d3p1

(2π)3
C[f1]

E1
= 0 . (2.22)

If the DM particles decouple from the thermal bath when they are relativistic, momen-
tum transfer in each collision is as large as the typical momentum of DM, which may spoil
our approximation approach, i.e., the Fokker-Planck equation. It may be useful to give the
non-relativistic limit. Then, the Fokker-Planck equation is

C[f1] = m1
∂

∂p1i

[

γ

(

m1T
∂f1
∂p1i

+ (p1i −m1ui)f1

)

]

, (2.23)

where the momentum transfer rate is

γ =
1

6m1T

∑

s2

∫

d3p2

(2π)3
f eq
2 (1∓ f eq

2 )

∫ 0

−4p2
2

dt(−t)
dσ

dt
v . (2.24)

This expression is the same as given in [44, 45]. The cross section is essentially independent
of p1 since we consider the case that DM is non-relativistic, or in other words, |p1| is much
smaller than m1. We focus on such a case in the following sections.

Before closing this section, let us discuss the relation between [41–43] and the present
paper. The main difference is the presence of t-averaging in the momentum transfer rate of
(2.24). Once we set t → 0 in dσ/dt, we can evaluate the t-integral analytically to reproduce
the result in [41–43]. The t-averaging originates from the approximation in (2.16) and (2.17)
and resummation of higher order terms after (2.19). In this respect, our formulation is not a
systematic expansion in terms of the momentum transfer like that in [42]. However, in some
cases, the expansion of invariant amplitudes is not a good approximation since the leading
order does not give the dominant contribution. One such example is the scalar operator
of DM-neutrino interaction investigated in the present paper. There, the leading order is
suppressed by a factor of m2

ν/(−t) when compared to the next to leading order.

2.2 Perturbation Theory in the Synchronous Gauge

Now we develop a linear theory in the synchronous gauge:

ds2 = a2
[

−dτ2 + (δij + hij)dx
idxj

]

. (2.25)

Up to the first order of cosmological perturbations, the Fokker-Planck equation is given by

ḟ +
qi

mχ

∂

∂xi
f − 1

2
ḣijqi

∂

∂qj
f = (γ0 + γ1)a

∂

∂qi

[

(qi − amχui)f + a2mχ(T0 + T1)
∂

∂qi
f

]

,

(2.26)
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with γ = γ0(τ) + γ1(x) and the comoving momentum q = ap 2. The homogeneous and
isotropic part, i.e., the leading order is

ḟ0 = γ0a
∂

∂qi

[

qif0 + a2mχT0
∂

∂qi
f0

]

. (2.27)

A solution,

f0 =
n̄

gχ

(

2π

mχTχ0

)3/2

exp

(

− q2

2a2mχTχ0

)

, (2.28)

is parametrized by the DM temperature Tχ0(τ) and the DM number density per spin degree
of freedom n̄/gχ with gχ = 2sχ + 1. Its evolution is described by

d ln(a2Tχ0)

dτ
= 2γ0a

(

T0

Tχ0
− 1

)

. (2.29)

The DM temperature is tightly coupled to the temperature of thermal bath Tχ0 = T0 ∝ 1/a
before the kinetic decoupling γ/H > 1. After they decouple, the DM particles start to stream
freely and the temperature decreases adiabatically Tχ0 ∝ 1/a2.

The first order perturbation follows:

ḟ1 +
qi

mχ

∂

∂xi
f1 −

1

2
ḣijqj

∂

∂qi
f0 = γ1aLFP[f0]− γ0a

2mχui
∂

∂qi
f0 + γ0a

3mχT1
∂2

∂q2
f0 + γ0aLFP[f1] .

(2.30)

Here, we define the Fokker-Planck operator by

LFP[f ] =
∂

∂qi

[

qif + a2mχT0
∂

∂qi
f

]

. (2.31)

In the Fourier space ki = kk̂i, these equations are rewritten as

ḟ1 +
ikiqi

amχ
f1 − γ0aLFP[f1] = η̇

q2

2a2mχTχ0
f0 −

ḣ+ 6η̇

2k2
(kiqi)

2 1

2a2mχTχ0
f0 −

ikiqi

aTχ0
γ0a

θTP

k2
f0

+

[

γ1a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

](

q2

2a2mχTχ0
− 3

)

f0 . (2.32)

Hereafter we consider only the scalar perturbations, defining θTP, η, and h such that θTP =

ikiui and hij = k̂ik̂jh+
(

k̂ik̂j − 1
3δij

)

6η (the same notation as in [46]).

In order to handle the Fokker-Planck operator, we expand f1 in terms of eigenfunctions
of the Fokker-Planck operator,

LFPφn ℓm = −(2n+ ℓ)φn ℓm , φn ℓm = e−ySnℓ(y)Yℓm(q̂) , (2.33)

with y = q2/(2a2mχT0), qi = |q|q̂i, and a dimensionless function Sn ℓ(y) = yℓ/2L
ℓ+1/2
n (y).

Here Yℓm and Lα
n denote the spherical harmonics and the Laguerre polynomial, respectively.

Noting the rotational symmetry, we can write

f1(k,q, τ) =
1

(2πa2mχT0)3/2
e−y

∞
∑

n,ℓ=0

(−i)ℓ(2ℓ+ 1)Sn ℓ(y)Pℓ(k̂iq̂i)fnℓ(k, τ) , (2.34)

2Hereafter, for notational simplicity, we respectively use mχ and p for the DM mass and proper momentum
instead of m1 and p1 that are used in the previous subsection.

– 7 –



with the Legendre polynomial Pℓ, and vice versa,

fnℓ(k, τ) = iℓ
√
π

2

n!

Γ(n+ ℓ+ 3/2)

∫

d3qSn ℓ

(

q2

2a2mχT0

)

Pℓ(k̂iq̂i)f1(k,q, τ) . (2.35)

After a lengthy but straightforward calculation, we obtain the Boltzmann hierarchy:

ḟnℓ + (2n + ℓ)(γ0a+R)fnℓ − 2nRfn−1ℓ

+k

√

2T0

mχ

{

ℓ+ 1

2ℓ+ 1

[(

n+ ℓ+
3

2

)

fnℓ+1 − nfn−1ℓ+1

]

+
ℓ

2ℓ+ 1
(fn+1ℓ−1 − fnℓ−1)

}

= δℓ0

{

−1

2
Anḣ+

1

3
Bnḣ− 2Bn

[

γ1a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

]}

+δℓ1
1

3
Ank

√

2mχ

T0
γ0a

θTP

k2
+ δℓ2

2

15

Tχ0

T0
An(ḣ+ 6η̇) . (2.36)

Here we introduce three new quantities:

R =
d ln(aT

1/2
0 )

dτ
, An =

(

1− Tχ0

T0

)n

, Bn = n
Tχ0

T0

(

1− Tχ0

T0

)n−1

. (2.37)

The first quantity is essentially proportional to the Hubble expansion rate: R = aH/2. Only
a few of the second and third quantities are non-zero before the kinetic decoupling (Tχ0 = T0):
A0 = 1 and B1 = 1, while the others vanish. Higher orders of the second quantity become
non-zero after the kinetic decoupling (Tχ0 ≪ T0): An = 1, while Bn = nTχ0/T0 and tiny.

Although we need to solve the full Boltzmann hierarchy to obtain a rigorous result, just
taking some small moments of n and ℓ can give the fluid approximation (see discussion in
subsection 3.3). The perturbations fnℓ with small n and ℓ can be interpreted as primitive
variables of the DM imperfect fluid (i.e., mass density ρ, bulk velocity potential θ, pressure
P and anisotropic inertia σ):

ρ̄(1 + δ) = −T 0
0 = a−4

∑

sχ

∫

d3q

(2π)3
mχ f , (2.38)

(ρ̄+ P̄ )θ = ikiT
i
0 = a−4

∑

sχ

∫

d3q

(2π)3
ikiqi f , (2.39)

P̄ + δP =
1

3
T i

i = a−4
∑

sχ

∫

d3q

(2π)3
q2

3mχ
f , (2.40)

(ρ̄+ P̄ )σ = −
(

k̂ik̂j −
1

3
δij

)

T i
j = −a−4

∑

sχ

∫

d3q

(2π)3
q2

mχ

[

(k̂iq̂i)
2 − 1

3

]

f . (2.41)

Substituting the exact form of f = f0(τ) + f1, we obtain

ρ̄ = mχn̄ , P̄ =
Tχ0

mχ
ρ̄ , (2.42)

δ = f00 , θ = 3k

√

T0

2mχ
f01 , δP =

T0

Tχ0
P̄ (f00 − f10) , σ = 5

T0

mχ
f02 . (2.43)
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The dynamics of the DM imperfect fluid is described by the following equations:

δ̇ = −θ − 1

2
ḣ , (2.44)

θ̇ = − ȧ

a
θ − k2σ + k2

Tχ0

mχ

δP

P̄
+ γ0a(θTP − θ) , (2.45)

σ̇ = −2
ȧ

a
σ − k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ +

2

3

T0

mχ
(ḣ+ 6η̇)− 2γ0aσ , (2.46)

˙δP = −5
ȧ

a
δP − 5

6
P̄ ḣ+

5

4
k

(

2T0

mχ

)3/2

ρ̄f11 −
5

3

T0

Tχ0
P̄ θ

−2γ0aδP + 2γ0a
T0

Tχ0
P̄ δ + 2P̄

[

γ1a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

]

. (2.47)

The pressure perturbation δP can be decomposed into isentropic c2χδ and entropy π pertur-
bations:

δP

ρ̄
= c2χδ + π . (2.48)

The sound speed squared of the DM fluid is

c2χ =
Tχ0

mχ

(

1− 1

3

d lnTχ0

d ln a

)

. (2.49)

The evolution of the DM imperfect fluid can be rewritten as

δ̇ = −θ − 1

2
ḣ , (2.50)

θ̇ = − ȧ

a
θ − k2σ + k2(c2χδ + π) + γ0a(θTP − θ) , (2.51)

σ̇ = −2
ȧ

a
σ − k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ +

2

3

T0

mχ
(ḣ+ 6η̇)− 2γ0aσ , (2.52)

π̇ = −2
ȧ

a
π +

5

4
k

(

2T0

mχ

)3/2

f11 −
1

a2
d(a2c2χ)

dτ
δ −

(

5

3

T0

mχ
− c2χ

)

θ − 1

2

(

5

3

Tχ0

mχ
− c2χ

)

ḣ

−2γ0a

[

π − T1

mχ
−
(

T0

mχ
− c2χ

)

δ

]

+ 2γ0a

(

T0

Tχ0
− 1

)

Tχ0

mχ

γ1
γ0

. (2.53)

3 Neutrino Interacting Dark Matter

The section starts with the introduction of the neutrino interacting DM model via a MeV-scale
boson. This particle combination leads in a valid parameter region to a possible solution to
all three small-scale crisis problems if the mediator is of vector type [29]. We reproduce and
confirm these results by using the method that is derived in the previous section to describe
the DM kinetic decoupling. The used method has a different expansion of the collision term
when compared to the aforementioned reference and to others like [42].

Furthermore, by using this alternative description we explicitly show a suppression of
the power spectrum for other types of mediators as well. The suppression is sizable enough
to reduce the abundance of dwarf galaxies but unexpected from the point of view of the
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above literature. In particular, scalar and vector mediators share an analogue phenomenology
within our model set-up and the parameter region is relatively similar concerning the minimal
size of the first protohalos. Approximation methods to follow the evolution of cosmological
perturbations are also given. Finally, the matter linear power spectrum for scalar and vector
interactions are presented, showing a suppression of powers on subgalactic scales.

3.1 Simplified Neutrino Model

A simplified model extends SM by a DM fermion and additional light fermions (denoted by
ν). The DM fermion and the additional light fermions are assumed to be of Dirac type,
coupled by a MeV-scale boson denoted by φ. In particular, this choice allows us to write
down the following set of renormalizable dimension four operators without derivatives:

LS ⊃ gχχ̄φχ+ gν ν̄φν , (3.1)

LV ⊃ gχχ̄γ
µχφµ + gν ν̄γ

µνφµ , (3.2)

LPS ⊃ gχχ̄φγ
5χ+ gν ν̄φγ

5ν , (3.3)

LPV ⊃ gχχ̄γ
µγ5χφµ + gν ν̄γ

µγ5νφµ . (3.4)

Here, we assume parity conservation in the interaction Lagrangian and consider each operator
type separately. There are four parameters: the DM mass mχ, the light mediator mass mφ, the
DM-mediator coupling gχ, and the light fermion-mediator coupling gν . Specifically, extensions
of the simplified model (3.2) into ultraviolet complete models and constraints have already
been investigated by many authors in connection with the small-scale crisis (for an exemplary
list of references, see [47–50]).

For simplicity and for analogy to previous works we call the light fermions hidden neu-
trinos. In the early universe, the DM and the hidden neutrinos are assumed to be in thermal
equilibrium, where a temperature difference when compared to the SM sector hides the ad-
ditional light fermions. Further, the light boson is in thermal equilibrium with the neutrino
sector during the DM chemical freeze-out. For all operators the parameters chosen are such
that the relic density of the DM is dominantly determined through χχ̄ → φφ annihilation
and not via direct s-channel neutrino production. This is because for the vector, scalar,
and pseudo scalar interactions, we assume gν ≪ gχ (see [51] for a list of possible natural
explanations). In this scenario, the DM relic abundance for all operators is independent of
the neutrino coupling gν . In appendix C.1 we provide for all operators the full calculus of
the annihilation cross section and the relic abundance. Due to a more complicated but less
illuminating phenomenology, we discuss the results for the pseudo scalar and pseudo vector
operators in the appendix C.2.

3.2 Minimal Halo Mass

Elastic scattering via a MeV-scale boson keeps the DM for a long time in kinetic equilibrium
with the hidden neutrino sector. During kinetic equilibrium, the DM density perturbations
do not grow but oscillate. This phenomena is known as acoustic oscillations and has been
shown in [3–15, 27–31, 33–36] to be the dominant damping mechanism of perturbations in
the case of a late kinetic decoupling.

In cosmological perturbation theory, the mode that enters the horizon at the kinetic
decoupling defines a cutoff in the linear matter power spectrum of density fluctuations. Only
the DM density modes that enter the horizon thereafter can significantly grow and collapse
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later into halos. Thus, fluctuations on shorter scales are damped. The minimal mass of first
protohalos can be estimated by the mass inside a sphere with radius of Hubble horizon at the
time of the kinetic decoupling:

Mcut = ρm
4π

3

(

1

H

)3

= 2.2× 108r3
(

1 keV

T kd
ν

)3

M⊙ , (3.5)

where the matter density ρm and the Hubble expansion rate H are evaluated at the kinetic
decoupling. Here, we allow for a different light fermion temperature from the photon tem-
perature to hide the additional neutrinos. The ratio between the two temperatures is defined
as r ≡ T kd

ν /T kd
γ , where the superscript kd means the corresponding value at the DM kinetic

decoupling that occurs when the momentum transfer rate γ equals to the Hubble rate H.

In the following, we derive an approximation method to estimate the kinetic decoupling
temperature T kd

ν in order to calculate the corresponding cutoff mass according to (3.5). The
general expression for γ (2.24) is adjusted to describe the scattering of the DM with the
light fermions. Dividing it by the Hubble expansion rate and by introducing the following
dimensionless variables x ≡ |pν |/Tν , y ≡ Tν/mχ and z ≡ mφ/mχ, one ends up with the
following form:

γ

H
=

(

Tν

Tγ

)2 mpl

mχ

√

45

4π3

Nν

48π

1√
geff

y−2

∫ ∞

0
dxf eq

ν (x) (1− f eq
ν (x)) g(xy, z) , (3.6)

where we multiply by the number of light fermion species Nν . The phase-space density
function f eq

ν (x) is the usual equilibrium Fermi-Dirac distribution, where we neglected the
mass of the light fermions:

f eq
ν (x) =

1

exp (|pν |/Tν) + 1
. (3.7)

Furthermore, the dimensionless quantity g(xy, z) is defined as the t-averaged scattering am-
plitude squared:

g(xy, z) ≡ 1

m4
χ(4π)

2

∫ 0

−4p2
ν

dt(−t)
∑

s2,s3,s4

|M|2 , (3.8)

where in this convention,

|M|2 ≡ 1

16

∑

s1,s2,s3,s4

|M|2s→m2
χ+2mχEν

(3.9)

is the invariant amplitude squared that are averaged over initial and averaged over final spin
states.

Equation (3.6) is the basic formula for the kinetic decoupling description of the neutrino
interacting DM. In the following, we derive analytic estimates for the scalar and vector op-
erators, which are valid in a broad range of parameters and derive their corresponding Mcut

scaling patterns. In the case of the pseudo scalar and pseudo vector operators, this approx-
imation that we call the effective propagator description is only valid in a small parameter
space, and thus (3.6) has to be solved numerically at some point. The results are given in
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appendix C.2. The DM-neutrino scattering amplitudes for the scalar and vector operators
are given by:

Vector operator:
∑

s1,s2,s3,s4

|M|2 = g2χg
2
ν

8
(

8E2
νm

2
χ + 4Eνmχt+ t(2m2

χ + t)
)

(t−m2
φ)

2
, (3.10)

Scalar operator:
∑

s1,s2,s3,s4

|M|2 = g2χg
2
ν

4t(t− 4m2
χ)

(t−m2
φ)

2
. (3.11)

In the parameter region we are interested in, it turns out that the mass of the mediator
is much larger than the kinetic decoupling temperature. In this case, the Mandelstam t in
the boson propagator denominator of the scattering amplitudes can be neglected. We call
this approximation the effective propagator description. The propagator denominator can be
simplified in such a way because t ∈ [0,−4p2

ν ] and the neutrino momentum is further limited
by the phase space density suppression: |pν | ≃ Tν . So t can be neglected in the denominator
of the propagator as long as T kd

ν ≪ mφ, which is the case in the parameter region of the
scalar and vector operators.

Within the effective propagator framework, g(xy, z) is only a polynomial function in its
variables and (3.6) has even an analytic solution. To leading order in Tν , we find for the
vector operator

γ

H
= 17.2 ×

(

r

r0

)2(Nν

6

αχ

0.035

αν

10−4

)

( mχ

1TeV

)−1 ( mφ

1MeV

)−4
(

Tν

1 keV

)4

, (3.12)

and for the scalar operator

γ

H
= 16.7×

(

r

r0

)2(Nν

6

αχ

0.17

αν

10−5

)

( mχ

1TeV

)−1 ( mφ

1MeV

)−4
(

Tν

1 keV

)4

, (3.13)

with αχ/ν = g2χ/ν/(4π).

To estimate the kinetic decoupling temperature, we set γ/H = 1 in the last two equa-
tions, which are solved for T kd

ν
3. The corresponding minimal halo masses that are derived

from the kinetic decoupling temperature according to (3.5) is given by:

(Mcut)V = 6.8× 108 M⊙

(

r

r0

)9/2(Nν

6

αν

10−4

αχ

0.035

)3/4
( mχ

1TeV

)−3/4 ( mφ

1MeV

)−3
, (3.14)

(Mcut)S = 6.6× 108 M⊙

(

r

r0

)9/2(Nν

6

αν

10−5

αχ

0.17

)3/4
( mχ

1TeV

)−3/4 ( mφ

1MeV

)−3
, (3.15)

where we normalize r to the SM neutrino temperature ratio: r0 = (4/11)1/3 .
To be consistent with constraints on additional radiation components, we use the com-

bined results of Big Bang nucleosynthesis (BBN) and CMB constraints given in [52] to derive
an upper bound for our model within the 1σ error bar:

r

r0
<

(

0.51

Nν +
4
7gpol

)1/4

. (3.16)

3This defines our kinetic decoupling temperature. Another definition of Tkd is used in the literature [42],
which also has a direct map into the non-linear Mcut given recently in [34]. With our definition, Mcut is
smaller by less than a factor of three when compared to aforementioned literature.
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Here, we consider the possibility of having a sub-MeV scale mediator contribution to the
radiation components at BBN. In table 1 we summarize the upper bounds for two extreme
scenario: the mediator does not contribute (gpol = 0); the mediator is still relativistic at BBN
and contributes via its internal degrees of freedom (gpol = {1, 3} for the scalar and massive
vector mediators, respectively).

(Nν , gpol) (r/r0)
9/2 × (Nν/6)

3/4

(2, {0, 1, 3}) < (0.09, 0.07, 0.05)

(6, {0, 1, 3}) < (0.06, 0.05, 0.05)

Table 1: Upper bounds on (r/r0)
9/2 × (Nν/6)

3/4 derived from [52] are shown. We separate
two extreme cases: the mediator is still relativistic at BBN gpol = {1, 3}; its contribution
to the radiation components can be neglected (gpol = 0). The factors on the right column
reduce the cutoff masses (3.14) and (3.15) by at least one order of magnitude.

First of all, these cutoff masses (3.14) and (3.15) have the same scaling dependence, and
thus differ only by a numerical constant and depend mostly on the boson mass. Using the relic
density constraint on αχ given by (C.5) and (C.6), we see that Mcut is essentially independent
of the DM mass. In figure 1, contour lines of a constant Mcut are shown for the scalar and
vector interactions in the (mφ, αν)-plane. In order to account for the missing satellite problem
and to be consistent with Ly-α forest bounds, the cutoff mass has to be roughly in between
107 M⊙ . Mcut . 5× 1010 M⊙ [29]. We provide the corresponding Mcut contour plots for the
pseudo scalar and pseudo vector operators and their discussion in appendix C.2.
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(a) Cutoff mass for the vector mediator
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(b) Cutoff mass for the scalar mediator

Figure 1: Contour line of a constant Mcut is shown for the vector (left) and scalar (right)
mediators within the effective propagator framework. The parameters are chosen according
to the normalization values in (3.14) and (3.15). In the parameter region shown, the results
obtained from the effective propagator description and the exact numerical results obtained
by integrating (3.6) coincide.
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3.3 Matter Power Spectrum

The minimal halo masses derived in the previous subsection imply that the scalar operator
leaves a similar suppression in the resultant matter power spectra to the case of the vector
operator. In order to see this explicitly, let us consider our model where the DM scatters light
fermions via the scalar operator. The scattering amplitude has a pure t-dependence given by
(3.11). In other collision term expansion methods like in [42], the scattering rate would be
declared to be zero at the leading order. But as already shown in the previous subsection,
we find that DM models with a scalar interaction can also account for the missing satellite
problem.

To emphasize that scalar interactions are as important as vector interactions regarding
the small-scale crisis problems, we adjust the free neutrino coupling parameters αν in (3.14)
and (3.15) to give the same cutoff mass and show that their linear matter power spectra are
close to each other in figure 2. Here, we modify the public code CAMB [53] suitably to follow the
coevolutions of cosmological perturbations of the DM (section 2.2) and the other components
(e.g., baryon, photon, and gravitational potential). The small effects of the DM-neutrino
interactions on the neutrino perturbations are neglected and the perfect fluid approximation
(explained below) is used. Clearly, the shape of the power spectrum shows the characteristic
features of the dark acoustic oscillations and the power on small scales is suppressed when
compared to the CDM prediction.

Additionally, we check the validity of the perfect fluid assumption by comparing the
results to the case of an imperfect fluid. To obtain a closed set of equations, we need to
develop an approximation for f03 and f11 (see (2.50)-(2.53)). One way is setting them to be
zero, defining the imperfect fluid approximation. This is valid when Tχ/mχ ≪ 1, i.e., the
free streaming of the DM particles is negligible after they decouple kinetically for γ/H < 1
(see appendix B). Actually, we can also take σ = 0 and π = 0 in the same limit, defining
the perfect fluid approximation. Before the kinetic decoupling, all the variables fnℓ but f00
and f01 remain zero due to the damping term ∼ γ0fnℓ in (2.36). The former, corresponding
to δ, does not have the damping term. The latter, corresponding to θ, has the source term
∼ γ0(θTP− θ). One non-trivial check is to compare the resultant power spectra in the perfect
and imperfect fluid approximations.

When the results from the perfect and imperfect fluid approximations deviate from
each other, it does not necessarily mean that the imperfect approximation gives a better
description, but it just indicates that the perfect fluid approximation is not valid. To check
if the imperfect fluid approximation gives a valid description or not, we need to compare the
result from the treatment incorporating the full Boltzmann hierarchy, which is beyond the
scope of this paper. Let us stress that the above deviation does not correspond to a limitation
of the Fokker-Planck equation, which is valid as long as momentum transfer in each collision
is smaller than typical DM momentum.

For a smaller DM mass with γ being fixed, we find differences in their power spectrum
above a certain critical wavenumber as shown in figure 3. This is because the free streaming
is sizable after the kinetic decoupling for the lighter DM. The results from the perfect fluid
approximation are reliable below the critical wavenumber. On smaller scales, however, we
may need to solve the full Boltzmann hierarchy (2.36). In appendix B, we give a more detailed
discussion on the impact of higher order terms in the Boltzmann hierarchy and give a rough
estimate of the critical wavenumber, where the results from the perfect and imperfect fluid
approximations start to deviate.
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Figure 2: This figure shows the linear matter power spectra at present for the standard
CDM (black line) and the neutrino interacting DM via the vector (red line) and scalar (blue
dots) mediators. The wavenumber of k = 50h/Mpc corresponds to a halo mass of M =
ρm4π/3(π/k)

3 ≃ 108 M⊙. In both the interacting DM cases, we adjust the free neutrino
coupling parameters αν in (3.14) and (3.15) to give the same cutoff mass (Mcut = 6.4×108 M⊙)
and ignored the small effects of the DM-neutrino interactions on the neutrino perturbations
(back-reaction).
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Figure 3: This figure compares the linear matter power spectrum in the perfect and imperfect
fluid approximations. We take the same model with the scalar mediator as in figure 2. We
take mχ = 1TeV in both the perfect and imperfect fluid approximations. When the DM
mass is lowered to mχ = 1GeV and γ is kept fixed, the resultant matter power spectrum in
the imperfect fluid approximation starts to differ from that in the perfect fluid approximation
at wavenumbers larger than k & 100h/Mpc.
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4 Summary and Outlook

In summary, we presented a consistent formalism that allows one to start from an underlying
DM model and calculate its linear matter power spectrum. Regarding the small-scale cri-
sis, the method is broadly applicable to essentially generic radiation interacting DM models
that lead to a power spectrum suppression when compared to the standard cosmology on
subgalactic scales.

In this paper, we focused on the case where the DM is in kinetic equilibrium with light
and hidden fermions for a long time and the decoupling process was investigated for mediators
of fundamentally different type. The new message is that not only a vector mediator at
the MeV scale may solve all three small-scale problems at the same time [29], but we find
that new classes of interactions may also solve at least the missing satellite problem. This
result was unexpected from the point of view of previous literature [41–43], where the leading
contribution to the momentum transfer rate is assumed to come from the scattering amplitude
evaluated at Mandelstam t = 0. We explicitly derived an expansion method of the collision
term where the scattering amplitude is t-averaged in the final form of the momentum transfer
rate. This results in a different phenomenology from that in the previous literature for
scattering amplitudes proportional to Mandelstam t, e.g., in the scalar, pseudo scalar, and
pseudo vector interactions between the DM and hidden neutrinos.

With this new insight, the classification of possible DM-radiation interactions, which
are suppressing the abundance of dwarf galaxies, has to be revisited. During the preparation
of this work, we have been informed that Bringmann et al [54] have independently derived
similar results concerning the possibility of kinetic decoupling at late times with in new classes
of interactions. As a consequence, our work and studies by the latter authors may extend the
list of realistic WIMP-like DM theories accounting for small-scale discrepancies.

As an important subtlety, we also discussed the validity of the perfect fluid approximation
for the calculation of the power spectrum. We derive the consistent equations needed to be
solved for an imperfect fluid treatment and compare the power spectra obtained from the
perfect and imperfect fluid approximations. As indicated from figure 3, the perfect fluid
approximation is limited by free streaming effects on the smallest scales. This may infer that
we need to solve the full Boltzmann hierarchy to have reliable results for some models where
the DM mass is small.

Our formalism, as a fundamental building block, in combination with N -body simu-
lations would allow one to map DM models into the observational non-linear small-scale
structure. We plan to combine baryonic feedback and DM induced small-scale suppression to
investigate the observational outcome. At present or in close future, this kind of sophisticated
simulations are expected to shed more light on whether the small-scale crisis will be related to
fundamental properties of DM or not. Even if the DM-radiation interaction does not resolve
the small-scale crisis, our work and others can help to constraint DM models from a new
perspective.
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A Perturbation Theory in the Conformal Newtonian Gauge

In this appendix, we develop a linear theory in the conformal Newtonian gauge and show
its equivalence to the synchronous gauge. The explicit form of the gauge transformation is
presented. The conformal Newtonian gauge is given by:

ds2 = a2
[

−(1 + 2Φ)dτ2 + (1− 2Ψ)dx2
]

. (A.1)

Up to the first order of cosmological perturbations, the Fokker-Planck equation in the con-
formal Newtonian gauge is given by:

ḟ +
qi

mχ

∂

∂xi
f +

(

Ψ̇qi −mχ
∂

∂xi
Φ

)

∂

∂qi
f

= (γ0 + γ1)a(1 + Φ)
∂

∂qi

[

(qi − amχui)f + a2mχ(T0 + T1)
∂

∂qi
f

]

. (A.2)

Between the conformal Newtonian and synchronous gauges, the collision term differs by
a factor of (1 + Φ)4. This is because in the conformal newtonian gauge, the gravitational
potential Φ put the conformal time back in relative to the local inertial time. The first order
perturbation follows:

ḟ1 +
qi

mχ

∂

∂xi
f1 +

(

Ψ̇qi −mχ
∂

∂xi
Φ

)

∂

∂qi
f0

= (γ1 + γ0Φ)aLFP[f0]− γ0a
2mχui

∂

∂qi
f0 + γ0a

3mχT1
∂2

∂q2
f0 + γ0aLFP[f1] . (A.3)

In the Fourier space, these equations are rewritten as

ḟ1 +
ikiqi

amχ
f1 − γ0aLFP[f1] = Ψ̇

q2

2a2mχTχ0
f0 −

ikiqi

aTχ0

(

Φ+ γ0a
θTP

k2

)

f0

+

[

(γ1 + γ0Φ)a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

](

q2

2a2mχTχ0
− 3

)

f0 .

(A.4)

We obtain the Boltzmann hierarchy,

ḟnℓ + (2n + ℓ)(γ0a+R)fnℓ − 2nRfn−1ℓ

+k

√

2T0

mχ

{

ℓ+ 1

2ℓ+ 1

[(

n+ ℓ+
3

2

)

fnℓ+1 − nfn−1ℓ+1

]

+
ℓ

2ℓ+ 1
(fn+1ℓ−1 − fnℓ−1)

}

= δℓ0

{

3AnΨ̇− 2Bn

[

Ψ̇ + (γ1 + γ0Φ)a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

]}

+δℓ1
1

3
Ank

√

2mχ

T0

(

Φ+ γ0a
θTP

k2

)

. (A.5)

4 The factor (1 + Φ) is missing in the corresponding equation in [40].
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This description is equivalent to that in the synchronous gauge through the gauge transfor-
mation of

fn0(Syn) = fn0(Con) + (3An − 2Bn)
ȧ

a
α+Bn

d ln(a2Tχ0)

dτ
α , (A.6)

fn1(Syn) = fn1(Con)−
1

3
Ank

√

2mχ

T0
α , (A.7)

T1(Syn) = T1(Con)− Ṫ0α , (A.8)

γ1(Syn) = γ1(Con)− γ̇0α , (A.9)

with the parameter α = (ḣ+6η̇)/(2k2). Here, it should be noted again that the above gauge
transformation works only with the time delay of the collision term (1 + Φ) in the conformal
Newtonian gauge. The dynamics of the DM imperfect fluid is described by the following
equations:

δ̇ = −θ + 3Ψ̇ , (A.10)

θ̇ = − ȧ

a
θ − k2σ + k2

Tχ0

mχ

δP

P̄
+ k2Φ+ γ0a(θTP − θ) , (A.11)

σ̇ = −2
ȧ

a
σ − k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ − 2γ0aσ , (A.12)

˙δP = −5
ȧ

a
δP + 5P̄ Ψ̇ +

5

4
k

(

2T0

mχ

)3/2

ρ̄f11 −
5

3

T0

Tχ0
P̄ θ

−2γ0aδP + 2γ0a
T0

Tχ0
P̄ δ + 2P̄

[

(γ1 + γ0Φ)a

(

T0

Tχ0
− 1

)

+ γ0a
T1

Tχ0

]

. (A.13)

The evolution of the DM imperfect fluid can be rewritten with isentropic and entropy per-
turbations:

δ̇ = −θ + 3Ψ̇ , (A.14)

θ̇ = − ȧ

a
θ − k2σ + k2(c2χδ + π) + k2Φ+ γ0a(θTP − θ) , (A.15)

σ̇ = −2
ȧ

a
σ − k

(

2T0

mχ

)3/2(21

4
f03 + f11

)

+
4

3

T0

mχ
θ − 2γ0aσ , (A.16)

π̇ = −2
ȧ

a
π +

5

4
k

(

2T0

mχ

)3/2

f11 −
1

a2
d(a2c2χ)

dτ
δ −

(

5

3

T0

mχ
− c2χ

)

θ + 3

(

5

3

Tχ0

mχ
− c2χ

)

Ψ̇

−2γ0a

[

π − T1

mχ
−
(

T0

mχ
− c2χ

)

δ

]

+ 2γ0a

(

T0

Tχ0
− 1

)

Tχ0

mχ

(

γ1
γ0

+Φ

)

. (A.17)

B Impact of the Higher Order Terms in the Boltzmann Hierarchy

In this appendix we take a closer look at the higher order terms in the Boltzmann hierarchy.
As discussed in subsection 3.3, they represent the free streaming of DM particles and are
important for the case of a smaller DM mass. Once we solve the full Boltzmann hierarchy
directly, we can see their effects on resultant matter power spectra quantitatively. It is,
however, challenging and beyond the scope of this paper. Instead we give an estimate of the
critical wavenumber, below which the perfect fluid approximation appears trustworthy.
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Before the kinetic decoupling (γ/H ≫ 1), the higher order terms are negligible. This
is because the friction term (∝ γ0a) in the Boltzmann hierarchy (2.36) leads fnℓ to a rapid
damping:

ḟnℓ + (2n + ℓ)γ0afnℓ = −2δn1δℓ0γ0a
T1

Tχ0
+ δℓ1

1

3
Ank

√

2mχ

T0
γ0a

θTP

k2
. (B.1)

Here we have used Tχ0 = T0, which results in B1 = 1 and Bn = 0 (n 6= 1) as discussed
below (2.37). Exceptions are f00, f01, and f10 since the first does not have the friction term
in its evolution equation and the last two have the source terms (right-handed side) induced
by the collision (∝ γ0a) in their evolution equations. Through (2.43), f00, f01, and f10 are
respectively related with the density perturbation δ, the bulk velocity θ, and the entropy
perturbation π. From (2.53) with a rapid momentum transfer,

π̇ = −2γ0a

(

π − T1

mχ
+

T0

3mχ
δ

)

, (B.2)

we can see that the entropy perturbation is proportional to the isocurvature perturbation
STP,DM = δ(s/n)/(s̄/n̄) = 3T1/T0− δ: π = 1/3(T0/mχ)STP,DM. As long as DM particles and
those in thermal bath are tightly coupled to each other, thereby forming a one fluid, STP,DM

vanishes for adiabatic perturbations. Thus only f00 and f01, or in other words, δ and θ are
non-zero. The perfect fluid approximation is valid before the kinetic decoupling.

After the kinetic decoupling (γ/H ≪ 1), higher order terms become sizable. They,
however, do not change the resultant matter power of long wavelength modes as follows. In
this limit, we can neglect the term proportional to k

√

T0/mχ:

ḟnℓ + (2n+ ℓ)Rfnℓ − 2nRfn−1ℓ = −1

2
δℓ0ḣ+ δℓ1

1

3
k

√

2mχ

T0
γ0a

θTP

k2
+ δℓ2

2

15

Tχ0

T0
(ḣ+ 6η̇) .

(B.3)

Here we have used An = 1 and Bn ≪ 1 after the kinetic decoupling (see the discussion below
(2.37)). Noting that fn−1ℓ affects the evolution of fnℓ through the term of −2nRfn−1ℓ, we
can see that the higher order terms fn0 become of the order of f00 = δ within a few Hubble
time after the kinetic decoupling. This, however, does not affect the evolution of δ and thus
does not change the resultant matter power. This is because fn−1ℓ affects the evolution of
fnℓ but not vice versa.

From the above observations, we infer that the impact of higher order terms is suppressed
by a factor of k

√

T0/mχ/(aH). Thus we can estimate the critical wavenumber by equating the
factor with unity. This ratio scales in proportion to a1/2 (a0, or in other words, constant) in the
radiation (matter) dominated era, and hence it takes a maximum value of k/keq

√

T0(aeq)/mχ

with the wavenumber keq and scale factor aeq at the matter radiation equality. As a result,
we infer that for

k ≪ 430 /Mpc ×
(

r

r0

)−1/2
( mχ

GeV

)1/2
, (B.4)

the fluid approximation is trustworthy (see discussion below (3.5) for the definition of r). In
figure 3, the deviation between the results from the perfect and imperfect fluid approximations
can be seen above k ≃ 100h/Mpc for mχ = 1GeV. This appears compatible with the above
estimation.
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C Thermal History Calculation

In this appendix, the annihilation cross section and relic abundance are presented for all the
operators. The minimal halo mass and momentum transfer rates of the pseudo scalar and
pseudo vector operators are presented as well, showing a different kind of phenomenology
when compared to the scalar and vector ones.

C.1 Relic Abundance

In our simplified model, the DM abundance is dominantly determined via annihilation process
into two mediators φ. The invariant amplitude for this process is a sum over t- and u-channel
diagrams. In order to calculate the DM relic abundance, the cross section times relative
velocity (σvrel) is expanded to the leading order in terms of the relative velocity vrel and mass
ratio z ≡ mφ/mχ. For each operator, the expanded annihilation cross section is given by:

(σvrel)V =
g4χ

16πm2
χ

(

1− 1

2
z2 +O(z4)

)

+
g4χ

16πm2
χ

(

19

24
z2 +O(z4)

)

v2rel +O(v4rel) , (C.1)

(σvrel)S =
3g4χ

128πm2
χ

(

1 +
11

18
z2 +O(z4)

)

v2rel +O(v4rel) , (C.2)

(σvrel)PV =
g4χ

16πm2
χ

(

1− 1

2
z2 +O(z4)

)

+
g4χ

12πm2
χ

(

z−4 +O(z−2)
)

v2rel +O(v4rel) , (C.3)

(σvrel)PS =
g4χ

384πm2
χ

(

1− 1

2
z2 +O(z4)

)

v2rel +O(v4rel) . (C.4)

The scalar, vector, and pseudo scalar cross sections are consistent with the ones obtained in
[55]. In the case of the pseudo vector interaction, we find the leading term to be proportional
to z−4. We discuss this subtlety in subsection C.2.

We estimate the DM freeze-out temperature xf , following basically the method used in
[57], and determine the relic abundance for each operator, given approximately by:

V: Ωχh
2 =

0.12

2

( αχ

0.035

)−2 ( mχ

1TeV

)2 ( xf
26.1

)

, (C.5)

S: Ωχh
2 =

0.12

2

( αχ

0.17

)−2 ( mχ

1TeV

)2 ( xf
26.8

)2
, (C.6)

PV: Ωχh
2 =

0.12

2

(

r

r0

)(

αχ

8.4× 10−12

)−2
( mχ

100MeV

)2 ( z

10−3

)4 ( xf
13.4

r0
r

)2
, (C.7)

PS: Ωχh
2 =

0.12

2

(

r

r0

)(

αχ

4.7× 10−5

)−2
( mχ

100MeV

)2 ( xf
13.4

r0
r

)2
. (C.8)

In the case of the scalar and vector operators, we assume the DM, φ, and the light fermions
to have the same temperature as the SM particles at the DM freeze-out. In the case of the
pseudo scalar and pseudo vector operators, we had to lower the DM mass in order to get a
cutoff mass around ∼ 108 M⊙ as shown in subsection C.2. The DM freeze-out in this case
occurs at a time close to BBN. Thus, the temperature of φ and light fermions has to differ
from the SM radiation temperature in order to be hidden and not to be in conflict with
observation. This subtlety is taken into account in the relic abundance of (C.7) and (C.8).
Throughout this paper, we ignore the logarithmic dependence of the freeze-out temperature
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xf/r on the model parameters and drop the last factor in (C.5)-(C.8) if the relic density
constraint is used to reduce one of the parameters.

Furthermore, we remark that due to the presence of a light mediator and its long range
property one has to include the Sommerfeld effect for DM annihilation in principle. This may
lead to a O(1) correction of the DM coupling in order to produce the correct relic abundance,
but including the effect is beyond the scope of this paper.

C.2 Minimal Halo Mass of Pseudo Scalar and Pseudo Vector Operators

In the case of the pseudo scalar and pseudo vector operators, the parameter space of in-
terest spoils partially the effective propagator description, and thus γ/H does not have a
simple power law dependence on the neutrino temperature like in the scalar and vector cases.
Nevertheless, we derive analytically the scaling pattern of the cutoff mass from the effective
propagator description, and compare it to the cutoff mass derived from the exact numerical
evaluation of (3.6). The DM-neutrino scattering amplitudes for the pseudo scalar and pseudo
vector operators are given by:

Pseudo scalar operator:
∑

s1,s2,s3,s4

|M|2 = g2χg
2
ν

4t2

(t−m2
φ)

2
, (C.9)

Pseudo vector operator:
∑

s1,s2,s3,s4

|M|2 = g2χg
2
ν

8
(

8E2
νm

2
χ + 4Eνmχt− t(2m2

χ − t)
)

(t−m2
φ)

2
. (C.10)

Pseudo Scalar Operator

The DM-neutrino scattering amplitude (C.9) via a pseudo scalar mediator has a pure t2

dependence. Within the effective propagator framework, γ/H depends therefore on a different
power of Tν when compared to the scalar and vector operators:

γ

H
= 2.0 ×

(

r

r0

)2(Nν

6

αχ

4.7× 10−5

αν

10−6

)

( mχ

100MeV

)−3 ( mφ

10 keV

)−4
(

Tν

1keV

)6

. (C.11)

Inserting the relic density constraint for αχ given by (C.8), we find the scaling pattern of the
cutoff mass:

(Mcut)PS = 1.1 × 108 M⊙

(

r

r0

)15/4(Nν

6

αν

10−6

)1/2
( mχ

100MeV

)−1 ( mφ

10 keV

)−2
. (C.12)

Note that the mass of the mediator is close to the temperature ∼ 1 keV for subgalacitc cutoff
masses. This spoils our effective propagator description as can be seen by comparing the
exact numerical result with the effective description in figure 4.

Pseudo Vector Operator

The DM annihilation cross section via a pseudo vector mediator shows a z−4 enhancement
in (C.3). At a first look, the limit z → 0 in the cross section seems to diverge and give rise
to unitarity violation [56]. By embedding the model into a local U(1) gauge theory where
both the mass of the DM and the gauge boson mass arise due to the spontaneous symmetry
breaking via an additional scalar field, we show explicitly that this is not the case and the
parameter region that we use to produce subgalactic cutoffs is in the perturbative regime.
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Figure 4: Contour line of a constant Mcut is shown for the pseudo scalar operator within
the exact (left) and effective propagator framework (right). The DM parameters chosen
are mχ = 100MeV and αχ satisfying the relic density constraint. The effective propagator
description is only valid in the upper right quarter of figure 4b.

We denote the additional scalar by Φ and the local U(1) gauge invariant action reads:

L = iχ̄ /D+χ+ |Dµ,−2Φ|2 −
1

4
FµνF

µν − λY (χ̄LΦχR + χ̄RΦ
⋆χL)− V (Φ) , (C.13)

where /D+ = /∂ + igχ/φγ
5, Dµ,−2 = ∂µ − i2gχφµ, V (Φ) = −µ2Φ⋆Φ + λ

2 (Φ
⋆Φ)2 and the fields

transform such that

χ → eiγ
5α(x)χ , φµ → φµ − 1

gχ
∂µα(x) , Φ → e−2iα(x)Φ . (C.14)

The vacuum expectation value of the field Φ in this potential is given by v ≡
√

µ2

λ . We

expand the scalar field around its minimum Φ(x) = v + 1√
2
(h(x) + iΦ2(x)) and get the

following relevant quantities after symmetry breaking: mχ ≡ λY v,
m2

φ

2 ≡ 4g2χv
2, scalar mass

mh =
√
2λv2 =

√
2µ, Yukawa interaction −λY√

2
χ̄hχ = − mχ

v
√
2
χ̄hχ, and scalar-gauge boson

interaction +4
√
2g2χv hφµφ

µ.

The invariant amplitude of DM annihilation into two gauge bosons contains three terms:

M =ǫ⋆µ(k2)ǫ
⋆
ν(k1)v̄(p2)

(

−igχγ
µγ5
) i
(

/p1 − /k1 +mχ

)

(p1 − k1)
2 −m2

χ

(

−igχγ
νγ5
)

u(p1)

+ ǫ⋆µ(k1)ǫ
⋆
ν(k2)v̄(p2)

(

−igχγ
µγ5
) i
(

/p1 − /k2 +mχ

)

(p1 − k2)
2 −m2

χ

(

−igχγ
νγ5
)

u(p1)

+ 2× v̄(p2)

(

−i
mχ√
2v

)

u(p1)
i

(p1 + p2)
2 −m2

h

(

+i4
√
2g2χv

)

ǫ⋆µ(k2)ǫ
⋆,µ(k1) , (C.15)
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and the total cross section results in

(σvrel) =
g4χ

16πm2
χ

(

1− 1

2
z2 +O(z4)

)

+
g4χ

16π(y2 − 4)2m2
χ

(

4

3
(y4 + 8)z−4 − 16

3
(2y2 + 1)z−2 +O(z0)

)

v2rel +O(v4rel) ,

(C.16)

where z = mφ/mχ and y = mh/mχ. Now, the limit of mφ → 0 (z → 0), effectively meaning
gχ → 0, results in a finite value of the annihilation cross section that is proportional to λ4

Y .
In the following, we show that all parameters are in the perturbative regime and the scalar
contribution (C.15) can be ignored in the low energy expansion, so that (C.16) reduces to
(C.3).

When we choose z ∼ 10−3, due to the z−4 enhancement in the annihilation cross sec-
tion (C.4), the DM coupling is forced to be tiny in order to satisfy the relic abundance
constraint. A choice of mχ = 100MeV leads to gχ = 1.0 × 10−5. With these choices, we

derive λY = 0.03, v =
mχ

λY
= 3.4GeV, and y =

√
2λ

λY
. 49. If we take y of O(10), we see

directly that the leading term in (C.16) is indeed given by

(σvrel) ≃
g4χ

12πm2
χ

z−4v2rel . (C.17)

This result is the same as the leading one in (C.3) and the relic abundance given by (C.7),
where the scalar contribution has been ignored, holds.

Using the effective propagator description, we derive γ/H:

γ

H
= 2.1 ×

(

r

r0

)2(Nν

6

αχ

8.4× 10−12

αν

10−4

)

( mχ

100MeV

)−1 ( mφ

100 keV

)−4
(

Tν

1 keV

)4

, (C.18)

and the cutoff mass scaling pattern for pseudo vector interaction:

(Mcut)PV = 1.4× 108 M⊙

(

r

r0

)15/8 (Nν

6

αν

10−4

)3/4
( mχ

100MeV

)−3/2 ( mφ

100 keV

)−3/2
, (C.19)

where the relic density constraint on αχ (C.7) is inserted into (3.6). Note that the cutoff mass
depends now on the DM mass unlike in the scalar and vector operator cases. In figure 5, the
exact numerical solution of γ/H is compared to the cutoff derived from (C.19), showing the
valid range of the parameter space for an effective propagator description.
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Figure 5: Contour line of a constant Mcut is shown for the pseudo vector operator within
the exact (left) and effective propagator framework (right). The DM parameters chosen are
mχ = 100MeV and αχ satisfying the relic density constraint. The effective description is
valid only in the upper right quarter of figure 5b.
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